Jooooobobbon
Joooooboobbooood

HRERERERERE

ooooogo

oo on



Ooon

gboboodgbbelbbboobbuooubognobooonobooonboog
ggbobooboogbbboooobboooobb...oooobboooobboo
goggbbbbbbouoooobbbbbbouoooooobbobboboougoo
gogobobbbbboodooooobbbbbbbouooooobbbboadao
gogoobbobbobodogoooobobobboooooooobobbboogd
ggbbobuoooobboooooobooo

ggoboboooobbbooooooboooobbboooobbooo

gogobbbbbobuodooooobbbbbouooooooobbbbbadao
gbooobooboobobuodoboobbooboobbooboobobon
gogbbbuogobobboooobobuogoobboooon

e JDOUODODDLOODOODLOODLDOODLOODODLODLODDOODLOO
e OO0 DODDOODOODOODLOODLOODOODOO

e OO DUOODLOOODLDUDOODLDbODOLODLDOUOOODLDOOO
gogoobobooogn

e JOUOUOODLDOUOOOODLDOUOOODDLDOUOOOO

goboboboboooooooobboobobbbooooooooboboobobboogoo
gooobbobobbodogoooobobbbbbouooooooboboogd
gogobbbobbbouoooooobobboobbouoooooobbobbboogo
gogobbbbboouooooobbbbbouooooooobbbbbougo
00 100000000000 0000O0000O0ODO0OO00OO0OOoOO
gogooboboobbbbotbddooooobeoooobobbbbboougd
gogbboobuooobbboooobobuoooobobooon..d
ggobobbbboboooogobbbbbuooooooobbbbbougo
gbooboboobobsgoboboobooboboobuooboboon
gobboboogobbboooobobboooobobobooooboo



g1
1.1

1.2

1.3

1.4

g20
2.1
2.2
2.3

24

ogoooooodo

oo ouououououoouoooooo ..
1.1.1 0000000000 ... .o e
1.12 DOO0O0OO0OO0ODOOO0ODOOoOoDOOoooooo ...
1.1.3 OO00OO00oooooooon ..o o000
1.14 0OO00OO0O0OO0O0OOOOoOooooooooag ...
1.1.o OO0OO00OOOoao ... e e e e
High Pass/Low Pass Filtering . . . . . . ... ... ... ... ...
1.2.1 O0O00OO00OO00OO00OO0OO0OO0O0O0O0O00O00
1.22 00000000 ... ... e e e e
1.2.3 Haarwavelet OOO . ... . ... ... ... ... .....
Daubechies OO O OOOO . .. ... 0 o
1.3.1 000000000 ... ...
1.3.2 O0O0O0O0O0O0 . ... e s e
1.33 D400 ooooooooooog ...
I PP
141 000000000 ... e
142 Haal OOOOOOO ... .00 s
1.4.3 Daubechies D4 O OOOOOO .. ... ... .. ......

gbobbooogbbbuoooobbboodoobbodao

I I 1 P
gboobboooobbboooobboboooobobbouoooon
I I
231 0ObOOOOoOoOoOobboobooooboooog o
232 Grover DODOODODOO ... o000
MERADOODOODOO ... e
241 MERADODOODOODODOOOO ... ... ..
242 000000O0O0O0O .00 0000 oo

11
12
14
14
15
17
19
19
19
20



03d

3.1
3.2

3.3

3.4

u40
4.1
4.2
4.3

gsi

5.1
5.2

2.3

uel
6.1
6.2
6.3

70
7.1
7.2

gbobobobobooboboobobooboboooooobd

0o 34
000000000000 ... 00000 34
gooooooooooobooddoooooooooonoon

I A 1 s {1
Exact Holographic Mapping (EHM) . . . . . ... .. ... ... .. 37
3.3.1 EHM . . . ... 37
3832 00000000000 ... . 39
MERA ODODOODOOODOOODOODOOODOO .. ........ 40
34.1 O0O0OoOoOOO0oOoOooooooooono ... ... .. 40
3.4.2 Daubechies DA 0 O00O0O0O0OOOOOOOOOOOO .. .. 42

gbobboogobbbuooobobboooobbbuoooobno 44

O0O0000O0DO0OsSvDboOoOoO ... 0oL, 44
MERAODO MPSOODOO .. ..o oo 44
TNROO MERAODOOO ... .. o o 45

OO0 SVD O Mellin DO 0000000000000 ODOOOO

gogdd 48
OOOOOOO .. s 48
OO0 .o 49
5.2.1 DOOOOOOOO ..o oo 49
5.22 Mellin OO0 . ... 00000 93
523 0ODO0O0O0OOO0OO0OO0OOUOUOUoOoOooboooboooag oo 55
O000000000000AdS/CFTOOOOOOOO ... ..., 57
gogoooooobbboboboooogod 60
I 60
I 60
I 1 61
gogooooooooon 62
OOOO0OOO0O ..o 62
OOOOO .o s 64
7.2.1 SL(2,C) invariant vacuum . . . . . .. ... L. 64
722 HgspOOOODO ... o000 65



10 Uoodbudood

goggbboobbobouoogoooboobobbbouoooobboboboagad
gogobobbobobbbouogoooobbbbouooooobobbobboogo
gogobobbbbboduoooooobbbbbuoooooobbbobboboo
gbogboboooboobboobuoobbooboobboobuoobobon
gogobobobobboooooooobobobboodooooobboobobboad
0000000000000 RIooooooood

1.1 O0o0O0oooobobobooooboboboobbogd
oot

1.1.1 Odgoooobod

00000 f(x)00000 f1(x) 000 ¢(2)00000000000000
00000000

fo@) = gi(z) + fi(z)

= Y 6@+ f@) (1)

1.1.2 JU0ddobobobooogoooboood

000000000000 ¢(x) 00000000000 (x)00020000
gogbbbuoobobboooobobobuoooobbobuooooboo

e l¢(x) 000 200000000¢(x) 0000000000 OOOOOO
gogn



e lyY(x)D0OD200000000¢(x)D0D0DOOODOODOOODOOOOO

goon

gogbobbbobbbtboogoooobbboboooogboboobbboagd

ERERE

1 0<x<1
0 otherwise

1 0<z<1/2
Yx)y=¢ -1 1/2<x<1
0 otherwise

ggooobod

1.1.3 UDU0ooooooouood

(1.2)

000000 fo(z)100000c¢,a,....,cy.,0 NOOOOOOOOOOOOO

N-1

folz) =Y copdla — k)

k=0
0000000 = 000000 fi(z)O

N/2—1

filx) = Z cLrg(z/2 — k)

k=0
0000000 e, = (cozr + Cozrr1) /2000000

N/4—1

fo(x) = Z copp(x/4 — k)

k=0
gooo Cok = (Clygk + Cl,2k+1) /2DD ooond

N/27—-1

fitw) =Y cjnd(z/2 — k)

k=0

ggboooogooo

Cik = (Cj—12k + Cj—1,2641) /2

6

(1.4)

(1.5)

(1.7)



gbooboogo

Gin(r) = ¢(x/2) — k) (1.9)

O00D0k#F0O00000DOOOO0OOODOOOOOODOOOOODOODOO
goooog

A 6(2); 4 () by ()l = 0 (1.10)

gogoobbobbbodooooobbobbbooooooobobobboood
goobobbobbbouodooooobobobbouooooobbobboogd
ggbbobuoogobbboooobbbuoodoio

1.1.4 O00O0OOOOOODOOOOOO0OOd

gobbbooobobbboooobbobuooooooon

g(x) = folx) = filz)

1 N/2—-1

= cord(x —k) = > cpdla/2— k)
o
= cord(x —k)— > = (comk + Coonr) x/2— k) (L11)

2
k=0

=

™
[en]

=

o
o

oooooooobob 100 k=0,1000000200 k=000000

co0d(e) + coad(z — 1) = 2 (coo + c0) S(/2) = 5 (co0 — o) ¥(a/2) (112

gbobobubbobobbodboobboobouoobboobuooobobo

N/2—-1

gr= Y dig(x/2—k) (1.13)

000000000000000000 dig = (coge — comsr) /20000000
0000000

N/27i -1

gi= Y dpp(x/2 —k) (1.14)
k=0
oooooooooog
djk = (¢j—1,26 — Cj—1,2k+1) /2 (1.15)

7



gbooboobgod

Viw(®) = p(x/2 — k)

0000000 k400000

/0 () j p(2) e (x)dz = 0

gobbobuogobobboogooboo

/0 () ;5(x) s (2)dx = 0

gobboboogn

1.1.56 Ogoooood

N/2"=100 00000 f,(x) 0000000000 0O0O0O

N/2n—1

= Z Cn,k¢n,k(x) = Cnvo(bn’o(x)
k=0

000 ¢uo(z)=100000000

n N/2i-1

Zg] )+ fula Z Z dj k() + np

j=1 k=0

Y0 ¢, 0000000

N 27
\%leI/ wf,k(x)dx:/ do = 2
0 0

N N
onal = [ GRp(a)iz= [ o=
0 0

{¢;,/2713000 ¢,0//NOOODODOODODDOOODOODOO

N

b = 5 | f@iue
N

Cno = %/0 f(il?)d:(f

ggn

ggoobobooogn

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)



1.2 High Pass/Low Pass Filtering

1.2.1 Uddoobobuooooobbbooooobooood

godooooooooooooooooooo
M-1
B(t) = V2 mo(2t — k) (1.25)
k=0

goboobbooogoooobbobobooooooobbooooooboboooooo

oo Moooooobboboboobobbbbbbooouooooogo

M=20000000000000 DM DaubechiesOODOOOOOOOOOOO

gobobooo Mmoboboobobooobboobbooobbuooobbooo
d(w) = / dte ™" ¢(t)

oo

= V2) hy / h dte™ ™' (2t — k)
k

—0o0

o '
_ \/ﬁz hk/ ;efzw(erk)/Z(b(x)
k

—00

1 ’ n
- E hee {@/2Dkg (_>
V2 k ke 2

- n(5)e(3) i
goog

"(3)

1

KA

n

(%) (1.27)

J

U0 n—ooOO4Ogn

B(w) = ﬁH (;"—J) o(0) = ﬁH (;"—J) (1.28)

7=1 J=1
oooo
gooooooooodooodoooooooooooon

o(t) = V2 Z_ gk (2t — k) (1.29)

9



gboogod

e = (=1 hp 1

(1.30)

gbogooboobooboobboobooboboobbooboobobon
gbooobooboboboboboobooobooo

V(W)

/

V2) g

o)

\/Qng/ dgeiw(z+k)/2¢(l’)
L —00

h dte ") (t)

[e.9]

—00

1 - n
_ _Z —iw/2)k g <_>
V24 9 2

G

) ()

000 Hw) O Gw)00OOO0O000000000

G(w)

=

gke—iwk

il\g

=

(—1)khM71,k€7Wk

S
L

hM_l_ke—i(w-‘rﬂ')k

i\

g

hle—i(w-i-ﬂ’)(M—l—l)

Sl Sl Sl Sl
il\g

=

—iw(

:O

—e VH(w+ )

dte ™' p(2t — k)

(1.31)

(1.32)

ool ¢ 0 00000000 DOO00OO0ODO0ODO0O0OO0ODO0O0OO0ODODO
ggobobbbbbootboooooobbbbboooooobobbbbbadoo

ggboobooooooo

Hw)G(w)+ Hw+7m)Gw+7) =0

Gw)GWw)+Gw+m)Gw+m) =1

HW)HW) +Hw+7m)Hw+7) =1

10

(1.33)

(1.34)

(1.35)



gbooogogo

o= we ) 13
0ooooooo
Ulﬁ—(é?> (1.37)
oooooo
D0000000000000000000000000000000000
ff@u)::;%ijizhke_“* —»ff(O)::;%ijézfu,::l (1.38)
Dooooo
|H(O)]* + |H(m)]*=1— H(x) =0 (1.39)
DO0oo0oOooooon
H(0)G(0) + H(m)G(m) =0 (1.40)
oo
G0)=0, |G(m)| =1 (1.41)

gdoogooooooooooooooooooooboboboobooooo
wmze@@@:oz/ () de (1.42)

O0000000y(z) DO0OD0O0O0OOO0OOO0OOO

1.2.2 O0O0O0OO0O0OOO

{¢(x—k):k€Z}DDODODODODODODO00000000000

1
§]mw+%mfzﬁ,weR (1.43)

keZ

gobbobugoobbooogoobuoooobbouoooobboood

11



gobooboobdboooooogod
Okl = /dﬂb(?ﬁ —k)op(z —1)
_ - p(z— k 1 —ig(z—1)
/dw\/_/dpe \/ﬁ/dqe ¢(q)
= [ gl
2m
= Z/ due” " D¢ (u 4 2n)[? (1.44)

ne’l

ERERE

S o+ 20m)P = (1.45)

neL

gogbobobogoobobogao

3 = Lol 2l
- Sl G (3w
- Sl (g ) (3 o)
+Zk:‘<1><§+(2k+1)7r)2
S (o)
i () e (5 rr)f

2

H (g 42k + 1)7r)

1 w\ |2 1 w 2
:—H(—) —‘H(— ) 1.46
o 17\ T [P gt (1.46)
godoooonoonouoooogno
Hw) + |H(w + ) = 1 (1.47)
ododpoooonoonooouooonog
1.2.3 Haar wavelet [ [ [
Jdoodogdooooooooogonogogogn
1 ) 1 Sln()
d(w) = —/ ey = ——e W22/ (1.48)
V2r Jo V2T (%)

12



g

1 1—cos(°—’)
] _ = —i(w—m)/2 2
= &)
Oo0
Wy P (w) _1 —iw/2
H<2>_q>(§)_2(1+6 )
oooono

gogoobobooodn

1
ho = hi = —
0="Mm="17
goooooon
g = (1) h1y
g
1 1
90=h1:—2,g1=—h0=—ﬁ
goooooooo
1
H(w) =5 (1+e™)
1 .
G(w)zﬁ(l—e “)
goodd
1
|H(w)|2:§(1—|—cosw)

1G(w)]?> = % (1 —cosw)

(1.49)

(1.50)

(1.51)

(1.52)

(1.53)

(1.54)

(1.55)

(1.56)

(1.57)

(1.58)

O00000|F*PO0000000O00|GPP 0000000000000 0O00OO

gboobobooboobboobuoobbooboobbooboobbo
gboogbogbbogboooobuoobbooboboonoboobobobo
gbobgbooboobooboobobobobobbobbobobobobo
gbboobodgbooboobuoboobobbobbooboobooobg
gogobobbbbbodgoooobbbbbbuoouooooobbbooo
gogobobbobbbodooooobboobbbodoooooobobobbboogod
gogobobbobbbbodgoooobobbbobbooogoobobooagd

gobooogd

13



1.3 Daubechies DO DO O0OO

1.3.1 O0goooood

Daubschies 4 tap wavelet

| scaling function
. v.'an.felﬁlfunctiun .

0 0.5 1 1.5 2 2.5 3

0 1.1: Daubechies DA OO OO OOODOOOODOOOOODODODOODODODOO

Daubechies 0O OO 0OO0OO0O0ODOOOOOOO0OOODODOODOODOL.22.0
000 ¢(»x) 000 200000000%(x) 0000000OODODODOOOOO
ggbbbuoooobbbuoogobbbuoooobbbouooobobobod

o) = V23S h(2e — k) (1.59)

U00O0OHaar OO0 0O M=210MO00000000O0O0

o(z) = p2z) + p(2x — 1), hg = hy = (1.60)

Sl

000000000000000000000000VY(x)0D0OD 2000000
O00¢(x)00 0000000000000 O0O0DO0O0ODODODOOO

bx) =VEY geol2e — k) (1.61)
k=0
goag
gk = (=1)Fhar1 -k (1.62)

14



OO000Haar 00O OO
1

V() = 9(20) =622 = 1) g = I = =g =<l = === (L63)
000000000
D, (z) = ¢ (v/27 — k) (1.64)
000
Uk(z) = (2/2 — k) (1.65)

ggbbbuooobbooodd

0000 scale-invariant MERA OO OOOOOOOODOOOOODOOODOO
gobboooobobooob20bd0obboodbbbuooobbbood
Daubechies UOUO DO UOUOOOODOOODODOOOO0OODOODLOOOODLOOO MDOO
UM=200000000000000000000000Haar 0O OO
gbogboboobobobobobobobobobobOobobob b40DO
gobbb4000000

d(x) = V2hod(22) + V2h16(22 — 1) + V2haep(22 — 2) + V2h3¢(2x — 3) (1.66)

goon

1.3.2 0000000

Daubechies U0 D OO0 DOO0OO0OOODOOOOOODOOO0OODO »OOOODO
ggbooobooooooo

goooo

00 »O0000000000000000 {h;keZ} 00000 g,000
ggno

hy=0,k<0ork>M (1.67)
M-1
ichisom = Oom (1.68)
k=0
M-1
hy = V2 (1.69)
k=0



M
gk~k:m:0,0§m<?—1 (1.70)

0D20000000000000000000000000O000O0O000O0
00000000000 0000000000000000000
D000MO00000000000
M>40000000000000 ¢é(z) =vV23 0y hip(2e —k) 00000

Oo00oooooooon
/ o(x)dz = 1 (1.71)

0000000000000000000000000 ¢000000 [0,M—1]
D000000¢(@) =v2Y iy ad(2c—k)0000000000000000
000000000000000000000

o M
/ Y(x)z™dr =0, 0<m< 7—1 (1.72)

gboobgobobob20b00booobog
gooooooobobooboooooobobob0ON=m2=m000 5>
m>0000000

/ OB+ N) = 0 (1.73)
0000000000 ¢=t4+N2 00000
/ Yt — N2D)p(279)dt = 0 (1.74)

ggbboboooobbooooooboobo
0000 CcCrooonoonon

: 1, Nl
O(N +279t) = +§:k|kﬁ 2]@“+E¢U(N+ﬂ@ﬂﬂozﬂtm7m
0000000000
1 L[
::E:E' )2Jk/m Yt + - (1.76)
k —00

O00000-000000000000000000000000O0O 6(t) € 0,1]
goon

16



gbdgologb200b0bbo0oboobooboobo

vw =6 (3)*(3) a.7)
100000000 w0000000
1w = (2.6(3)) 2 (3)+¢(3) (22 (3)) (1.78)
e
“i ety - —%7;kgke W/%(Q)
w6 (3) (ig) [ e
nooooo

U0 w=000000

[ Xym¢ G0); [ tot (1.80)

D00000®0)=1000 G0)=000000000 [(tp(t)dt=0000
03, kg, =0000000

1.3.3 D4 0000oodoooooon

gboo400000b00boobobboboobon

ho+hi+hs+hi=1 (1.81)
0oo
hohs 4 hihs = 0 (1.82)
0o
ho + hy + ho + hg = V2 (1.83)

goboboboddn=0,10000000000 Zizogk~km:OD

Go- 0" +g1-1" 4+ g2-2" +g3-3" =0 (1.84)

17



oo0ooooog gn,=(-1)"h;_, 0000000000 0°=10000

hy 0™ —hy- 1"+ hy - 2™ — hg-3™ =0 (1.85)
0oooo
hs — ha +hi — hg =0 (1.86)
000
—hg + 2hy — 3hg = 0 (1.87)

0000000 200000000000000000000C0
ho = 0.4829 , hy = 0.8365 , hy = 0.2241 , hy = —0.1294 (1.88)

ggbbobuogoobbooooobobooogbboo

v —-1) 1w (1.89)
V2241 VR ) '
v+1 v(v+1)
hy= e hy= e L 1.90
TR+l V20t 1) (1.90)
gogoooooo
14 cos —sinf 1+ cosf +sinf
ho(6) =  hi(0) = 1.91
o(0) = ST ) = (191
1 —cosf +sind 1 —cosf —sind
hy(6) =  ha(6) = 1.92
o(0) = O ) = 0 (1.92)
000 ¢d=x/60000000000
T 14++3 T 3++3
Z) = = 0.482 — ) = =0. 1.
h0<6> 0 89,lu<6> g = 08965 (1.93)

42
h2<%)::§i§%§:=02241,h3<%>::lié%§::—012@1 (1.94)

gobooodg

18



1.4 0O00O0OO0O0OOO0OOO0OOO

1.4.1 0O00oooood

gobbboooobbboooobobod

Wy = ( Ay ) (1.95)
G2
000000000000000000
Wy - W), =1y (1.96)
000000
Wl =wit (1.97)

gbodwyboobobobooooooooooobogoooboobouobooooo
gobbobuooobboooobbobooogbobogo

1.4.2 Haal OOOOOOO

gbd N=800O0O0ODO

ho b\ 1 (1 1
w(88)a(h) e

gdooooooououooooooouoooooooobbbbbbbbobb
ggboobouoooooo
oob0 N=800O000

H 000 0 0 0 0 hyh
mg:( 4): 0 " (1.99)

o oo
o oo
o
o
S
2
o
o

goon

19



1.4.3 Daubechies D4 00O O0O0OOO

gbd N=800O0O0ODO

hs
hi

g3
g1

0

g1 g2
0 9o

(1.100)

gogobobooboboooooobboobobbboodooooobobooboboooa

goooo

goon

hs
h
0
0

20

g3

[
0

0

0 9o

(1.101)



20 Uootdotdbobootddot
Juoogduooogdon

gbogbbobooboobbobbobbobobooboobobobbo
gogobobobbbooooooobbboobbbuoooooobobobobbboad
goobobbouoooooobobbobbboooooooobbobboboougd
ggbbobuoooobbboooobobobdoooobobooooonb..o

0000000000000 [3,400000000000000 Physical Re-
view UOOO00O000O00O00O000O000O000000000b00000DbO

2.1 OUo0oooboooboooooon

gbobooobobooobbo2buoggbbuoooogbbooooon
gogbobbbbotouoooooobbbbbbooooobbobbodagd
O000O0ooDoOoOO0PEPSO MERADODDOOOOOODODOOOOOOOOO
gogbobobooooooo

e UUDUDODOI19850

gobbobouoooobbododiggd

gobbobuooobobboooobbobuoodniogsy

gboooboboobodiggdd

ggboouoodgboo

ggbobobooogbobodgo

gobboboooobbododiggsd

gbooobgobobibigoel

21



OobooooOooobOOooo0oboOoDO0 MERADOODODOODOODOOODOO
gogbbobuooggbobuoogoboobooouoboboooon

gogobbbobouooooogobbobobbooooooobbobboogo
ggooobod

e JOUOUOUOLODO

gogboboboooobboboooobboboodod

gogbobooogboo

gogbobooogboo

ggbbbuogobbbuoooobobuooougoobooo

googod

22 0O00O0OO0OODODOOOOOUOOOOooooooan
gooood

gbbugbbuogobooobboobobobuoooboobbuooboon
gogdobbbboooooobobbbbbbooooooobbobbbooadao
gobbobuoooobobbooooooboooobboooooboboood

nO000000O0ON=2"000000000000 F® OOOOOOOOO0
ggbobouoooooo

=

1

Ty — —— —1)* 2.1
o) = 75 -0 )
oo n=10N-20000000000O00O0O0O0O0O00
1
)y — — (|0) + (=1)*|1 2.2
) v@O> (=1)"[1)) (2.2)
OO0 HOOOO
1 1 1
H=— 2.3
¢§<1—4> (23)

0000000000000000000000000000000000000
000 |2 00000000000 |0)+(-1)*1) 0000000000000

22



gbboooboobboobooboobbooboobboboboobobon
goggobobbouodoooobobboouooooobbobbougd
gogobobboboboougoooobboobbouoooobbobboogo
ggboouodgaooo
gogobbbbbodooooobbbbbbooooooobbbbboado
gogoobobbbobobbboobobbbbodooooobobboobobbbooooad
gogbbobuoogoobobboooobobod

23 UU0UbOoUbooubogn

gogobobbobbboogoooobobbbodoooooobobobbood
goobobbbbodooooobbbbbbooooooobbobbougo
OobooO0ooOoOooO0o0oO0OO0bOOoOOMERAODODOODOOOOOOODOOO
gobbobooobobobooooboo

23.1 U0bObboooooobbuoooobbod

00000 f(j=0,1,.,N—-1)00000000
N-1
Z ez(27rk/N (24>
7=0
0oo0o0ooo0oo0oD f,000000000 |f,))00000
N-1
ez(Qﬂ'k/N)] |f (25)

7=0
00000000000 00000000000
000000000000000000000FFTOO0O000O0O0OO0OOO
000000000000 000000000000000000000000
000000 [(5,60000000000000000000000D0000000
0000 N=400000000000
000000000000010 NOOO wy 00000000 (Q),,; =
gPT/N) 000000 NxNDOO Q000000

F(0) fo 111 1 fo
TACONN fol |1 wi o Wi S
re) | T e | T @ || s 20
F(3) f3 1 wi wi w f3



ooooooobooboooooboo A, 0000000

F(0) 1 1 1 1 fo
F(1) _ 1 wg w32 wz fa 27)
F(3) 1 Wi’ Wi W4 J3
0000000000000 000000O000O0b0o0O0o0oaon
F(0) 10 1 O 1 1 0 0 fo
F(l) . 0 1 0 W4q 1 w2 0 O f2 (2 8)
FQ2) | [ 10w 0 0 0 1 1 fi '
F(3) 01 0 wj 0 0 1 w f3
oooo
1 1 0 0
1 wy 0 0 923
= 2.9
el (M) @9
0 O 1 [03))

0000000000000000000000000000000000000
000000000000000000000000000000000000
00000000000000000000

000000000000 00000000000000000000000
OON=PQ=Q0P=Q'00000NDOOODOO0OOOOO0

N-1

[F(n)) =Y e ™Mk £ (k) (2.10)

k=0

Un=0,1,..,N-100000000000O0O00DOODOO0ODODOODOOO0
gogbobooon

n=sQ+r,0<s<P-1,0<r<@Q-1 (2.11)
k=qP+p,0<p<P—-1,0<¢g<Q-1 (2.12)

oo o<k<N-1000O0D0O0O0OO

[E(n)) = [F(sQ+7))
P-1Q-1
= exp{—Qwi(qP+]2gQ+r)} |f(gP +p))

24



P-1Q-1 . <
= exp{ 271 (5 ;:—l— }f

Q)}U@P+p»

P—1 Q-1
= exp{ —27i (P PQ)} e~ 2@ f(qP 4 p)) (2.13)

p=0 q=0
0000o00000ooD QObooooooooooooooa

Q-1
[fu(p,r)) = e/ PRN " em2miralQ | £ (P + p)) (2.14)

q=0
goooooobob pOO0O0OOODOO

P-1

[F(sQ+7)) =Y e ™| f(p,r)) (2.15)
p=0
Jdo00doo0doodoooooooooooonD koo ooooooooooo
O00oo0ooooood

2.3.2 Grover JOQOQOOODOO

NOOOOOOOOO0ODDD0000000000000 500000000
00000000000000000 N/200000000000000000
00000000000000VNOOOOO0OO0O00000000000000
0ooo (7o
NODOODDODDOODODOODOOOD [n) 0000000 |p) 000000000000
00

N
1
W=—Y |n 2.16)
)= /5 Ll (
goodoooooodooogooodo
Uy = 1-=2]p){p| (2.17)
Upy = 2[0) (0] -1 (2.18)

U,000 |[p) 000000000000, 00000000 0DOO0DODOOOO0
gboobooboobo

|U) = V%|p>+\/¥|\lﬂ) =sinf |p) + cos 6 [¥') (2.19)

25



coooocoooob v, Ug 0000

Up p) = —Ip) (2.20)
U, 1¥) = |¥) (221)
Uy |p) = — cos 20 |p) + sin 20 | ') (2.22)
Uy |¥') = sin 26 |p) + cos 26 | V') (2.23)
goon
Uy |¥) = —sinf |p) + cosf |¥') (2.24)
(U,Ug) U, |¥) = —sin 30 |p) + cos 30 |[¥) (2.25)
gooooooo
(U,Ug)* U, |¥) = —sin (2k + 1) 0 |p) + cos (2k + 1) 6 |T") (2.26)
oboobdbosk0O0bODObOODObDODbOODOOn
m
(2k +1)6 =3 (2.27)

O000D00 k000001 00000000 |p) 000000000000
N—-ocoOODOOO#~1//NDODOO

ki ~ %W <N (2.28)

gogoobobooodn

24 MERA OOOOOO
24.1 MERA OUOOOOOOODOOOOO

O00o0oo0ooboooOOobO0OOMERADDODODOODODOODOOOOOD
gboboboboboooooooooboboob4b0bobobobobon
gogogobobbbbbbboudoooboooooooobbbobbbaoo
gobbboooobbbooooooboooobbboooooboo

W)= D DD TULTURIUR lsisasasa) (229)

51,52,53,84 o8 7,0

goboooorobobooobob L, rRO0DO0ODOO0ODOOODODLOU OO
gobobobooogbobobodo

26



gboobgobobbobooboobooboon

y=> > 1" (Z Ly Isl>> ® (Z e |5253>> ® (Z ol ys4>> (2.30)

a,B 7,0 S1 52,53

MERA OODOOODOOODOOODOOOOO
T—=LeR=1UW)®1 (2.31)

gogoobobbbbbbbtbodoodoooooobooobbbbbboodagd
gooobooboobuoobooboobovooboobuoobooboo
gobboobuogobbobooooboo
gobobboobbodoooooobbbobbbouooooooobbbbogo
ooooobooooOoOoooobooo0oobOobooDOoDO0 MERAODDDOOOO
gbgobooboboboobooboobo

|w>:Z<ZLW|sl>>®(ZU;zSS |5233>>®<ZR845134>> (2.32)
a,f S1 52,83 S4
000000000, 0000000000DO000DO00DOOO0UDOODOO
O0o0o0ooooo MpPSOODOOODOOODDOODDOOODOOODOOO
goboobboogooobboooouobbboooobobbboooooo
goboooboooobuooobooboboobobooobooboo MPSOO
gbo L,U,RO0000000O00O0O0ObO0OD L,ROTOODODODOOOOU
ooooooboobobbboboodooooooooobobb rvrooooooooo
L,ROOOODOOO0ODODODOO0OOODbDbOOOOObObObOoOoOUo

goboobooboobooboooogoobLoob00 a,p=0,1000000
0O y) 0000000 x=20 MPSOOOOx=20200000000000
gooobodooooobobooogoobbooooooobbbooooon
gogbobobbooooobobooouobobobboooobobbboooooo
gobbobodooooouooobuooooubbboooooobbbuooooon
goog

00000000000 |s)0 |s) 0000000000000

W)=Y DD D TPUGTLRU [sisasasa) (2.33)

51,52,83,54 a,B 7,6 ab

gooobbobbbobouoooooobbboobobbuooooboobboogo

27



gboogod

1 0 00
s={ 0 00| stmemn=iels (2.34)
0 0 01
goood
(S®S)-1eUB)x1)-(SS)-1eUB)®1)- (L®R) (2.35)

000000000000000000000000000000000000
000000000000000000000000000000000000
0000000000000000000 MERAOOOOOOOOOOOS®S
00000000000|s) 0 |s) 0000 1eUW) 10000000000
000000000000000000000000000000000000
000000000000000000000000000000000000
0000000000000000000000000000000
00000000000000000000000000000000000
000000000000000000000000000000000000
000000000000000000000000000000000000
00000000000000000000000000 [8,90000000
000000000000000 LRO

LOO ROO
LOl ROI
710 ® R0 (2.36)
Lll Rll
Oo00ooooooooooooon
(LOO)Q + (LOI)Q + (LIO)Z + <L11>2 -1 (237)
(R00)2 + (R01)2 + (R10)2 + (R11)2 -1 (238)

28



gboobgobgooleobobDn

0000
0001
0010
0011
0100
0101
0110
0111
1000
1001
1010
1011
1100
1101
1110
1111

(2.39)

0000000000 o,8,7,6000000000000000 19U@)®10
00000000000000

1 0 0 0
1 0 0 cosf sinf 0 10 Rg 0
= 2.40
<O 1)® 0 —sinf cosf 0 ®(0 1> ( 0 Rg) ( )
0 0 0 1

gbboubboogbboodooobboobboobbooboboobbaboo

1 0 0 0
Ry — 0 cosf sinf 0 ®<1 0)

0 —sinf cosf 0 01

0 0 0 1

10 0 0 0 0 00
0 1 0 0 0 0 00
0 0 cos# 0 sind 0 0 0

_ 0 0 () cos 0 sinf 0 O (2.41)

0 0 —sinf 0 cosf 0 0 0
0 0 0 —sinf 0  cosf 0 O
00 0 0 0 0 10
0 0 0 0 0 0 01

29



gboobbooboobbuoobooobooboobboobobooobon
gooooooog
goooboooboon

|¢>:(S®5)(RS Rg><5®5)<R8 Rg)(%) (2.42)

goooogno wr, WgU

LOOROO LlOROO
LOOROI LIOROI
LOORlo L10R10
LOORII LIORH
Wy = 1,01 ROO , Wr = 1,11 RO0 (2.43)
LOIROI LHROI
L01R10 L11R10
LOIRH LllRll

oooooooon SesO

S 0 0 0
00 S 0
S®S = 92.44
@ 0SS 0 0 (2:44)
000 S
O0O0O00O00O0O0O00DOoooo
S 0 0 0 S 0 R 0 0 R
00 S 0 Rs 0\ 0 0 S 0 (2.45)
0 S 0 0 0 Rs | 0 S P 0 0 " '
000 S oo/ ®\o s )™
oo
S 0 0 0 ’
00 (g o)t W
) = '“ L) (20
WR 0 S . 00, Wr
00 *\los /™™

000000, 0 We) 000000 [¢,)0000000000000000
00000000

o 0 (a2

30

Wy




10 0 0 O
0 ¢ O 0 0
0 0 ¢ 0 s
00 0 ¢ 0
0 0 —s 0 ¢
00 0 —es O
00 O 0 0
00 O 0 0

=}

QMO

o O

SO R O O O O O

o O O O O O O O

0

)

gobbbuooobbbooooboo

Wi +

S O OO OO OO w»w O
S O O O o o o O

Ju(32)-

o O O

»
[

S O O O o o o O
@]

o O

S O O O oo o o O
n O O O O o o o
S O O O o o o O

Whg

(2.47)

Whg

(2.48)

O000000 e=cosf,s=sinfd 00 0OOOO001I1I0O 0101 00000000
gbbogbobobboobuoobooboobboobooobuooboobbo
gobboboooobbbooooobobooooboboooo

(We)h = (Wg)s—n , h =

1,2, ...,

gogboboboooobboboooobobobooogooo

0

[l el eoleoleolelleoll
n O O O O OO0

|
e @0 oo

o O O

S O O O = O O O

SO O OO0 O mw o O

0

SO R O O O o O
O O O OO OO w O

000000 LY=RY=RY =0000000

ooo
10 0 00
0O ¢c 0 0O
00 ¢ 0 s
00 0 10
0 0 —s 0 c
00 0 0O
00 0 0O
0 s 0 0O

SO R O O O O o O

O O O O OO O w O

o O O O O

L01R01
LOIRIO

31

8

LOOROO

LOOR01

LOORIO

LOORll

LOIROO

L01R01

LOIRIO

LOlRll
0
0
0

2cs L0 RO
0
(% — s2) LO'R%
LOI R10

0

(2.49)

(2.50)

(2.51)




gbobooobuooobbooobboobboobbgo oot obboon
gogoobbobbbouodooooobbobboooooooobbobbouogd
ERERE

242 00000O0O0O0OO

o0 eeboboobobo0oobooooboboboboboboboooooDOoD
00000000004000000000000000000 S =00

H=S -5+ S+ 8585, (2.52)

gogobobbbbbouoooobbbobbbuouooooobbobboduagd
gboboobooobgod

0L 00 L o0 1111 0011
SRR IR I i O e
H=10 1 00 L ol | |2 wo (2:53)
$: 0 22 11 I 1010
0L 00 L 0 LUt 1100

000000000000000000000000000
) = APTLD) + BT +CHUN + DT +E[LTLT) + FILLTT) (2.54)
nfululs
A=1,B=-2,C=1,D=1,E=-2,F=1 (2.55)
0000000000000000000000000000 RVBOO

TTLL) = 21010 + [T + [T = 2[L14) + [LUTT)
(D @Dy =1 @ M) (D@ s = 1), @ 1)s)
(M @y =111 ®11) (IDs © [ = 1) ©1[1)3) (2.56)

[¥)

goggobobbobbbodogoouobobbbooooooobobobboogad
gobboboooobbbuoooobboogd

A =0.149429 , B = —0.557678 , C = 0.408248 (2.57)
D =0.408248 , £ = —0.557678 , F' = (0.149429 (2.58)

32



gbogobobboobodd
gogobboobbodooogobbobobbodooooobooboboogad
gogooodg

A=2csL"R" | B=(* - ) LY"R" , C = L"'R" (2.59)
000000r=-RYY/R®O00000000O000000O
A=rsin(—20) , B=—rcos(—20) , C =1 (2.60)
0000000000000
2

I —L cos(— =—, 7=
sin(—26) = 7 (—26) N V5 (2.61)

ooooooeO0OO0oOonooDOnO
0000060 =-57/120000000000000 MERAOOOODOOO

oo
5 1 5 V3
sin (67r> 5 COS (671') 5 (2.62)

gboobooobobooobobooobuobboobuobobobOobdgd Daubechies
D400O0obooobOoobOobobOoboobOon
gooooooooobooooobobOoooOo yyo=0100000000O0

LR — L{N(TooR)' + T RYY) + LY (TwoRY! + Tuu RYY) (2.63)
00O
LO'RY — LY (Too R + Ty RI%) + LYY (T RYY + T1i R1°) (2.64)

gogobobbobbbuodooooobobobobboouoooobbobbboogd
ggooobod

33



30 Ubuobdoboboutdbd
Juoogduooogdon
oot

ggobbbbbuoooodoobbbbbbooooooobbbboadao
gbogoboodboboobooboobbuoobboobooboboobbo
goobobboboboboogoooobobbbboouooooooobboobbood
googooboobbbbobobobbbbobboouooooooooboooog
ggbboobuooobbbooogn

3.1 UO00uboouoboouod

00000000000000000000000000000000000
0000000000000000000000000000000000000
0000000000000000000000000 Wison00O0O0OOO
D00000000000000000000000000000000000
000000000000000000000000000000000000
000000000000000000000000000000000000
000000000000000000000000000000000000
000000000000000000000000000000000000
000 [10)0

000000000000000000000000

N-1
Hy = e (chren + chennn) (3.1)
n=1

gbogbbobbobbobobobobobobobobobooboobooboo
ggbbobugobbboooobbbbbbooooboo

) = wncl |0) (3.2)

34



0000000000000000 Hyjp)=E}) O

€ Mpp1 4 Pni1 = Be MY, (3.3)
000000000
U = e Mg, (3.4)
0000000¢, O
On-1 + Gny1 = Ee "0, (3.5)
00000000
E = Ee? (3.6)

goooodg
gobbobodd n=:+70000

Pitj — G (3.7)
goooooon
Gi1 + Gy = Ee Mg, (3.8)
gogbbobuoooobbboooobbboooboboboooon
EeV — E (3.9)

00000000000 oO0oooooDoDoooooooooooooDoon
0000000000000000 0000 «eNMNOOOOOOOOOOOO
0000o0bOo0oOooobOo0oooobDoooDoooDooobDooooon
00000000 DO00bOO0o0DO00ob0bO0o0bOo0o0obDbOOooDbOo0oDoDOon
ooo0ooooogo

00d0dd0o x=0000000000000000000 x>00000
00o0oooboooooooooboooboooooo3soonoonoooooa
r=An 00000

P AN =) | o+ A) = 26() + élz — N
o (z) = - \ = v (3.10)
gooooooboossguoooon
d? _
2@ () + (2= Ee ) ¢(z) =0 (3.11)

35



0000z —r+a¢00000 Fe*— EFOODOODOOOOODOOODOOOO
U000 o0boobobuoobOobOn Bessel UDDODODOODOODOOOO
O0OD00OBessel UDODOOODOOOOODOOO NOOOODODOODOOODOODOO
gogbobbbobbdoooooobobbbbbuooooooobbobobbougo
gobbbouooobbboooobbbuooobobn

3.2 UO0Uuoooobuooobbbuooboouoooo
Jobooobuobuobuooboobooonod
Jooooooooood

ggobbbbuooooobbbbbbboboooooobbbbbbodadad
gogoooboboboboooooboboobobbboooooooboboboobbbooogod
gogobobbbboougoooobobobbouooooobbobboogad
goobbbobbouodooooobbbobbooooooobbobboogd
goggbobbbbooooooobbbbboouoooobbobboaod
OooooboooooObo0ooobDOoO0OOMERADODOOODOOODODOOO
googoobbbbobobobbbbboddoooooobboobobbbbood
goobobbobbouoooooobbobobbbuoooooobbbooboboo
gbobooobbuoooboobobbuooboboobbuooobboobboo
gogbbbuooobobboooobobbuoooobbobooobbb..do

gogobobobobbbooooooboboobobbbooooooooboboobboood
gogoobbobbooloobbbbodgooooobbbobbboodgd
ggbobuoooobbodao

H= ( _Et _: ) (3.12)

gogbogbbboooobboooobboboooon

|h>=%<1> , By =e—t (3.13)
@:%(_11) o — (3.14)

36



0000000000000 O0O0O00 |h)O |gp000O0O0D0O0DODOOOODOO

000000000
1 0
!0>=<0>,|1>=<1> (3.15)

1 (1
W%—7§(1>—hdm+hdw (3.16)

gogno

l9) = - ( _11 ) = 9010) +g11) (3.17)

[\]

gogboooboogn

Ry \ [ ho M 0) \ 0)
(|g>>‘<go gl>(|1>>‘w2<|1>> (315)

gogobbbooooobbbobbbtbodoooooobobbobobboouagd
goobobbobodoooooobobbbbbouooooooobobboago
gogobbbbbouoooooobbbbbouooooobbobobboago
gbooobooboon
gogobboobbodooogobbobbodooooobooboboogod
goboogobboboboooobbuooobbobooobbooobbbood
ggobbobbboodoooooobbbbbooooooobbbboogo
gogobbbbbboooooobbbbbooooooobbbbboadad
gogbboobouobobobdogoooboooobobboooooboobooon..o

3.3 Exact Holographic Mapping (EHM)
3.3.1 EHM

gogobobbobobbbdooooooobbobodooooooboboboboooa
gogobbobbbobouoooobbobboooooobobbobobooagd
0000000 (1,12 0000000000000000000O0O0DO000O0O
gogoobbbbbbotbooooodobbbboooooobbbobbboadao
000000000000000000000 'O

0000000000000000000 Ching Hua O Xiao-Liang 00000000000
gboboooooooboobdgbobobobobobouobooooobobooboobobona
gboooooobooooooooo

37



O 3L EHMUOD0O000000000D0 Xjao-Liang OO OODOO0O

EHMO TINOOODOOOOOOOOOOOOO0O0O00O0000000000
000000000 L=2Y00000000000000000000000
00 000000000

0020000000 10000200000000 |s1s)0s180 = 1,2,...,n0
0D0000000000000 (0IROODO0D0000O0000000 »000
000000000000000000000000000000000000
00 U, 0000

Ui lsis2) = Y UL, (1), @]a), (3.19)

go00oooooooooooooooooooooon
%:U12®U34®"'®U2N_1,2N (320)

000000000000000000000000D00000 2Y% 00000
00000000000 2Y'00000000000000 V,000O0000
gogbbbuooouoooobood

M =VyVy_i--W (3.21)

0000000000000 V00000 V%,elO0O0000000V,00000
000000000 1000000000000000000000000000
000 (0)y=][,|0), 000000000000 TINOODOOOO |¥) = M~1|0)
00000000000 MERAOOOOOOOODOOOOOOOO

38



lgooogbobobobobobooooboboboboobobobo
goooboooboon

a; 1 1 1 1 Coi—1
’ = — 3.22
(bzﬂ) \/5(1—1)(%‘) 52
goooooooon
Ui i1 1 1 1 a2i—1,n
’ = — ’ 3.23
< bi,n-i—l > \/5 < I -1 > ( bZi,n ) ( )
gdooooooooooooooooooooo
be =Y &7(x)e; (3.24)

gogboboboooobobboogobobbuoooobbbooooobooga

3.3.2 UUOOOLOOUOoooon

gogbbbuooobbbbooogboboboooobbboooobood

1
Ajn = E (a2j—1n—1+ Q2jn—1)

4j
1
= 5 E Qrn—2
l=4j-3

27Lj

= 27" 3" g (3.25)
1=2(j—1)+1
gooooobboboooad
2”(j—1)+2n71 2"]‘
bim =277 = > a4 S al =Y e (3.26)
1=2n(j—1)+1 =27 (j—1)+27—1+1 !

00000000000 ¢,,()000000000000000000O0

bjm = > ¢5 . (q)c(q) (3.27)

q=2mn/2N n=1,2,...2N

ggn

Gim(q) =27V "¢ (e (3.28)
l

39



gooooobobbbboooooooooobbbbbouoooogog
Gjn(l+1) = ¢jn(l) = 2/ [_5l,2"(j71) — Onj + 25l,2nj_gn—1] (3.29)
godoobooooooonooooooo
bin(q) (eiq _ 1) — 9—N/29-n/2 |:_efiq2"(j71) _ o2 2€7iq(2"j72"*1):| (3.30)
0000000 ¢jalq) O

9—(n+N)/2 ,—ig2"j (eiqZ”*I _ 1)2
¢j,n(q) = -

- 3.31
—— (3.31)

ggbboboooobbboogobbbuoooobbbooooobobod

3.4 MERA ODOOUOOOOOOOOOODDOOOOO

3.4.1 U0OUOU0OOoOOooObuoooooobood

gogobbbobbbouoooooobbbuoooooooobbbobboo
ggbboobooobbbuooooboo

oy = ] <10 (3.32)

k| <m/2

ggbbobuoooobbbooogbobuoooobb 0000000

o) = T ()" 10) (3.33)
gododooooooooooooooooooooooon cim”D cgighDD
DDDciowDDDDDDDDDCQWLDDDDDDDDDDDDDDDDDDDD
O0oooodoooduooooooouoooooouoooooooogo
Oo000ooooooooooooooooooooooooooooooonon
0 k=4+7/20000000000000000000000O0OCO0OOOOO
000000000000 Daubechies OOO0OOO0O0OO k=00000000
gobodoooodoooodoooouoooooooooooooonon
0000000000000 0 [1B,400000000000ODO0OO0O0ODOO
Daubechies 0 OO0 O0O0OO0OOO0OO0OO0OO0OOOO0OO0OOOO0OO

40



0 3.2: Daubechies DA U0 DO UO0O0O0OOOOOOODOOOO

(u(g,)Ou(g,)0 @0 u(e)o1)Ov

o 1 0 0 0o 0 1 0
0 0
u() |1 u(,) o
V= V=
0 1
[U(Hz)] [U(ez)] 0 [U(ez)] [U(Hz)] 0
I I
EoE FHIRIZAMNSIT—EDHN)

0 3.3: Daubechies DA O 0O 0O0OD0OO0OOO0OO0OOOOOO

41



3.4.2 Daubechies D4 00 O0O0O0OOOOOO0O0OOOOO

MERAOOOOOOOOOOOOOODOOOOODODODOD [13,400000
gogbbobuoooobbbooooobbbooobbboooobooboboood

U:UNXUN_1><~~~><U2><U1 (334)

O000N = 2: binary unitary circuitl 0 00 00O Uy O

Ur = @B ttrr1(0k) (3.35)
r:odd
goooooooooooooooao
i 1
() = ( cosf, sind; ) :cosek( tan 0 ) (3.36)

—sin@;, cosfy — tan 0 1

O000000000000D00O0We denote t;, = tan 8y, in short.
goooooooooooooooo

0
0
h= (u(6:) © u(f)) x L@ u(r)® 1) x | (3.37)
0
000000000000000000
ho 1 t, 0 0 1 0 0 0 0
hy _ ol 1 0 0 0 1 0 0
ho N 0 0 1 ¢t 0 -, 1 0 1
hs 0 0 —t, 1 0 0 0 1 0
t1to
t
= f (3.38)
_t2
000000000000000000
g = (—1)"hs_y, (3.39)
0000000000000 00000000000000000000
9o to
1
I = (3.40)
g2 -t

g3 t1to



gbooboogo

g = (u(f2) ®u(fy)) x (1@ u(b) 1) x (3.41)

O = O O

gobooobobuoobuooboooob IRbooobboobobooobooo
ERERE
gobbbooodobbbooodb

googodaodooood
1
t1:2+\/§,t2:% (3.44)

ooooobDooOooobbooooobobo0oobooboOon0 Agoboooooooo
gogoobobooodon

01 = T, 02 = = (345)

O000000D000 Daubechiess D4 OO UOO0OOO0OOOODOODOOO

43



40 UOOooodooogtdod
Juoogduooogdon
HENENRN

gboboobooboboobobobomoboooboboooobobobo
gbobogbboobbooboboboobooboobboobboobobo
goboobooogn

4.1 0OJ0O0O0O0O0OOOOOSvDUOOOO

ggobbbbbboooooobbbbooooooobbbbboado
gbooobooboobbobobuoobbooboobbobboobobon
goggobboobbbdggooooboobbbuooooooboboboboouogd
ggbbobuooobbboooooobuoooobobbuooooboo

ggobbbobbodoooooobbobbodooooobbbbbogo
gogobbbbbbuoooooobobbbbbobouooooobbobbboadao
MPSOOOO PEPSOODOOODOOODOOOODOOODOODD MERADOO
goobobbobbobuodgoooobobobbooooooobbobboogad
O00oOoOooOO00obooO0o0oOoOoO0O0ooOOoDOMERACOODOOOD MPSOO
ggobbbbboouooooobobbbbbooooooobbobbbboadoo
goobooood

4.2 MERAUOUOMPSOUOOO

MERAOODODOOCOOOOOOOOOOOOMPSOOOOOOOOOOOOO
Oo00obooDooooobooooboooboO0oOoMERAOOOOODODODOO MPS
Oo0ooOooooobooobooooboMPSOOOOOODOODOOO MERAO
gogbbobooogbboboooobobobooognoo

44



o
e

0 4.1: MERAOO MPSOODOO

04100 8000000000 MERADDOODOODODODODDODOOD
oooMpPSOOODOODOOOOODODOODODOOOODODOODOSDO
OMERADOODOOO mOODOOOOODODODOOODOOOMPSODOOO
00 »*0000000000000000000000 L=2Y000000
disentangler 0000 N—-100000000000OMPSOOOOOOO mMt
O0b0ooO0o0oON>2000000000MERACOODOODOODOODO
gogbooodg

4.3 TNROUO MERAODOO

TNR O Tensor Network Renormalization 0 0 0000000000 OOO0O
00 [15-17]0000000000000000 disentangler 000000000
0000000000 MERAOODOOOOOODODODOOOODOOOOOOO
O000ooooooooooooooboooooooooDoooood MERA
00o00ooobooooooon

45



0 4.2: TNROO MERAOOODO 1

0 43: TNROO MERADDOODO 2

46



0 44: TNROO MERADOODO 3

0 45 TNROO MERAOOODO 4

47



50 000 SVD OO Mellin O [
Juoogtdobootddod
Juoogdood

0000000000000 000O0O0O0O0OO0O0OO [BoOooooooooo
gogobobooogooo

5.1 OOO0OOOOO0

ggobobbobbbooooooobobbooooooobbobobboogo
gbbooboboobodbogoobuogbuouodggbooboobbobbbo
gbobobbobobobobobboboboboboboooobobon
gbogboobogbuogboobonbobbobbobbobbobobo
0000000000000 00000000 19,200000000000000
goboboobuooboodgbbuooobbuoobbobobboobbooboo
0000000000000 DO0O0O0O0ODOOOULOOODOOOOOOO 21250
gbogboobbobogbobbuoobuooboobuooboobooboa
O0000d0o0oooooooo0ooooooboooDOoboO0 MERADDOOOO
00000000 2000000000000 0000o0OoOoOOoOOOOO
gogobobbbbbuoooooobbbbbuooooooobbbbbboago
gogobobbobbbooooooooboboobobboooooooobobboboogod
goobobbobbouodooooobboobbooooooobbobboogd
goobobbobbobodogoooobobbbbbouoooooobbbobogo
ggbbbuooogbbbuoooobbbooogbon

OooobOoOOoooooboooooboobooobobo svboooooooDooo
o0b0o0b0o0b0o0ob0o0bO0ooboobooobooboo svbooooooo
goobobbobbbuoooooobobbobboouooooobbbboogd
goggbbbbbouoooooobobbbbbuoooooobbbbbugo
0000000000000000000000O0OOoDOOO0O0O [28-31)0

48



5.2 00O

5.2.1 0OJU0U0UOOOon

Let us start with the Ising model on the 2D square lattice

H=-J Z 0,034, (51)

<ij>
where we consider the ferromagnetic coupling J > 0 and the Ising spin at site ¢
takes o; = £1. Here we take a snapshot of the spin configuration at 7. by the
cluster Monte Carlo simulations, which is represented as a L, x L, matrix M (z,y).

We apply SVD to decompose M into the following form

L

M(z,y) = > Un(@)v/ MValw), (5:2)

n=1

where we denote L = min (L, L,) and U,(x) and V,,(y) are unitary matrices. We
call U, (z)V,(y) as the n-th layer data, and find that U, (z)V,,(y) represents the n-
th largest cluster data in the snapshot when we label the data as Ay > Ay > --- A,

We also define the partial density matrix as

L

(o, 2') = 30 M, g) (', y) = 3 Une) AU (o) (53)
y n=1

In this work, we focus on this quantity. There is a symmetry on p(x, z’) associated
with the exchange between x and 2, p(x,2’) = p(z’,x). As an important argu-
ment, it has been shown that this is essentially equal to the two-point correlator
C(l) with [ = |z — 2’| due to self-averaging [22]. More precisely, a single snapshot
does not have the translational invariance, and we need to take the samle average
by a set of various snapshots to reduce the sample dependence on p(z,z"). For-
tunately, it has been found numerically that the asymptotic behavior of the SVD
spectrum is independent of the sample difference in the large-L cases [24,25], and

we expect that the average has a simple form. In this case, we can take

C() = py(l) = (pl,2")) = Y _ (Un(@)Un(2")) A, (5.4)

n=1

and thus the basic structure of the SVD spectrum still remains. Hereafter we
denote (U, (x)U,(x")) as R,(l).
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In the previous works [24,25], it was found that the SVD spectrum behaves
as an algebraic function \, = A\yn™ with an exponent A. Now we consider the

continuous limit of the index n:

- (5.5)

and regard z as a continuous parameter ranged at 0 < z < oo in the thermody-
namic limit. We also denote R,,(I) as R(l, z), and then obtain

pall) = Ay / d=R(l, =)=, (5.6)
0
In particular, the result in the 2D classical Ising model at criticality is given by
A=1-n, (5.7)

with n = 1/4, and we find

(D) =X\ /000 dzR(l,z)2"t. (5.8)

Only one point we should be careful for is about the normalization of the SVD
spectrum. If we simply consider the thermodynamic limit of Eq. (5.5), the sum of
all spectra diverges for the condition A < 1. According to the author’s previous

works, it is better to assume

Az) = (5.9)

with a decreasing function f(z). Then we have
pn(l) = / dzR(l,2)f(2)2" ' = / dzR(l,2)2" (5.10)
0 0

and the normalization condition

/OOO f(2)2" Yz = 1. (5.11)

The form of Eq. (5.10) is the definition of the CSVD. If there exists the unique
inverse transformation of the CSVD, we can obtain the explicit form of R(l, 2)
from the definition of p,(!) automatically. It is noted that this integral converges
when the weight function f(z) is an exponentially decreasing function. Actually,

we find

(5.12)



with use of the gamma function I'(n) and a constant [ to be determined so that
this function matches well with the numerical result. This form reminds us with
the exponential damping factor of the two-point spin correlator with a finite cor-
relation length & away from the critical point, when we assume z = £~ ! and 3 = [.
We cannot exclude a possibility that more precise data fitting may indicate a dif-
ferent form of the decreasing function f(z), but now we would like to construct a
conceptual or phenomenological understanding of the data structure of the each
SVD component. Thus, we believe that the essential result does not change even
if we take an another form of the function f(z). In the end of this section, we
mention some extention of that form.

The point here is to regard the integral of Eq. (5.10) as the sum of data associated
with the RG flow. In this case, the data at a particular z corresponds to the
correlator with a finite correlation length £&. We simply imagine z oc £, since
the small z-region represents a larger cluster scale in the snapshot of the 2D Ising
model. In general, the Ornstein-Zernike form of the two-point correlator C'(l) near

T, is given by

A A
= ld72+r] e—l/§ — l_ne_l/£7 (513)

()
where d is the spatial dimension and A is an overall constant. According to this
formula, it is natural to assume

Ae—zl
(Zl)n/ )

if the radial axis z represents ¢! and also represents the direction of the holo-

R(l, 2) = (5.14)

graphic renormalization. Then, the partial density matrix or the correlator is given
by

py(l) = l%/o dze 1 = %F (n—n). (5.15)
We find that this form agrees well with the correlator at the critical point, although
the result contains an additional regulator I'(n — 7). Later, we will again mention
the importance of this regulator in the inverse transformation of the CSVD. We
expect that the power 7' of the algebraic decay in the expression of R(l,z) is
basically equal to the original anomalous dimension 7, but mathematically we
should take a value silightly smaller one to n for keeping the convergence of the

gamma function (I'(0) = o).

o1



In the present stage, 1’ is a phenomenological parameter to be determined by
the fitting with numerical results. If 7’ is exactly equal to 7, it is even possible
to eliminate the divergence by introducing the upper incomplete gamma function

with the IR cut-off z; as

A [ A
pn(l, 20) = —/ dze 271 = ZT(0, zl). (5.16)

[n [n

The incomplete gamma function I'(0, zo/) has several expansion formulae, and for

instance we have

10, 20l) = e ™'U(1,1, 2l)

o0 k

_ lén (_7 ~In(zl) — ; (;(Z/S'l; ) , (5.17)
where U(1,1,20l) = [;° due™/(zl + u) is the confluent hypergeometric func-
tion and 7 is the Euler constant. This calculation also produces the [™7 term,
but we also find the additional [-dependent factor I'(0, 2pl). Particularly in the
hypergeometric-function representation, we find the exponential damping dactor
e~*! with finite correlation length zy = &;'. That is quite natural, since we have
introduced the IR cut-off.

It depends on problems to decide one of which reguralizations is better. The
latter is very straightforward except for the presence of the damping factor away
from the critical point. However, when we consider the inverse transformation,
it is necessary to use the former method. As will be discussed, the inversion is
well-defined only for the former case. Then, a n-dependent regulator with poles on
the complex-n plane is necessary, and the gamma-function regulator plays a role
on the presence of these poles.

We again argue that the RG flow parameter corresponds to the inverse correla-

tion length

. % (5.18)

Therefore, the data set of the SVD is that of different length scales. The new
parameter z also acts as a parameter of the scale transformation. We call the
condition z — 0 as the boundary of the (I, z)-space. The result can be briefly

summarized as

R((g) l,z) —R(le). (5.19)



Before going into the next step, we consider some generalization of the damping

factor f(z). The most general form of f(z) seems to be
f(z) oc e, (5.20)

where k is a fitting parameter, and we have already examined the case that k = 1.
For instance, an Ising-spin configuration is in some sense a random fractal. In this

case, k deviates from unity and is rather close to k = 2 [32]. When we assume
R(l,2) = Ae %" /(2])", we find

A [ 5 oy
py(2) = lim —/ dze P gn—n—1
0

r]’ﬂn ln/
: A n—n
- 771/111177 Hﬁ(nfn’)/nln/r ( K ) ’ (5-21)
or otherwise we can introduce a cut-off and then
A [ e — A .
pn(l, z0) = l_"/zo dze P 271 = ﬁF(O,ﬁzo). (5.22)

In both cases, we obtain the [" term for " — 1. Then, we identify
2" == (5.23)

for § = [. In this case also, the correlation length £ increases, as the RG flow

proceeds by decreasing z.

5.2.2 Mellin 0 0O0O

The CSVD is a kind of the integral transformation, and the transformation in
Eq. (5.10) is called as Mellin transformation of the function R(l, z). The peculiar
feature of this transformation is that the anomalous dimension itself is the trans-
formation parameter conjugate to the scale parameter z. An interesting view is
that this scale/Mellin space approach was also found in the string theory side, as
already mentioned in the introduction [28-31]. In order to examine more about
the meaning of Egs. (5.14) and (5.15) with respect of this conjugate relation, we
consider the inverse Mellin transformation of the correlator p, (1) = Al="T'(n —1').
For this purpose, we analytically continue p,(l) into a holomorphic function by

using the complex variable 7.
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O 5.1: Poles of the complex gamma function and the semi-circle contour added
to the Bromwich path.

The inverse Mellin transformation is represented by the so-called Bromwich
integral as

1 c+ip
R(l,2) = lim — / = (1), (5.24)

p—00 2m1 J oy,

This integral is well-defined, when we find parameters a and b so that
/ IR(1, 2)| 2 dz < oo, (5.25)
0

for @ < R(n) < b. Then, there exists a parameter ¢ with the condition a < ¢ < b.
In the present case, it is enough to take a = 0. By adding some integral contour
to the Bromwich path, we pick up the pole of the gamma function in the density
matrix p,(l) for this calculation. Since the gamma function is represented by the
infinite product formula

L (n—l)!nz
R R R EEE )

(5.26)
this has the poles on zero and negative intergers. The residues are given by

Res(I', —n) = lim (z + n)I'(2) = , (5.27)

z——n n!

with n = 0,1, 2, .... This means

1 A
— _ -n_ _
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= —nRes(F7 —n)d (n—n"+n)

= e 7, (5.28)

where the integral path C' encloses all poles by adding an infinitely large semi-circle
to the Bromwich path (see Fig. 5.1). We know that this actually agrees well with
Eq. (5.14). By summing up all possible poles of the gamma function, we realized
the correct off-critical behavior of the SVD component R(l,z = £!) character-
ized by the exponential decay with the finite correlation length £. Therefore, the
conjugate axis 1 of the RG flow parameter z acts as a source of such decay.

Now we start with Eq. (5.15) for the inverse transformation. However, the
abovementioned calculation is impossible, if we start with Eq. (5.16). This is
because there is no pole on the complex n space. Thus we think that the gamma-

function regulator is necessary to realize the well-defined inverse transformation.

5.23 UUOOUOOOOOOOUOOODLDOOLOOOOOOd

uv 4 IR A

Black hole

Zo

0 0
(@) (b)

O 5.2: Cut-off of the integral: (a) present classical/classical case and (b) BTZ
black hole in the usual AdS/CFT (classical/quantum) correspondence.

Up to now, we have examined the inverse Mellin transformation at the critical
point by starting with p,(l). Furthermore, it is possible to extend this idea to the

case away from the critical point. As already mentioned, we can introduce p, (I, zo)
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with the IR cut-off z, that is obtained from p,(l) by eliminating the large scale
data. This situation is visualized in Fig. 5.2(a). The smaller z value is related
to the larger spatial scale contained in the original data. Away from the critical
point, the larger scale data tends to disappear except for the background data of
the snapshot.

According to the definition of the SVD spectrum in the original discrete repre-
sentation, the spectrum always starts from A; (n = 1). Thus, we would like to
keep the integration range of the parameter z as 0 < z < oo, even though the
introduction of the IR cut-off 2 is a very convenient method to represent the ex-
ponential damping factor away from the critical point. Furthermore, A\; becomes
much larger than other )\, away from the critical point, and this feature is not
simply represented by introducing the cut-off. Such situation can be phenomeno-
logically represented by the warp factor like a black hole that terminates the RG
flow space at z = z5. We select the factor as Y~ (z0/2)", since this is equivalent
to (1 — (20/2))"" for zp < z and this form is similar to the warp factor of the
Schwarzschild black hole. We find

B oo 00 20 kAele 1
i = 5 [ (@

A& > /
= E zg/ dze = k1
k=0 70

A& e ,
= l—nZ(zol)k/ dre g™ —h-1
k=0 0
A . k /
= A3 o) T of ) (5.29)
k=0

Here, we need to define I'(n — 1 — k) by analytic continuation. Let us further

transform Eq. (5.29). According to the following property of the Gamma function

I'(y) = W (5.30)

the abovementioned result in the case of ' ~ n can be transformed into

k=0

A :
= —e P (n—17). (5.31)
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We find that the result matches well with the two-point spin correlator away from
the critical point (we must use Eq. (5.29) when considering the inverse transfor-

mation).

53 000000000000OAdS/CFTOOOO0O
0o

Let us finally discuss some implications of the present results to the holography
concept such as the AdS/CFT correspondence. In particular, we would like to
mention similarity of our results with the correspondence except for the difference
associated with the UV/IR relation. Since the present work is based on the classi-
cal/classical correspondence, the UV /IR relation would be reversed in comparison
with the standard AdS/CFT that is a kind of the quantum/classical correspon-
dence. What we would like to argue about the similarity is that the SVD index is
a kind of the RG flow parameter.

Based on the above prerequisite, we should remark two important aspects. The
first one is the appearance of the warp factor (1 — 29/z)~! in Eq. (5.29) when we
consider the inverse Mellin transformation of the off-critical behavior. Going back
to Eq. (5.10), we find

*“dz

py(l) = /OOO dzR (1, 2)z"* :/0 —R(,z)z", (5.32)

z

and this simple transformation indicates that the factor dz/z represents the scale
invariance of the hyperbolic geometry. We expect that the off-critical feature
should be described by the black hole in quantum cases. For instance, the BTZ

black hole geometry in 2 4+ 1 dimension is given by the following metric

12

ds* = (—f(z)dt2 +

dz* )
TEREG ) , (5.33)

where the warp factor f(z) is defined as

flz)=1- <i>2. (5.34)

20

The event horizon is located at z = z;. Then, the truncation of the space by f(z)
occurs at z > zg, as shown in Fig. 5.2(b). On the other hand, the warp factor in

Eq. (5.29) terminates the RG flow for the region of z < z;. Thus, the presence of
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the truncation or the termination for the flow parameter axis is quite similar in
both classical and quantum cases, although the UV/IR region is reversed. This
would be a strong indication of the similarity.

The second aspect is about the relation between the correlation length and the
SVD index. This relationship has been precisely examined in terms of the matrix
product state (MPS) formulation of correlated systems. Let us introduce the
uniform MPS defined by

) =t (Alsi] - Alsy]) [s1) ® - @ |sw) (5.35)

{si}
where each matrix has x X y dimension. The best y value is determined so that
the entanglement entropy shows correct scaling behavior for a given model Hamil-
tonian. The two-point correlator for two local bosonic operators O; and O,4; (we

can also define the fermionic case with some minor modification) is given by

Al—1A P N—1—-1
<w’ Ojoj+l ’w> tr (OE OF )

c(l) = = , 5.36
=" () 230
where O and E are respectively defined by
O0=> 04.As] @ Als], (5.37)
and
E=>) A's|®Als]. (5.38)

The MPS implies that in general a correlator takes the analytical form

X2 X2
Cl) =) adi =Y ae '/, (5.39)
i=1 =1

where )\; is the eigenvalue the y? x x? matrix F and

1
= ——. 5.40

By using the above formulation, it is important to examine the y dependence on
&, since Y is closely related to the RG flow parameter z. The examination has been
done, and we summarize the results in the following for their comparison with the

present result.
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In an earliar DMRG calculation [33], it was found that the particle-hole corre-

lation in the 1D free fermion model (the central charge ¢ = 1/2) is given by

1 1,

~ e~ A1
gph 1I1|1 _ kX_’6| k’X ) (5 )

where [A\pn| = 1 — kx™P. The numerical fit of this scaling suggests 3 ~ 1.3 and
k ~ 0.45. Furthermore, more precise analysis based on CFT tells us that the MPS
with a finite dimention y can approximately represent the non-local correlation

scaled by

§=x" (5.42)

where k is the so-called the finite entanglement scaling exponent defined by
6
¢ ( 12/c+ 1) ’

K =

(5.43)

with the central charge ¢ [34,35]. In the Heisenberg model case ¢ = 1, we obtain
k ~ 1.344 consistent with the abovementioned [ value. This consistency would
be related to the fact that there are two different carriers in the analysis of the g
value. In both cases, £ increases as x increases. These results also represent close
connection between £ and y, and the relation is opposite to the present classical
case &1 = 2% where z corresponds to x. The Ising model case (¢ = 1/2), s in
Eq. (5.43) is very close to 2. This result may indicate that the functional form is

f(z) x e'** in the present classical case.
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