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Finite amplitude method: alternative to QRPA 
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QRPA	  equa2on	  (matrix	  formula2on)	

computa2onally	  demanding	  calcula2on	  
	  -‐	  construc2on	  of	  the	  AB	  matrix	  /	  diagonaliza2on	  
qp	  space	  trunca2on	  
	  -‐	  HFB	  cutoff	  (delta-‐	  pairing	  renormaliza2on)	  
	  -‐	  QRPA	  two-‐quasipar2cle	  cutoff	  (numerical	  reason)	

A,	  B:	  matrix	  elements	  from	  effec2ve	  two-‐body	  interac2on	  

X,	  Y:	  amplitudes	  
ω:	  excita2on	  energy	

efficient	  technique	  for	  QRPA	
enables	  us	  to	  use	  QRPA	  for	  DFT	  op2miza2on	  (T-‐odd	  etc.),	  
whole	  nuclear	  chart	  calcula2on	  



p 	  giant	  resonances:	  	  	  
structure	  of	  the	  strength	  func2ons	  (smeared)	  

p 	  collec.ve	  low-‐lying	  states:	  
	  excita2on	  energies,	  amplitudes	  of	  (several)	  discrete	  states	  

p 	  sum	  rules:	  
energies,	  strength	  func2ons	  of	  all	  excited	  states	  

Which quantities do we need from QRPA? 
(matrix)	  QRPA	  solu2ons	

p eigenvalues:	  excita2on	  energies	  
p eigenvectors:	  QRPA	  two-‐quasipar2cle	  amplitudes	  (X,Y)	  

original	  FAM	

complex	  energy	  FAM	

complex-‐energy	  FAM	



Finite amplitude method (FAM) 

TDDFT	  equa2on	

p weak	  2me-‐dependent	  external	  field	  (eiωt,	  e-‐iωt)	  
p  itera2ve	  solu2on	  
p one-‐body	  induced	  field	  not	  through	  two-‐body	  AB	  matrices	  
p easy	  implementa2on	  on	  top	  of	  exis2ng	  mean-‐field	  codes	  

oscilla2on	  of	  the	  quasipar2cles	  	 induced	  field	

Nakatsukasa	  et	  al.,	  PRC76,024318(2007)	linear	  response	  solu2on	  to	  QRPA	  
frequency	  ω	  (of	  external	  field)	  
fixed	  during	  itera2on	 2me-‐dependent	  	  

external	  field	

oscilla2on	  of	  densi2es	
⇢(t) = ⇢0 + �⇢(t)

(t) = 0 + �(t) h[ρ],	  Δ[ρ,κ]	one-‐body	

two-‐body	

one-‐body	



original FAM 
	  	
ω	  (freq.	  of	  external	  field)	  has	  to	  be	  complex	  

Stoitsov	  et	  al,	  PRC84,041305	  (2011)	

width	  γ	  is	  always	  necessary	

The	  response	  func2on	  from	  FAM	
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Why	  the	  original	  FAM	  works	  only	  for	  resonances?	

distribu2on	  smeared	  with	  Lorentzian	

real	  ω:	  	  real	  S(F,ω),	  and	  dB/dω=0	



FAM for discrete low-lying states 

X(ω),	  Y(ω):	  FAM	  amplitudes	 X,	  Y:	  QRPA	  eigenvectors	  
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Contour	  integra2on	

conven2onal	  FAM	

Sakurai	  and	  Sugiura	  J.	  Comp.	  App.	  Math	  	  159,	  119	  (2003).	  	
cf.	  solu2on	  of	  eigenvalue	  problem	  using	  contour	  integra2on	

Phys.	  Rev.	  C87,	  064309	  (2013)	
FAM	  equa2ons	



Numerical comparison with MQRPA 
FAM	  code	  for	  K=0	  developed	  in	  Stoitsov	  et	  al.,	  PRC84,	  041305	  (2011)	

24Mg,	  oblate	  configura2on	  (HFBTHO,	  SLy4)	  	  5	  oscillator	  shells	  
isoscalar/isovector	  monopole	  excita2on	



Numerical comparison with MQRPA (ISM) 

isoscalar	  monopole	  strength	  (e2fm4)	
24Mg,	  oblate,	  SLy4,	  Nsh=5,	  contour:	  circle,	  radius=0.02	  MeV,	  discre2zed	  with	  11	  points	

FAM:	  external	  field	  F	  dependent	

complex-‐FAM	  derives	  QRPA	  amplitudes	  -‐-‐	  F	  independent	  eigenvectors	

FAM-‐C:	  isoscalar	  operator,	  FAM-‐D:	  FAM	  from	  isovector	  operator	



orthogonality of first three QRPA modes 

1:	  1.32	  MeV,	  	  2:	  1.37	  MeV,	  	  3:	  2.46	  MeV	  	



Rare-earth nuclei (166,168,172Yb,170Er) 
comparison	  with	  Vanderbilt	  code	  (SkM*)	

HFBTHO	  FAM	 Vanderbilt	  MQRPA	

HFB	  model	  space	 N=20,	  	  60,	  200MeV	  cutoff	 20fmx	  20fm	  box,	  60,200MeV	  cutoff	  

QRPA	  model	  
space	

full	 cutoff	  associated	  with	  the	  occupa2on	  
probabili2es	

MQRPA:	  Terasaki	  and	  Engel,	  PRC82,	  034326	  (2010),	  PRC84,	  014332	  (2011)	

radius:	  0.1MeV,	  0.02	  MeV(168Yb)	  
center:1.40,	  1.76,	  1.30,	  1.30MeV	  
	  	  	  	  	  	  	  	  	  	  	  	  	  166Yb,	  168Yb,172Yb,170Er	  	



Sum rules 

p  informa2on	  of	  energy	  of	  giant	  resonances	  

p  giant	  resonance	  width	  

mk(F̂ ) =
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sum	  rule	  contains	  useful	  informa2on	  of	  giant	  resonances	  

contribu2ons	  from	  all	  the	  excited	  states	  
p MQRPA	  
p HFB	  

p Thouless	  theorem(k=1,3,..	  double	  commutator)	  	  
	  	  	  	  	   	  cannot	  be	  jus2fied	  for	  DFT	  

p dielectric	  theorem	  for	  inverse	  energy	  weighted	  sum	  rule	  (k=-‐1)	  

3

teractions from the second derivatives of the energy den-
sity functionals (i.e., A and B matrices in Eq. (2)). For
the details of the derivation of the FAM for superfluid
case, we refer, for example, to Ref. [22]. The complex
response function for a given operator F̂ at a given com-
plex frequency !� = ! + i�, found as a solution of the
FAM equations, is given as
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By taking the imaginary part, the Lorentzian distribution
of the strength function is obtained as
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A contour integration along the path C⌫ , which encircles
a real energy pole ⌦⌫ of the response function inside and
excludes other poles outside, gives the QRPA transition
strength [31]
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or, alternatively, along C�⌫ ,
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For a small � ⌧ !, the relation 1/(! + i�) = P (1/!) �
i⇡�(!) holds, and the sum rules can be formally calcu-
lated using

mk(F̂ ) = � 1

⇡
lim
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Z 1
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!kImS(F̂ ,! + i�)d! . (7)

However, the expression above is not practical at the
limit of � ! 0, because for very small value of �, the
imaginary part of S(F̂ ,! + i�) behaves like a delta-
function. Therefore, to guarantee a su�cient numerical
accuracy, a very fine mesh would be required for the in-
tegration (7) to take into account all the QRPA modes,
whose locations are not known beforehand.

III. SUM RULE EXPRESSION USING FAM

In this section we introduce the sum rule approach
based on the contour integration of the FAM. For simplic-
ity we assume that the operator F̂ cannot excite spurious
modes, and all the QRPA energies ⌦⌫ are non-zero. We
also assume that the HFB state is stable with respect
to any small variation, that is, there are no imaginary

frequency solutions in the QRPA energies. This guar-
antees that all the QRPA poles ⌦⌫ are on the real axis.
Hereafter we use the notation ! for a complex quantity
instead of !� for brevity.
The basic idea of the method is to compute the quan-

tity
I

D
f(!)S(F̂ ,!)d! =

X

⌫>0

f(⌦⌫)|h⌫|F̂ |0i|2 , (8)

where the contour D encircles all the positive QRPA fre-
quencies ⌦⌫ > 0, and excludes all the singularities of
the complex function f(!). By setting fk(!) = !k, we
obtain the expressions for the sum rule mk(F̂ ).
In the following, we assume the operator F̂ to be Her-

mitian in order to derive simpler expressions. In this
case positive and negative energy solutions give the same
transition strength

|h⌫|F̂ |0i|2 = |h0|F̂ |⌫i|2 . (9)

When F̂ is not an Hermitian operator, the above equation
does not hold, but Eq. (8) with an appropriate contour
D can be used for the sum rule calculation.

A. Laurent series of the FAM response function

By using the Laurent series expansion of the following
complex function, given in two regions as
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we can derive the Laurent series expansion of the FAM
response function. The strength function S(F̂ ,!) has
poles at ! = ⌦⌫ and�⌦⌫ . In the region |!| < min⌫>0 ⌦⌫ ,
the series
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converges, and in the outer region |!| > max⌫>0 ⌦⌫ , the
response function can be expanded as

S(F̂ ,!) = 2
1X

n=0

m2n+1(F̂ )

!2n+2
(|!| > max

⌫>0
⌦⌫) . (12)

These equations are extension of the discussion in Ref. [9]
to full complex energy plane, showing that the sum rules
of the odd k moment appear as the expansion coe�-
cients of Laurent series. We note that the inverse energy-
weighted sum rule is found by setting ! = 0 in Eq. (11).
The origin can be, however, a pole if the spurious modes
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teractions from the second derivatives of the energy den-
sity functionals (i.e., A and B matrices in Eq. (2)). For
the details of the derivation of the FAM for superfluid
case, we refer, for example, to Ref. [22]. The complex
response function for a given operator F̂ at a given com-
plex frequency !� = ! + i�, found as a solution of the
FAM equations, is given as

S(F̂ ,!�) = �
X

⌫

(
|h⌫|F̂ |0i|2

⌦⌫ � !�
+

|h0|F̂ |⌫i|2

⌦⌫ + !�

)
. (3)

By taking the imaginary part, the Lorentzian distribution
of the strength function is obtained as

dB

d!
(F̂ ;!�) = � 1

⇡
ImS(F̂ ,!�)

=
�

⇡

X

⌫

(
|h⌫|F̂ |0i|2

(⌦⌫ � !)2 + �2
+

|h0|F̂ |⌫i|2

(⌦⌫ + !)2 + �2

)
. (4)

A contour integration along the path C⌫ , which encircles
a real energy pole ⌦⌫ of the response function inside and
excludes other poles outside, gives the QRPA transition
strength [31]
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In this section we introduce the sum rule approach
based on the contour integration of the FAM. For simplic-
ity we assume that the operator F̂ cannot excite spurious
modes, and all the QRPA energies ⌦⌫ are non-zero. We
also assume that the HFB state is stable with respect
to any small variation, that is, there are no imaginary

frequency solutions in the QRPA energies. This guar-
antees that all the QRPA poles ⌦⌫ are on the real axis.
Hereafter we use the notation ! for a complex quantity
instead of !� for brevity.
The basic idea of the method is to compute the quan-
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the complex function f(!). By setting fk(!) = !k, we
obtain the expressions for the sum rule mk(F̂ ).
In the following, we assume the operator F̂ to be Her-

mitian in order to derive simpler expressions. In this
case positive and negative energy solutions give the same
transition strength

|h⌫|F̂ |0i|2 = |h0|F̂ |⌫i|2 . (9)

When F̂ is not an Hermitian operator, the above equation
does not hold, but Eq. (8) with an appropriate contour
D can be used for the sum rule calculation.
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to full complex energy plane, showing that the sum rules
of the odd k moment appear as the expansion coe�-
cients of Laurent series. We note that the inverse energy-
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Complex-energy FAM to QRPA sum rule 
p  QRPA	  sum	  rule	   mk(F̂ ) =
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D	  =	  A1	  +	  I1	  +	  A2	  +	  I2	

Symmetries	  for	  hermi2an	  operator:	  k=1,	  3,	  …	  	  contribu2on	  from	  A1	  only	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  k=-‐1	  (IWESR),	  contribu2on	  from	  A2	  only	  

p easily	  parallelized	  
p FAM	  along	  A1	  path	  converges	  rapidly	  with	  5-‐6	  itera2ons	

~200MeV	

PRC91,044323	  (2015)	



Comparison with MQRPA/dielectric theorem 

Sum	  rule,	  MQRPA	  /	  FAM,	  Isoscalar/Isovector	  monopole	  	

24Mg	  oblate,	  Nsh=5	

Dielectric	  theorem	  (HFB)	  for	  k=-‐1	  sum	  rule	



Validity of Thouless theorem 

p Thouless	  theorem	  is	  sa2sfied	  in	  large	  model	  space	  
	  	  	  	  	  	  	  	  	  	  	  (enough	  size	  to	  express	  the	  coordinate	  operators	  in	  HO	  basis)	  
p Time-‐odd	  coupling	  constants	  are	  important	  to	  sa2sfy	  the	  theorem	  
	  	   	  (a):	  only	  Cj	  included,	  	  	  	  (b):	  Cj	  not	  included	  
p  local	  gauge	  symmetry	  of	  (ρτ-‐j2)	  is	  necessary	  for	  these	  operators	  



Spontaneous symmetry breaking 
p  Nambu-‐Goldstone	  (NG)	  mode	  appears	  as	  a	  solu2on	  of	  self-‐consistent	  QRPA	  
	  	  	  	  	  	  when	  mean	  field	  (DFT)	  breaks	  con2nuous	  symmetries	  which	  the	  original	  EDF	  has	  

broken	  symmetry	 mean	  field	 NG	  mode	  in	  the	  QRPA	 Kπ	

transla2onal	  
(Galilean	  invariance)	

center	  of	  mass	  
fixed	  to	  the	  origin	

center	  of	  mass	  mo2on	 0-‐,	  1-‐	

rota2onal	 deforma2on	  
(axial	  or	  triaxial)	  

rota2on	   1+,	  (2+)	

par2cle	  number	  
(gauge	  symmetry)	

pairing	  
condensa2on	  (BCS)	

pairing	  rota2on	 0+	

neutron-‐proton	  
(isospin	  symmetry)	

neutron-‐proton	  
mixing	  	

isospin	  rota2on	 0+	

NG	  mode	  restores	  the	  broken	  symmetry	  in	  the	  QRPA	  level	

[ĤQRPA, Q̂NG] = � i

MTV
P̂NG

PNG:	  broken	  symmetry	  (momentum	  operator)	

[ĤQRPA, P̂NG] = i⌦2
NGMTVQ̂NG = 0



Thouless-Valatin inertia from FAM 

MTV:	  Thouless-‐Vala2n	  iner2a	  
QNG:	  canonical	  conjugate	  coordinate	  op.	

[ĤQRPA, Q̂NG] = � i

MTV
P̂NG

Thouless-‐Vala2n	  iner2a	  from	  QRPA	

MTV = 2PNG(A+B)�1PNG

FAM	  for	  NG	  modes:	  	  	

S(P̂NG,! = 0) = �MTV

Thouless-‐Vala2n	  iner2a	  is	  found	  from	  a	  linear	  response	  	  
calcula2on	  at	  zero	  energy,	  using	  a	  broken-‐symmetry	  operator	

M�1
TV = 2m1(Q̂NG) =

2

2⇡i

Z

D
!S(Q̂NG,!)d!

Thouless-‐Vala2n	  iner2a	  is	  found	  from	  	  
the	  energy-‐weighted	  sum	  rule	  of	  the	  conjugate	  coordinate	  operator	

Phys.	  Rev.	  C92,	  034321	  (2015)	  



Center of mass mode 
trivial	  case	

1/2m	  =	  A/2MCM	Thouless-‐Vala2n	  iner2a	

finite	  HO	  basis:	  	  
	  	  	  	  	  	  	  transla2onal	  mode	  is	  not	  at	  zero	  energy	

HFBTHO,	  SLy4+volume	  pairing,	  26Mg	  (oblate)	



Neutron and proton pairing rotations 

neutron	  pairing	  rota2on	 proton	  pairing	  rota2on	

ground	  states	  form	  “pairing	  rota2onal	  bands”	  
proton	  pairing:	  effect	  of	  residual	  Coulomb	  significant	  

pairing	  rota2onal	  energy	�N = N � 66

non-‐trivial	  case	P̂NG = N̂n, N̂p Q̂NG = ⇥̂n, ⇥̂p (unknown)	



Mixing of neutron and proton pairing rotations 
when	  neutron	  and	  proton	  are	  in	  a	  superconduc2ng	  phase	

broken	  symmetries:	  	  neutron	  number	  and	  proton	  number	  
NG	  modes	  (QRPA	  eigenmodes):	  two,	  but	  mixing	  of	  two	  
TV	  iner2as	  from	  two	  NG	  modes	  à	  three	  moments	  of	  iner2a	

QRPA	  eigenmodes	

Thouless-‐Vala2n	  mass	  of	  eigenmodes	

constraint	  from	  orthogonality	  of	  two	  modes:	



Mixing of neutron and proton pairing rotations 

N	

Z	

a)	130Xe	

b)	

	  c)	

	  d)	

TV	  iner2as	  from	  two	  NG	  modes	  à	  three	  moments	  of	  iner2a	

d):	  global	  gauge	  symmetry	  breaking,	  not	  associated	  with	  isovector	  pairing	

pairing	  rota2on	  around	  130Xe	  nucleus	

iner2a	  tensor	



Coordinate operator: spurious mode removal 

Conjugate	  coordinate	  operator	  (FAM)	

Conjugate	  coordinate	  operator	  (QRPA)	

Nakatsukasa	  et	  al	  PRC76,024318(2007)	

Coordinate	  operator	  required	  for	  spurious	  mode	  removal	  (FAM/itera2ve	  Arnoldi)	

Rota2on	Pairing	  rota2on	



Non-axial (K≠0) QRPA modes with axial HFBTHO 

explicit	  lineariza2on	  necessary	  for	  density-‐dependent	  term	

FAM	

MQRPA	  	  
(Losa	  et	  al.PRC81,	  064307(2010))	

Kortelainen,NH,Nazarewicz	  arXiv:1509.02353.	



240Pu quadrupole/octupole modes 

transi2on	  amplitudes	  
IVO,	  ω=11	  MeV	

SLy4	  +	  mixed	  pairing,	  	  Nsh=20	



154Sm low-lying octupole vibration 

Experimental	  data:	  	  
K=0	  0.9213	  MeV	  	  	  B(E3):	  10(2)	  W.u.	  
K=1	  1.4758	  MeV	  	

SLy4	  +	  mixed	  pairing	



Summary 

Outlook	

Recent	  development	  of	  finite-‐amplitude	  method	

p  discrete	  collec2ve	  modes	  

p  sum	  rules	  

p  Nambu-‐Goldstone	  mode,	  Thouless-‐Vala2n	  iner2a	  

p  non-‐axial	  response	  
	  

p  systema2c	  calcula2on	  of	  nuclear	  reponses	  

p  DFT	  op2miza2on	  using	  informa2on	  on	  excita2on	  

p  2+	  energy	  systema2cs	  /pairing	  rota2ons	  
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p  Erik	  Olsen	  (MSU,	  USA)	  

Calcula2ons	

COMA(PACS-‐IX),	  Tsukuba	HPCC,	  iCER,	  MSU	
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