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DMRG achieved one of the 
major step in simulating of 
strongly correlated systems

DMRG: variational method within 
the class of MPS

DMRG can be generalized to deal with 2D systems:
A family of variational ansatze has been proposed

including PEPS, MERA and iPEPS
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Assessing the accuracy of projected entangled-pair states on infinite lattices

Figure 6. Convergence of relative errors ∆x = |x(iPEPS)− x(QMC)|/|x(QMC)|
with bond dimension M . Monte Carlo results from [40, 41] are taken as exact.
For the definition of the magnetization, refer to the text.

where we choose the couplings J 〈i,j〉 inhomogeneously according to the pattern shown
on the left in figure 8. For J ′ = 1, J = 0, the state is made up of singlets on the
strong-coupling bonds. In the limit J = J ′, the isotropic Heisenberg model is recovered.
Between those limits, a second-order phase transition occurs [44]. The behaviour of the
order parameter, the staggered magnetization, is shown in figure 9. While the results do
indicate a second-order phase transition, the critical point observed for small M deviates
significantly from the Monte Carlo result.

This is a clear indication that the phase on both sides of the transition is a highly
entangled one: even in the limit of pure dimers, M = 2 is required to describe the ground
state; in the limit of the Heisenberg models, quantum fluctuations around the Néel state
are very strong. It is interesting to note that the results for M = 3 interpolate between
those for M = 2 towards the dimerized phase and M = 4 towards the antiferromagnet.

4. Frustrated Heisenberg models

To study the applicability of the iPEPS method to frustrated quantum models, we have
studied a phase transition in the family of models obtained by choosing the signs of
the different couplings as shown in figure 8 in such a way that the product around
each plaquette is negative, i.e. JJ ′ < 0. The class of models allows a large degree of
freedom in the choice of parameters. In particular, we can choose full Heisenberg coupling
J 〈i,j〉

xy = J 〈i,j〉
z or restrict the coupling to the XY plane, |Jxy| > 0, Jz = 0.

The case of Heisenberg couplings on the staggered pattern has been studied by Krüger
et al [45] using the coupled-cluster method and exact diagonalization. The authors find a
phase transition from the antiferromagnetic state in the non-frustrated limit to a hexatic
phase. Classically, this occurs at a coupling ratio J ′/J = 1/3; in the quantum model, the
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Figure 9. Staggered magnetization of the dimerized Heisenberg model as a
function of the coupling ratio. J/J ′ = 1 corresponds to the isotropic Heisenberg
model, while J/J ′ = 0 corresponds to isolated dimers on every second horizontal
bond.

Classical analogues of spin-1
2 systems can be obtained by replacing the classical spins

with Ising (Z2), XY (O(2)) or Heisenberg (O(3)) spins. Equivalently, one can consider
mean-field solutions of the quantum system since for spin-12 degrees of freedom, the mean-
field approximation to a Hamiltonian of the form

H =
∑

〈i,j〉

J 〈i,j〉
x σx

i σx
j + J 〈i,j〉

y σy
i σ

y
j + J 〈i,j〉

z σz
i σ

z
j , (11)

can be mapped exactly to a classical Hamiltonian for Heisenberg spins. We can therefore
choose to either solve a classical system or perform a mean-field simulation, e.g. by
minimizing the energy of an iPEPS state with bond dimension M = 1. In this case,
the renormalization procedure described above reduces to a multiplication with a scalar
which cancels for all physical observables.

The classical system has been studied by Villain [46] and solved for the case of
|J ′| = |J | with Ising and XY spins. For XY spins on the staggered pattern, a twofold-
degenerate hexatic state is found, which exhibits a 2× 2 site unit cell. Using numerical
mean-field calculations on a 2 × 2 unit cell, we locate a second-order phase transition
from a ferromagnetically ordered state to the hexatic state at J ′/J = 1/3. Our result for
J ′/J = 1 is consistent with the result of Villain.

To simulate the quantum system beyond mean-field level, we use an iPEPS ansatz
with M = 2 and a 2 × 2 unit cell. The classical ground state is used as initial state
for the iPEPS simulation, since this improves the stability and convergence speed of
the algorithm. We measure the energy on each bond and the relative angles between
the spins in the XY plane. For the ferromagnetic configuration, these are 0; for
∠(AC) = ∠(AB) = π, ∠(AD) = 0, the state is antiferromagnetic. In between these limits,
a hexatic state is found. Therefore, the angles can be interpreted as order parameters for
the phase transition.
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FIG. 19. (color online) The SRG result of the ground state
energy as a function of the truncation dimension Dcut for the
Heisenberg model on a honeycomb lattice. D is the bond
dimension of the wavefunction.

lattice, the ground state energy per-site is given by
3〈H12〉/2.
The spin conservation law defined by Eqs. (60) and

(61) can be also implemented to tensors T a and T b. If
we define

S[Xi] = S[xi]− S[x′
i], (69)

and similarly for S[Yi] and S[Zi], then the spin conser-
vation for T a or T b is then given by

S[Xi] + S[Yi] + S[Zi] = 0. (70)

The expectation value (64) can be calculated using the
SRG method[4, 5] introduced in Sec. III. Fig. 19 shows
how the ground state energy varies with the truncation
dimension Dcut for the Heisenberg model on a honey-
comb lattice. For the three cases shown in the figure, the
ground state energy shows a small variance at the fifth
decimal when Dcut is above 80. This variance results
from the truncation error in the SRG calculation.
Fig. 20 shows the ground state energy of the Heisen-

berg model as a function of the bond dimension D ob-
tained using the SRG. The result converges quickly with
increasing D. This is because the ground state energy is
determined by the local correlation function. It is insen-
sitive to the long wavelength fluctuation of the wavefunc-
tion. The converged ground state energy of D = 16 is
-0.54440 by keepingDcut = 130 states. It agrees with the
most recent Monte Carlo result E = −0.54455(20).[30] It
is also consistent with the spin wave[31] (-0.5489) as well
as the series expansion[32] (-0.5443) results.
For the Hamiltonian, or any other physical operators

which commute with H , the ground state |Ψ〉 can be a
common eigenfunction of these variables. The expecta-
tion values of these conserving physical variables can be
also evaluated by the following equation

〈O〉 =
〈Φ|Ô|Ψ〉
〈Φ|Ψ〉

, (71)

FIG. 20. (color online) The ground state energy of the Heisen-
berg model on a honeycomb lattice as a function of the bond
dimension D obtained by the SRG with Dcut = 130.

FIG. 21. (color online) The staggered magnetization as a
function of D for the Heisenberg model on a honeycomb lat-
tice.

where |Φ〉 is an arbitrary wavefunction that is not orthog-
onal to |Ψ〉. An advantage for evaluating the expectation
value using this formula is that the bond dimension of |Φ〉
can be much smaller than |Ψ〉. This can reduce the bond
dimension Dc for the tensors used in Eq. (65) and allow
a tensor-network wavefunction with a relatively larger
bond dimension to be studied.
For the Heisenberg model on a honeycomb lattice, the

ground state is spontaneous symmetry broken. It pos-
sesses a long range antiferromagnetic order with a finite
staggered magnetization. The staggered magnetization
measures the long range spin-spin correlation functions.
In an applied staggered magnetic field, the spin wave ex-
citation is gapped. The spin-spin correlation function,
excluding a constant long range term, decays exponen-
tially with their distance. However, in the absence of an
applied staggered magnetic field, the spin wave excita-
tion is a gapless Goldstone mode. The low energy, or
long wavelength, spin fluctuation is strong in a Honey-
comb lattice. These low energy fluctuations can affect

H.H. Zhao et al. Phys. Rev. B 81, 174411 (2010)

M = 0.3098(SRG)
M = 0.2681(MC)
∆M = 0.0417

M = 0.35(iPEPS)
M = 0.307(SSE)
∆M = 0.043
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Method of PEPS ansatz often comes with very large complexity scaling with D

• PEPS with variational minimization of the ground state energy ~ 

• iPEPS with time evolution ~

• TERG contraction of square lattice ~ 

•  TERG contraction of honeycomb lattice ~ 

D12
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D D2

(a) (b) (c)

 is the Schmidt coefficients kept ( also referred as          )χ Dcut

a square root speed up is 
obtained by using importance 
sampling over physical 
indices, which is first shown 
for MPS and string bond state. 

A. W. Sandvik et al., Phys. Rev. Lett. 99, 220602 (2007).
N. Schuch et al., Phys. Rev. Lett. 100, 040501 (2008).
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• We use poorman’s update (the simple update) introduced by Xiang et al. to obtain 
the tensor describing the ground state of AF Heisenberg model on square lattice.

• We use importance sampling QMC method to evaluate finite size energy and 
staggered magnetization for square lattices with periodic boundary condition. 
Especially, we choose TERG method to approximately contract a tensor network.

Z.-C. Gu et al., Phys. Rev. B 78, 205116 (2008)

H.-C. Jiang et al., Phys. Rev. Lett. 101090603 (2008)
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The poorman’s update

√
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√
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QL RL RR QR

RLRR = UΛV T

this trick basically reduces the cost from           to                     D9 D5
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TERG algorithm

(a) (b) (c)

TB
ijkl =

∑

α

S1
ijαS3

klα,

TA
jkli =

∑

α

S2
jkαS4

liα,

T ′
αβγδ =

∑

ijkl

S2
jkαS3

klβS4
liγS1

ijδ.

TB
ijkl =

D2∑

α=1

UijαΛαVklα,

S1 = Ū
√

Λ̄ S3 = V̄
√

Λ̄

A B

Thursday, October 28, 2010



QM sampling

〈ψ|H|ψ〉
〈ψ|ψ〉 =

∑
σ W 2(σ)

∑
σ′

〈σ|H|σ′〉W (σ′)
W (σ)∑

σ W 2(σ)

P = min
[
1,

W 2(σ′)
W 2(σ)

]
,

W (σ′)
W (σ)

=
g′

g

∏

qp

f ′q,p

fq,p

W (σ) = tTr{T s1T s2 · · ·T sN }, |σ〉 ≡ |s1, s2, · · · , sN 〉

g ≡ tTr{T 1,nrT 2,nrT 3,nrT 4,nr}, fq,p ≡ max{|T q,p
ijkl|}

Thursday, October 28, 2010



0.35

0.40

 0 0.1 0.2 0.3

M

1/D

L=16

L= 8

L= 4

0.0000

0.0005

0.0010

 5 10 15

!
E

D

L=16

L= 8

L= 4

0.00

0.04

0.08

 5 10 15

C
(L

/2
,L

/2
)

D

L=4  C
x,y

L=8  C
x,y

L=16 C
x,y

L=4  C
z

L=8  C
z

L=16 C
z

0.997

0.998

0.999

1.000

 5 10 15

<
!

0
|!

 >

D

Cα(L/2, L/2) =
1
L2

∑

i

Sα(ix, iy)Sα(ix +
L

2
, iy +

L

2
), M2 =

∑

α

Cα(L/2, L/2).

The finite size magnetization errors are 0.003(2) and 0.013(2) at D=16 for a system of size L=8,16 respectively. 
Finite D extrapolation provides exact finite size magnetization for L=8, and reduces the magnetization error to 
0.005(3) for L=16.

Thursday, October 28, 2010


