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We report a physical background of the wave function prediction in the infi-
nite system density matrix renormalization group (DMRG) method,1)–4) from the
view point of two-dimensional vertex model,5) a typical lattice model in statistical
mechanics. Singular value decomposition applied to rectangular corner transfer ma-
trices naturally draws matrix product representation for the maximal eigenvector of
the row-to-row transfer matrix. The wave function prediction can be expressed as
the insertion of an approximate half-column transfer matrix. This insertion process
is in accordance with the scheme proposed by McCulloch.1)
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s′, ! and ! ′ represent q-state spin variables on lattice
points. (See Fig.1.) For simplicity, we consider 2-state
Ising spins (q = 2) and assume the symmetry W (s′! ′|s! )
= W (! ′s′|! s) and W (s′! ′|s! ) = W (s! |s′! ′) throughout
this article.26) Let us consider the finite size cluster of
width 2N shown in Fig.1.27) The partition function of
the cluster is given by the spin configuration sum of the
product of all the Boltzmann weights in the cluster

ZN =
∑ ∏

W , (2.1)

where we have omitted spin variables for simplicity.
Throughout this section we assume the free boundary
condition.
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Fig. 1. The arrangement of spins of the local Boltzmann weigh t
W (s′σ′|sσ) (in the left) and the Þnite size cluster of width 2 N

considered in the partition function Z
N

in Eq.(2.1) (in the right).
We show the case N = 4, equivalently, 2 N = 8.

We divide the system into the upper and lower halves.
Figure 2(a) shows the lower half of the system, where
we label the spins on the cut as s1 . . . sN ! N . . . ! 1 from
the left to right. Considering the product of local Boltz-
mann weights in the lower half, and taking the config-
uration sum of spins except for s1 . . . sN ! N . . . ! 1, we
obtain a 22N -dimensional vector |ΨN〉 whose elements
are ΨN [s1 . . . sN ! N . . . ! 1]. In the same manner we ob-
tain the 22N -dimensional vector 〈ΨN | that corresponds
to the upper half of the original cluster. Let us call these
vectors state vectors in the following. By definitions of
〈ΨN | and |ΨN 〉, the partition function in Eq.(2.1) is ex-
pressed by the inner product

ZN = 〈ΨN |ΨN 〉 . (2.2)

Let us introduce the row-to-row transfer matrix

TN [s′1 . . . s′N ! ′
N . . . ! ′

1|s1 . . . sN ! N . . . ! 1] (2.3)

= W (s′1s
′
2|s1s2)W (s′2s

′
3|s2s3) á á áW (! ′

2! ′
1|! 2! 1) .

For simplicity, we introduce ‘dot product notation’ with
which we abbreviate eq.(2.3) as TN = W áW á á áW .

The state vector |ΨN 〉 can be used as a good varia-
tional vector for TN , when the system is off critical and
N is sufficiently larger than the correlation length.23)

This is because the variational ratio

g =
〈ΨN |TN |ΨN 〉

〈ΨN |ΨN 〉
=

〈ΨN |TN |ΨN 〉

ZN

(2.4)

well approximates the largest-eigenvalue of TN in the
sense that, as N increases, f = −(k ln g) / 2N where k
is the Boltzmann constant approaches to the free energy

per site in the thermodynamic limit.
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Fig. 2. Graphical representations: (a) The state vector |!
N
〉

when N = 4. (b) The reduced density matrix ρR
N

. Black dots
denote spin variables that are summed.

We occasionally interpret |ΨN 〉 as a 2N × 2N matrix
ΨN , whose elements ΨN(sN . . . s1|! N . . . ! 1) are equal
to ΨN [s1 . . . sN ! N . . . ! 1]. (We have put the vertical line
| between the first matrix index sN . . . s1 and the second
one ! N . . . ! 1, respectively, which corresponds to the left
and the right half-row spins. We reverse the spin order
as sN . . . s1 for the later convenience.) This notation
is useful when we consider the reduced density matrix
" R

N = TrL |ΨN〉〈ΨN |, where TrL represents the spin con-
traction for all the si in the left side. Figure 2(b) shows
the graphical representation of " R

N .2, 23, 24) Using the ma-
trix notation ΨN we can simply write " R

N as the matrix
product Ψ†

NΨN , since the elements of " R
N are explicitly

given by

" R
N (! ′

N . . . ! ′
1|! N . . . ! 1) =

∑

s
N

...s
1

ΨN (sN . . . s1|! ′
N . . . ! ′

1)

ΨN(sN . . . s1|! N . . . ! 1) . (2.5)

Similarly we obtain the reduced density matrix for the
left side " L

N = TrR |ΨN 〉〈ΨN | = ΨNΨ†
N . It should be

noted that all the elements of ΨN , " R
N and " L

N are real
and non negative. The partition function in Eq.(2.2) is
expressed as

ZN = Tr " L
N = Tr " R

N = TrΨ†
NΨN . (2.6)

In the following we consider a recursive construction
of ΨN , starting from N = 1 up to a certain system size.
Let us first take the configuration sum for 2 spins on the
local Boltzmann weight

Ψ1(s
′
1|! ′

1) =
∑

s
1
σ
1

W (s′1! ′
1|s1! 1) (2.7)

to obtain a state vector |Ψ1〉 of the smallest width. (See
Fig.2(a) and imagine the case N = 1.) In order to extend
the system size and construct |Ψ2〉, consider the row-to-
row transfer matrix T2 ≡ W áW áW , whose elements are
expressed as

T2 [s′1s
′
2! ′

2! ′
1|s1s2! 2! 1] (2.8)

= W (s′1s
′
2|s1s2)W (s′2! ′

2|s2! 2)W (! ′
2! ′

1|! 2! 1) .
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This is because the variational ratio
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We occasionally interpret |ΨN ! as a 2N $ 2N matrix
ΨN , whose elements ΨN (sN . . . s1|σN . . . σ1) are equal
to ΨN [s1 . . . sN σN . . . σ1]. (We have put the vertical line
| between the first matrix index sN . . . s1 and the second
one σN . . . σ1, respectively, which corresponds to the left
and the right half-row spins. We reverse the spin order
as sN . . . s1 for the later convenience.) This notation
is useful when we consider the reduced density matrix
ρR

N = TrL |ΨN !"ΨN |, where TrL represents the spin con-
traction for all the si in the left side. Figure 2(b) shows
the graphical representation of ρR

N .2, 23, 24) Using the ma-
trix notation ΨN we can simply write ρR

N as the matrix
product Ψ 

N ΨN , since the elements of ρR
N are explicitly

given by

ρR
N (σ′

N . . . σ′
1|σN . . . σ1) =

∑

s
N

...s
1

ΨN (sN . . . s1|σ
′
N . . . σ′

1)

ΨN (sN . . . s1|σN . . . σ1) . (2.5)

Similarly we obtain the reduced density matrix for the
left side ρL

N = TrR |ΨN !"ΨN | = ΨN Ψ 
N . It should be

noted that all the elements of ΨN , ρR
N and ρL

N are real
and non negative. The partition function in Eq.(2.2) is
expressed as

ZN = Tr ρL
N = Tr ρR

N = TrΨ 
N ΨN . (2.6)

In the following we consider a recursive construction
of ΨN , starting from N = 1 up to a certain system size.
Let us first take the configuration sum for 2 spins on the
local Boltzmann weight

Ψ1(s
′
1|σ

′
1) =

∑

s
1
σ
1

W (s′1σ
′
1|s1σ1) (2.7)

to obtain a state vector |Ψ1! of the smallest width. (See
Fig.2(a) and imagine the case N = 1.) In order to extend
the system size and construct |Ψ2! , consider the row-to-
row transfer matrix T2 % W ·W ·W , whose elements are
expressed as

T2 [s′1s′2σ
′
2σ

′
1|s1s2σ2σ1] (2.8)

= W (s′1s′2|s1s2)W (s′2σ
′
2|s2σ2)W (σ′

2σ
′
1|σ2σ1) .
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the left and öU2 from the right

÷PR
4 (σ′

4ξ3|σ4η3) =
∑

σ′

3
ξ
2
σ
3
σ
2

U3(σ′
3ξ2|ξ3)W (σ′

4σ
′
3|σ4σ3)

× ÷PR
3 (σ′

3ξ2|σ3σ2) U2(σ3σ2|η3) (2.18)

as shown in Fig.5(b), or in short ÷PR
4 ≡ öU †

3 (W · ÷PR
3 ) öU2 .

(Note that the matrix U2 in the right hand side contains
σ3 and σ2, not σ2 and σ1.) Up to this stage, we keep all
the block spin states since we have assumedm ≥ 8.

(
 
a

 
) (

 
b

 
)

Fig. 5. Graphical representations: (a) Extension from |Ψ2〉 to
|Ψ̃3〉 = P̃3 |Ψ2〉 in Eq.(2.16). (b) Extension from P̃R

3 to P̃R
4 ≡

Û
†
3 (W · P̃R

3 )Û2 in Eq.(2.18).

Now we can generalize the extension process up to
arbitrary system size. If we have |÷Ψi〉 up to a certain
size i ≥ 2, we can construct the extended one

|÷Ψi+1〉 = ÷Pi+1|÷Ψi〉 = ÷PL
i+1 · W · ÷PR

i+1 |÷Ψi〉 (2.19)

with

÷PR
i+1 ≡ öU †

i (W · ÷PR
i ) öUi−1 , (2.20)

where the block spin transformations öUi and öUi−1 have
been obtained by the diagonalizations of ÷ρR

i and ÷ρR
i−1,

respectively. The matrix elements of Eq.(2.19) and (2.20)
are explicitly given by

÷Ψi+1(s′i+1ζi |σ
′
i+1ξi ) =

∑

s
i+1

µ
i
σ

i+1
η

i

÷PL
i+1(s′i+1ζi |si+1µi )W (s′i+1σ

′
i+1|si+1σi+1)

× ÷PR
i+1(σ′

i+1ξi |σi+1ηi ) ÷Ψi (si+1µi |σi+1ηi ) (2.21)

and

÷PR
i+1(σ′

i+1ξi |σi+1ηi ) =
∑

σ′

i
ξ

i−1
σ

i
η

i−1

Ui (σ′
iξi−1|ξi )

×W (σ′
i+1σ

′
i|σi+1σi ) ÷PR

i (σ′
iξi−1|σiηi−1)Ui−1(σi ηi−1|ηi ) .

(2.22)

The key point in Eqs.(2.20) and (2.22) is that the label
of Ui is larger than that of Ui−1 by one, which enables
us to ÓextrapolateÓ the state vector in Eqs.(2.19) and
(2.21).

As is performed in the DMRG method, we keep at
most m numbers of relevant states for the block spin vari-
ables, and neglect the rest of irrelevant ones in Eq.(2.20).
We can thus calculate the approximate partition func-

tion ÷Zi = 〈÷Ψi |÷Ψi〉 recursively up to arbitrary system
sizei = N . In addition to ÷ZN , we can obtain the nearest
neighbor spin correlation function

〈sNσN 〉 =
〈÷ΨN |sNσN |÷ΨN 〉

〈÷ΨN |÷ΨN〉
(2.23)

at the center of the system.
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Fig. 6. Nearest neighbor spin correlation function 〈s
N

σ
N
〉 in

Eq.(2.23) of the Ising model at criticality.

Let us observe the numerical efficiency of the explained
recursive algorithm in the application to the Ising model.
Figure 6 shows the calculated〈sNσN 〉 at criticality where
the correlation length is inÞnite. The calculated data de-
viates from the scaling line when the system size exceeds
the artiÞcial cut-off length introduced by the restriction
of the degrees of freedom down tom. The observed cut-
off effect is similar to that of the CTMRG method. 24, 25)

This is because the system-size extension process deÞned
by Eq.(2.19) and (2.20) is quite similar to the extension
of the corner transfer matrix in the CTMRG method.

§3. Product Wave Function Renormalization

Group

It is worth looking at the structure of ÷Pi ≡ ÷PL
i ·W · ÷PR

i

from the view point of the MPS.6–8) Tracing back the
recursive construction in Eqs.(2.10), (2.15), (2.18), and
(2.20), we can represent÷PR

i (σ′
iξi−1|σi ηi−1) for i ≥ 6 as

÷PR
i ≡ öU †

i−1(W · ÷PR
i−1) öUi−2

= öU †
i−1(W · öU †

i−2(W · ÷PR
i−2) öUi−3) öUi−2 (3.1)

= öU †
i−1(W · öU †

i−2(W · (· · · (W · PR
2 ) · · ·) öUi−3) öUi−2 .

Introducing the 2 i by 2i−1 matrix PR
i (σ′

i . . . σ′
1|σi . . . σ2),

which is deÞned byPR
i ≡ W · PR

i−1 = ( W ·)i−2PR
2 , we

rewrite Eq.(3.1) as the simpler form

÷PR
i ≡ öU †

i−1 · · · öU †
3

öU †
2 PR

i
öU2

öU3 · · · öUi−2 , (3.2)

where öU †
i−1 · · · öU †

3
öU †
2 represents the successive block spin

transformations by U2(σ′
2σ

′
1|ξ2), U3(σ′

3ξ2|ξ3). . . , and
Ui−1(σ′

i−1ξi−2|ξi−1). In the same manner öU2
öU3 · · · öUi−2

represents the successive block spin transformations by
U2(σ3σ2|η3), U3(σ4η3|η4). . . , and Ui−2(σi−1ηi−2|ηi−1),
where one should pay attention to the indices of spin
variables. The structure of ÷PR

i is similar to that of the
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here is better than the estimation in the previous for-
mulation of the PWFRG method,23, 24 which uses trun-
cated AN ! 1! N ! 1B

†
N ! 1, when the infinite system DMRG

method is nearly converged.35

It should be noted that there is no need that " (2N) and
" (2N ! 2) have the same matrices in common. For exam-

ple, the estimation for "̃ (2N+2)
trial can be performed, if we

have optimized ground states for (2N − 2)- and 2N -site
systems independently by use of the finite system DMRG
method. In such a case the matrices Ai and Bi becomes
system size dependent, as we have seen at the end of the
last section. The definition of Li and Ri should be mod-
ified according to the dependence, where the extension
is straight forward.

4. Convergence to the Thermodynamic Limit

The estimated wave function

" (2N+2)
trial (σ1 . . .σN+1 σ̄N+1 . . . σ̄1)

= " (2N ! 2)(σ3 . . . σN ! 1 σ̄N ! 1 . . . σ1) (4.1)

is normally not accurate enough, since the estimated
wave function is independent of 2 spins at each end of the
extended system. Therefore the estimated renormalized
wave function

"̃ (2N+2)
trial = LN "̃ (2N ! 2)R†

N (4.2)

might not be a good starting point for the Lanczos diag-
onalization of H̃(2N+2). Let us check the e# ciency in the
estimation quantitatively by use of the fidelity error32

1 −
∑

ξ
N

σ
N+1

σ̄
N+1

ξ̄
N

"̃ (2N+2)
trial (ξNσN+1 σ̄N+1 ξ̄N )

"̃ (2N+2)(ξNσN+1 σ̄N+1 ξ̄N ) , (4.3)

between normalized "̃ (2N+2)
trial and "̃ (2N+2). We observe

the error when the wave function estimation is imple-
mented in the infinite system DMRG method. The com-
putational algorithm we have used for this check is as
follows.

(a) Diagonalize H(4) and obtain " (4) = "̃ (4), A2, and
B2.

(b) Create H̃(6) by applying A2 and B2 to H(6). Diago-
nalize H̃(6) and obtain "̃ (6), A3, and B3.

(c) Contracting A3 and B3 as Eqs. (3.6) and (3.7), re-
spectively, to obtain L3 and R3. Set N = 3.

(d) Obtain "̃ (2N+2)
trial by applying LN and R†

N to "̃ (2N ! 2)

as shown in Eqs. (3.5) and (3.8).

(e) Create the super-block Hamiltonian H̃(2N+2).

(f) Obtain minimum eigenvalue of H̃(2N+2) and corre-

sponding wave function, starting from "̃ (2N+2)
trial .

(g) Obtain AN+1 and BN+1. By use of these transfor-

mations, create LN+1 =
∑

σ
N+1

A†
N+1LNAN ! 1 and

RN+1 =
∑

σ̄
N+1

B†
N+1RNBN ! 1 as Eq. (3.9)

(h) Set N + 1 → N and go to the step (d).

Figure 6 shows the fidelity error of the S = 1/2 Heisen-
berg spin chain with respect to the system size 2N when
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Fig. 6. The fidelity error in Eq. (4.3) calculated for the uniform
S = 1/2 Heisenberg spin chain δ = 0 and the dimerized one
δ = 0.1.

δ = 0 and δ = 0.1 under the condition m = 64. In both
cases the error decreases with the system size, and the
decay is more rapid when δ = 0.1 than δ = 0. The be-
havior can be explained by the fact that the e$ect of
system boundary becomes weak in large size systems,
and the center of the system is ‘e$ectively decoupled’
from the system boundary if the system size exceeds sev-
eral time larger than the correlation length. As we have
stated in the last section, the estimation becomes exact

"̃ (2N+2)
trial = "̃ (2N+2) in the thermodynamic limit N → ∞,

where the fidelity error becomes zero.
It has been known that the DMRG method applied

to gapless systems introduces an artificial correlation
length, as an e$ect of basis state restriction to m. There-
fore the convergence of the fidelity error with respect to
the system size 2N is slow exponential when the system
size 2N is su# ciently large. In such a case, it is better to
increase the system size as fast as possible. The recursion
relation

LN+1 =
∑

σ
N+1

A†
N+1LNAN ! 1

RN+1 =
∑

σ
N+1

B†
N+1RNBN ! 1 (4.4)

can be regarded as linear transformations to LN and
RN , which have their fixed points in the limit N → ∞. If
the number of block spin states does not change during
this extension process, one can estimate these fixed
point easily. But the number of states of the block spin
variables are not always the same. A way of overcoming
this di# culty is to modify the diagonalization step (f)
as follows.24, 27

(f’) Improve the estimated wave function "̃ (2N+2)
trial by

applying the Lanczos step only once. Use the ‘im-

proved’ wave function "̃ (2N+2)
improved for the succeeding

processes.

When the system is gapless, the e# ciency of the
PWFRG method decreases. Quite recently McClloch re-
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Nearest neighbor spin correlation
function of the 2D Ising Model 
calculated by PWFRG-like extension
ONLY, with no Lanczos diagonalization. 

Fidelity between predicted state 
by PWFRG and true eigenstate for 
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model in order to simplify the following formulation.
As shown on the left side of Fig. 1, we treat a finite

size system that has a rectangular shape. This system
corresponds to the stack of row-to-row transfer matrices
TN , whose width is N , multiplied by an initial vector VN .
We choose VN so that it corresponds to the boundary
condition at the bottom of the system, where there is a
row of boundary spins shown by the cross marks. Those
cross marks aligned vertically also represent boundary
spins, that are located at the both ends of TN . The row
of open circles represents spins on top of the rectangular
system. We consider a dN -dimensional vector

! N = TNTNTN . . . TNVN , (2.1)

where the number of the row-to-row transfer matrix TN

is su" ciently large. Under this assumption we can ex-
pect that ! N is a good approximation of the maximal
eigenvector of TN if VN is not orthogonal to that.

For a while let us consider the case N = 8; gen-
eralization to arbitrary N is straightforward. We label
the top spins as q1, q2, q3, q4, p4, p3, p2, and p1 from
left to right. The vector elements of ! 8 are then writ-
ten as ! 8(q1, q2, q3, q4, p4, p3, p2, p1). Since we have as-
sumed the left-right symmetry for the vertex weight, it
is convenient to divide the row-spin into the left half
q1, q2, q3, q4, where we have counted them from left to
right, and the right half p1, p2, p3, p4, where we have
counted them from right to left. (See right bottom of
Fig. 1.) According to this division, we can interpret ! 8

as a d4-dimensional real symmetric matrix, whose ele-
ments can be expressed as ! 8(q1 q2 q3 q4|p1 p2 p3 p4). We
have used the vertical bar “|” to separate the left and the
right indices, and dropped the commas between the spin
variables for the book keeping. If necessary, we further
abbreviate the matrix notation as ! 8(q|p).

We express the left half of the rectangular system
by use of the CTM, whose elements are written as
C4(q1 q2 q3 q4|! 1 ! 2 ! 3 . . .), where ! 1 ! 2 ! 3 . . . represent
the half-column spins at the center of the system. In the
same manner we can express the right half by the trans-
pose of C4, i.e., C T

4 . Joining process of these halves by
stitching C4 and C T

4 via the contraction of the half-
column spins can be expressed simply by the product of
matrices ! 8 = C4 C T

4 . More precisely, there is a relation

! 8(q|p) =
∑

σ

C4(q|! )C4(p|! ) , (2.2)

where we have used the abbreviations q = q1 q2 q3 q4, p =
p1 p2 p3 p4, and ! = ! 1! 2! 3 . . . . Since we have assumed
that the number of T8 in Eq. (2.1) is su" ciently large,
the same for the number of column-spin ! . Although we
treat ! , we do not think of them as spins directly treated
in numerical calculations, unlike q and p.

One of the fundamental mathematical tool in the
DMRG method is the singular value decomposition
(SVD).1, 2) Let us apply it to the CTM

C4(q|p) =
∑

ξ

A4(q|" ) # 4(" )U4(! |" ) , (2.3)

where " is a d4-state block-spin (or an auxiliary) variable,

Fig. 2. The singular value decomposition applied to C
4
. The

black square and circle corresponds to the block spin ξ and the
singular values Ω

4
(ξ), respectively. The left and the right trian-

gles represent A
4

and U
4
, respectively.

and # 4(" ) represents the singular values. The matrix A4

is d4-dimensional, and it satisfies the orthogonal relations

∑

ξ

A4(q
′|" )A4(q|" ) = #(q′|q) ,

∑

q

A4(q|" ′)A4(q|" ) = #(" ′|" ) , (2.4)

where #(" ′|" ) is Kronecker’s delta, and where #(q′|q) is
defined as

#(q′|q) =
4

∏

i=1

#(q′i|qi ) . (2.5)

The above orthogonal relation can be written shortly as
A4A

T
4 = A T

4 A4 = I4. Column vectors of the rectangular
matrix U4 are also orthogonal with each other,

∑

σ

U4(! |" ′)U4(! |" ) = #(" ′|" ) , (2.6)

but the row vectors are not
∑

ξ

U4(! ′|" )U4(! |" ) != #(! ′|! ) . (2.7)

This is because the degree of freedom of ! is far larger
than that of q or " . Figure 2 is the pictorial representation
of SVD applied to C4.

We often regard the singular values # 4 as the diago-
nal matrix # 4("

′|" ) = # 4(" ) #(" ′|" ), and write Eq. (2.3)
shortly as C4 = A4 # 4 U T

4 . For the latter convenience,
let us introduce the generalized inverse of the CTM

C−1
4 = U4 # −1

4 A T
4 , (2.8)

which satisfies the relation

C4 C−1
4 = A4 # 4 U T

4 U4 # −1
4 A T

4

= A4 A T
4 = I4 . (2.9)

It should be noted that C−1
4 C4 is a projection operator

U4 # −1
4 A T

4 A4 # 4 U T
4 = U4 U T

4 (2.10)

in the left hand side of Eq. (2.7), where (C−1
4 C4)

2 =
C−1

4 C4 holds.
In the context of the DMRG method, small singular

values are neglected when it is impossible to store matrix
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model in order to simplify the following formulation.
As shown on the left side of Fig. 1, we treat a finite

size system that has a rectangular shape. This system
corresponds to the stack of row-to-row transfer matrices
TN , whose width is N , multiplied by an initial vector VN .
We choose VN so that it corresponds to the boundary
condition at the bottom of the system, where there is a
row of boundary spins shown by the cross marks. Those
cross marks aligned vertically also represent boundary
spins, that are located at the both ends of TN . The row
of open circles represents spins on top of the rectangular
system. We consider a dN -dimensional vector

! N = TNTNTN . . . TNVN , (2.1)

where the number of the row-to-row transfer matrix TN

is su" ciently large. Under this assumption we can ex-
pect that ! N is a good approximation of the maximal
eigenvector of TN if VN is not orthogonal to that.

For a while let us consider the case N = 8; gen-
eralization to arbitrary N is straightforward. We label
the top spins as q1, q2, q3, q4, p4, p3, p2, and p1 from
left to right. The vector elements of ! 8 are then writ-
ten as ! 8(q1, q2, q3, q4, p4, p3, p2, p1). Since we have as-
sumed the left-right symmetry for the vertex weight, it
is convenient to divide the row-spin into the left half
q1, q2, q3, q4, where we have counted them from left to
right, and the right half p1, p2, p3, p4, where we have
counted them from right to left. (See right bottom of
Fig. 1.) According to this division, we can interpret ! 8

as a d4-dimensional real symmetric matrix, whose ele-
ments can be expressed as ! 8(q1 q2 q3 q4|p1 p2 p3 p4). We
have used the vertical bar “|” to separate the left and the
right indices, and dropped the commas between the spin
variables for the book keeping. If necessary, we further
abbreviate the matrix notation as ! 8(q|p).

We express the left half of the rectangular system
by use of the CTM, whose elements are written as
C4(q1 q2 q3 q4|σ1 σ2 σ3 . . .), where σ1 σ2 σ3 . . . represent
the half-column spins at the center of the system. In the
same manner we can express the right half by the trans-
pose of C4, i.e., C T

4 . Joining process of these halves by
stitching C4 and C T

4 via the contraction of the half-
column spins can be expressed simply by the product of
matrices ! 8 = C4 C T

4 . More precisely, there is a relation

! 8(q|p) =
∑

σ

C4(q|σ)C4(p|σ) , (2.2)

where we have used the abbreviations q = q1 q2 q3 q4, p =
p1 p2 p3 p4, and σ = σ1σ2σ3 . . . . Since we have assumed
that the number of T8 in Eq. (2.1) is su" ciently large,
the same for the number of column-spin σ. Although we
treat σ, we do not think of them as spins directly treated
in numerical calculations, unlike q and p.

One of the fundamental mathematical tool in the
DMRG method is the singular value decomposition
(SVD).1, 2) Let us apply it to the CTM

C4(q|p) =
∑

ξ

A4(q|ξ) # 4(ξ)U4(σ|ξ) , (2.3)

where ξ is a d4-state block-spin (or an auxiliary) variable,

Fig. 2. The singular value decomposition applied to C4 . The
black square and circle corresponds to the block spin ξ and the
singular values Ω4(ξ), respectively. The left and the right trian-
gles represent A4 and U4 , respectively.

and # 4(ξ) represents the singular values. The matrix A4

is d4-dimensional, and it satisfies the orthogonal relations

∑

ξ

A4(q
′|ξ)A4(q|ξ) = δ(q′|q) ,

∑

q

A4(q|ξ
′)A4(q|ξ) = δ(ξ′|ξ) , (2.4)

where δ(ξ′|ξ) is Kronecker’s delta, and where δ(q′|q) is
defined as

δ(q′|q) =
4

∏

i=1

δ(q′i|qi ) . (2.5)

The above orthogonal relation can be written shortly as
A4A

T
4 = A T

4 A4 = I4. Column vectors of the rectangular
matrix U4 are also orthogonal with each other,

∑

σ

U4(σ|ξ′)U4(σ|ξ) = δ(ξ′|ξ) , (2.6)

but the row vectors are not
∑

ξ

U4(σ′|ξ)U4(σ|ξ) != δ(σ′|σ) . (2.7)

This is because the degree of freedom of σ is far larger
than that of q or ξ. Figure 2 is the pictorial representation
of SVD applied to C4.

We often regard the singular values # 4 as the diago-
nal matrix # 4(ξ

′|ξ) = # 4(ξ) δ(ξ′|ξ), and write Eq. (2.3)
shortly as C4 = A4 # 4 U T

4 . For the latter convenience,
let us introduce the generalized inverse of the CTM

C−1
4 = U4 # −1

4 A T
4 , (2.8)

which satisfies the relation

C4 C−1
4 = A4 # 4 U T

4 U4 # −1
4 A T

4

= A4 A T
4 = I4 . (2.9)

It should be noted that C−1
4 C4 is a projection operator

U4 # −1
4 A T

4 A4 # 4 U T
4 = U4 U T

4 (2.10)

in the left hand side of Eq. (2.7), where (C−1
4 C4)

2 =
C−1

4 C4 holds.
In the context of the DMRG method, small singular

values are neglected when it is impossible to store matrix
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model in order to simplify the following formulation.
As shown on the left side of Fig. 1, we treat a finite

size system that has a rectangular shape. This system
corresponds to the stack of row-to-row transfer matrices
TN , whose width is N , multiplied by an initial vector VN .
We choose VN so that it corresponds to the boundary
condition at the bottom of the system, where there is a
row of boundary spins shown by the cross marks. Those
cross marks aligned vertically also represent boundary
spins, that are located at the both ends of TN . The row
of open circles represents spins on top of the rectangular
system. We consider a dN -dimensional vector

ΨN = TNTNTN . . . TNVN , (2.1)

where the number of the row-to-row transfer matrix TN

is sufficiently large. Under this assumption we can ex-
pect that ΨN is a good approximation of the maximal
eigenvector of TN if VN is not orthogonal to that.

For a while let us consider the case N = 8; gen-
eralization to arbitrary N is straightforward. We label
the top spins as q1, q2, q3, q4, p4, p3, p2, and p1 from
left to right. The vector elements of Ψ8 are then writ-
ten as Ψ8(q1, q2, q3, q4, p4, p3, p2, p1). Since we have as-
sumed the left-right symmetry for the vertex weight, it
is convenient to divide the row-spin into the left half
q1, q2, q3, q4, where we have counted them from left to
right, and the right half p1, p2, p3, p4, where we have
counted them from right to left. (See right bottom of
Fig. 1.) According to this division, we can interpret Ψ8
as a d4-dimensional real symmetric matrix, whose ele-
ments can be expressed as Ψ8(q1 q2 q3 q4|p1 p2 p3 p4). We
have used the vertical bar “|” to separate the left and the
right indices, and dropped the commas between the spin
variables for the book keeping. If necessary, we further
abbreviate the matrix notation as Ψ8(q|p).

We express the left half of the rectangular system
by use of the CTM, whose elements are written as
C4(q1 q2 q3 q4|σ1 σ2 σ3 . . .), where σ1 σ2 σ3 . . . represent
the half-column spins at the center of the system. In the
same manner we can express the right half by the trans-
pose of C4, i.e., C T

4 . Joining process of these halves by
stitching C4 and C T

4 via the contraction of the half-
column spins can be expressed simply by the product of
matrices Ψ8 = C4 C T

4 . More precisely, there is a relation

Ψ8(q|p) =
∑

σ

C4(q|σ)C4(p|σ) , (2.2)

where we have used the abbreviations q = q1 q2 q3 q4, p =
p1 p2 p3 p4, and σ = σ1σ2σ3 . . . . Since we have assumed
that the number of T8 in Eq. (2.1) is sufficiently large,
the same for the number of column-spin σ. Although we
treat σ, we do not think of them as spins directly treated
in numerical calculations, unlike q and p.

One of the fundamental mathematical tool in the
DMRG method is the singular value decomposition
(SVD).1, 2) Let us apply it to the CTM

C4(q|p) =
∑

ξ

A4(q|ξ)Ω4(ξ)U4(σ|ξ) , (2.3)

where ξ is a d4-state block-spin (or an auxiliary) variable,

Fig. 2. The singular value decomposition applied to C
4
. The

black square and circle corresponds to the block spin ξ and the
singular values !

4
(ξ), respectively. The left and the right trian-

gles represent A
4

and U
4
, respectively.

and Ω4(ξ) represents the singular values. The matrix A4
is d4-dimensional, and it satisfies the orthogonal relations

∑

ξ

A4(q
′|ξ)A4(q|ξ) = δ(q′|q) ,

∑

q

A4(q|ξ
′)A4(q|ξ) = δ(ξ′|ξ) , (2.4)

where δ(ξ′|ξ) is Kronecker’s delta, and where δ(q′|q) is
defined as

δ(q′|q) =
4

∏

i=1

δ(q′i|qi ) . (2.5)

The above orthogonal relation can be written shortly as
A4A

T
4 = A T

4 A4 = I4. Column vectors of the rectangular
matrix U4 are also orthogonal with each other,

∑

σ

U4(σ|ξ′)U4(σ|ξ) = δ(ξ′|ξ) , (2.6)

but the row vectors are not
∑

ξ

U4(σ′|ξ)U4(σ|ξ) != δ(σ′|σ) . (2.7)

This is because the degree of freedom of σ is far larger
than that of q or ξ. Figure 2 is the pictorial representation
of SVD applied to C4.

We often regard the singular values Ω4 as the diago-
nal matrix Ω4(ξ

′|ξ) = Ω4(ξ) δ(ξ′|ξ), and write Eq. (2.3)
shortly as C4 = A4 Ω4 U T

4 . For the latter convenience,
let us introduce the generalized inverse of the CTM

C−1
4 = U4 Ω−1

4 A T
4 , (2.8)

which satisfies the relation

C4 C−1
4 = A4 Ω4 U T

4 U4 Ω−1
4 A T

4

= A4 A T
4 = I4 . (2.9)

It should be noted that C−1
4 C4 is a projection operator

U4 Ω−1
4 A T

4 A4 Ω4 U T
4 = U4 U T

4 (2.10)

in the left hand side of Eq. (2.7), where (C−1
4 C4)

2 =
C−1

4 C4 holds.
In the context of the DMRG method, small singular

values are neglected when it is impossible to store matrix
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model in order to simplify the following formulation.
As shown on the left side of Fig. 1, we treat a finite

size system that has a rectangular shape. This system
corresponds to the stack of row-to-row transfer matrices
TN , whose width is N , multiplied by an initial vector VN .
We choose VN so that it corresponds to the boundary
condition at the bottom of the system, where there is a
row of boundary spins shown by the cross marks. Those
cross marks aligned vertically also represent boundary
spins, that are located at the both ends of TN . The row
of open circles represents spins on top of the rectangular
system. We consider a dN -dimensional vector

ΨN = TNTNTN . . . TNVN , (2.1)

where the number of the row-to-row transfer matrix TN

is sufficiently large. Under this assumption we can ex-
pect that ΨN is a good approximation of the maximal
eigenvector of TN if VN is not orthogonal to that.

For a while let us consider the case N = 8; gen-
eralization to arbitrary N is straightforward. We label
the top spins as q1, q2, q3, q4, p4, p3, p2, and p1 from
left to right. The vector elements of Ψ8 are then writ-
ten as Ψ8(q1, q2, q3, q4, p4, p3, p2, p1). Since we have as-
sumed the left-right symmetry for the vertex weight, it
is convenient to divide the row-spin into the left half
q1, q2, q3, q4, where we have counted them from left to
right, and the right half p1, p2, p3, p4, where we have
counted them from right to left. (See right bottom of
Fig. 1.) According to this division, we can interpret Ψ8

as a d4-dimensional real symmetric matrix, whose ele-
ments can be expressed as Ψ8(q1 q2 q3 q4|p1 p2 p3 p4). We
have used the vertical bar “|” to separate the left and the
right indices, and dropped the commas between the spin
variables for the book keeping. If necessary, we further
abbreviate the matrix notation as Ψ8(q|p).

We express the left half of the rectangular system
by use of the CTM, whose elements are written as
C4(q1 q2 q3 q4|σ1 σ2 σ3 . . .), where σ1 σ2 σ3 . . . represent
the half-column spins at the center of the system. In the
same manner we can express the right half by the trans-
pose of C4, i.e., C T

4 . Joining process of these halves by
stitching C4 and C T

4 via the contraction of the half-
column spins can be expressed simply by the product of
matrices Ψ8 = C4 C T

4 . More precisely, there is a relation

Ψ8(q|p) =
∑

!

C4(q|σ)C4(p|σ) , (2.2)

where we have used the abbreviations q = q1 q2 q3 q4, p =
p1 p2 p3 p4, and σ = σ1σ2σ3 . . . . Since we have assumed
that the number of T8 in Eq. (2.1) is sufficiently large,
the same for the number of column-spin σ. Although we
treat σ, we do not think of them as spins directly treated
in numerical calculations, unlike q and p.

One of the fundamental mathematical tool in the
DMRG method is the singular value decomposition
(SVD).1, 2) Let us apply it to the CTM

C4(q|p) =
∑

"

A4(q|ξ)Ω4(ξ)U4(σ|ξ) , (2.3)

where ξ is a d4-state block-spin (or an auxiliary) variable,

Fig. 2. The singular value decomposition applied to C
4
. The

black square and circle corresponds to the block spin ξ and the
singular values Ω

4
(ξ), respectively. The left and the right trian-

gles represent A
4

and U
4
, respectively.

and Ω4(ξ) represents the singular values. The matrix A4

is d4-dimensional, and it satisfies the orthogonal relations

∑

"

A4(q
! |ξ)A4(q|ξ) = δ(q! |q) ,

∑

q

A4(q|ξ
!)A4(q|ξ) = δ(ξ! |ξ) , (2.4)

where δ(ξ! |ξ) is Kronecker’s delta, and where δ(q! |q) is
defined as

δ(q! |q) =
4

∏

i=1

δ(q!
i|qi ) . (2.5)

The above orthogonal relation can be written shortly as
A4A

T
4 = A T

4 A4 = I4. Column vectors of the rectangular
matrix U4 are also orthogonal with each other,

∑

!

U4(σ|ξ!)U4(σ|ξ) = δ(ξ!|ξ) , (2.6)

but the row vectors are not
∑

"

U4(σ! |ξ)U4(σ|ξ) != δ(σ! |σ) . (2.7)

This is because the degree of freedom of σ is far larger
than that of q or ξ. Figure 2 is the pictorial representation
of SVD applied to C4.

We often regard the singular values Ω4 as the diago-
nal matrix Ω4(ξ

! |ξ) = Ω4(ξ) δ(ξ! |ξ), and write Eq. (2.3)
shortly as C4 = A4 Ω4 U T

4 . For the latter convenience,
let us introduce the generalized inverse of the CTM

C" 1
4 = U4 Ω" 1

4 A T
4 , (2.8)

which satisfies the relation

C4 C" 1
4 = A4 Ω4 U T

4 U4 Ω" 1
4 A T

4

= A4 A T
4 = I4 . (2.9)

It should be noted that C" 1
4 C4 is a projection operator

U4 Ω" 1
4 A T

4 A4 Ω4 U T
4 = U4 U T

4 (2.10)

in the left hand side of Eq. (2.7), where (C" 1
4 C4)

2 =
C" 1

4 C4 holds.
In the context of the DMRG method, small singular

values are neglected when it is impossible to store matrix
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model in order to simplify the following formulation.
As shown on the left side of Fig. 1, we treat a finite

size system that has a rectangular shape. This system
corresponds to the stack of row-to-row transfer matrices
TN , whose width is N , multiplied by an initial vector VN .
We choose VN so that it corresponds to the boundary
condition at the bottom of the system, where there is a
row of boundary spins shown by the cross marks. Those
cross marks aligned vertically also represent boundary
spins, that are located at the both ends of TN . The row
of open circles represents spins on top of the rectangular
system. We consider a dN -dimensional vector

ΨN = TN TN TN . . . TN VN , (2.1)

where the number of the row-to-row transfer matrix TN
is sufficiently large. Under this assumption we can ex-
pect that ΨN is a good approximation of the maximal
eigenvector of TN if VN is not orthogonal to that.

For a while let us consider the case N = 8; gen-
eralization to arbitrary N is straightforward. We label
the top spins as q1, q2, q3, q4, p4, p3, p2, and p1 from
left to right. The vector elements of Ψ8 are then writ-
ten as Ψ8(q1, q2, q3, q4, p4, p3, p2, p1). Since we have as-
sumed the left-right symmetry for the vertex weight, it
is convenient to divide the row-spin into the left half
q1, q2, q3, q4, where we have counted them from left to
right, and the right half p1, p2, p3, p4, where we have
counted them from right to left. (See right bottom of
Fig. 1.) According to this division, we can interpret Ψ8

as a d4-dimensional real symmetric matrix, whose ele-
ments can be expressed as Ψ8(q1 q2 q3 q4|p1 p2 p3 p4). We
have used the vertical bar “|” to separate the left and the
right indices, and dropped the commas between the spin
variables for the book keeping. If necessary, we further
abbreviate the matrix notation as Ψ8(q|p).

We express the left half of the rectangular system
by use of the CTM, whose elements are written as
C4(q1 q2 q3 q4|σ1 σ2 σ3 . . .), where σ1 σ2 σ3 . . . represent
the half-column spins at the center of the system. In the
same manner we can express the right half by the trans-
pose of C4, i.e., C T

4 . Joining process of these halves by
stitching C4 and C T

4 via the contraction of the half-
column spins can be expressed simply by the product of
matrices Ψ8 = C4 C T

4 . More precisely, there is a relation

Ψ8(q|p) =
∑

σ

C4(q|σ)C4(p|σ) , (2.2)

where we have used the abbreviations q = q1 q2 q3 q4, p =
p1 p2 p3 p4, and σ = σ1σ2σ3 . . . . Since we have assumed
that the number of T8 in Eq. (2.1) is sufficiently large,
the same for the number of column-spin σ. Although we
treat σ, we do not think of them as spins directly treated
in numerical calculations, unlike q and p.

One of the fundamental mathematical tool in the
DMRG method is the singular value decomposition
(SVD).1, 2) Let us apply it to the CTM

C4(q|p) =
∑

ξ

A4(q|ξ)Ω4(ξ)U4(σ|ξ) , (2.3)

where ξ is a d4-state block-spin (or an auxiliary) variable,

Fig. 2. The singular value decomposition applied to C4 . The
black square and circle corresponds to the block spin ! and the
singular values ! 4(! ), respectively. The left and the right trian-
gles represent A 4 and U4 , respectively.

and Ω4(ξ) represents the singular values. The matrix A4

is d4-dimensional, and it satisfies the orthogonal relations

∑

ξ

A4(q
′|ξ)A4(q|ξ) = δ(q′|q) ,

∑

q

A4(q|ξ
′)A4(q|ξ) = δ(ξ′|ξ) , (2.4)

where δ(ξ′|ξ) is Kronecker’s delta, and where δ(q′|q) is
defined as

δ(q′|q) =
4

∏

i =1

δ(q′i |qi ) . (2.5)

The above orthogonal relation can be written shortly as
A4A

T
4 = A T

4 A4 = I4. Column vectors of the rectangular
matrix U4 are also orthogonal with each other,

∑

σ

U4(σ|ξ′)U4(σ|ξ) = δ(ξ′|ξ) , (2.6)

but the row vectors are not
∑

ξ

U4(σ′|ξ)U4(σ|ξ) != δ(σ′|σ) . (2.7)

This is because the degree of freedom of σ is far larger
than that of q or ξ. Figure 2 is the pictorial representation
of SVD applied to C4.

We often regard the singular values Ω4 as the diago-
nal matrix Ω4(ξ

′|ξ) = Ω4(ξ) δ(ξ′|ξ), and write Eq. (2.3)
shortly as C4 = A4 Ω4 U T

4 . For the latter convenience,
let us introduce the generalized inverse of the CTM

C−1
4 = U4 Ω−1

4 A T
4 , (2.8)

which satisfies the relation

C4 C−1
4 = A4 Ω4 U T

4 U4 Ω−1
4 A T

4

= A4 A T
4 = I4 . (2.9)

It should be noted that C−1
4 C4 is a projection operator

U4 Ω−1
4 A T

4 A4 Ω4 U T
4 = U4 U T

4 (2.10)

in the left hand side of Eq. (2.7), where (C−1
4 C4)

2 =
C−1

4 C4 holds.
In the context of the DMRG method, small singular

values are neglected when it is impossible to store matrix
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Fig. 3. The pictorial representation of P4 = C−1
3 ·C4 in Eq. (3.1).

The circle with the cross mark shows Ω−1
3 . Since P4 has a func-

tion of extending the area of CTM, it can be regarded as an
approximation for the half-column transfer matrix.

elements during the numerical calculation. This trunca-
tion is a kind of decimation in the renormalization group
(RG) theory. Under the truncation, the matrices A4 work
as the RG transformation that controls numerical pre-
cision. In the next section we do not truncate singular
values, in order to avoid complications in notations, and
the introduction of truncation is straightforward.

3. Half Column Transfer Matrix and Matrix
Product State

We introduce a new notation between matrices, the dot
product, which contract variables according to Einstein
rule. As an example, let us consider

P4 = C−1
3 · C4 , (3.1)

where q1, q2, and q3 are contracted but q4 is not, since
the first three spins are shared by C−1

3 and C4. Figure
3 shows this rule graphically. Substituting Eq. (2.3) and
(2.8) to C−1

3 · C4, we obtain

P4 = (U3 Ω−1
3 A T

3 ) · (A4 Ω4 U T
4 )

= U3 Ω−1
3 · (A T

3 · A4)Ω4 U T
4

= U3 Ω−1
3 · Ã4 Ω4 U T

4 . (3.2)

To avoid any confusion, let us write down element of P4

P4 (! ′|q4|! ) (3.3)

=
∑

!"

U3(!
′|" )Ω−1

3 (" ) Ã4(" q4|#)Ω4(#)U4(! |#) ,

where the new matrix Ã4 = A T
3 ·A4 is the renormalized

orthogonal matrix

Ã4(" q4|#) =
∑

q
1

q
2

q
3

A3(q1 q2 q3|" )A4(q1 q2 q3 q4|#) ,

(3.4)
which satisfies the relation

∑

! q4

Ã4(" q4|#
′) Ã4(" q4|#) = $(#′|#) . (3.5)

In Eq. (3.4) the group of spins q1, q2, and q3 are mapped
onto the block spin " by the RG transformation A3. The
obtained Ã4 corresponds to the matrix that constructs
MPS, which is constructed by the infinite system DMRG

Fig. 4. The area of CTM can be extended by applying the ap-
proximate half-column transfer matrices.

Fig. 5. Pictorial representation of Eq. (3.8).

method, as shown later.
The P4 thus obtained has a function of half-column

transfer matrix (HCTM), since it extends the width of
C3 by one by way of the dot product

C3 · P4 = C3 · (C
−1
3 · C4) = (C3 C−1

3 ) · C4 = C4 (3.6)

as shown in the left side of Fig. 4. Applying SVD to C3

and substituting Eq. (3.2), C3 · P4 is calculated as

(A3 Ω3 U T
3 ) · (U3 Ω−1

3 · Ã4 Ω4 U T
4 ) = A3 · Ã4 Ω4 U T

4 .
(3.7)

Since C3 is again constructed from C2 and P3 , as shown
in the right side of Fig. 4, we can further decompose C4

as

C4 = C2 ·P3 ·P4 = A2 ·Ã3 ·Ã4 Ω4 U T
4 . (3.8)

The contraction process by the dot products are shown
in the right side of Fig. 5. It should be noted that C2 ·P4

is not C3, since U T
2 contained in C2 and U3 contained in

P4 do not matches to give an identity. In this sense, P4

is an approximation for the half column transfer matrix,
optimized for the area extension of C3 only.

Using the decomposition of C4 in Eq. (3.8), we obtain
the matrix product representation of Ψ8 = C4C

T
4 . We

have

Ψ8 = A2 ·Ã3 ·Ã4 (Ω4)
2Ã T

4 ·Ã T
3 ·A T

2

= A2 ·Ã3 ·Ã4 Λ4 Ã T
4 ·Ã T

3 ·A T
2 , (3.9)

where Λ4 = (Ω4)
2 is the singular value of Ψ8. (See Fig. 6.)

Such a construction of Ψ8 is equivalent to the MPS
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Fig. 3. The pictorial representation of P
4

= C−1

3
·C

4
in Eq. (3.1).

The circle with the cross mark shows ! −1

3
. Since P

4
has a func-

tion of extending the area of CTM, it can be regarded as an
approximation for the half-column transfer matrix.

elements during the numerical calculation. This trunca-
tion is a kind of decimation in the renormalization group
(RG) theory. Under the truncation, the matrices A4 work
as the RG transformation that controls numerical pre-
cision. In the next section we do not truncate singular
values, in order to avoid complications in notations, and
the introduction of truncation is straightforward.

3. Half Column Transfer Matrix and Matrix
Product State

We introduce a new notation between matrices, the dot
product, which contract variables according to Einstein
rule. As an example, let us consider

P4 = C−1
3 áC4 , (3.1)

where q1, q2, and q3 are contracted but q4 is not, since
the first three spins are shared by C−1

3 and C4. Figure
3 shows this rule graphically. Substituting Eq. (2.3) and
(2.8) to C−1

3 áC4, we obtain

P4 = (U3 Ω−1
3 A T

3 ) á(A4 Ω4 U T
4 )

= U3 Ω−1
3 á(A T

3 áA4)Ω4 U T
4

= U3 Ω−1
3 áÃ4 Ω4 U T

4 . (3.2)

To avoid any confusion, let us write down element of P4

P4 (! ′|q4|! ) (3.3)

=
!

ξζ

U3(!
′|" )Ω−1

3 (" ) Ã4(" q4|#)Ω4(#)U4(! |#) ,

where the new matrix Ã4 = A T
3 áA4 is the renormalized

orthogonal matrix

Ã4(" q4|#) =
!

q1 q2 q3

A3(q1 q2 q3|" )A4(q1 q2 q3 q4|#) ,

(3.4)
which satisfies the relation

!

ξq4

Ã4(" q4|#′) Ã4(" q4|#) = $(#′|#) . (3.5)

In Eq. (3.4) the group of spins q1, q2, and q3 are mapped
onto the block spin " by the RG transformation A3. The
obtained Ã4 corresponds to the matrix that constructs
MPS, which is constructed by the infinite system DMRG

Fig. 4. The area of CTM can be extended by applying the ap-
proximate half-column transfer matrices.

Fig. 5. Pictorial representation of Eq. (3.8).

method, as shown later.
The P4 thus obtained has a function of half-column

transfer matrix (HCTM), since it extends the width of
C3 by one by way of the dot product

C3 áP4 = C3 á(C−1
3 áC4) = (C3 C−1

3 ) áC4 = C4 (3.6)

as shown in the left side of Fig. 4. Applying SVD to C3

and substituting Eq. (3.2), C3 áP4 is calculated as

(A3 Ω3 U T
3 ) á(U3 Ω−1

3 áÃ4 Ω4 U T
4 ) = A3 áÃ4 Ω4 U T

4 .
(3.7)

Since C3 is again constructed from C2 and P3 , as shown
in the right side of Fig. 4, we can further decompose C4

as

C4 = C2áP3 áP4 = A2áÃ3áÃ4 Ω4 U T
4 . (3.8)

The contraction process by the dot products are shown
in the right side of Fig. 5. It should be noted that C2 áP4

is not C3, since U T
2 contained in C2 and U3 contained in

P4 do not matches to give an identity. In this sense, P4

is an approximation for the half column transfer matrix,
optimized for the area extension of C3 only.

Using the decomposition of C4 in Eq. (3.8), we obtain
the matrix product representation of Ψ8 = C4C

T
4 . We

have

Ψ8 = A2áÃ3áÃ4 (Ω4)
2Ã T

4 áÃ T
3 áA T

2

= A2áÃ3áÃ4 Λ4 Ã T
4 áÃ T

3 áA T
2 , (3.9)

where Λ4 = (Ω4)
2 is the singular value of Ψ8. (See Fig. 6.)

Such a construction of Ψ8 is equivalent to the MPS
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Fig. 3. The pictorial representation of P4 = C−1
3 áC4 in Eq. (3.1).

The circle with the cross mark shows ! −1
3 . Since P4 has a func-

tion of extending the area of CTM, it can be regarded as an
approximation for the half-column transfer matrix.

elements during the numerical calculation. This trunca-
tion is a kind of decimation in the renormalization group
(RG) theory. Under the truncation, the matrices A4 work
as the RG transformation that controls numerical pre-
cision. In the next section we do not truncate singular
values, in order to avoid complications in notations, and
the introduction of truncation is straightforward.

3. Half Column Transfer Matrix and Matrix
Product State

We introduce a new notation between matrices, the dot
product, which contract variables according to Einstein
rule. As an example, let us consider

P4 = C ! 1
3 · C4 , (3.1)

where q1, q2, and q3 are contracted but q4 is not, since
the first three spins are shared by C ! 1

3 and C4. Figure
3 shows this rule graphically. Substituting Eq. (2.3) and
(2.8) to C ! 1

3 · C4, we obtain

P4 = (U3 ! ! 1
3 A T

3 ) · (A4 ! 4 U T
4 )

= U3 ! ! 1
3 · (A T

3 · A4) ! 4 U T
4

= U3 ! ! 1
3 · Ã4 ! 4 U T

4 . (3.2)

To avoid any confusion, let us write down element of P4

P4 (σ"|q4|σ) (3.3)

=
!

ξζ

U3(σ
"|ξ) ! ! 1

3 (ξ) Ã4(ξ q4|ζ) ! 4(ζ)U4(σ|ζ) ,

where the new matrix Ã4 = A T
3 ·A4 is the renormalized

orthogonal matrix

Ã4(ξ q4|ζ) =
!

q
1

q
2

q
3

A3(q1 q2 q3|ξ)A4(q1 q2 q3 q4|ζ) ,

(3.4)
which satisfies the relation

!

ξq4

Ã4(ξ q4|ζ
") Ã4(ξ q4|ζ) = δ(ζ"|ζ) . (3.5)

In Eq. (3.4) the group of spins q1, q2, and q3 are mapped
onto the block spin ξ by the RG transformation A3. The
obtained Ã4 corresponds to the matrix that constructs
MPS, which is constructed by the infinite system DMRG

Fig. 4. The area of CTM can be extended by applying the ap-
proximate half-column transfer matrices.

Fig. 5. Pictorial representation of Eq. (3.8).

method, as shown later.
The P4 thus obtained has a function of half-column

transfer matrix (HCTM), since it extends the width of
C3 by one by way of the dot product

C3 · P4 = C3 · (C
! 1
3 · C4) = (C3 C ! 1

3 ) · C4 = C4 (3.6)

as shown in the left side of Fig. 4. Applying SVD to C3

and substituting Eq. (3.2), C3 · P4 is calculated as

(A3 ! 3 U T
3 ) · (U3 ! ! 1

3 · Ã4 ! 4 U T
4 ) = A3 · Ã4 ! 4 U T

4 .
(3.7)

Since C3 is again constructed from C2 and P3 , as shown
in the right side of Fig. 4, we can further decompose C4

as

C4 = C2 ·P3 ·P4 = A2 ·Ã3 ·Ã4 ! 4 U T
4 . (3.8)

The contraction process by the dot products are shown
in the right side of Fig. 5. It should be noted that C2 ·P4

is not C3, since U T
2 contained in C2 and U3 contained in

P4 do not matches to give an identity. In this sense, P4

is an approximation for the half column transfer matrix,
optimized for the area extension of C3 only.

Using the decomposition of C4 in Eq. (3.8), we obtain
the matrix product representation of " 8 = C4C

T
4 . We

have

" 8 = A2 ·Ã3 ·Ã4 (! 4)
2Ã T

4 ·Ã T
3 ·A T

2

= A2 ·Ã3 ·Ã4 # 4 Ã T
4 ·Ã T

3 ·A T
2 , (3.9)

where # 4 = (! 4)
2 is the singular value of " 8. (See Fig. 6.)

Such a construction of " 8 is equivalent to the MPS
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Fig. 3. The pictorial representation of P4 = C−1
3 áC4 in Eq. (3.1).

The circle with the cross mark shows ! −1
3 . Since P4 has a func-

tion of extending the area of CTM, it can be regarded as an
approximation for the half-column transfer matrix.

elements during the numerical calculation. This trunca-
tion is a kind of decimation in the renormalization group
(RG) theory. Under the truncation, the matrices A4 work
as the RG transformation that controls numerical pre-
cision. In the next section we do not truncate singular
values, in order to avoid complications in notations, and
the introduction of truncation is straightforward.

3. Half Column Transfer Matrix and Matrix
Product State

We introduce a new notation between matrices, the dot
product, which contract variables according to Einstein
rule. As an example, let us consider

P4 = C ! 1
3 · C4 , (3.1)

where q1, q2, and q3 are contracted but q4 is not, since
the first three spins are shared by C ! 1

3 and C4. Figure
3 shows this rule graphically. Substituting Eq. (2.3) and
(2.8) to C ! 1

3 · C4, we obtain

P4 = (U3 ! ! 1
3 A T

3 ) · (A4 ! 4 U T
4 )

= U3 ! ! 1
3 · (A T

3 · A4) ! 4 U T
4

= U3 ! ! 1
3 · Ã4 ! 4 U T

4 . (3.2)

To avoid any confusion, let us write down element of P4

P4 (σ"|q4|σ) (3.3)

=
!

ξζ

U3(σ
"|ξ) ! ! 1
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1

q
2

q
3

A3(q1 q2 q3|ξ)A4(q1 q2 q3 q4|ζ) ,

(3.4)
which satisfies the relation
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Ã4(ξ q4|ζ
") Ã4(ξ q4|ζ) = δ(ζ"|ζ) . (3.5)

In Eq. (3.4) the group of spins q1, q2, and q3 are mapped
onto the block spin ξ by the RG transformation A3. The
obtained Ã4 corresponds to the matrix that constructs
MPS, which is constructed by the infinite system DMRG

Fig. 4. The area of CTM can be extended by applying the ap-
proximate half-column transfer matrices.
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method, as shown later.
The P4 thus obtained has a function of half-column

transfer matrix (HCTM), since it extends the width of
C3 by one by way of the dot product

C3 · P4 = C3 · (C
! 1
3 · C4) = (C3 C ! 1

3 ) · C4 = C4 (3.6)

as shown in the left side of Fig. 4. Applying SVD to C3

and substituting Eq. (3.2), C3 · P4 is calculated as

(A3 ! 3 U T
3 ) · (U3 ! ! 1

3 · Ã4 ! 4 U T
4 ) = A3 · Ã4 ! 4 U T

4 .
(3.7)

Since C3 is again constructed from C2 and P3 , as shown
in the right side of Fig. 4, we can further decompose C4

as

C4 = C2 ·P3 ·P4 = A2 ·Ã3 ·Ã4 ! 4 U T
4 . (3.8)

The contraction process by the dot products are shown
in the right side of Fig. 5. It should be noted that C2 ·P4

is not C3, since U T
2 contained in C2 and U3 contained in

P4 do not matches to give an identity. In this sense, P4

is an approximation for the half column transfer matrix,
optimized for the area extension of C3 only.

Using the decomposition of C4 in Eq. (3.8), we obtain
the matrix product representation of " 8 = C4C

T
4 . We

have

" 8 = A2 ·Ã3 ·Ã4 (! 4)
2Ã T

4 ·Ã T
3 ·A T

2

= A2 ·Ã3 ·Ã4 # 4 Ã T
4 ·Ã T

3 ·A T
2 , (3.9)

where # 4 = (! 4)
2 is the singular value of " 8. (See Fig. 6.)

Such a construction of " 8 is equivalent to the MPS
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elements during the numerical calculation. This trunca-
tion is a kind of decimation in the renormalization group
(RG) theory. Under the truncation, the matrices A4 work
as the RG transformation that controls numerical pre-
cision. In the next section we do not truncate singular
values, in order to avoid complications in notations, and
the introduction of truncation is straightforward.

3. Half Column Transfer Matrix and Matrix
Product State

We introduce a new notation between matrices, the dot
product, which contract variables according to Einstein
rule. As an example, let us consider

P4 = C−1
3 · C4 , (3.1)

where q1, q2, and q3 are contracted but q4 is not, since
the first three spins are shared by C−1

3 and C4. Figure
3 shows this rule graphically. Substituting Eq. (2.3) and
(2.8) to C−1

3 · C4, we obtain
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3 ) · (A4 Ω4 U T
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4

= U3 Ω−1
3 · Ã4 Ω4 U T

4 . (3.2)

To avoid any confusion, let us write down element of P4

P4 (σ′|q4|σ) (3.3)

=
∑

ξζ

U3(σ
′|ξ)Ω−1

3 (ξ) Ã4(ξ q4|ζ)Ω4(ζ) U4(σ|ζ) ,

where the new matrix Ã4 = A T
3 · A4 is the renormalized

orthogonal matrix

Ã4(ξ q4|ζ) =
∑

q1 q2 q3
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(3.4)
which satisfies the relation
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Ã4(ξ q4|ζ
′) Ã4(ξ q4|ζ) = δ(ζ′|ζ) . (3.5)

In Eq. (3.4) the group of spins q1, q2, and q3 are mapped
onto the block spin ξ by the RG transformation A3. The
obtained Ã4 corresponds to the matrix that constructs
MPS, which is constructed by the infinite system DMRG
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method, as shown later.
The P4 thus obtained has a function of half-column

transfer matrix (HCTM), since it extends the width of
C3 by one by way of the dot product

C3 · P4 = C3 · (C
−1
3 · C4) = (C3 C−1

3 ) · C4 = C4 (3.6)

as shown in the left side of Fig. 4. Applying SVD to C3

and substituting Eq. (3.2), C3 · P4 is calculated as

(A3 Ω3 U T
3 ) · (U3 Ω−1

3 · Ã4 Ω4 U T
4 ) = A3 · Ã4 Ω4 U T

4 .
(3.7)

Since C3 is again constructed from C2 and P3 , as shown
in the right side of Fig. 4, we can further decompose C4

as

C4 = C2 ·P3 ·P4 = A2 ·Ã3 ·Ã4 Ω4 U T
4 . (3.8)

The contraction process by the dot products are shown
in the right side of Fig. 5. It should be noted that C2 ·P4

is not C3, since U T
2 contained in C2 and U3 contained in

P4 do not matches to give an identity. In this sense, P4

is an approximation for the half column transfer matrix,
optimized for the area extension of C3 only.

Using the decomposition of C4 in Eq. (3.8), we obtain
the matrix product representation of Ψ8 = C4C T

4 . We
have

Ψ8 = A2 ·Ã3 ·Ã4 (Ω4)
2Ã T

4 ·Ã T
3 ·A T

2

= A2 ·Ã3 ·Ã4 Λ4 Ã T
4 ·Ã T

3 ·A T
2 , (3.9)

where Λ4 = (Ω4)
2 is the singular value of Ψ8. (See Fig. 6.)

Such a construction of Ψ8 is equivalent to the MPS
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Ã4(" q4|#) =
∑

q1 q2 q3

A3(q1 q2 q3|" )A4(q1 q2 q3 q4|#) ,

(3.4)
which satisfies the relation

∑

ξq4
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as shown in the left side of Fig. 4. Applying SVD to C3
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(3.7)

Since C3 is again constructed from C2 and P3 , as shown
in the right side of Fig. 4, we can further decompose C4

as

C4 = C2 ·P3 ·P4 = A2 ·Ã3 ·Ã4 Ω4 U T
4 . (3.8)

The contraction process by the dot products are shown
in the right side of Fig. 5. It should be noted that C2 ·P4

is not C3, since U T
2 contained in C2 and U3 contained in

P4 do not matches to give an identity. In this sense, P4

is an approximation for the half column transfer matrix,
optimized for the area extension of C3 only.

Using the decomposition of C4 in Eq. (3.8), we obtain
the matrix product representation of Ψ8 = C4C

T
4 . We

have

Ψ8 = A2 ·Ã3 ·Ã4 (Ω4)
2Ã T

4 ·Ã T
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= A2 ·Ã3 ·Ã4 Λ4 Ã T
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2 , (3.9)

where Λ4 = (Ω4)
2 is the singular value of Ψ8. (See Fig. 6.)

Such a construction of Ψ8 is equivalent to the MPS
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elements during the numerical calculation. This trunca-
tion is a kind of decimation in the renormalization group
(RG) theory. Under the truncation, the matrices A4 work
as the RG transformation that controls numerical pre-
cision. In the next section we do not truncate singular
values, in order to avoid complications in notations, and
the introduction of truncation is straightforward.

3. Half Column Transfer Matrix and Matrix
Product State

We introduce a new notation between matrices, the dot
product, which contract variables according to Einstein
rule. As an example, let us consider

P4 = C−1
3 · C4 , (3.1)

where q1, q2, and q3 are contracted but q4 is not, since
the first three spins are shared by C−1

3 and C4. Figure
3 shows this rule graphically. Substituting Eq. (2.3) and
(2.8) to C−1

3 · C4, we obtain

P4 = (U3 Ω−1
3 A T

3 ) · (A4 Ω4 U T
4 )

= U3 Ω−1
3 · (A T

3 · A4)Ω4 U T
4

= U3 Ω−1
3 · Ã4 Ω4 U T

4 . (3.2)

To avoid any confusion, let us write down element of P4

P4 (σ′|q4|σ) (3.3)

=
∑

ξζ

U3(σ
′|ξ)Ω−1

3 (ξ) Ã4(ξ q4|ζ)Ω4(ζ) U4(σ|ζ) ,

where the new matrix Ã4 = A T
3 · A4 is the renormalized

orthogonal matrix

Ã4(ξ q4|ζ) =
∑

q
1

q
2

q
3

A3(q1 q2 q3|ξ) A4(q1 q2 q3 q4|ζ) ,

(3.4)
which satisfies the relation

∑

ξq4

Ã4(ξ q4|ζ
′) Ã4(ξ q4|ζ) = δ(ζ′|ζ) . (3.5)

In Eq. (3.4) the group of spins q1, q2, and q3 are mapped
onto the block spin ξ by the RG transformation A3. The
obtained Ã4 corresponds to the matrix that constructs
MPS, which is constructed by the infinite system DMRG

Fig. 4. The area of CTM can be extended by applying the ap-
proximate half-column transfer matrices.
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method, as shown later.
The P4 thus obtained has a function of half-column

transfer matrix (HCTM), since it extends the width of
C3 by one by way of the dot product

C3 · P4 = C3 · (C
−1
3 · C4) = (C3 C−1

3 ) · C4 = C4 (3.6)

as shown in the left side of Fig. 4. Applying SVD to C3

and substituting Eq. (3.2), C3 · P4 is calculated as

(A3 Ω3 U T
3 ) · (U3 Ω−1

3 · Ã4 Ω4 U T
4 ) = A3 · Ã4 Ω4 U T

4 .
(3.7)

Since C3 is again constructed from C2 and P3 , as shown
in the right side of Fig. 4, we can further decompose C4

as

C4 = C2 ·P3 ·P4 = A2 ·Ã3 ·Ã4 Ω4 U T
4 . (3.8)

The contraction process by the dot products are shown
in the right side of Fig. 5. It should be noted that C2 ·P4

is not C3, since U T
2 contained in C2 and U3 contained in

P4 do not matches to give an identity. In this sense, P4

is an approximation for the half column transfer matrix,
optimized for the area extension of C3 only.

Using the decomposition of C4 in Eq. (3.8), we obtain
the matrix product representation of Ψ8 = C4C T

4 . We
have

Ψ8 = A2 ·Ã3 ·Ã4 (Ω4)
2Ã T

4 ·Ã T
3 ·A T

2

= A2 ·Ã3 ·Ã4 Λ4 Ã T
4 ·Ã T

3 ·A T
2 , (3.9)

where Λ4 = (Ω4)
2 is the singular value of Ψ8. (See Fig. 6.)

Such a construction of Ψ8 is equivalent to the MPS
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method, as shown later.
The P4 thus obtained has a function of half-column

transfer matrix (HCTM), since it extends the width of
C3 by one by way of the dot product

C3 · P4 = C3 · (C−1
3 · C4) = (C3 C−1

3 ) · C4 = C4 (3.6)

as shown in the left side of Fig. 4. Applying SVD to C3
and substituting Eq. (3.2), C3 · P4 is calculated as

(A3 Ω3 U T
3 ) · (U3 Ω−1

3 · Ã4 Ω4 U T
4 ) = A3 · Ã4 Ω4 U T

4 .
(3.7)

Since C3 is again constructed from C2 and P3 , as shown
in the right side of Fig. 4, we can further decompose C4
as

C4 = C2 ·P3 ·P4 = A2 ·Ã3 ·Ã4 Ω4 U T
4 . (3.8)

The contraction process by the dot products are shown
in the right side of Fig. 5. It should be noted that C2 ·P4
is not C3, since U T

2 contained in C2 and U3 contained in
P4 do not matches to give an identity. In this sense, P4
is an approximation for the half column transfer matrix,
optimized for the area extension of C3 only.

Using the decomposition of C4 in Eq. (3.8), we obtain
the matrix product representation of Ψ8 = C4C T

4 . We
have

Ψ8 = A2 ·Ã3 ·Ã4 (Ω4)
2Ã T

4 ·Ã T
3 ·A T

2

= A2 ·Ã3 ·Ã4 Λ4 Ã T
4 ·Ã T

3 ·A T
2 , (3.9)

where Λ4 = (Ω4)
2 is the singular value of Ψ8. (See Fig. 6.)

Such a construction of Ψ8 is equivalent to the MPS
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as the RG transformation that controls numerical pre-
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product, which contract variables according to Einstein
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where q1, q2, and q3 are contracted but q4 is not, since
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method, as shown later.
The P4 thus obtained has a function of half-column

transfer matrix (HCTM), since it extends the width of
C3 by one by way of the dot product

C3 · P4 = C3 · (C−1
3 · C4) = (C3 C−1

3 ) · C4 = C4 (3.6)

as shown in the left side of Fig. 4. Applying SVD to C3
and substituting Eq. (3.2), C3 · P4 is calculated as

(A3 Ω3 U T
3 ) · (U3 Ω−1

3 · Ã4 Ω4 U T
4 ) = A3 · Ã4 Ω4 U T

4 .
(3.7)

Since C3 is again constructed from C2 and P3 , as shown
in the right side of Fig. 4, we can further decompose C4
as

C4 = C2 ·P3 ·P4 = A2 ·Ã3 ·Ã4 Ω4 U T
4 . (3.8)

The contraction process by the dot products are shown
in the right side of Fig. 5. It should be noted that C2 ·P4
is not C3, since U T

2 contained in C2 and U3 contained in
P4 do not matches to give an identity. In this sense, P4
is an approximation for the half column transfer matrix,
optimized for the area extension of C3 only.

Using the decomposition of C4 in Eq. (3.8), we obtain
the matrix product representation of Ψ8 = C4C T
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have

Ψ8 = A2 ·Ã3 ·Ã4 (Ω4)
2Ã T

4 ·Ã T
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= A2 ·Ã3 ·Ã4 Λ4 Ã T
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where Λ4 = (Ω4)
2 is the singular value of Ψ8. (See Fig. 6.)

Such a construction of Ψ8 is equivalent to the MPS
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elements during the numerical calculation. This trunca-
tion is a kind of decimation in the renormalization group
(RG) theory. Under the truncation, the matrices A4 work
as the RG transformation that controls numerical pre-
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values, in order to avoid complications in notations, and
the introduction of truncation is straightforward.

3. Half Column Transfer Matrix and Matrix
Product State
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3 · C4 , (3.1)
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3 A T

3 ) · (A4 Ω4 U T
4 )
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3 · A4)Ω4 U T
4

= U3 Ω! 1
3 · Ã4 Ω4 U T

4 . (3.2)

To avoid any confusion, let us write down element of P4
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∑
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3 (" ) Ã4(" q4|#)Ω4(#) U4(! |#) ,
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3 · A4 is the renormalized

orthogonal matrix
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∑

q
1

q
2

q
3

A3(q1 q2 q3|" ) A4(q1 q2 q3 q4|#) ,

(3.4)
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∑

ξq4

Ã4(" q4|#
") Ã4(" q4|#) = $(#"|#) . (3.5)

In Eq. (3.4) the group of spins q1, q2, and q3 are mapped
onto the block spin " by the RG transformation A3. The
obtained Ã4 corresponds to the matrix that constructs
MPS, which is constructed by the infinite system DMRG

Fig. 4. The area of CTM can be extended by applying the ap-
proximate half-column transfer matrices.

Fig. 5. Pictorial representation of Eq. (3.8).

method, as shown later.
The P4 thus obtained has a function of half-column

transfer matrix (HCTM), since it extends the width of
C3 by one by way of the dot product

C3 · P4 = C3 · (C! 1
3 · C4) = (C3 C! 1

3 ) · C4 = C4 (3.6)

as shown in the left side of Fig. 4. Applying SVD to C3
and substituting Eq. (3.2), C3 · P4 is calculated as

(A3 Ω3 U T
3 ) · (U3 Ω! 1

3 · Ã4 Ω4 U T
4 ) = A3 · Ã4 Ω4 U T

4 .
(3.7)

Since C3 is again constructed from C2 and P3 , as shown
in the right side of Fig. 4, we can further decompose C4
as

C4 = C2 ·P3 ·P4 = A2 ·Ã3 ·Ã4 Ω4 U T
4 . (3.8)

The contraction process by the dot products are shown
in the right side of Fig. 5. It should be noted that C2 ·P4
is not C3, since U T

2 contained in C2 and U3 contained in
P4 do not matches to give an identity. In this sense, P4
is an approximation for the half column transfer matrix,
optimized for the area extension of C3 only.

Using the decomposition of C4 in Eq. (3.8), we obtain
the matrix product representation of Ψ8 = C4C T

4 . We
have

Ψ8 = A2 ·Ã3 ·Ã4 (Ω4)
2Ã T

4 ·Ã T
3 ·A T

2

= A2 ·Ã3 ·Ã4 Λ4 Ã T
4 ·Ã T

3 ·A T
2 , (3.9)

where Λ4 = (Ω4)
2 is the singular value of Ψ8. (See Fig. 6.)

Such a construction of Ψ8 is equivalent to the MPS
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4. Approximate Area Extension

Let us consider a problem of obtaining an approxima-
tion of C5 = C4 áP5 without using P5 . This attempt is
equivalent to construct an approximation for C5 using
C2, C3, or C4. One might think that P4 = C ! 1

3 áC4 =
U3 ! ! 1

3 áÃ4 ! 4 U T
4 can be of use as an approximation for

P5 . But this idea should be rejected since U T
4 U3 , which

appears in the calculation of C4 áP4 , is not an identity. A
way to avoid this mismatching is to introduce a spatial
reflection of P4 , which is defined as

P̄4 = U4 ! 4 Ã T
4 á! ! 1

3 U T
3 , (4.1)

and use it as an approximation for P5 . Leaving the va-
lidity of the approximation scheme by the latter discus-
sion, let us calculate the approximate extension CApp.

5 =
C4 áP̄4 and write it into the matrix product representa-
tion. (See Fig. 7.) We obtain

CApp.
5 = A2áÃ3áÃ4 ! 4 U T

4 U4 ! 4 Ã T
4 á! ! 1

3 U T
3

= A2áÃ3áÃ4 (! 4)
2Ã T

4 á! ! 1
3 U T

3

= A2áÃ3áÃ4 " 4 Ã T
4 á! ! 1

3 U T
3 , (4.2)

and from this approximation we can construct

# App.
10 = CApp.

5 (CApp.
5 )T (4.3)

Fig. 8. Reorthogonalization process in Eq. (4.3). The recta ngular
in the lower diagram corresponds to Λ in Eq. (4.4).

= A2áÃ3áÃ4 " 4 Ã T
4 á" ! 1

3 áÃ4 " 4 Ã T
4 áÃ T

3 áA T
2 ,

which may approximate # 10. Applying Schmidt orthog-
onalization for " 4Ã

T
4 from the left side

" 4 Ã T
4 = B̃ " (4.4)

we obtain the new orthogonal matrix B̃ and the right
triangular matrix " . (See Fig. 8.) Substituting Eq. (4.4)
into Eq. (4.3), we get the matrix product expression

# App.
10 = A2áÃ3áÃ4áB̃ " " ! 1

3 " T B̃ T áÃ T
4 áÃ T

3 áA T
2 . (4.5)

The extension from # 8 to # App.
10 is the same as the wave

function extension scheme proposed by McCulloch,41)

where the approximation for the renormalized wave func-
tion is given by

#̃ App.
10 = B̃ " " ! 1

3 " T B̃ T . (4.6)

We have thus obtained a natural explanations for Mc-
Culloch’s extension scheme from the view point of 2D
vertex model. Up to now we have not considered the ef-
fect of basis truncation, which is used in numerical calcu-
lation of the infinite system DMRG method. First of all,
the extension in Eqs. (4.4) and (4.5) is still e$ cient under
the truncation, as it was shown numerically.41) We then
consider the extension from # N to #̃ N+2 in the large
system size limit N → ∞. For simplicity, let us assume
that the MPS in this limit is uniform, and the system is
away from criticality. In this limit we can drop the site
index from Eq. (4.1), and can express the approximate
transfer matrix as

P = U ! ! 1áÃ ! U T = U áS̃ U T , (4.7)

where S̃ = ! ! 1áÃ ! . From the assumed symmetry of the
vertex model, both P and S̃ are symmetric

P (σ"| q |σ) = P (σ| q |σ")

S̃(σ"| q |σ) = S̃(σ| q |σ") . (4.8)

This symmetry is also expressed in short form as P̄ = P

and ¯̃S = S̃. Thus at least when the system size N = 2i
is large enough, typically several times larger than the
correlation length, one can justify the usage of Ci áP̄i as
the approximation for Ci áPi+1 .

Before closing this section, we consider the MPS ex-
pression for # N that is optimized by way of the sweeping
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and use it as an approximation for P5 . Leaving the va-
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4 ·Ã T

3 ·A T
2 ,

which may approximate Ψ10. Applying Schmidt orthog-
onalization for Λ4Ã T

4 from the left side

Λ4 Ã T
4 = B̃ Λ (4.4)

we obtain the new orthogonal matrix B̃ and the right
triangular matrix Λ. (See Fig. 8.) Substituting Eq. (4.4)
into Eq. (4.3), we get the matrix product expression

ΨApp.
10 = A2·Ã3·Ã4·B̃ Λ Λ−1

3 ΛT B̃ T ·Ã T
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2 . (4.5)

The extension from Ψ8 to ΨApp.
10 is the same as the wave

function extension scheme proposed by McCulloch,41)

where the approximation for the renormalized wave func-
tion is given by

Ψ̃App.
10 = B̃ Λ Λ−1

3 ΛT B̃ T . (4.6)

We have thus obtained a natural explanations for Mc-
Culloch’s extension scheme from the view point of 2D
vertex model. Up to now we have not considered the ef-
fect of basis truncation, which is used in numerical calcu-
lation of the infinite system DMRG method. First of all,
the extension in Eqs. (4.4) and (4.5) is still efficient under
the truncation, as it was shown numerically.41) We then
consider the extension from ΨN to Ψ̃N+2 in the large
system size limit N → ∞. For simplicity, let us assume
that the MPS in this limit is uniform, and the system is
away from criticality. In this limit we can drop the site
index from Eq. (4.1), and can express the approximate
transfer matrix as

P = U Ω−1 · Ã Ω U T = U ·S̃ U T , (4.7)

where S̃ = Ω−1· Ã Ω. From the assumed symmetry of the
vertex model, both P and S̃ are symmetric

P(σ′| q |σ) = P(σ| q |σ′)

S̃(σ′| q |σ) = S̃(σ| q |σ′) . (4.8)

This symmetry is also expressed in short form as P̄ = P
and ¯̃S = S̃. Thus at least when the system size N = 2i
is large enough, typically several times larger than the
correlation length, one can justify the usage of Ci · P̄i as
the approximation for Ci · Pi+1.

Before closing this section, we consider the MPS ex-
pression for ΨN that is optimized by way of the sweeping
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4. Approximate Area Extension

Let us consider a problem of obtaining an approxima-
tion of C5 = C4 · P5 without using P5 . This attempt is
equivalent to construct an approximation for C5 using
C2, C3, or C4. One might think that P4 = C−1

3 · C4 =
U3 Ω−1

3 · ÷A4 Ω4 U T
4 can be of use as an approximation for

P5 . But this idea should be rejected sinceU T
4 U3 , which

appears in the calculation ofC4 ·P4 , is not an identity. A
way to avoid this mismatching is to introduce a spatial
reßection ofP4 , which is deÞned as

øP4 = U4 Ω4
÷A T
4 · Ω−1

3 U T
3 , (4.1)

and use it as an approximation for P5 . Leaving the va-
lidity of the approximation scheme by the latter discus-
sion, let us calculate the approximate extensionCApp.

5 =
C4 · øP4 and write it into the matrix product representa-
tion. (See Fig. 7.) We obtain

CApp.
5 = A2 · ÷A3 · ÷A4 Ω4 U T

4 U4 Ω4
÷A T
4 · Ω−1

3 U T
3

= A2 · ÷A3 · ÷A4 (Ω4)2 ÷A T
4 · Ω−1

3 U T
3

= A2 · ÷A3 · ÷A4 Λ4
÷A T
4 · Ω−1

3 U T
3 , (4.2)

and from this approximation we can construct

ΨApp.
10 = CApp.

5 (CApp.
5 )T (4.3)

Fig. 8. Reorthogonalization process in Eq. (4.3). The rectangular
in the lower diagram corresponds to Λ in Eq. (4.4).

= A2 · ÷A3 · ÷A4 Λ4
÷A T
4 · Λ−1

3 · ÷A4 Λ4
÷A T
4 · ÷A T

3 ·A T
2 ,

which may approximate Ψ10. Applying Schmidt orthog-
onalization for Λ4

÷A T
4 from the left side

Λ4
÷A T
4 = ÷B Λ (4.4)

we obtain the new orthogonal matrix ÷B and the right
triangular matrix Λ. (See Fig. 8.) Substituting Eq. (4.4)
into Eq. (4.3), we get the matrix product expression

ΨApp.
10 = A2· ÷A3· ÷A4· ÷B Λ Λ−1

3 ΛT ÷B T · ÷A T
4 · ÷A T

3 ·A T
2 . (4.5)

The extension fromΨ8 to ΨApp.
10 is the same as the wave

function extension scheme proposed by McCulloch,41)

where the approximation for the renormalized wave func-
tion is given by

÷ΨApp.
10 = ÷B Λ Λ−1

3 ΛT ÷B T . (4.6)

We have thus obtained a natural explanations for Mc-
CullochÕs extension scheme from the view point of 2D
vertex model. Up to now we have not considered the ef-
fect of basis truncation, which is used in numerical calcu-
lation of the inÞnite system DMRG method. First of all,
the extension in Eqs. (4.4) and (4.5) is still efficient under
the truncation, as it was shown numerically.41) We then
consider the extension fromΨN to ÷ΨN+2 in the large
system size limit N → ∞. For simplicity, let us assume
that the MPS in this limit is uniform, and the system is
away from criticality. In this limit we can drop the site
index from Eq. (4.1), and can express the approximate
transfer matrix as

P = U Ω−1 · ÷A Ω U T = U · ÷S U T , (4.7)

where ÷S = Ω−1· ÷AΩ. From the assumed symmetry of the
vertex model, both P and ÷S are symmetric

P (σ′| q |σ) = P (σ| q |σ′)

÷S(σ′| q |σ) = ÷S(σ| q |σ′) . (4.8)

This symmetry is also expressed in short form asøP = P

and ø÷S = ÷S. Thus at least when the system sizeN = 2 i
is large enough, typically several times larger than the
correlation length, one can justify the usage ofCi · øPi as
the approximation for Ci · Pi+1.

Before closing this section, we consider the MPS ex-
pression forΨN that is optimized by way of the sweeping
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Let us consider a problem of obtaining an approxima-
tion of C5 = C4 · P5 without using P5 . This attempt is
equivalent to construct an approximation for C5 using
C2, C3, or C4. One might think that P4 = C−1

3 · C4 =
U3 Ω−1

3 · Ã4 Ω4 U T
4 can be of use as an approximation for

P5 . But this idea should be rejected since U T
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appears in the calculation of C4 ·P4 , is not an identity. A
way to avoid this mismatching is to introduce a spatial
reflection of P4 , which is defined as
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and use it as an approximation for P5 . Leaving the va-
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5 =
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which may approximate Ψ10. Applying Schmidt orthog-
onalization for Λ4Ã
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we obtain the new orthogonal matrix B̃ and the right
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into Eq. (4.3), we get the matrix product expression
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The extension from Ψ8 to ΨApp.
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function extension scheme proposed by McCulloch,41)

where the approximation for the renormalized wave func-
tion is given by

Ψ̃App.
10 = B̃ Λ Λ−1

3 ΛT B̃ T . (4.6)

We have thus obtained a natural explanations for Mc-
Culloch’s extension scheme from the view point of 2D
vertex model. Up to now we have not considered the ef-
fect of basis truncation, which is used in numerical calcu-
lation of the infinite system DMRG method. First of all,
the extension in Eqs. (4.4) and (4.5) is still efficient under
the truncation, as it was shown numerically.41) We then
consider the extension from ΨN to Ψ̃N+2 in the large
system size limit N → ∞. For simplicity, let us assume
that the MPS in this limit is uniform, and the system is
away from criticality. In this limit we can drop the site
index from Eq. (4.1), and can express the approximate
transfer matrix as

P = U Ω−1 · Ã Ω U T = U ·S̃ U T , (4.7)

where S̃ = Ω−1· ÃΩ. From the assumed symmetry of the
vertex model, both P and S̃ are symmetric
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This symmetry is also expressed in short form as P̄ = P

and ¯̃S = S̃. Thus at least when the system size N = 2i
is large enough, typically several times larger than the
correlation length, one can justify the usage of Ci · P̄i as
the approximation for Ci · Pi+1.

Before closing this section, we consider the MPS ex-
pression for ΨN that is optimized by way of the sweeping
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Culloch’s extension scheme from the view point of 2D
vertex model. Up to now we have not considered the ef-
fect of basis truncation, which is used in numerical calcu-
lation of the infinite system DMRG method. First of all,
the extension in Eqs. (4.4) and (4.5) is still efficient under
the truncation, as it was shown numerically.41) We then
consider the extension from ΨN to Ψ̃N+2 in the large
system size limit N → ∞. For simplicity, let us assume
that the MPS in this limit is uniform, and the system is
away from criticality. In this limit we can drop the site
index from Eq. (4.1), and can express the approximate
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correlation length, one can justify the usage of Ci · P̄i as
the approximation for Ci · Pi+1 .

Before closing this section, we consider the MPS ex-
pression for ΨN that is optimized by way of the sweeping
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considered in the context of the infinite system DMRG
method.

4. Approximate Area Extension

Let us consider a problem of obtaining an approxima-
tion of C5 = C4 · P5 without using P5 . This attempt is
equivalent to construct an approximation for C5 using
C2, C3, or C4. One might think that P4 = C−1

3 · C4 =
U3 Ω−1

3 · Ã4 Ω4 U T
4 can be of use as an approximation for

P5 . But this idea should be rejected since U T
4 U3 , which
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4 · Ω−1

3 U T
3 , (4.1)
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5 =
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CApp.
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4 U4 Ω4 Ã T
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3 U T
3

= A2 ·Ã3 ·Ã4 (Ω4)
2Ã T

4 · Ω−1
3 U T

3

= A2 ·Ã3 ·Ã4 Λ4 Ã T
4 · Ω−1

3 U T
3 , (4.2)

and from this approximation we can construct

ΨApp.
10 = CApp.

5 (CApp.
5 )T (4.3)

Fig. 8. Reorthogonalization process in Eq. (4.3). The rectangular
in the lower diagram corresponds to " in Eq. (4.4).

= A2 ·Ã3 ·Ã4 Λ4 Ã T
4 · Λ−1

3 ·Ã4 Λ4 Ã T
4 ·Ã T

3 ·A T
2 ,

which may approximate Ψ10. Applying Schmidt orthog-
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T
4 from the left side

Λ4 Ã T
4 = B̃ Λ (4.4)

we obtain the new orthogonal matrix B̃ and the right
triangular matrix Λ. (See Fig. 8.) Substituting Eq. (4.4)
into Eq. (4.3), we get the matrix product expression
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2 . (4.5)

The extension from Ψ8 to ΨApp.
10 is the same as the wave

function extension scheme proposed by McCulloch,41)
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fect of basis truncation, which is used in numerical calcu-
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the extension in Eqs. (4.4) and (4.5) is still efficient under
the truncation, as it was shown numerically.41) We then
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away from criticality. In this limit we can drop the site
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where S̃ = Ω−1· ÃΩ. From the assumed symmetry of the
vertex model, both P and S̃ are symmetric
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This symmetry is also expressed in short form as P̄ = P

and ¯̃S = S̃. Thus at least when the system size N = 2i
is large enough, typically several times larger than the
correlation length, one can justify the usage of Ci · P̄i as
the approximation for Ci · Pi+1.

Before closing this section, we consider the MPS ex-
pression for ΨN that is optimized by way of the sweeping
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process in the Þnite system DMRG method. The matrix
product structure

ΨN = A2á÷A3á á á÷A N
2

Λ N
2

÷A T
N
2

á á á÷A T
3 áA T

2 (4.9)

is similar to that obtained by the inÞnite system DMRG
method, but in this case the matrices satisÞes the addi-
tional relation

÷AiΛi = Λi−1
÷A T

i , (4.10)

where both ÷Ai and Λi differ from those obtained by the
inÞnite system DMRG method. Taking the square root
of Λi , we formally obtain a diagonal matrix Ωi =

√

Λi .
It should be noted that this Ωi is different from that
obtained from the SVD applied to Ci . DeÞning

÷Si = Ω−1
i−1á÷Ai Ωi = Ωi−1

÷A T
i áΩ−1

i (4.11)

and substituting it to Eq. (4.9), we obtain a new standard
form for MPS

ΨN = Ω1 S2á÷S3á á á÷S N
2

÷S T
N
2

á á á÷S T
3 áS T

2 Ω1 , (4.12)

where Ω1 is just a constant and is not essential. It is
then straightforward to obtain the approximation ΨApp.

N+2

just by putting ø÷S N
2

ø÷S
T

N
2

at the center of the above MPS,
where this insertion is a variant of Eq. (4.5). In the ther-
modynamic limit N → ∞ the matrix ÷Si in Eq. (4.11)
is independent on the site indexi, and therefore it coin-
cides with ÷S in Eq. (4.8). This symmetric representation
of uniform MPS is often of use.

5. Conclusions and Discussions

We have considered the wave function prediction in
the inÞnite system DMRG method, when it is applied
to the 2D vertex model. Through the singular value de-
composition of CTM Ci , we obtained the approximate
half-column transfer matrix Pi . The insertion of øPi nat-
urally explains the wave function prediction proposed by
McCulloch,41) which works better than the product wave
function renormalization group (PWFRG) method, 23–25)

especially when the system size is small. The differ-
ence between these two prediction methods can be ex-
plained by the shape of Þnite size system. The PWFRG
method treats growing triangular cluster,24) whereas Mc-
CullochÕs scheme always treat half-inÞnite stripe.

The relation between CTM and MPS in the Þnite-
system DMRG method is not so clear. For example,Ψ8

can be expressed asC3 C T
5 , but the MPS representation

of the optimized Ψ8 by the Þnite system DMRG cannot

be obtained from the SVD applied toC3 and C5 indepen-
dently. This puzzle is something to do with the targeting
scheme for asymmetric vertex model, and also with the
determination of optimal RG transformation in the real-
time DMRG method, where the density matrix is time
dependent.
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is similar to that obtained by the infinite system DMRG
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at the center of the above MPS,

where this insertion is a variant of Eq. (4.5). In the ther-
modynamic limit N → ∞ the matrix S̃i in Eq. (4.11)
is independent on the site index i , and therefore it coin-
cides with S̃ in Eq. (4.8). This symmetric representation
of uniform MPS is often of use.

5. Conclusions and Discussions

We have considered the wave function prediction in
the infinite system DMRG method, when it is applied
to the 2D vertex model. Through the singular value de-
composition of CTM Ci , we obtained the approximate
half-column transfer matrix Pi . The insertion of P̄i nat-
urally explains the wave function prediction proposed by
McCulloch,41) which works better than the product wave
function renormalization group (PWFRG) method,23Ð25)

especially when the system size is small. The differ-
ence between these two prediction methods can be ex-
plained by the shape of finite size system. The PWFRG
method treats growing triangular cluster,24) whereas Mc-
Culloch’s scheme always treat half-infinite stripe.

The relation between CTM and MPS in the finite-
system DMRG method is not so clear. For example, Ψ8
can be expressed as C3 C T

5 , but the MPS representation
of the optimized Ψ8 by the finite system DMRG cannot

be obtained from the SVD applied to C3 and C5 indepen-
dently. This puzzle is something to do with the targeting
scheme for asymmetric vertex model, and also with the
determination of optimal RG transformation in the real-
time DMRG method, where the density matrix is time
dependent.
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modynamic limit N → ∞ the matrix ÷Si in Eq. (4.11)
is independent on the site indexi, and therefore it coin-
cides with ÷S in Eq. (4.8). This symmetric representation
of uniform MPS is often of use.

5. Conclusions and Discussions

We have considered the wave function prediction in
the inÞnite system DMRG method, when it is applied
to the 2D vertex model. Through the singular value de-
composition of CTM Ci , we obtained the approximate
half-column transfer matrix Pi . The insertion of øPi nat-
urally explains the wave function prediction proposed by
McCulloch,41) which works better than the product wave
function renormalization group (PWFRG) method, 23–25)

especially when the system size is small. The differ-
ence between these two prediction methods can be ex-
plained by the shape of Þnite size system. The PWFRG
method treats growing triangular cluster,24) whereas Mc-
CullochÕs scheme always treat half-inÞnite stripe.

The relation between CTM and MPS in the Þnite-
system DMRG method is not so clear. For example,Ψ8

can be expressed asC3 C T
5 , but the MPS representation

of the optimized Ψ8 by the Þnite system DMRG cannot

be obtained from the SVD applied toC3 and C5 indepen-
dently. This puzzle is something to do with the targeting
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time DMRG method, where the density matrix is time
dependent.
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9) A. Klümper, A. Schadschneider, and J. Zittartz: Z. Phys. B

87 (1992) 281.
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in Eq. (3.9). Double cir-
cle represent "

4
= (#

4
)2.

!

Fig. 7. Approximate area extension process CApp.
5

= C
4

áP̄
4
.

considered in the context of the infinite system DMRG
method.

4. Approximate Area Extension

Let us consider a problem of obtaining an approxima-
tion of C5 = C4 · P5 without using P5 . This attempt is
equivalent to construct an approximation for C5 using
C2, C3, or C4. One might think that P4 = C−1

3 · C4 =
U3 Ω−1

3 · Ã4 Ω4 U T
4 can be of use as an approximation for

P5 . But this idea should be rejected since U T
4 U3 , which

appears in the calculation of C4 ·P4 , is not an identity. A
way to avoid this mismatching is to introduce a spatial
reflection of P4 , which is defined as

P̄4 = U4 Ω4 Ã T
4 · Ω−1

3 U T
3 , (4.1)

and use it as an approximation for P5 . Leaving the va-
lidity of the approximation scheme by the latter discus-
sion, let us calculate the approximate extension CApp.

5 =
C4 · P̄4 and write it into the matrix product representa-
tion. (See Fig. 7.) We obtain

CApp.
5 = A2 ·Ã3 ·Ã4 Ω4 U T

4 U4 Ω4 Ã T
4 · Ω−1

3 U T
3

= A2 ·Ã3 ·Ã4 (Ω4)
2Ã T

4 · Ω−1
3 U T

3

= A2 ·Ã3 ·Ã4 Λ4 Ã T
4 · Ω−1

3 U T
3 , (4.2)

and from this approximation we can construct

ΨApp.
10 = CApp.

5 (CApp.
5 )T (4.3)

Fig. 8. Reorthogonalization process in Eq. (4.3). The rectangular
in the lower diagram corresponds to " in Eq. (4.4).

= A2 ·Ã3 ·Ã4 Λ4 Ã T
4 · Λ−1

3 ·Ã4 Λ4 Ã T
4 ·Ã T

3 ·A T
2 ,

which may approximate Ψ10. Applying Schmidt orthog-
onalization for Λ4Ã

T
4 from the left side

Λ4 Ã T
4 = B̃ Λ (4.4)

we obtain the new orthogonal matrix B̃ and the right
triangular matrix Λ. (See Fig. 8.) Substituting Eq. (4.4)
into Eq. (4.3), we get the matrix product expression

ΨApp.
10 = A2·Ã3·Ã4·B̃ Λ Λ−1

3 ΛT B̃ T ·Ã T
4 ·Ã T

3 ·A T
2 . (4.5)

The extension from Ψ8 to ΨApp.
10 is the same as the wave

function extension scheme proposed by McCulloch,41)

where the approximation for the renormalized wave func-
tion is given by

Ψ̃App.
10 = B̃ Λ Λ−1

3 ΛT B̃ T . (4.6)

We have thus obtained a natural explanations for Mc-
Culloch’s extension scheme from the view point of 2D
vertex model. Up to now we have not considered the ef-
fect of basis truncation, which is used in numerical calcu-
lation of the infinite system DMRG method. First of all,
the extension in Eqs. (4.4) and (4.5) is still efficient under
the truncation, as it was shown numerically.41) We then
consider the extension from ΨN to Ψ̃N+2 in the large
system size limit N → ∞. For simplicity, let us assume
that the MPS in this limit is uniform, and the system is
away from criticality. In this limit we can drop the site
index from Eq. (4.1), and can express the approximate
transfer matrix as

P = U Ω−1 · Ã Ω U T = U ·S̃ U T , (4.7)

where S̃ = Ω−1· ÃΩ. From the assumed symmetry of the
vertex model, both P and S̃ are symmetric

P (! ′| q |! ) = P (! | q |! ′)

S̃(! ′| q |! ) = S̃(! | q |! ′) . (4.8)

This symmetry is also expressed in short form as P̄ = P

and ¯̃S = S̃. Thus at least when the system size N = 2i
is large enough, typically several times larger than the
correlation length, one can justify the usage of Ci · P̄i as
the approximation for Ci · Pi+1.

Before closing this section, we consider the MPS ex-
pression for ΨN that is optimized by way of the sweeping
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a byproduct: Symmetric (?) MPS

1

Wave Function Prediction: a Classical Background

Tomotoshi Nishino

Department of Physics, Faculty of Sciences, Kobe-University, Kobe 657-8501

We report a physical background of the wave function prediction in the infi-
nite system density matrix renormalization group (DMRG) method,1)–4) from the
view point of two-dimensional vertex model,5) a typical lattice model in statistical
mechanics. Singular value decomposition applied to rectangular corner transfer ma-
trices naturally draws matrix product representation for the maximal eigenvector of
the row-to-row transfer matrix. The wave function prediction can be expressed as
the insertion of an approximate half-column transfer matrix. This insertion process
is in accordance with the scheme proposed by McCulloch.1)
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* What is not clarified:

    MPS obtained AFTER finite system sweeping is not
    so trivial. (At least it is difficult to determine each 
    matrix from classical half-row transfer matrices.)

* What is clarified:

    MPS obtained DURING infinite system DMRG has
    a classical background either by vertex models
    or by Trotter formula.






