Continuum of Dirac equation
with R-matrix method

CANHP, Kyoto, 28 October 2015

Daniel Baye
Université Libre de Bruxelles (ULB)
Brussels,Belgium



Continuum of Dirac equation
with R-matrix method

Introduction

Principle of R-matrix methods
Bloch-Dirac equations

R-matrix method for Dirac scattering
Lagrange-mesh simplification

Examples

[R-matrix method for Dirac bound states]
[Examples]

Conclusion



Introduction

Numerical solutions of Dirac equation for bound states:
Stability of variational techniques?
Role of negative-energy continuum?

Very accurate energies and wave functions with simple
Lagrange-mesh calculations:

Accurate energies, wave functions and matrix elements
for singular and non-singular potentials

Very accurate results for the continuum?
R-matrix method



Pedagogical example:
Dirac-Coulomb problem

The Lagrange-Laguerre mesh provides the exact energies
and wave functions of the Dirac equation for a Coulomb
potential with small numbers N of mesh points for any Z.

- Exact ground-state energy, wave function, mean radius
for any Z with only two mesh points (N = 2).

- Accurate dipole polarizability of ground state (13+ digits):
N=6forZ=1toN =100 for Z =100.

- Two-photon transition probabillities.

D. B., L. Filippin, M. Godefroid, Phys. Rev. E 89 (2014) 043305
L. Filippin, M. Godefroid, D. B., Phys. Rev. A90 (2014) 052520
D. B., Phys. Reports 565 (2015) 1



Principle of R-matrix methods

Calculable
R-matrix

Phenomenological
R-matrix

Nuclear physics
Resonances
Fit of cross sections

Atomic physics

Nuclear physics

Many misconceptions !



Short history of R-matrix methods

Phenomenological R matrix

- Fit of resonances (Wigner and Eisenbud 1947)

- Fit of low-energy cross sections

- Mostly used in nuclear physics (Lane and Thomas 1958)
- Relativistic extension (Goertzel 1948)

Calculable R matrix

- Numerical solution of Schrodinger equation

- Convergence problems — Buttle correction (1967)
- Use of Bloch operator (Bloch 1957)

- Mostly used in atomic physics

- Convergence problems due to use of a common boundary condition
for all basis states — solved by bases without that constraint

Relativistic extension (Chang 1975, Halderson 1988)
Convergence problems

P. Descouvemont, D.B., Rep. Prog. Phys. 73 (2010) 036301



Calculable R matrix

Principle for Schrédinger equation:
Division of the configuration space into two regions at channel radius a

Internal region External region

1% V=V,

0 a r

e internal region: r < a
expansion of solution of Schrédinger equation on [0,a] interval with
N (not necessarily orthogonal) ba5|s functions

mt
™ Z 55l

e external region: r > a
exact asymptotic expression for Coulomb potential V.

us (1) = cos & Fi(kr) + sin oy Gy(kr)



(H, — F)u; =0 H=T+V(r)

Bloch operator 9
h d B
L(B)=—0d(r—a
(B) 2 (r—a ( )

dr r
/[;a [(H + L)gdr = /[;ag(Hg + L) f dr
Bloch-Schrddinger equation
(H, + L(B) — E)ul™ = L(B)u™ u™(a) = up*(a)
R matrix

Cyi(E.B) = (pi|T) + L(B) + V — Elg;)

hZ N -
R(E.B)= 5= 3 4ia)(C )yfa)
L ij=1

Phase shift (independent of B !, weakly dependent on a if a large enough)

Fi(ka) — kaR)(E.0)F/(ka)
Gi(ka) — kaR)(£,0)G)(ka)

tanog; = —



Contrary to some claims, the R-matrix method can provide
a simple and accurate description of the continuum of the
Schrodinger equation.

A controversy still exist about its accuracy for the Dirac equation

Present goal:
Derive an accurate calculable R-matrix method for the Dirac equation

To this end:

- Relativistic matrix Bloch operator (3 parameters)

- Use of bases without constraint at boundary

- No restriction on parameters of Bloch operator (contrary to literature)

Facultative simplification:

- Lagrange-mesh technique

- Very simple: no analytical calculation of matrix elements
- Very accurate

Applied to:
- Determination of phase shifts and scattering wave functions
- Determination of bound-state energies and wave functions



Dirac equation

[Ca P+ I,S'TT?,CQ + V('?")}\Ijh:m(r) — (E + ﬂlcg)qjﬁcm (T)

B 1 P,,,-;(‘T')an
Wi (T) = — ( 1Qu (1) X~ )

Dirac spinor

-—g

Quantum numbers
PR PRI | — i Lo e
J—\fv\Jr@ [ =]+ 5sgnk

Coupled radial equations

P.(r) \ P.(r)
H( Q.(r) ) ] E( Q1) )

2 X 2 matrix radial Hamiltonian

(1) hic (—$ + : ) )

H,,ﬁz(hc(;Jr:) V(r) — 2mc?



Bloch — Dirac equations

2 x 2 Bloch operator (no derivative!)
. 0 1 [ b Do
L= %h(’ (J‘\‘B)()(?" — (L) J = ( 1 0 ) B = ( b12 bgg )

Internal Bloch - Dirac equation

o £- ) gll) )= ( lh) )

External Bloch - Dirac equation

PY(r) Pint(r)
H,—L-E — L
( (G0 ) =< Gt
Hermiticity over finite intervals

‘a

[ H ot £)ndr = [ (H L)
0 ' 0

jo.o

/Oo O ((H, — L)D, odr = / (H, — L)®,. 1] D, odr

a

G i(r) = (Poi(r), Qui(r)”



Continuum with R-matrix method:
Short-range potential

Solution in the external region: vanishing potential

P (r) = Ckrlji(kr) cosd, + ny(kr) sin o,

E ) -
Q% (r) = sgn r:.;\/ F o ome Ckrlji(kr) cosd, + nj(kr)sind,]
k= \/E(E + 2me?) /he [ =1—sgnk

Solution in the internal region: expansion over an orthonormal basis

pi(r)  (j=1,....N) 2;(0) =0
P = Yol Qi) = Y i
J=1 7=1
P, = (pﬁ,lapﬁ,Qa s :pﬁ:N)T: q, — (QHla (k25 - - ;Qra;N)T

No constraint imposed atr=a'!



Internal Bloch-Dirac equation

P\ _ o (B0
o0 ( Gty ) = (G )

Expansion on an orthonormal basis (B = ()

v (P e @)
(M — ET) ( g ) = zﬁ'CF( —P™'(q)

Matrix elements

Mint L Miilt'(l’l) Mi?t(l’z)
Kk Mi{lt(?,l) Mil_lt(g?g)

int(1,1) int(2,2) ¢
M = (elVnles) MG = (@ilV(r) —2mep;)

K]

A int(1,2) = helos| —d/dr + k/r + - a(r—a)\ i)

K]

;\[mt(Z 1) ;\[mt (1,2)

K] KJ1

Foi=Fvuo=wila), Fo=Fyy1=0, i=1,....N



R matrix and phase shifts for B =0

pint 1 int QeXt ((l)
( q:m ) o QhC(Mh EI) ( Pext ((l)

Continuity P;nt.(@) = Pt(q), Q?t (a) = Q*(a)

D\ o Q)
;) ) =R ( —Pth((a) )

heFT(M™ — EI'F

ex
Pf‘i‘,
e

K

Auxiliary R matrix ¢ (
=

1

Ry =50

Compatibility dot R — —1
i 0o — —

R matrix P (a) = R.Q;(a)

Roir Ropp—1
Roi2 + 1 Roo

R, =

Phase shift (should be essentially independent of a)

ji(ka) = AR,ji(ka) - \/ B

tano, = —
ny(ka) — AR n(ka) E 4 2mc?



R matrix for arbitrary B

Bloch operator

1 0 1 b1 b2 \| ¢,
L = she K 10 ) + ( bio Doy o(r —a)

Auxiliary R matrix

R =R;'+B
Continuity
Peta) ) _ P2 (a)
( Q3 (a) ) - RUEE) ( Q3(a) )

(det B+1)detR —TrBR = —1

General form of R matrix

(T4 b12)Rat + baaRao
L =bnRit + (1= b12)Rao
L= (1 +b12)Ri2 — baRay
bR — (1= b12)Rae

Ry,

Utility?



Lagrange-mesh simplification

N Lagrange functions f:(x) infinitely differentiable over (a,b)
associated with N mesh points x;, verifying two conditions.

(i) Lagrange condition:
— Lagrange functions vanish at all mesh points but one

—1/2 -~
f?;(;rj) = )“-i / Oij

(i) Gauss condition:
— Gauss quadrature approximation is exact for products
of Lagrange functions

Corollary: Lagrange functions are orthonormal

15 = [ s e = (1) = Zw 70) f()
(fil ;) Q—Z/‘Ug)\;lfﬂ ik/\j 1/2 5 djr = 0;5 = f3|f3 j filx fj. )dr—r)aj

k=1

D. B., P.-H. Heenen, J. Phys. A 19 (1986) 2041
D. B, Phys. Reports 565 (2015) 1



Regularized Lagrange-Legendre functions over [0,1]
Py(2z; — 1) =10

l —2; 2Pyn(2z — 1)

€I £r—=Ij

A o~

[i(0)=0  fil®;) = A2

- .-I_ll'll
.iF:; . 4
9
II.'
0
i 1
_9
4 \

T. Druet, D.B., P. Descouvemont, J.-M. Sparenberg, Nucl. Phys. A 845 (2010) 88
D.B., Phys. Reports 565 (2015) 1



Lagrange-Legendre basis in internal region:  ¢;(r) = a~/2f,(r/a)

Py(23;—1) =0
1. X N .
[] fila)V(x)fi(x)de = Y Nefildn)V (@n) f(dn) = V(2:)04
* k=1
Lagrange-mesh ‘Hamiltonian + Bloch operator’ matrix
’\[,f;(l D= V(ax;)s;; j Ule;(g Y = [V(az;) - 2mc]dy
int(2.1 int(1,2 hC 1 fﬁj
VD ) (<f & -yl =Dl + £4,)
~od o1 . T+ T — 20,0
(il = ol = DIfs) = (= : -
ax 2\/332 (1 —2;)x 1—%)(3: — 1)

1

(15 = 500 = If) =

e No calculation of integrals — potential values at mesh points



Examples of phase-shift calculations

Square well

Viir)==Vy, r<a; V(r)=0, r>a

Exact R matrix

Ji(pa)
hep ji(pa)

p= \/(VO + E)Y(2mce? + Vo + E)/he

R, =sgnk (2me* + Vo + E)

Woods-Saxon potential

) Vo
[+ expl(r — R)/ao

Vi(r) =



Square well (a =1, V, = 4): Examples of choice of B

h=c=1
Simplest cases
0 1
B:(l()) R,. = 2Rq4
0 -1 1
B ( —1 0 ) 2R 99
bi1 bis  byy condition 61 (first) 01 (second)
0 0 0 —0.9999995012 64.714757 64.7147757
0 1 0 —1.000001158> 64.714777718163
0 —1 0 —0.9999998874 64.714777718165
1 0 1 —0.9999999055 64.7147R0 64.7147766
1 1 1 —0.9999998703 64.7147798 64.71470
exact —1 04. 714777718179 64.714777718179

E=1with N=12



Square well: Examples of convergence

Kk =-1(s1/2)

E N (bi1.bi2,b22) = (0,0,0)  (byy1, b2, baa) = (0,—1,0)

1 6 64.93 64.67

8 64.707 64.71471

10 64.71492 64.71477767

12 64.714775720 64.714777718165

15 64.7147777185 64.714777718179
exact 64.71477771818 64.714777718179
100 60 49.02 49.01

65 49.1689 49.1683

70  49.168654 49.16866386

75 49.16866389 49.168664041763
exact 49.168664041791 49.168664041791

h=c=1



Woods-Saxon potential

Potential from Halderson 1988
E =49.3 MeV

a N=10 N=20 N=30 N =40

k= —1
1.346494  1.346637 1.346637 1.346637
1.346965 1.348382 1.348382 1.348382
1.330724  1.349453 1.349454 1.349454
1.349513 1.349499 1.349499
1.349468 1.349527 1.349527

O 00 =] Oy Lt

- Stable results
- Fast convergence with respectto N
- Slower convergence with respect to a



Bound states with R-matrix method

N; basis functions in the internal region: ¢ ;(r)

N, basis functions in the external region: X, (r)

N.
Py pr’;txj QU (r) = > aqtx;(r)
7=1
Internal matrix equations

) int ext
e (V)= (7))

External matrix equations

ext int
(MiXt o EI) ( Zq)gxt ) — L ( Zﬁlt )

L _ %hCFint(J + B)(FeXt)T



Matrix elements

int int - int int E N
F F‘M—HE L:‘"(a)*- -Ft F"‘v—l—i‘l 0, 2=1,...,N

MLnt _ MLnt n %thintB(Fint)T

F3' = Fftia = i), F3 = F§t, =0, i=1..,N

T T,

Mixt — MiXt i %hCFextB(Fext)T

MY — VG MR = GV () = 2me?y )

K1] Kty

rext(2,1 rext(1,2
E\ij( b = E\Jm;( 2 = nely| = d/dr + k)1 — 10(r—a)|x;)



External non-linear equations

. _ ext ext
Mi:Xt o LT (Mft o EI) 1L] ( ggxt ) =L ( Iq)gxt )

_ ext ext
M e -+ BIRY B E | (P ) < e ( 2 )

Rint _ %h[ﬁ(Fint)T(M?t o EI}_lFi“t

pifr[- piPt
e | =L
( q," ) ( q." )
int

M — LheF™(J + BYR™(=J + B)(F™)"] ( Z ) =E ( P )

Internal non-linear equations

M L (M —EI) L

External auxiliary R matrix

Rext _ %ﬁ.-C(FeXt)T(MiXt o EI)—lFext

Resolution by iteration



Example: Ground-state of Coulomb potential for Z=1

Lagrange-Legendre functions in internal region
Lagrange-Laguerre functions in external region
- No need for analytical expression

- No need for evaluation of matrix elements

_-'N":{ A"} a E[] —1 a E()1 -1

10 10 3  —=0.50000665659458 5 —0.50000665658562
10 20 —0.50000665659451 —0.50000665658534
10 30 —0.50000665659447 —0.50000665658520
20 10 —0.50000665659639 —0.50000665659619
20 20 —0.50000665659638 —0.50000665659616
20 30 —0.50000665659637 —0.50000665659616
30 10 —0.50000665659646 —0.50000665659645
30 20 —0.50000665659649 —0.50000665659645
30 30 —0.50000665659648 —0.50000665659645

exact —0.50000665659655 —0.50000665659655

Fast convergence with respect to N, and N, for both a values



Example: potential — erf(r) / r

N; N, h a =3 a=25 N h Laguerre mesh
n=>~0

10 10 04 —0.3311413562 —0.3311398 60 0.4 —0.331141353619722
10 20 —0.3311413562 —0.3311398 0.5 —0.331141353619743
20 10 —0.3311413536179 —0.33114135361966 70 0.4 —0.331141353619718
20 20 —0.331141353619727 —0.331141353619735 0.5 —0.331141353619716
n=1

10 10 0.8 —0.1014472097 —0.1014468 60 0.5 —0.101447208869135
20 20 —0.1014472088686 —0.101447208869143 70 0.5 —0.101447208869125
30 30 —0.101447208869150 —0.101447208869172

n=~2

10 10 1.1 —0.04827838 —0.04827825 60 0.5 —0.048278412436445
20 20 —0.048278412440 —0.048278412436461 70 0.5 —0.048278412436438
30 30 —0.048278412436378 —0.048278412436470

Comparison with Lagrange-Laguerre calculation on (0,«)



Conclusion

R-matrix description of Dirac continuum

- Fast convergence

- Accurate phase shifts

- Wave functions available

- Extension to the Coulomb case possible but more
complicated asymptotic expressions

R-matrix description of Dirac bound-states

- New approach with internal and external R-matrices
Iteration

Accurate bound-state energies

Wave functions available

No restriction on potential

D.B., Phys. Rev. A 92 (2015) 042112



Lagrange-Laguerre mesh over (0, )
L?\}(I}) =0

Lagrange-Laguerre functions

N 5 LY -
F (@) = (<1l 32 o2
9 - L —




Lagrange-Laguerre basis in external region:
X, (r) = h 2 filr = a)/h]
- scale parameter h to be adjusted

Lagrange-mesh ‘Hamiltonian minus Bloch operator’ matrix

’\[,ff;(l Y = V(ha; + a)s;, U,ff;” [V (ha; + a) — 2mc*]o;,;
MEEED = MO = e |+ SO+,
Kt i d;r; 2 T ha+a
d 1. i T
i|=/— + =0 ) =(=1)" — PR
(I + 3001 = ()t iy

e No calculation of integrals — potential values at mesh points



Ground state of hydrogenic atoms with N = 2

K = —1

na=21F 2y r=VR -

4 x 4 Lagrange-mesh Hamiltonian matrix

( 272 0 I _Z _@\/ﬁ 1
T | aT v r| TO—T]
0 272 |_2_\ZE 1 _Z

_ — e 2 Q. VI ry—r2 __ __ Lo
H-, = _Z _2Z Jxr1 1 -:_ _2z2 _ 2
(e '%0il| fal ro xT1—I9 | T o2

\ _2Z Jjz2 1 _Z | 0 _2z2 2

@ r{ Tro—a1q T . T9 a?

Its third eigenvalue gives the exact energy for any Z.
The corresponding eigenvector gives the exact wave function.




Exact 3rd eigenvalue )
A

m/f+ 1

Fiayp = —

3rd eigenvector

I [v+1 AN T ANED
(piqu,fﬂm):_a/ 2 (\/33—1:\/33_%_ \/_«.— V2

— avart radial rnmMmMNnNAnante

v+ 1 (o) (o) ("‘y" -+ 1)2 ~ T
P (r)=——[V71 277) 4+ /1a 13 (22r)] = 27r)Ve ?

Exact mean value with Gauss quadrature

2 | 2
Ty + % 1( 1)
ry=n~n =77+ =
) T+ X9 T2




