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How the nuclear EDF is built?

[ (Tla r2) f drldTZ H(p(rla TZ))

1 1

{ Energy Density } [ Energy Density }

Functional (EDF)

H(p(71, 7)) = V(71— 72) p(T)p(72) — p(7, 72)p(T2, 1)

T 1 1

[EDF generator} [ Direct } [Exchange}
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Standard EDF generators
e Gogny™

V(T‘l‘rz, ,2) = 6(??1 - ??1)5(7_‘*2 — F;)V(’F’l — ??2),
where,

V(i — )= Y e A~k x (W, + B;P, — H;P; — MiP,P;)
=1,

—I—tg(]. -+ Po-)é(’f_”l — ??g)pl/:‘ {%(’Fl + ?'_'"2)] .

PU:%(1—|—6"1-6"2) and P. :%(14—1"’1-1_"2) are, respectively, the spin and isospin exchange
operators of particles 1 and 2, p(7) is the total density of the system at point 7,
and p;—0.7 and 1.2fm, W;, B;, H;, M;, and t3 are parameters.

e Skyrme™

— %2 — — 3k —
—|—%t1(1 -+ $1PU)[k, —+ kz] —+ tz(l —+ Q?zpo)k, . k} 5(??]_ — ?7"1)5(??2 _’2)(5(7’1 7‘2),

-~ /
where the relative-momentum operators read k = 2% (Vl — Vz), = 2% (V‘i —V ’2)

*We omit the spin-orbit and tensor terms for simplicity.
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Precision

frontier
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First 2t excitations of even-even nuclei
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1) “Remember that all models are wrong;
the practical question is how wrong do
they have to be to not be useful”

G.E.P. Box and N.R. Draper
Empirical Model Building and Response
Surfaces

(John Wiley & Sons, New York, 1987)

/> Error Estimates of Theoretical Models: a Guide: \
J. Dobaczewski, W. Nazarewicz, P.-G. Reinhard,
J. Phys. G: Nucl. Part. Phys. 41 (2014) 074001
» Enhancing the interaction between nuclear experiment
and theory through information and statistics
D.G. Ireland and W. Nazarewicz
\ J. Phys. G: Nucl. Part. Phys. 42 (2015) 030301
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Propagation of uncertainties

o UNEDF)
15F | i sn )

—v—Pb

—4— Residue

Y. Gao, et al., Phys. Rev C 87, 034324 (2013)
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Exact model Inaccurate model
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Novel nuclear EDFs and

higher-order gradients

Jacek Dobaczewski W ERs ///
(4

UNIVERSITY W Rt o I JYVASKYLAN YLIOPISTO
SRS UNIVER




Pseudopotentials, the terminology

Proc. Rehovoth Conf. Nucl. Structure 1957

SHORT CONTRIBUTION

A NUCLEAR PSEUDO-POTENTIAL

BY

T. H. R. SKYRME

Atomic Enerqy Research Establishment, Harwell, Didcot, Berks.

In the course of some work on problems of collective motion we
have needed some expression for the effective internucleon potential
(to be used in calculations of the shell-model type) which would (i)
reproduce roughly the observed sizes and binding energies of nuclei.
(i1) lead to a reasonable system of low-lying levels, and (iii) be simple
enough to use in calculations with deformed oscillator wave-functions.
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Pseudopotentials, a primer

Pseudopotentials in the one-body LOCAL Schrodinger equation:

2

~ h — — — —
H = —%A + Vo(7) + Vi(7) - V — V - V(7)) + Vo (7)) A + AVL(7)
can be EQUIVALENT or NON-EQUIVALENT to potentials, for example:
Vi) -V — ¥ - Vi(7) = —(6 - 17’1)(?).
Pseudopotentials in the one-body NONLOCAL Schrodinger equation, e.g.,
(V) () = |dFV(EF)AGE) = ﬁgF'(A’Wﬁ o)

are ALWAYS EQUIVALENT to potentials. This freedom can be used to represent
in terms of derivatives the nonlocality of the potential, namely,

<
—
&
Il
=
I
<
—

i) = fdk exp(iF - )V (B, B).

which for the Taylor expansion in k, V (R, k) = Z %Vn(ﬁ), gives:

V(7,7') = van(é)(_z”)n ﬁ?’é exp(ik - 7)) = ) Vi(R) k)" 57 — ).

n!
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Zero-range pseudopotentials

In the central-like form, the pseudopotential is a sum of terms,

~

V — Z Cnfo V a"LI

_ = 'TLL,‘UlZS ?’LL,‘U:LQS
?”-L’L’?”-LL,U:LQS

Each term in the sum is accompanied by the corresponding strength pa-

rr/ . .
rameter C'T.""LL 0155 and explicitly reads,

Vil o= 37 (([Kh g Kagls Smasly + (145 (K3 Kip ] Sons],)
X (1 — PMP"PT) O12(7r |7 55 T172).

K. ; are the spherical tensor derivatives of order n and rank L are built of
k = (V1 — V2)/2i, The two-body spin operators S,,,s are defined as,

-~

S’Ulzs - (1 o %6’01;’02) ([Oﬁ)ag)]s _I_ [0(1)0(2)13)

where v = v; + v2 and 0'1(,2 are the spherical-tensor components of the

rank-v Pauli matrices. The Dirac delta function,
512(T ?’ 29 ’r’sz) = (S(’F; —7?1)6(?7,2 —?72)5(??1 —'Fz),

ensures the locality and zero-range character of the pseudopotential.

[ F. Raimondi et al., Phys. Rev. C 83, 054311 (2011)}
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Quasilocal EDF up to N°LO

Local (primary) densities are defined by four quantum numbers nLvJ as

where the nth-order and rank-L relative derivative operators K, act on
the scalar (v = 0) or vector (v = 1) isoscalar (f = 0) or isovector (t = 1)
nonlocal densities.

We act on each of the local primary densities with mth-order and rank-
I derivative operator D,,;, and then couple ranks I and J to the total
rank J’, which gives the local secondary densities, |D,,1p!,;, ;(7)| . From
primary and secondary densities we build terms of the EDEF':

'L Tt ;= .
T;lzI,nvaJ T) = [Pfnyvaf(F)[DmIP;LvJ(T)]J’]Ua

Then, the total energy density reads

- n'L'v'J't o/ L'v' 't f —
%(T - Z CmI,nL'vJ TmI,nLvJ T)?
n/L'v’J!t
mInLvJ,J’

fo p'Ja’ t . . .
where C,; 1,7 are coupling constants and the summation again runs over

all allowed indices.
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Two-body N3LO zero range, density dependent

15 2
B
k,, [fm ]

FIG. 2: (Color online) Comparing the partial waves
V(**T1L;). The dots are the BHF results, and the lines are

the results of our fit with VLyB3.

[ D. Davesne et al., Phys. Rev. C91, 064303 (2015) }
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Regularized finite-range pseudopotentials

We regularize the zero-range delta interaction using the Gaussian function,

_ﬁ

0(7) = lim g,(7¥) = lim ——

a— 0 a—0 (a\/_)

Then, the resulting central two-body regularized pseudopotential reads,

4 . L
7y) = 3 PO(R', RS (1 — )8 (7 — 74)ga (71 — 72),
=1

where k = %(61 — V,) and k' = %(6”1 — 6’2) are the standard relative-
momentum operators, and the Wigner, Bartlett, Heisenberg, and Majo-
rana terms are glven by the standard Spln and isospin exchange operators,
P=1,P=P,, P,=—P, P,=—P,P,.

To give a specific example, up to the second-order, that is, up to the
next-to-leading-order (NLO) expansion, operators Oz—(E /) E) read

~

O;(k’, k) =TV + T()(kz’ +k2)+T2(”k' -k,

L J.D, K. Bennaceur, F. Raimondi, J. Phys. G. 39, 125103 (2012) }

where T( ") are the channel-dependent coupling constants.
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Regularized finite-range pseudopotentials

equivalent to local potentials

Let us first assume that the differential operators Oi(lz’ , E) depend only
on the sum of relative momenta, that is,

O;(k’, k) = (k: + k’) O; (E — E’*) . which requires that T," = —T".

Such particular differential operators commute with the locality deltas
6(ry — 71)0(7, — 72), and thus can be applied directly onto the regular-
ized delta g,(7; — 72). In such a case, the pseudopotential reduces to a
simple local potential

P,0;(k)ga(7),

Moreover, since Oz(E) are scalar differential operators, the potentials must
have forms of power series of Laplacians A in 7, that is,

nmaa:

Vi(F) = > Vo) A”g, (7),

[ J.D, K. Bennaceur, F. Raimondi, J. Phys. G. 39, 125103 (2012) }

where V( ") are the coupling constants at order 2n.
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Local regularized pseudopotentials vs. Gogny

Below we determine coupling constants Vz(ﬂ,? by requiring that the lowest
moments of the regularized and Gogny potentials are equal, that is,

Mz(:z,, — / MG (r)d?r = / r?™V;(r)d®r,

for m = 0,1,...,n,,4:- This conditions gives the coupling constants of the
regularized potential in simple analytical forms,

(i) __ " a2\ ™M M
Van Zm:O (_Z> (n—m)!(22m+1)!
1 (2) (2 2R
4"‘71»!z:k:LzG"c (a —a?)",

where Gg) and a, are the parameters of the Gogny interaction.

[ J.D, K. Bennaceur, F. Raimondi, J. Phys. G. 39, 125103 (2012) }
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Regularized pseudopotentials vs. Gogny
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Radius (fm)
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Coupling constants of the regularized
pseudopotentials

A =700 MeV/hc = 3.8 fm!

1000

100

—@— Wigner
—ill— Bartlett
—{1—Heisenberg

-
o

IVonl (MeV fm3*2n)

0 2 4 6
Order of expansion 2n

[ J.D, K. Bennaceur, F. Raimondi, J. Phys. G. 39, 125103 (2012) }
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Coupling constants of the regularized

pseudopotentials in natural units 0

on =f2 A"V, for £=35 MeV/(#ic)’> BE
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Regularized finite-range pseudopotentials,
the general case

4 A A — —
V(?’l?’g, ’1 ) = Z PO (k ki)(S(T‘l — 7’ )5(?"2 ,z)ga('?_’i — 7_"2),

Oi(]_é,, E) _ anTj(m)Oén)(E’,E)

Differential operators Oj(;n)(k:’ , k) are scalar polynomial functions of two
vectors, so owing to the Generalized Cayley-Hamilton theorem, they must
be polynomials of three elementary scalars: k%, k’?, and k' - k, or

Tl — %(kl*z 1 kz), TQ — k' . k, T3 — %(kl*2 - k2),

with the condition that only even powers of T can appear. In terms of Tl,
T>, and T3, we now can define the following differential operators:

~

= 1,
Ty, 0 (K, k) =T,
T2+ 12, O (K, k )—2T1T2,
= T2 12, O (K,k) =

LO: O (k' k
NLO: O¥ (K, k
N2LO: O\ (K, k

(4)(]6'

F. Raimondi et al., J. Phys. G. 41, 055112 (2014)

)
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Zero-range vs. regularized finite-range
pseudopotentials and functionals

B.G. Carlsson et al., Phys. Rev. C 78, 044326 (2008)
Zero range: F. Raimondi et al., Phys. Rev. C 83, 054311 (2011)

~

Aﬁﬁi;i:12s — ; 012 (HK,"’L’K L]S 5‘"’125}0 + (_1)v12+5 HK%EKWE’]S 50125}0)

X (1 — PMPJPT) 5(??,1—?7"1)5(??,2—?_“’2)5(??1—??2)

Finite range: [ F. Raimondi et al., J. Phys. G 41, 055112 (2014) }

f/n'ﬁ:f’!’f o 1 V12 (HK, an,]s Svlzs} + (_1)v12+s HK:T;,EKWD]S gvle}O)

nL,v128 2 2/ L
(PT) (1 — PMPoP7) §(7 —71)8(F ) — ) ga(F1 — 7).

Numbers of terms of the finite-
range pseudopotential at different
orders up to N°LO. In the sec-
ond, third, and fourth column,
numbers of central (S = 0), SO
(§ = 1), and tensor (S = 2)
terms, respectively, are displayed.

Order S = 2 Total
0 4 4

2 8 14

4 16 30

6 24 52
N3LO 52
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Nonlocal energy density functionals

We performed derivations of average energies separately for all terms of the
regularized finite-range pseudopotential. The final result of this derivation
is given by linear combinations of terms of the EDF appearing on the rhs
of the following expression,

'Lt 'n,Lt L a’,o t,C a,atﬁ
<CﬁL ‘Ulzs ’J’ZL 'v128‘> Z Ca' OC,Q a aaQ ‘

In this expression, C ;_f‘Qt £ and T, ’C‘ bE denote, respectively, the coupling

constants and terms of the EDF accordmg to the compact notation, where
the Greek indices a = {n,S,v,J,} and Roman indices a = {m,I,} com-
bine all the quantum numbers of the local densities p,(r) and derivative
operators D, in the spherical-tensor formalism, that is,

o 0
Tai(;c’xét,ll — /drldrz ga('r) HDGIPE’(TI)JQ [Dapfx(TZ)]Q] ]

0

T, cla s —/d?"ld’f‘z ga(T)

H o P (715 ?"2)]@ [D.p? (72, rl)]Q]OL :

They have been obtained using the integration by parts to transfer all
derivatives onto the density matrices, and then employing the locality
deltas to perform integrations over two out of four space coordinates.

F. Raimondi et al., J. Phys. G. 41, 055112 (2014)
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[ P. Dobaczewski, ]J.D., K. Bennaceur, to be published }
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ADb initio derivation of
model EDFs

Jyvaskyla - York - Surrey - Lyon
collaboration
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ADb initio derivation of model EDFs

The goal is to provide an ab nitio derivation within a certain class of model
EDFs FE [p]:

Blpl = 3 C'Vill,

where C* are coupling constants and V; [p] are the EDF generators.

Instead of probing the system with all possible one-body potentials it is
enough to probe it within the finite set of the EDF generators —Vj}, that
is, to solve the constrained variational equation,

SE = §(W|H — 3> NVj|¥) = 0,
j=1
for a suitable set of values of a finite number of Lagrange multipliers \°,
which is perfectly manageable a task.

Solution of this equation gives us the exact ground-state energies E()\)
and one-body non-local densities py;(r1,72), both as functions (not func-
tionals!) of the Lagrange multipliers M. Then we adjust the EDF coupling
constants C* so as to have,

1.D., arXiv:1507.00697 |

B(¥) = 5 C'Vi[px].
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ADb initio derivation of model EDFs
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ADb initio derivation of model EDFs

(MeV fm?)

(MeV fm®)
(MeV fm®)

t=0
—605.41(16)
—74.82(12)
79.73(16)

t=1
509(3)
41(2)
—98(2)

Table 1: Gogny-force D1S ground-state energies Eg (b) compared to

energies F (c) calculated using the Skyrme EDF S1Se.

)

E. E OE O0E/|E| 6E/AE
@ 0 © G
60  —129.626  —128.83(6)  0.79  0.61% 13
00, 344663 ~ —344.34(6) 032  0.09% 5
B0, —416.829  —419.36(7) —253 —0.61% _37
NI —483.820  —485.83(7) —2.01 —0.42% —99
8N —640.598 —642.99 13) —2.39 —0.3™% —18
100G —830.896 —832.60 10) —1.70 —0.20% —18
182G, —1103.246  —1107.17(15) —3.93 —0.36% —26
208PL, —1638.330 —1641.26 16) —293 —0.18% —18
rms n.a. n.a. 2.34 0.40% 29

|1.D., arXiv:1507.00697
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Table 2: Gogny-force D1S ground-state radii Rg (b) compared to radii

ADb initio derivation of model EDFs

Cf  (MeVim?®)
C*  (MeV fm®)

C7  (MeVim®)

t=0 t =1
—605.41(16)  509(3)
—74.82(12)  41(2)
79.73(16) —98(2)

R (c) calculated using the Skyrme EDF S1Se. S
Re R SR  6R/R OR/AR =
(a) (b) (c) (d) (e) (f) 2
60 26680  2.6350(7) —0.0339 —1.27% —48 =
0Ca 34117  3.3860(8) —0.0257 —0.75% —31 <
48Ca  3.4423  3.4347(10) —0.0076 —0.22% — 8 <
56Ni  3.6773  3.6781(11)  0.0008  0.02% 1 =
8Ni  3.9070  3.9222(10)  0.0151  0.39% 16 ;’
1005y 44070  4.4118(12)  0.0048  0.11% 4
132Gy 4.6530  4.6694(11)  0.0164  0.35% 15
208D}, 5.4365 5.4535(12) 0.0170  0.31% 14
rms n.a. 0.0183 0.57% 22
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Conclusions

» Currently available nuclear functionals have
reached their limits of applicability.
» To gain progress, extensions/ modifications

thereof are mandatory

» Higher-order derivative terms, three- or four-
body generstors, finite range, ab initio
derivations, ...
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Thank you
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Equations of state
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{K. Bennaceur, J.D., F. Raimondi, arXiv:1305.7210 }
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Two-body a=1.4, Three-body zero range
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Regularized pseudopotentials vs. Gogny
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Naming conventions

4 A A — —
V(i i) = Y. BOJR B)8(7 — 7)6(7s — 73)ga(7 — 72),

=1

Ok’ ZMT(”Z>0(”>(J<: k)

REG?2a.date 2nd order (NLO), T3*Y = —1*"

—

REG2b.date =— 2nd order (NLO), T2(2i) =2 —Tl(%)

REG2c.date =— 2nd order (NLO), T: (Z) —Tl( ), 3-body zero-range
—

REG4a.date 4th order (N2LO), T3*Y = — 1), T{*) = 0, T{*’ = 0
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Density-independent finite-range interactions

Saturation properties with SV:

| Psat E/A Ko m*/m J iy Keym
‘ 0.1551 fm 2| —16.05 MeV | 305.7 MeV | 0.38 |32.82 MeV |96.09 MeV |24.17 MeV
Saturation properties Wi‘qh REG2a.130531

(a = 0.8 fm, 7Y = —7"), manual fit:

Psat E/A K m*/m J L /G
0.160 fm™> | —16.00 MeV | 230.0 MeV | 0.41 [32.00 MeV |100.2 MeV | 83.26 MeV
Saturation properties with REG2b.130531
(a = 0.8 fm, 7% # —Tl(z)), manual fit:

Psat E/A K m*/m J L Keym
0.160 fm ° | —16.00 MeV |230.0 MeV | 0.41 |32.00 MeV 58 MeV | —175 MeV
Saturation properties with REG2a.130716
(a = 0.8 fm, T = Tl(z)), pounders fit:

Psat E/A Ko m*/m J L I
0.157 fm > | —16.58 MeV | 276.4 MeV | 0.39 [40.92 MeV 167 MeV | 253 MeV
Saturation properties with REG2c.131113
(a = 1.4 fm, Tz(z) — —Tl(z)), 3-body zero-range, manual fit:

Psat E/A K m*/m J L 1
0.160 fm3| —15.90 MeV |231.0 MeV | 0.77 |30.50 MeV 48 MeV | —288 MeV

[ K. Bennaceur, J.D., F. Raimondi, arXiv:1305.7210 and to be publised }
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