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ÅάYƴƻōǎ ƻŦ ŎƻƴǘǊƻƭέ ƛƴ ultracoldFermi gases

ïInteraction, trap, disorder, population imbalance

ÅDMRG Studies of 1D two-species Fermi gases
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(1) Trapped population-

imbalanced gas:

Larkin-Ovchinnikovtype

condensate
[Tezukaand Ueda:

PRL 100, 110403; NJP 12, 055029]

(2) Equal-population gas in

quasiperiodicpotential:

disorder enhances pairing;

άƳŜǘŀƭƭƛŎέ ǊŜƎƛƳŜ ǿƛǘƘƻǳǘ

quasi-long-range pair correlation
[Tezukaand García-García: PRA 82, 043613]



Superconductivity

Superfluidity

Introduction

ÅOptical lattice ċ laser standing wave
ïBichromaticlattice [Roatiet al.: Nature 453, 895 (2008)]

ÅHolographic potential imprinting in 2D
ïaΦ DǊŜƛƴŜǊΩǎ ƎǊƻǳǇ ώDƛƭƭŜƴ et al.: PRA 2009; Bakret al.: Nature 2009]
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Disorder:

enhance?
suppress?

Interaction:

pairing force?
other phase?

Now widely controllable in cold Fermi atomic gases

Population imbalance
Ґ άƳŀƎƴŜǘƛŎ ŦƛŜƭŘέ Υ CC[hΚ
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Trapped 1D Fermi gases with popl. imbalance
realized

Y.-a. Liao et al.:
Nature 467, 567 (2010)

Speckle potential for bosons
Billy et al.: Nature 453, 891 (2008)

Holographic potential
imprinting in 2D

Bakret al.:
Nature 462, 74 (2009)

Bichromaticlattice
Roatiet al.: Nature 453, 895 (2008)
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Our motivation: what happens in 1D?

Quantum fluctuation suppresses true 
long-range order (LRO) even for T=0

Condensate can exist (algebraic decay 
of pair correlation = quasi LRO)

Is non-localized system 
always superfluidat low T?

Spatial distribution of order 
parameter? FFLO? Study with

numerically exact 
method (DMRG)



Calculated ground state with DMRG

Trapped 1D Fermi gases with popl. imbalance:
Is condensate with pair momentum realized?

M. Tezukaand M. Ueda:
PRL 100, 110403 (2008);  NJP 12, 055029 (2010)

(1) population-imbalanced case

Experimental realization
Y.-a. Liao et al.:
Nature 467, 567 (2010)

Model: 1D Hubbard model (at low filling; n=N/L~0.2)
with trapping potential

Fulde-Ferrell
state

Larkin-Ovchinnikov
state

Normalized real-space coordinate
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ɲ exp(iqx)

ɲ cos(qx)

density difference
oscillates with
wave number 2q



Discretization of the space
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L-site Hubbard model

Confining potential
Kinetic energy

Site potential

K. E. dispersion

cf. optical lattice systems
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up down difference

Pair correlation and density distribution

M. Tezukaand M. Ueda,
PRL 100, 110403 (2008)

Pair correlation 
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up down difference

Pair correlation and density distribution

M. Tezukaand M. Ueda,
PRL 100, 110403 (2008)

Pair correlation 
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Conclusion: (1)
Population imbalance + harmonic trap
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see also:
Feiguinand Heidrich-Meisner: PRB 76, 220508R (2007); PRL 102, 076403 (2009) (Ladder);
Lüscher, Noack, and Läuchli: PRA 78, 013637 (2008); Batrouniet al.: PRL 100, 116405 (2008) (QMC)
Machida, Yamada, Okumura, Ohashi, and Matsumoto: PRA 77, 053614 (2008);
Rizziet al.: PRB 77, 245105 (2008); Machida et al.: PRB 78, 235117 (2008)

ÅPairing? Č LO (quasi-) condensate

ÅPhase separation? Č Yes (LO at center)

ÅUpper limit in imbalance Pfor 
condensation? Č not observed

M. Tezukaand M. Ueda,
PRL 100, 110403 (2008); NJP 12, 055029 (2010)
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(2) Effect of disorder
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¶Bichromaticpotential
άAubry-!ƴŘǊŞ ƳƻŘŜƭέ ό!ƴƴΦ LǎǊΦ tƘȅǎΦ {ƻŎΦ оΣ моо όмфулύύ

- non-interacting : metal-insulator transitionŀǘ ˂Ґнt for any filling

- Bose Hubbard (DMRG): Deng et al.: PRA 78, 013625 (2008); Roux et al.: PRA 78, 023628 (2008)

- SpinlessFermions : Chaves and Satija(ED, PRB 55, 14076 (1997)); Schuster et al.(PBC DMRG, 
PRB 65, 115114 (2002))

() ( )qpwl +¹ nnV 2cos

Introduce disorder by modulating
the site potential V(n)

ωSpeckle potential
ςAll eigenstatesexponentially localized
ω L. Sanchez-Palencia et al.: PRL 98, 210401(2007)

ω Garcia-Garcia and Cuevas: PRB 79, 073104 (2009)

ωFibonacci potential ABAABABA ...

ς /ǊƛǘƛŎŀƭ ƛǊǊŜǎǇŜŎǘƛǾŜ ƻŦ ǘƘŜ ǎǘǊŜƴƎǘƘ ƻŦ ˂κt

ς Vidal et al.: PRL 83, 3908 (1999), PRB 65, 014201 
(2001); Hida: PRL 86, 1331 (2001)

Optical lattice with on-site interaction



Formulation: Hubbard model
+ quasiperiodicsite potential

Å Ratio of consectiveFibonacci numbers Ą golden ratio (=irrational number) as kĄқ

Å (N ,̀ L) = (10,90), (26, 234), (42, 378):  filling n=2/9
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Plot of V(n) for L=145

t=1
(unit of energy)



Population-balanced case
What should happen?

ÅWhat comes between these limits?
ïDoes disorder enhance/suppress pairing?

ïDifferent transition points?

Č Let us check numerically

14

Strong attraction:
(hard-core) bosons

effective hopping ~ t2/| U|
[Ghosalet al.: PRB 65, 014501]

Weak attraction:
many-body gap;

long coherence  length

Insulating transition should 
suppress superfluidity

{Ƴŀƭƭ ˂ Υ superfluidstate | U|/ t

˂κt

Attraction
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How to detectpairinganddelocalization?

Phase sensitivity: requires (anti-)periodic condition [see e.g.Schuster et al.: PRB 65, 115114 (2002) ]

Hard to calculate within DMRG (not open BC)

Compare between different system sizes

Delocalization

Inverse participation ratio (IPR)
Add 2 atoms Č How uniformly is the population increase distributed?
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Pairing
On-site pair correlation function: 
easy to calculate with DMRG
Depends on the site potentials of the site pair

Averaged equal-time pair structure factor
Sum of pair correlation for all lengths
Č average over sites
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Increasing function of L
if decay of correlation is slowcf. Hurt et al.: PRB 72, 144513 (2005);

Mondainiet al.: PRB 78, 174519 (2008)



¢ƘŜ ŎŀǎŜ ǿƛǘƘƻǳǘ ŘƛǎƻǊŘŜǊ ό˂Ґлύ

Inverse participation ratio
indicator of atom delocalization

16Both increase with |U|, and system size L

indicator of global (quasi long-range) superfluidity
Pair structure factor



U=-1
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L=378  m=400

N=42 ĄN=43
Occupancy change



Intermediate |U|

Pairing enhanced
by disorder

U=-1 :
Quasi long-range
pairingdisappears
όp˂~0.95) before
localizationόc˂~1.00)

Pair structure factor

Inverse participation ratio

Tezukaand García-García:
PRA 82, 043613 (2010)



Larger |U|
Pair structure factor

Inverse participation ratio

Tezukaand García-García:
PRA 82, 043613 (2010)

U=-6 :
Quasi long-range
pairingdisappears
at around localization
όc˂~0.30)


