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Entropy production in pure state

Thermalization <) Entropy production

When the system is an isolated system,
von-Neumann entropy dose not change by the quantum time
evolution.

We consider coarse-graining for entropy production.

Ex) Partial trace is one way of coarse-graining.

pa = Trzp
—Entanglemententropy S4 = —1rp4 logpa
Definition in gauge theory [Aoki et. al.(2015); Ghosh et. al.(2015) etc.]
Probe of confinement [I.R.Klebanov et. al.(2008)]

[Velytsky(2008); Buividovich,Polikarpov(2008);

Lattice simulation Y.Nakagawa et. al.(2008,2010); E.Ito et. al.(2015). etc.]


http://texclip.marutank.net/texclip.php?s=/begin{align*}
S_A%3D-{/rm Tr} /rho_A/log/rho_A
/end{align*}
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Instability, Chaos & Entropy production

/CIassicaIsvstem \ /Quantumsvstem\

Instability Entropy
& production
Chaoticity

Ex) Entanglement entropy

o o\ /

Semi-classical treatment

What is the relation between them?

In this talk, we consider coarse-graining on “phase space”
and define another entropy.
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Motivation by phenomenology

Phase transition

&

Hadron Quark gluon plasma
(Confined) (Deconfined)

Relativistic heavy ion collisions

Collision & Thermalizatio§ r

Non-equilibrium process

e

Strong gluon field is dominant.
It is well described by semi-classical Yang-Mills field.
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Wigner function

Wigner function [Wigner(1932)]
(7. 0) = [ diexp(—i /R + /2ol — /2

Wigner function is the density matrix in Wigner representation.

A [ (x))?
/\ p = [N » fw /(\
= — X '

(Quasi-)distribution function

A dpdq
()= [ S w2 ) Aw (5.



http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
/langle /hat{A}/rangle %3D/int /frac{d /vec{p} d/vec{q}}{(2 /pi /hbar)^n}f_W(/vec{p},/vec{q};t)A_W(/vec{p},/vec{q};t)
/end{align*}
http://texclip.marutank.net/texclip.php?s=/begin{align*}
f_W(/vec{p},/vec{q};t)%3D/int d/vec{/eta}/exp(-i /vec{p}/cdot /vec{/eta}//hbar)/langle/vec{q}%2B/vec{/eta}/2|/rho|/vec{q}-/vec{/eta}/2/rangle
/end{align*}
http://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0Af_W%0A%5Cend%7Balign*%7D
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Semi-classical time evolution

Time evolution of Wigner function /w7 ¢t) = /dﬁexp(—iﬁ- 7T/ B)(q + 77/2] pl T — 77/2)

—~—=— 10

0, ~=OVOfw ~—pilfw 2
fw = dq; Op; — dq; (h )

/)

~0(h9)

In semi-classical approximation,

d
— o q:t) =0
dth(pJQJ )

: : . Pi . oV
With classical EOM ¢ = —,pi = —
m 0qi

The semi-classical time evolution of Wigner function reflects
the classical dynamics, the chaotic behaviors.


http://texclip.marutank.net/texclip.php?s=/begin{align*}
f_W(/vec{p},/vec{q};t)%3D/int d/vec{/eta}/exp(-i /vec{p}/cdot /vec{/eta}//hbar)/langle/vec{q}%2B/vec{/eta}/2|/rho|/vec{q}-/vec{/eta}/2/rangle
/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
/frac{/partial}{/partial t}f_W%3D/sum^n_i /frac{/partial V}{/partial q_i}/frac{/partial f_W}{/partial p_i}-/sum^n_i/frac{p_i}{m}/frac{/partial f_W}{/partial q_i}%2BO(/hbar^2)
/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
/frac{d}{d t}f_W(/vec{p},/vec{q};t)%3D0
/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
/dot{q}_i%3D/frac{p_i}{m},/dot{p_i}%3D-/frac{/partial V}{/partial q_i}
/end{align*}
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Another coarse-graining & Entropy

Another coarse-graining : Gaussian smearing

Husimi function [Husimi(1940)]

f (F; t) _ <(¥|ﬁ|5§> _ |<5§|cb>|2 > 0 |C_f>;coherent state
’ o p = 16)(9l
— / () exp(—g(I‘ —I")?) fw (TV; 1)

Where [ = (ﬁ, (j) is a point on the “phase space” in Wigner rep..

Gaussian C Wigner function ==+ not positive definite

smearing Husimi function -+ semi-positive definite

Husimi-Wehrl (HW) entropy [Wehrl(1978)]

Suw (t) = —/ (zig)an(FEt) log fr (I'; )



http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
|/vec{/alpha}/rangle
/end{align*}
http://texclip.marutank.net/}{(/pi /hbar)^n}/exp(-/frac{1}{/hbar}(/Gamma-/Gamma')^2)f_W(/Gamma
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
/rho%3D|/phi/rangle/langle /phi|
/end{align*}
http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5CGamma%3D(%5Cvec%7Bp%7D%2C%5Cvec%7Bq%7D)%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0AS_%7BHW%7D(t)%3D-%5Cint%20%5Cfrac%7Bd%20%5CGamma%7D%7B(2%5Cpi%20%5Chbar)%5En%7Df_H(%5CGamma%3Bt)%5Clog%20f_H(%5CGamma%3Bt)%0A%5Cend%7Balign*%7D
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Detect chaoticity

The figures are transferred from [Kunihiro-Muller-Ohnishi-Schafer (2009)].

Wigner function Husimi function HW entropy

jl> Small

Gaussian
smearing

p
I |
| R N o N

2
2 0
2
4
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Detect chaoticity

The figures are transferred from [Kunihiro-Muller-Ohnishi-Schafer (2009)].

Wigner function Husimi function HW entropy

Gaussian
smearing

' >0 > Small

Time evolution
Chaos and instability

:> Big!

Gauss smearing makes entropy production
when the system has chaoticity and instability.

4 2 0 2 4
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Numerical methods

H.T, H.lida, T.Kunihiro, A.Ohnishi, and T.T.Takahashi, PTEP, 083A01 (2015).
H.T., H.lida, T.Kunihiro, A.Ohnishi, and T.T.Takahashi, arXiv: 1603.04622.

Husimi-Wehrl entropy in term of Wigner function

Saw(t) = —/ apiq eXP(—ﬁ’p — %q )/ C(Zp,a;q fw (0, ;1)

dpﬁdqﬁ 1 A
X 10%/ exp(——— T+ ") = (T +d — ")) fw (", ¢")
Ah h A
fw Time

= tO
]l p



http://maru.bonyari.jp/texclip/}d /vec{q'}}{(/pi /hbar)^n}f_W(/vec{p'},/vec{q
http://maru.bonyari.jp/texclip/'}d /vec{q''}}{(/pi /hbar)^n}/exp(-/frac{1}{/Delta /hbar}(/vec{p}+/vec{p'}-/vec{p''})^2-/frac{/Delta}{/hbar}(/vec{q}+/vec{q'}-/vec{q''})^2)f_W(/vec{p''},/vec{q'
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Husimi-Wehrl entropy in term of Wigner function

Saw(t) = —/ dpdq exp(—ip - éq )/ dp’dq fW(_} 1)

(2mR)", =" ART R (mh)"

dpﬁdqﬁ | I ~ 9 A S 5
| _ / I+ _ — I _ ! Nt
<log [ L exp(- p 47 —97)? = T+ 0 — ) w0 )

Test particles
[C.Y.Wong (1982)]



http://maru.bonyari.jp/texclip/}d /vec{q'}}{(/pi /hbar)^n}f_W(/vec{p'},/vec{q
http://maru.bonyari.jp/texclip/'}d /vec{q''}}{(/pi /hbar)^n}/exp(-/frac{1}{/Delta /hbar}(/vec{p}+/vec{p'}-/vec{p''})^2-/frac{/Delta}{/hbar}(/vec{q}+/vec{q'}-/vec{q''})^2)f_W(/vec{p''},/vec{q'
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Husimi-Wehrl entropy in term of Wigner function

Saw(t) = —/ (;Zf:z)q eXP(—ﬁ’p — %q )/ C(Zp,a;q fw (0, ;1)

dp’ dq" 1 - ~ AL
X 10%/ C AR AR At i = Ch s ")) fw (0", 4" )
A
fw Time= t,

Test particles
[C.Y.Wong (1982)]

Classical EOM



http://maru.bonyari.jp/texclip/}d /vec{q'}}{(/pi /hbar)^n}f_W(/vec{p'},/vec{q
http://maru.bonyari.jp/texclip/'}d /vec{q''}}{(/pi /hbar)^n}/exp(-/frac{1}{/Delta /hbar}(/vec{p}+/vec{p'}-/vec{p''})^2-/frac{/Delta}{/hbar}(/vec{q}+/vec{q'}-/vec{q''})^2)f_W(/vec{p''},/vec{q'
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Husimi-Wehrl entropy in term of Wigner function

dpdq 1 A /dp’dq -
S t) = — S —
dpﬁdqﬁ 1 - ~ AL
X 10%/ exp(— 27 P+ =1 = (@ +d — ")) fw @ ")



http://maru.bonyari.jp/texclip/}d /vec{q'}}{(/pi /hbar)^n}f_W(/vec{p'},/vec{q
http://maru.bonyari.jp/texclip/'}d /vec{q''}}{(/pi /hbar)^n}/exp(-/frac{1}{/Delta /hbar}(/vec{p}+/vec{p'}-/vec{p''})^2-/frac{/Delta}{/hbar}(/vec{q}+/vec{q'}-/vec{q''})^2)f_W(/vec{p''},/vec{q'
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Husimi-Wehrl entropy in term of Wigner function

dpdq 1 A dp'd¢d =~ - -
Suw(t) = —/ (@) eXP(—EﬁQ— EQ_Q)/ fw (P, q'5t)

d Hd 14 1 . - o
xlog/ i exp(———({@+p —p

n _(q_}+ q_; o q_;, Q)fm" (p_;,: q_;,* T)
(7h) Ah h X f
W Time=t,

Two sets of test particles {Fi} {F;f} p

Same set of test particles:
{Ii} = {15}
Test particle(TP) method
Different sets of test particles:
{Ii} # {7}

Parallel test particle(pTP) method



http://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%5C%7B%5CGamma'_i%5C%7D%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%5C%7B%5CGamma''_i%5C%7D%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/_i/}=/{/Gamma'
http://texclip.marutank.net/_i/}/neq/{/Gamma'
http://texclip.marutank.net/}d /vec{q'}}{(/pi /hbar)^n}/textcolor{red}{f_W(/vec{p'},/vec{q
http://texclip.marutank.net/'}d /vec{q''}}{(/pi /hbar)^n}/exp(-/frac{1}{/Delta /hbar}(/vec{p}+/vec{p'}-/vec{p''})^2-/frac{/Delta}{/hbar}(/vec{q}+/vec{q'}-/vec{q''})^2)/textcolor{red}{f_W(/vec{p''},/vec{q'
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Examples in guantum mechanics

H.T, H.lida, T.Kunihiro, A.Ohnishi, and T.T.Takahashi, PTEP, 083A01 (2015).
H.T., H.lida, T.Kunihiro, A.Ohnishi, and T.T.Takahashi, arXiv: 1603.04622.

Hamiltonian Time evolution of Husimi-Wehrl entropy

2 2
P1 P> 1 500 €4 €410 ' ' ! '
H=2 4 By S :
- + - + 29 419> + 4Q1 + 4Q2 Ny ;=300 ) HpﬂTﬁ ——
i i
m = 1, g —_ 1, € = 01 8 HIm;uHH*HnH‘H
t ¢ Hig iyt
Classical system is chaotic. _— / ”'#:M”"’""”""T;"“’"
.. . T .w:ﬂwﬂmmﬂ*”w
Initial condition: coheren'i state < /ﬁwﬁ’w
4 |
Jw(l,t=0)= exp[—ﬁfz] /\/
_ 2
I'=(p1 —10,p2 — 10,491, q2) mqYM
(£=0.1) N1p=1000

Our two numerical methods describe 0

the entropy production. 0 . 4 6 8 10 12

t
The results in TP and pTP methods approach each other from
below and above, respectively.

We can guess the converged value between them.


http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
H%3D/frac{p^2_1}{2 m}%2B/frac{p^2_2}{2 m}%2B/frac{1}{2}g^2q^2_1q^2_2%2B/frac{/epsilon}{4}q^4_1%2B/frac{/epsilon}{4}q^4_2
/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
m%3D1, g%3D1, /epsilon%3D0.1
/end{align*}
http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Af_W(%5CGamma%2Ct%3D0)%3D%5Cexp%5B-%5Cfrac%7B1%7D%7B%5Chbar%7D%5CGamma%5E2%5D%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5CGamma%3D(p_1-10%2Cp_2-10%2Cq_1%2Cq_2)%0A%5Cend%7Balign*%7D
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Examples in guantum mechanics

H.T, H.lida, T.Kunihiro, A.Ohnishi, and T.T.Takahashi, PTEP, 083A01 (2015).
H.T., H.lida, T.Kunihiro, A.Ohnishi, and T.T.Takahashi, arXiv: 1603.04622.

Ham'gltomazn Time evolution of Husimi-Wehrl entropy
_ b1 | P2 L oo €4 € 410 ' '
H = o + o -+ 29 419> + 4q1 + 4q2 Ny =300 pTP
m = 1) g — ]‘J € = 01 8 I ||n||m|||l||l|n.llu||||mnmlllmhﬂﬂﬂ“‘“”““""””"'"'”'"""'""”""””'"”'""'"'"""“""—'
Classical system is chaotic. e
Z 0 wit? P
Initial condition: coheren'i state ) :’ hw,,,ﬂnﬂ""'
fw(l,t=0)= exp[—ﬁfz] f;“*1.m’f
/
il
['=(p1—10,p2 —10,q1,q2) 2 [ mqym
(e=0.1) Np=2000
Our two numerical methods describe 0 | | |

the entropy production.

0 2 4 6 8 10 12

t

The results in TP and pTP methods approach each other from
below and above, respectively.
We can guess the converged value between them.


http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Af_W(%5CGamma%2Ct%3D0)%3D%5Cexp%5B-%5Cfrac%7B1%7D%7B%5Chbar%7D%5CGamma%5E2%5D%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5CGamma%3D(p_1-10%2Cp_2-10%2Cq_1%2Cq_2)%0A%5Cend%7Balign*%7D
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
H%3D/frac{p^2_1}{2 m}%2B/frac{p^2_2}{2 m}%2B/frac{1}{2}g^2q^2_1q^2_2%2B/frac{/epsilon}{4}q^4_1%2B/frac{/epsilon}{4}q^4_2
/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
m%3D1, g%3D1, /epsilon%3D0.1
/end{align*}
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H.T., H.lida, T.Kunihiro, A.Ohnishi, and T.T.Takahashi, PTEP, 083A01 (2015).
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Hamiltonian Time evolution of Husimi-Wehrl entropy
H—PL P2 LR+ gty St 10 T | | |
2m  2m 2 4 4 Ny =500 pTP
m=1,9g=1,e=0.1 81 e
Classical system is chaotic. = 6| Mwﬁw p
Initial condition: coherent state ¥
=0 ool 9
I'=(p1 —10,p2 — 10,41, q2) ° mqYM
(e=0.1) | | NTPIZSOOO o

Our two numerical methods describe 0

the entropy production. 0 - 4 6 8 10 12

t
The results in TP and pTP methods approach each other from
below and above, respectively.

We can guess the converged value between them.


http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Af_W(%5CGamma%2Ct%3D0)%3D%5Cexp%5B-%5Cfrac%7B1%7D%7B%5Chbar%7D%5CGamma%5E2%5D%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5CGamma%3D(p_1-10%2Cp_2-10%2Cq_1%2Cq_2)%0A%5Cend%7Balign*%7D
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
H%3D/frac{p^2_1}{2 m}%2B/frac{p^2_2}{2 m}%2B/frac{1}{2}g^2q^2_1q^2_2%2B/frac{/epsilon}{4}q^4_1%2B/frac{/epsilon}{4}q^4_2
/end{align*}
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Examples in guantum mechanics

H.T, H.lida, T.Kunihiro, A.Ohnishi, and T.T.Takahashi, PTEP, 083A01 (2015).
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Hamiltonian

2 2
Pi b3 L oo €4, €410
H=2t 3£ , - i i
- + - + 59 119 + il + 192
m=1,g=1,¢e=0.1
Classical system is chaotic. -
A

Initial condition: coherent state

fw(l',t=0) = exp[—%FQ]
I'=(p1 —10,p2 — 10,¢1,¢2) 2
Our two numerical methods describe 0

the entropy production.

8 L

6 L

Time evolution of Husimi-Wehrl entropy

Ny =500

pIP
Consistent within error bar!

" nm,mwmw"w:wu::mumn:||mmmmw:L,"mmm:nmmum:?
ph
W:MHMWM TP
./
mqYM |
(e=0.1) NTP: 15000 —
0 2 4 6 g 10

t

The results in TP and pTP methods approach each other from

below and above, respectively.

We can guess the converged value between them.

12


http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Af_W(%5CGamma%2Ct%3D0)%3D%5Cexp%5B-%5Cfrac%7B1%7D%7B%5Chbar%7D%5CGamma%5E2%5D%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5CGamma%3D(p_1-10%2Cp_2-10%2Cq_1%2Cq_2)%0A%5Cend%7Balign*%7D
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
H%3D/frac{p^2_1}{2 m}%2B/frac{p^2_2}{2 m}%2B/frac{1}{2}g^2q^2_1q^2_2%2B/frac{/epsilon}{4}q^4_1%2B/frac{/epsilon}{4}q^4_2
/end{align*}
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/end{align*}
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Yang-Mills field

H.T., H.lida, T.Kunihiro, A.Ohnishi, and T.T.Takahashi, arXiv: 1603.04622.

We will work in temporal gauge AS — ()
Then Hamiltonian in a non-compact formalism is given by

1 a 2 2
Ho iYL S
Ff = 0;A% (z) — 9;Af (3;) + Y Al (@) AS ()
b,c
Canonical variables are (A¢(z), E{(x))

Classical A@ ( ) Ea( )
EOM [y, Z 0, Ff(x) + Z foe AN (2) ()
b,c,7

(For the extension,

(¢,p) — (A (z), £ (7))

\ c.f. S. Mrowczynski, B. Muller(1994) (in a scalar field case)



http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

H=/frac{1}{2}/sum_{x,a,i}E^a_i(x)^2+/frac{1}{4}/sum_{x,a,i,j}F^a_{ij}(x)^2

/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

%H=/frac{1}{2}/sum_{x,a,i}E^a_i(x)^2+/frac{1}{4}/sum_{x,a,i,j}F^a_{ij}(x)^2

F^a_{ij}=/partial_i A^a_j(x)-/partial_j A^a_i(x)+/sum_{b,c}f^{abc}A^b_i(x) A^c_{j}(x)

/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

A^a_0=0

/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

/dot{A}^a_i(x)=E^a_i(x)

/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

%/dot{A}^a_i(x)=E^a_i(x)

/dot{E}^a_i(x)=/sum_j/partial_j F^a_{ij}(x)+/sum_{b,c,j}f^{abc}A^b_j(x)F^c_{ji}(x) 

/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

(A^a_i(x),E^a_i(x))

/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

(q,p)/to (A^a_i(x),E^a_i(x))

/end{align*}
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HW entropy in Yang-Mills theory

H.T., H.lida, T.Kunihiro, A.Ohnishi, and T.T.Takahashi, arXiv: 1603.04622.

We set inner product of fields AB — Z / &3z A%(2) B (x)
The extension is straightforward. : Z

Husimi functional

. [DADE 1 A -
ful4, E;t] _f i h) exp| hA(A A) h(E ENfwlA', £t
(Husimi-WehrI entropy )
DADE
_ (27wh)ND )

Initial condition of Wigner functional
1 W
C ot — _— 9Np . v —E2
fwlA, E:t=0] =2"Pexp| th > ]


http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

AB=/sum_{i,a}/int d^3x A^a_i(x)B^a_i(x)

/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
f_W[A,E:t%3D0]%3D2^{N_D}/exp[-/frac{1}{/hbar /omega} A^2-/frac{/omega}{/hbar}E^2]
/end{aline*}
http://maru.bonyari.jp/texclip/ DE'}{(/pi /hbar)^{N_D}} /exp[-/frac{1}{/hbar /Delta} (A-A')^2-/frac{/Delta}{/hbar} (E-E')^2]f_W[A',E
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
S_{HW}(t)%3D-/int /frac{DA DE}{(2 /pi /hbar)^{N_D}} f_H[A,E;t]/log f_H[A,E;t]
/end{aline*}
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Chaoticity in classical Yang-Mills field

Chaotic systems have a sensitivity to initial value.

Lyapunov exponents \; 5X;(t+7)

| SX(t + 1) = eM70X,(t)

5}? : distance between classical trajectories

It is given by the eigenvalue of a time evolution operator about distance
in phase space;

U(t,t+7) =T |exp( / H(t")dt") ‘H :Hessian
T is infinite;
Lyapunov exponent In classical Yang-Mills field,
"7 is intermediate time scale; the LLE and ILE were calculated.

Int?rr_ne_d |.ate.Lyapunov exponent(lLE) [Kunihiro-Muller-Ohnishi-Schafer-Takahashi-Yamamoto (2010)]
T is infinitesimal; [lida-Kunihiro-Muller-Ohnishi-Schafer-Takahashi (2013)]

Local Lyapounov exponent(LLE)


http://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%5Cdelta%20%5Cvec%7BX%7D%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%5Cmathcal%7BH%7D%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/) dt
http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5Cdelta%20X_i(t%2B%5Ctau)%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%25%5Cdelta%20X_i(t%2B%5Ctau)%0A%3D%5Cmathrm%7Be%7D%5E%7B%5Clambda_i%20%5Ctau%7D%5Cdelta%20X_i(t)%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5Cdelta%20X_i(t)%0A%25%3D%5Cmathrm%7Be%7D%5E%7B%5Clambda_i%20%5CDelta%20t%7D%5Cdelta%20X_i(t)%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%5Clambda_i%0A%5Cend%7Balign*%7D

Outline

Motivation

To explore the thermalization in semi-classical systems

How to detect chaoticity
Semi-classical time evolution

= Wigner function

Another coarse graining * Husimi function

Entropy * Husimi-Wehrl entropy

Numerical methods

Test particle & Parallel test particle methods

Entropy production in YM field

YM field is a chaotic system. Is HW entropy is created?



13/17

Product ansatz

H.T., H.lida, T.Kunihiro, A.Ohnishi, and T.T.Takahashi, arXiv: 1603.04622.

In higher dimension, we need a larger number of test particles.

‘ Product ansatz to converge numerical results

Husimi function =2 The product of that of a single DOF
DOF : degrees of freedom

H(g,pit Hh (gi,pi; t
Husimi-Wehrl entropy =3  The sum of that of a single DOF
dgidpi ,
St = Z/ h(qi, pi; t) log h(qi, pist)

> SHw (From subadditivity of entropy)

|:> Upper bound of HW entropy



http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
f_H(q,p;t)%3D/prod^D_i h_i(q_i,p_i;t)
/end{align*}
http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0AS%5E%7B(PA)%7D_%7BHW%7D%26%3D-%5Csum%5ED_i%20%5Cint%20%5Cfrac%7Bdq_i%20dp_i%7D%7B2%20%5Cpi%20%5Chbar%7Dh(q_i%2Cp_i%3Bt)%5Clog%20h(q_i%2Cp_i%3Bt)%5C%5C%0A%26%5Cgeq%20S_%7BHW%7D%0A%5Cend%7Balign*%7D
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Check in the case of quantum
mechanical system

H.T., H.lida, T.Kunihiro, A.Ohnishi, and T.T.Takahashi, arXiv: 1603.04622.

Time evolution of Husimi-Wehrl entropy

Hamiltonian 10 |
2 2 1 € € Nye=500 TP PA
H=21 422 4 —20202 + Zqi + Sgf L L staartssterreetertestey
2 2 2 4 4 8 1 With preee b
m m | I TP DA, gt RS
m = ]_, g = 1, € = 01 6 | ansatz # .-.-ﬁ_# : No ansatz
ga psres”
Initial condition | 2N ,.J/
fw(l',1=0) = expl=717] ) U pTP PA Nyp=1000 -
— — — mqY M TP Np=15000 -
P (pl 10, P2 10: q1, QZ) . (e=0.1) lJTP NTPZISOOO .
0 2 4 6 8 10

t
Product ansatz gives the upper bound of entropy and consistent
results within 10% error bar.
The convergence with the number of the test particles is better.


http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
H%3D/frac{p^2_1}{2 m}%2B/frac{p^2_2}{2 m}%2B/frac{1}{2}g^2q^2_1q^2_2%2B/frac{/epsilon}{4}q^4_1%2B/frac{/epsilon}{4}q^4_2
/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
m%3D1, g%3D1, /epsilon%3D0.1
/end{align*}
http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Af_W(%5CGamma%2Ct%3D0)%3D%5Cexp%5B-%5Cfrac%7B1%7D%7B%5Chbar%7D%5CGamma%5E2%5D%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5CGamma%3D(p_1-10%2Cp_2-10%2Cq_1%2Cq_2)%0A%5Cend%7Balign*%7D
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Entropy production
in SU(2) Yang-Mills field

H.T., H.lida, T.Kunihiro, A.Ohnishi, and T.T.Takahashi, arXiv: 1603.04622.

Time evolution of Husimi-Wehrl entropy per one DOF

(PA)
Suw /Np

1 '5 I | I I T
SUR)YM T
M4 Npp=100
U R S
13 B Ed!f’!f‘ | ]
I}T]-:;__.;.E'..y- ___._..: -_g—..—es— . _’-i-
- __.“-"'.-.- L..'----'aﬁ"m"i-ﬁ_
Lann S Wty
L1 7 |
=8 Alattice "
N 6> lattice
8 lattice
0.9 . | | | .
0 0.5 1 1.5 2 2.5 3
Mt

HW entropy is created in Yang-Mills theory.
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Entropy production
in SU(2) Yang-Mills field

H.T., H.lida, T.Kunihiro, A.Ohnishi, and T.T.Takahashi, arXiv: 1603.04622.

Time evolution of Husimi-Wehrl entropy per one DOF
1.5

I SU2)Y a - Nyic=10
dynamics ;/’ p -
o L3y, TP e L e
< ,/f / ILE I ;J,_.:l-"'""' - o
f 1.2 + f/ ;.,,,,n' ,a*"ﬁ""__..i-f-:;'f' ot
= E /4/2 A !:: e e pe TP
I VA= 3 .
v Lhr g 4 lattice =
‘e 6-lattice
. I.fi:' ; i
HW entrf)py 1 ¥ 6 fattice
production 0.0 KS entropy rate ——

fad

0 0.5 1 1.5 2 2.5
Mt

Growth rate of HW entropy at initial time =
Sum of positive Lyapunov exponents given by [Kunihiro, et. al.(2010)].



Outline

Motivation

To explore the thermalization in semi-classical systems

How to detect chaoticity
Semi-classical time evolution

= Wigner function

Another coarse graining * Husimi function

Entropy * Husimi-Wehrl entropy

Numerical methods

Test particle & Parallel test particle methods

Entropy production in YM field

HW entropy is produced in YM field theory.
Entropy growth rate = sum of positive Lyapunov exponents
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Summary

We have calculated entropy in semi-classical Yang-Mills
theory for the first time.

We have proposed to use a coarse graining function, Husimi
function and calculated Husimi-Wehrl (HW) entropy.

The production rate of the HW entropy agrees with the sum
of positive Lyapunov exponents.

This result suggests that thermal entropy has been created
in Yang-Mills theory.
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Future work

Calculation with a more realistic setup for relativistic
heavy ion collisions.

Application to other models such as matrix models.

Cf.) [Asano-Kawai-Yoshida(2015)]

I'd like to understand the relation to entanglement
entropy.



Back up
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Examples in guantum mechanics

H.T, H.lida, T.Kunihiro, A.Ohnishi, and T.T.Takahashi, PTEP, 083A01 (2015).
H.T., H.lida, T.Kunihiro, A.Ohnishi, and T.T.Takahashi, arXiv: 1603.04622.

Hamiltonian

Time evolution of Husimi-Wehrl| entropy

2 2

P1 P> L 500 €4 €410
H = — — 4 _ _ _

2m+2m+29 Q1Q2‘|‘4Q’1‘|'4Q2

m=1,g=1,¢=0.1 8 |

Classical system is chaotic. 6 |

Stw

Initial condition: coheren'i state

Jw (L.t = 0) = exp[—17 Y

I' = (pl - 10:p2 - 10:Q1M
Husimi function spreads with coIIectivyV
motion in early time and saturates. 0

(e=0.1) Npp=15000 —

2 4 6 8 10 12
t

The results in TP and pTP methods approach each other from
below and above, respectively.
We can guess the converged value between them.


http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Af_W(%5CGamma%2Ct%3D0)%3D%5Cexp%5B-%5Cfrac%7B1%7D%7B%5Chbar%7D%5CGamma%5E2%5D%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5CGamma%3D(p_1-10%2Cp_2-10%2Cq_1%2Cq_2)%0A%5Cend%7Balign*%7D
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
H%3D/frac{p^2_1}{2 m}%2B/frac{p^2_2}{2 m}%2B/frac{1}{2}g^2q^2_1q^2_2%2B/frac{/epsilon}{4}q^4_1%2B/frac{/epsilon}{4}q^4_2
/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
m%3D1, g%3D1, /epsilon%3D0.1
/end{align*}
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Another coarse-graining

We are interested in
instabilities and chaotic behavior of classical systems.

D

Explore the quantum thermalization process
in semi-classical approximation

D

Another coarse-graining in phase space




Thermalization in Yang-Mills(YM) field

* Motivation Heavy ion collisions

* Thermalization scenario Chaos & instability

* Quantum effect Semi-classical time evolution
* Entropy Husimi-Wehrl entropy

Test particle &
Parallel test particle methods

e Numerical methods

* |s entropy produced in YM? Yes!



Outline

Motivation

To explore the thermalization process in heavy ion collisions

Strategy
Entropy production from chaoticity *** Lyapunov exponent
Semi-classical formalism == Wigner function
Coarse graining * = * Husimi function

Numerical methods

Test particle & Parallel test particle methods, Product ansatz

Conclusion
HW entropy is produced in YM field theory. The growth rate
agrees with a sum of positive Lyapunov exponents.
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Entropy production in pure state

We consider coarse-graining for entropy production.

Ex) Partial trace is one way of coarse-graining.

pa = Trgp
—Entanglement entropy SA = —Tl"pA 10g PA

It is considered as a probe of confinement [I.R.Klebanov et. al.(2008)]

and calculated in lattice simulation. Velytsky(2008); Buividovich,Polikarpov(2008);
Y.Nakagawa et. al.(2008,2010); E.Ito et. al.(2015). etc.

In this talk,
we propose another way of coarse-graining in the phase space

to evaluate instabilities and chaotic behavior of a system
and calculate entropy to explore the thermalization process

by using a semi-classical formalism.



http://texclip.marutank.net/texclip.php?s=/begin{align*}
S_A%3D-{/rm Tr} /rho_A/log/rho_A
/end{align*}
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Entropy production in pure state

We consider coarse-graining for entropy production.

Ex) Partial trace is one way of coarse-graining.

pa = Trgp
—Entanglement entropy SA = —TI‘pA 10g PA

A probe of confinement I.R.Klebanov et. al.(2008)

Lattice simulation Velytsky(2008); Buividovich,Polikarpov(2008);
Y.Nakagawa et. al.(2008,2010); E.Ito et. al.(2015). etc.

In this talk,
we propose another way of coarse-graining in the phase space
to evaluate instabilities and chaotic behavior of a system
and calculate entropy to explore the thermalization process
by using a semi-classical formalism.



http://texclip.marutank.net/texclip.php?s=/begin{align*}
S_A%3D-{/rm Tr} /rho_A/log/rho_A
/end{align*}
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Phenomenological motivation

We explore the thermalization process by
calculating entropy.
But the system is an isolated system.
Von-Neumann entropy dose not change by the
guantum time evolution. rna

Relativistic heavy ion collisions

Collision & Thermalization l r

— T~

This process is a non-equilibrium process in QCD.
In the process, gluon is dominant
and the semi-classical Yang-Mills field is exact.
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Chaoticity

Hénon-Heiles System Regular
T L 0] E=0.0705 ] 04 |
Henon-Heiles system shows Oz ) Oz
chaotic behavior when the 0'4 7 _0'4
energy 1S hlgh enough -0.6 —6.4 -0‘42 0 0‘.2 O‘.4 OI,6 0.8 -0.6 -0I.4 0.2 0 02 014 0‘A6 0.8
y y

Chaotic systems have a sensitivity to initial value. This property is characterized
by Lyapunov exponents )\i}, which is given from eigenvalue of a time evolution

operator about distance §_X in phase space;
t+T1

U(t,t + 1) =T |exp( t H(t")dt")] 5Xi(t+ 7)
5}? . distance between classical trajectories = e)‘iT(SXZ- (t)

‘H :Hessian Xt —

The sum of positive Lyapunov exponents is positive in classical YM field.

[T.Kunihiro, B.Muller, A.Ohnishi, A.Schafer, T.T.Takahashi, A.Yamamoto, PRD 82, 114015(2010)]
[H.lida, T.Kunihiro, B.Muller, A.Ohnishi, A.Schafer, T.T.Takahashi, PRD 88, 094006(2013)]


http://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%5Cdelta%20%5Cvec%7BX%7D%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%5Cmathcal%7BH%7D%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/) dt
http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5Cdelta%20X_i(t)%0A%25%3D%5Cmathrm%7Be%7D%5E%7B%5Clambda_i%20%5CDelta%20t%7D%5Cdelta%20X_i(t)%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5Cdelta%20X_i(t%2B%5Ctau)%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%25%5Cdelta%20X_i(t%2B%5Ctau)%0A%3D%5Cmathrm%7Be%7D%5E%7B%5Clambda_i%20%5Ctau%7D%5Cdelta%20X_i(t)%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%5Clambda_i%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%5Cdelta%20%5Cvec%7BX%7D%0A%5Cend%7Balign*%7D
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Thermalization scenario based on chaos

V. Latora and M.Baranger (1999);
M. Baranger, V. Latora and A.Rapisarda (2002)

Generalized cat map(chaotic system) = o .
P=p+ag (mod 1),

O=p+(l+a)g (mod]l) . on

Lyapunov exponent

0 -] A0 N 5 SRSRERNETS
0 10 10 1

) Q
Corse- qrained Boltzmann Gibbs entropy

Z pz 10g pz

1:cell

p?;(t) ‘probability that the state of the system
falls inside cell ¢; of phase space attime ¢t

1
A= 10g5(2 +a+ v/ a*>+ 4a)

The entropy production rate is consistent
with Lyapunov exponent.
A=2.48,1.57,0.96,0.69
©Kunihiro(talk at YITP)

time


http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0AS(t)%3D-%5Csum_%7Bi%3A%7B%5Crm%20cell%7D%7Dp_i(t)%5Clog%20p_i(t)%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%25S(t)%3D-%5Csum_%7Bi%3A%7B%5Crm%20cell%7D%7Dp_i(t)%5Clog%20%0Ap_i(t)%0A%5Cend%7Balign*%7D

6/14

Husimi function

The figures are transferred from T.Kunihiro, B.Muller, A.Ohnishi, A.Schafer(2009).
Husimi function [Husimi(1940)]

|&'> : coherent state

f(T;t) = <c’~f‘|ﬁ?= |<&I¢>1I2 >0 p=18)(¢]
N / (mh)" exp(—+(I' - ")) fw (T'; 1)

Where ' = (ﬁ, (j) is a point on the “phase space” in Wigner rep..

*Husimi function is semi-
positive definite.

When Wigner function is lengthened by
chaotic behaviors or instabilities, Husimi
function spreads in “phase space”.


http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
|/vec{/alpha}/rangle
/end{align*}
http://texclip.marutank.net/}{(/pi /hbar)^n}/exp(-/frac{1}{/hbar}(/Gamma-/Gamma')^2)f_W(/Gamma
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
/rho%3D|/phi/rangle/langle /phi|
/end{align*}
http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5CGamma%3D(%5Cvec%7Bp%7D%2C%5Cvec%7Bq%7D)%0A%5Cend%7Balign*%7D
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Husimi-Wehrl (HW) entropy

The figures are transferred from T.Kunihiro, B.Muller, A.Ohnishi, A.Schafer(2009).

We can define entropy in terms of Husuimi function.

Husimi-Wehrl entropy [Wehrl(1978)]

Saw (t) = —/ (Qj;)ﬂ fu(T;t)log fa (L)

*Husimi function is semi- :
positive definite. s 0
-Gauss smearing makes  1fe

-4
4

entropy production. evolutiory™
HW entropy is created when classical S0
systems have chaos or instability. -2
The entropy evaluates chaotic dynamics. \ A — i - ./

Wigner func. Husimi func.


http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0AS_%7BHW%7D(t)%3D-%5Cint%20%5Cfrac%7Bd%20%5CGamma%7D%7B(2%5Cpi%20%5Chbar)%5En%7Df_H(%5CGamma%3Bt)%5Clog%20f_H(%5CGamma%3Bt)%0A%5Cend%7Balign*%7D

Test particle method

Initial configuration

A A
fw Time= ¢, fw Time= ¢,
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Numerical methods

H.T, H.lida, T.Kunihiro, A.Ohnishi, and T.T.Takahashi, PTEP, 083A01 (2015).
H.T., H.lida, T.Kunihiro, A.Ohnishi, and T.T.Takahashi, arXiv: 1603.04622.

Husimi-Wehrl entropy in term of Wigner function

dpdq 1 A dp'dg’ =
Saw(t) = —/ (27%) eXP(—EP - Eq )/( PR fw (', )

d Hd 7 1 JA - -
] o 2 (= 7 L7\2 S d' t
X og/ (T exp( Ah(pﬂ? p") h(q+q q")") fw (P, q";t)

We would like to calculate these integrations numerically. l

T/ /!

Sets of test particles {dj } {Fz }

-1
Using same set of test particles:
{I;} = {7}

Test particle(TP) method

Using two sets of test particles:

{Li} # {15}

Parallel test particle(pTP) method



http://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%5C%7B%5CGamma'_i%5C%7D%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%5C%7B%5CGamma''_i%5C%7D%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/_i/}=/{/Gamma'
http://texclip.marutank.net/_i/}/neq/{/Gamma'
http://texclip.marutank.net/}d /vec{q'}}{(/pi /hbar)^n}/textcolor{red}{f_W(/vec{p'},/vec{q
http://texclip.marutank.net/'}d /vec{q''}}{(/pi /hbar)^n}/exp(-/frac{1}{/Delta /hbar}(/vec{p}+/vec{p'}-/vec{p''})^2-/frac{/Delta}{/hbar}(/vec{q}+/vec{q'}-/vec{q''})^2)/textcolor{red}{f_W(/vec{p''},/vec{q'
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Examples in guantum mechanics

H.T, H.lida, T.Kunihiro, A.Ohnishi, and T.T.Takahashi, PTEP, 083A01 (2015).

H.T., H.lida, T.Kunihiro, A.Ohnishi,

Hamiltonian 10
p1 2 1 2 2 2
=4 4, 2
2m+ 9 2 4 29 Q1Q2‘|‘4Q1‘|‘4Q2
m=1,g=1,e=0.1 5
T
0}

Initial condition: coheren’i state
fw(,t=0)= exp[—£I‘2]

I' = (plijJQIqu)

Husimi function spreads with collecti

motion in early time and saturates.

8 L

6 L

ve/Q/0

and T.T.Takahashi, arXiv: 1603.04622.

Time evolution of Husimi-Wehrl| entropy

pTP Npp=1000.

“HN}""HHHHHLHIHHllﬂiﬂmH*H““H“f}HH
»II 1 H||II| ||HI|H||| iHHHH

1,]4'1;11,,1‘*',14”’ W‘“:.f..' 'qtﬂ.mmﬁmt:ﬁqr“m}“w>

Ny =500

p—1000,2000,5000,15000

N1p=1000 ——
N1p=2000
N1p=5000
(e=0.1) Ntp= 15000
2 4 6 8 l 0 12

t

The results in TP and pTP methods approach each other from below and
above, respectively. We can guess the converged value between them.


http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
H%3D/frac{p^2_1}{2 m}%2B/frac{p^2_2}{2 m}%2B/frac{1}{2}g^2q^2_1q^2_2%2B/frac{/epsilon}{4}q^4_1%2B/frac{/epsilon}{4}q^4_2
/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
m%3D1, g%3D1, /epsilon%3D0.1
/end{align*}
http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Af_W(%5CGamma%2Ct%3D0)%3D%5Cexp%5B-%5Cfrac%7B1%7D%7B%5Chbar%7D%5CGamma%5E2%5D%0A%5Cend%7Balign*%7D
http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5CGamma%3D(p_1%2Cp_2%2Cq_1%2Cq_2)%0A%5Cend%7Balign*%7D
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Entropy production
in SU(2) Yang-Mills field

H.T., H.lida, T.Kunihiro, A.Ohnishi, and T.T.Takahashi, arXiv: 1603.04622.

Time evolution of Husimi-Wehrl entropy
Husimi-Wehrl entropy is per one degrees of freedom

M M I 2 T _ T T %I . T
produced in YM field! SUQ)YM Plattice
18 ¢ 6‘%lattice
, 8 lattice
The results in TP and pTP approach A 167 PTP. Npp=10.100 1
each other from below and above. z ar Y
r:,: 1 —1 i e ) .__r_--;- & C pm g BB
f'_. ﬁG_-_- n 1-\:;.. “E_E.E-;'t_&* T
. . B T ooy .
The time evolution of the entropy & :/Cf,xi--* T e H_F_.H.-a IR
. . . :'/*/’ e o ol | il T — _
on each lattice size agrees with N S e et b TP, Ngp=10.100
each other. 0.8 . . . .
0.5 1 1.5 2 2.5 3

lattice time
We see that the HW entropy is created in Yang-Mills theory
though in the product ansatz.
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Entropy production
in SU(2) Yang-Mills field

H.T., H.lida, T.Kunihiro, A.Ohnishi, and T.T.Takahashi, arXiv: 1603.04622.

Time evolution of Husimi-Wehrl entropy
per one degrees of freedom

The growth rate is consistent with
the sum of positive Lyapunov

exponents in [Kunihiro, et. al.(2010)] SU(Z')YM | 4‘jlattice -
Lt 1.8 | 6‘%la_ttice
Ut,t+71) = T[exp(/ H(t")dt)] &7Tattice
t A 1.6 pTP, Npp=10.100 7
Lyapunov exponents are given by  z P
the eigenvalue of the time = L4 , S R S
evolution operator. P12t 4 e g
e e e s . . = B o s ] e
When 7 is infinitesimal; et vene i 10,100 -
local Lyapounov exponent(LLE) |  KS entropy rate —
When 7 is intermediate time scale; 0.8
0 0.5 1 1.5 2 25 3

intermediate Lyapunov exponent(ILE) lattice time

The production of Husimi-Wehrl entropy is caused by the chaotic
behavior of Yang-Mills field.


http://texclip.marutank.net/) dt
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Motivation

Relativistic heavy ion collisions

L ..
ety
Sk

LI Time
evolution
>
Color Glass Glasma Quark Gluon Hadron
Condensate(CGC) Classical approx. Plasma (QGP)
) ) . [Lappi, McLerran(2006)]
Classical approx. is valid. M—
[McLerran, Venugopalan(1993)] Ideal |IC||..|Id

70=0.6-1.0fm/c

Perturbative QCD cannot explain
this time scale.
[Baier, Mueller, Schiff and
Son(2001,2002)]

Early thermalization [Heinz(2002)]
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Condensate(CGC) Classical approx. Plasma (QGP)
) ) . [Lappi, McLerran(2006)]
Classical approx. is valid. M—
[McLerran, Venugopalan(1993)] —Classical Yang- Ideal ||C|U|d
Mills field

[Romatschke and Tp=0.6- 1.0 fm/c
Venugopalan(2006)] Perturbative QCD cannot explain

Classical YM field this time scale.
+ [Baier, Mueller, Schiff and
Son(2001,2002)]

Quantum fluctuation
= Instability Early thermalization [Heinz(2002)]
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Motivation

Relativistic heavy ion collisions

0e®
ey
Sk

LI Time
evolution
>
Color Glass Glasma Quark Gluon Hadron
Condensate(CGC) Classical approx. Plasma (QGP)
) ) . [Lappi, McLerran(2006)]
Classical approx. is valid. M—
[McLerran, Venugopalan(1993)] —Classical Yang- Ideal ||C|U|d
Mills field

[Romatschke and To=0.6-1.0fm/c
Venugopalan(2006)] Perturbative QCD cannot explain

Classical this time scale.
Statistical [Baier, Mueller, Schiff and
approximati Son(2001,2002)]

Early isotropization . . _
[Epelbaum and Gelis(2013)] Early thermalization [Heinz(2002)]
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Motivation

Relativistic heavy ion collisions

4 )
0ol o
':’...
oJ® Time
evolution
>
Color Glass Glasma Quark Gluon Hadron

Condensate(CGC) Classical approx.

Classical approx. is valid.
[McLerran, Venugopalan(1993)]\

[Lappi, McLerran(2006)]

J

Large amount of entropy is produced in

early stage of the collision.

Plasma (QGP)

Ideal liquid >

70=0.6-1.0fm/c

Perturbative QCD cannot explain

with initial fluctuations.

We calculate entropy directly by
using a semi-classical formalism

this time scale.
[Baier, Mueller, Schiff and
Son(2001,2002)]

Early thermalization [Heinz(2002)]



§

The definition of Husimi function

fu(L3t) = (@lpla) = [{d@¢)|* = 0

_ / (jgn exp(—%(F CT)2) fu (T: 1)

dp’'dq’ 1 A
= / (f:h)i exp(—ﬁ(p —p")z — E(q - qf)z)fW(pf:qf;t)

Initial condition of Wignher function

1

fw ('t =0) = eXP[—ﬁFQ]

1 1 W W o

= eXp[—apl — Epz — gql — E@z]


http://texclip.marutank.net/}{(/pi /hbar)^n}/exp(-/frac{1}{/hbar}(/Gamma-/Gamma')^2)f_W(/Gamma';t)/
&=/int /frac{d p'd q'}{(/pi /hbar)^n}/exp(-/frac{1}{/hbar/Delta}(p-p')^2-/frac{/Delta}{/hbar}(q-q')^2)f_W(p',q
http://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Af_W(%5CGamma%2Ct%3D0)%26%3D%5Cexp%5B-%5Cfrac%7B1%7D%7B%5Chbar%7D%5CGamma%5E2%5D%5C%5C%0A%26%3D%5Cexp%5B-%5Cfrac%7B1%7D%7B%5Chbar%5Comega%7Dp%5E2_1-%5Cfrac%7B1%7D%7B%5Chbar%5Comega%7Dp%5E2_2-%5Cfrac%7B%5Comega%7D%7B%5Chbar%7Dq%5E2_1-%5Cfrac%7B%5Comega%7D%7B%5Chbar%7Dq%5E2_2%5D%0A%5Cend%7Balign*%7D

Why two methods show different

behavior?
dpdq 1, A /dﬁdq‘? .-
S t) = — _ _ ' a'-t
aw(t) /(2@){@{1)( N ﬁq) () fw (', q;t)
dp’'dq" 1 - . AL ~ o
" 10g/ e P RF P =P = A = ) w0 )
— Nziil 2" S eple s (i + () — PO — 2@+ 70 - PO
Nic 4 N 40 O8N L O Rp W TP Tl =(Gr +7'(1) —

In TP method, p’ (¢") and p” (¢"") cancel at the same number i = ;.


http://maru.bonyari.jp/texclip/}d /vec{q'}}{(/pi /hbar)^n}f_W(/vec{p'},/vec{q
http://maru.bonyari.jp/texclip/'}d /vec{q''}}{(/pi /hbar)^n}/exp(-/frac{1}{/Delta /hbar}(/vec{p}+/vec{p'}-/vec{p''})^2-/frac{/Delta}{/hbar}(/vec{q}+/vec{q'}-/vec{q''})^2)f_W(/vec{p''},/vec{q'
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
%3D-/frac{1}{N_{MC}}/sum^{N_{MC}}_k/frac{1}{N}/sum^{N}_i/log/frac{2^n}{N}/sum^N_j/exp[-/frac{1}{/Delta/hbar}(/vec{p}_k%2B/vec{/bar{p}}^i(t)-/vec{/bar{p}}^j(t))^2-/frac{/Delta}{/hbar}(/vec{q}_k%2B/vec{/bar{q}}^i(t)-/vec{/bar{q}}^j(t))^2]
/end{align*}

Coherent state in YM

In quantum mechanics,

wx + ip

) =;ﬁln> («= 2=

In Yang-Mills field theory,

Np o n )
a; B wA; + IE;
{a}) = U|ai> ;) = nzzo Yol (o = 2=



Physical time scale

H.T.,, H.lida, T.Kunihiro, A.Ohnishi, and T.T.Takahashi, in preparation.

Time evolution of Husimi-Wehrl entropy
per one degrees of freedom

When we assume the range of

Wigner function (lattice spacing A latme e
a) is equal to the flux tube at 1.8 | 6 lamce
: & Tattice
earliy'stage of the heavy ion L 16| §TP. Ny 10,100 -
collisions; e SO
414l sl -
a = Qs = 0.2[fm/c] = J, orateetned
72 par i S i
(@ RHIC); 1.2 _ - E e
the result suggests the early 1 et T;;'T;z{ﬂgmﬂ |
entropy production. 03 | KS entropy rate —
. . | 05 1 15 2 25 3
This is encouraging results for the lattice time
early thermalization scenario. 0 0.2 0.4 0.6
(fm/c)

We should calculate in the more realistic initial condition.



Inverted harmonic oscillator

T. Kunihiro, B. Muller, A. Ohnishi, A. Shafer(2009) (Analytic solution)
A

Hamiltonian is >
H = ﬁ _ 1)\2 2 !
2m 2

Initial condition of Wigner function

1
fw(p,q;t =0) = Qexp(—h—p — —q ?)
Analytic solution of H-W entropy is given by
1. At
S(t) = =log 2 4+ 1
(t) = Slog — =+

with  A(t) = 2(opcosh 2t + 1 + 64")

N o NP AR AT
Do 0 2w P T ToAan 7 T T 2AN

g =


http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

H=/frac{p^2}{2m}-/frac{1}{2}/lambda^2 q^2

/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

S(t)=/frac{1}{2} /log/frac{A(t)}{4} +1

/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

A(t)=2(/sigma /rho /cosh 2/lambda t+1+/delta /delta')

/end{align*}
http://maru.bonyari.jp/texclip/)

/sigma=/frac{/lambda^2+/omega^2}{2/lambda /omega}, /delta=/frac{/lambda^2-/omega^2}{2/lambda /omega},/rho=/frac{/Delta^2+/lambda^2}{2/Delta /lambda},/delta
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}

q

/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
f_W(p,q;t%3D0)%3D2 /exp(-/frac{1}{/hbar /omega}p^2-/frac{/omega}{/hbar}q^2)
/end{aline*}

Inverted harmonic oscillator

T. Kunihiro, B. Muller, A. Ohnishi, A. Shafer(2009) (Analytic solution)

Two step Monte-Carlo method

Test particle method

:5 T T T T 6 .
N. =100 —
N_.+=100 Zn T
o | out N,,=1000 — _ < _}‘MC 100 N1p=50.100.400.800 4
- Analytic Solution — } A
~ 4|
o 157 N.=100,1000 o
EL cE3
2 Np=100
= - IP
; 1 N =400 —
H Npp=2800 —
THO = S ANTPTS
0 . . 0 IHO Analytic Solution ——
0 ! 2 3 4 5 0 1 2 3 4 5

t

t

Numerical results are consistent with analytic solutions
in large number of samples or test particles.



(1sMC)
SHW

Simulations in guantum mechanics

2 2
P1 P> L 550 €4 €4
H = | - 5974192 + 741+
192 41 ds
2m 2m 2 4 4
We set mzl,gzl,ezl
Two step Monte-Carlo method Test particle method
10 —vrany Monte-Carlo sampies 10 —
Ny ;=500
gt gt : .
| N Many test partlcles
6 I A 1 6} '
B
wios
4 17 4
N, =1200 —
-~ Ni11:4800 o -
- N. =8000 — <
mqYM N. =12000 — mqYM NT;=10000 —
0 A . A . m ) A 0 . , . ) . ) .
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14

t T
Two numerical method describe the entropy production.
Both results are consistent within error bars.


http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
H%3D/frac{p^2_1}{2 m}%2B/frac{p^2_2}{2 m}%2B/frac{1}{2}g^2q^2_1q^2_2%2B/frac{/epsilon}{4}q^4_1%2B/frac{/epsilon}{4}q^4_2
/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
m%3D1, g%3D1, /epsilon%3D1
/end{align*}

L(tsMC)
Shw

Quantum mechanlcs in hlgher dim.

H = Z

3-dim case
14 —
12
10 |
g |
6l
4 -
20 mqYM N i‘_16000 -
’ 0 2 4 6 8 10 12 14

t

Zqij ZZ%

6- dlm case

| N, =5000 —
N, =10000 —
fl|,| N,,=20000 — |
i
L '\v‘f(w o
i"."ﬂ “

AN Do not converge...

mqYM

0 2 4 6 & 10 12 14

t

We need more samples and test-particles in higher dimension.
In a large dimensional case like quantum field theory, we apply
some approximations.



http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
H%3D/sum^D_i /frac{p^2_i}{2 m} %2B /frac{g^2}{2}/sum^D_{i/neq j} q^2_i q^2_j %2B /frac{/epsilon}{4} /sum^D_i q^4_i
/end{align*}

Product ansatz

We assume that Husimi function is decomposed into the

production of that of 1-dim degree of freedom. fru(q,p;t H hi(qi,pi;t
D
Then Husimi-Wehrl entropy dq;dp;
is written by SHW ~ — Z/ 21h Mdi; pist) 10gh(%’pi;t)
1
Check in the case of quantum mechanical systems.
0 2-dim case 6-dim case
8 L
S 6
—
o4l —
| mgvm gﬁi Nl- '=2000 —
0 1 1 1 1 1
0 2 4 6 8 10 12 14

t
Product ansatz gives consistent results within 10% error bar.
The results of product ansatz converge even in higher dimension.


http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
f_H(q,p;t)%3D/prod^D_i h_i(q_i,p_i;t)
/end{align*}
http://maru.bonyari.jp/texclip/texclip.php?s=/begin{align*}
S_{HW}/simeq -/sum^D_i /int /frac{dq_i dp_i}{2 /pi /hbar}h(q_i,p_i;t)/log h(q_i,p_i;t)
/end{align*}

Large N value at time t=10

TP ——
: tsMC —=—
10 ' tsMC
= 0 e
T " ~ TP limiting value
A -
.
- ._ . —_— - o _._ o
—— - . T
*~ TP
o Shen (10, Npp—sen)=7.61:40.0140.03
[ MAYM eh0) 10w g7 5340014004
(e=0.1) HW GO Moo= 3001
5 d 1 1 1

0 2 4 6 8 10 12 14
Nrp. Ny, (/1000)

Both results are consistent within error bars.



