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Outline

Introduction: What is the entanglement negativity?

Methods: How to compute the entanglement
negativity in Chern-Simons theories”? (Surgery
method)

Results: Understanding 3-manifolds!



cntanglement negativity

Entanglement (Renyi) entropy: bipartite systems

° ° A and B are always

A adjacent to each other.

Beyond bipartite systems: entanglement between A1 and A2
tripartite

B B A1 and A2 can be either adjacent

Al A2 Al or disjointed.



cntanglement negativity

Trace norm of a partially transposed
5 reduced density matrix [vidal-wermer 02]

A1 A2 1 pA,uA, = trpp is a mixed state
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cntanglement negativity

Trace norm of a partially transposed
5 reduced density matrix [vidal-wermer 02]

A1 A2 : :
1 pA,uA, = trpp is a mixed state

15 .
2. Pa,ua, partial transpose w.r.t. A2

1) (2), T, (1 1 1) (2)\
@711 e er”) = (Ve plei)e”) |

e (1)> and |e( )> are bases of HAland ?_[AQ

3. Trace norm: IIPTQII—TrlpTQI—ZI/\|—1—22/\
A; <0

It measures ‘how much’ the eigenvalues of P 1 are negative.

Logarithmic negativity: € =1In||p2|| = In Tr|p?|



't IS not easy to compute the
entanglement negativity for a many body state!!!

* Areplicatrick + QFT (can be CFT or CS)

[Calabrese, Cardy, Tonni, 12,13]

* Monte Carlo simulations
[Chung, Alba, Bonnes, Chen, Lauchli,13]

* Tensor network (MPS)

[Calabrese, Tagliacozzo, Tonni,13]

* An overlap matrix method (free fermions)
[Chang, Wen,106]

* Representation theory (Valance bond solids)
[Santos, Korepin,16]



Some interesting results

1. Universal behavior for critical systems (CFT approaches)

1 [Calabrese, Cardy, Tonni, 12]
E = Zln[tan(wz)] + const.
Al A2
— 5 z = Z/L
0 [ 21 L

-1

R N R U B
0 01 02 03 04 0.5
z



Some interesting results

1. Universal behavior for critical systems (C

1
52111&

||||||
T T T

* L=100 wL=10"
=150 oL=10"
* L=100 oL=10"
|4 L=150 wL=10"

—

A2 B

FT approaches)

[Calabrese, Cardy, Tonni, 12]

tan(mz)| 4+ const.

z=1/L

[Coser, Tonni, Calabrese,14]
[Wen, Chang, Ryu,15]
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Chern-Simons theory—a
surgery method approach

A path integral representation of a partially transposed
reduced density matrix + a replica trick= computing a partitior
function on a 3-manifold

1. Density matrix
p[(o@}Aes@] =575 (L@ e oa(@))

— [ Ttz e T 816(@.0) ~ eo(@5i6(. ) ~ (@)

O(Z, )
IO o Z T




2. Partially transposed density matrix

P [{800( )} Aps(e /H dg(@,)]e " | | 0167, 0) — wo(@)316(F, 8) — ()

7¢ B
[ [ 9[6(7, 0) — 0s(2)]6[(Z, 8) — o (@)].
T xeB
Y 4(7.0
ole =
Z
0 sz sp) L
A B
3. Reduced density matrix

pauas [{9o(@)}, {ps(3)
=/ (H[dwo(f)dw(f)m@o(f) - W(@]) p{{wo(f)},{m(f)}]

reB

=0

feAluAg}



4. Partially transposed reduced density matrix

Pty [{#0(@)} {ea(@)}]7 € AU 4,

_ / (H[d%(f)d@ﬁ(f)](sm(f) saﬁ(f)]> Haz [{sao( )} {ps(@ )}]

reB

Not easy to compute

Ta, 1

- — 0 5
Pa Z\ s &4 "4

5. Replica trick (n copies)
(i) - ﬁ{w ) QR

[T0 @ @) I 0 |o8@ - @] o {6l @) e @) }

rEA xEAg



[Calabrese, Cardy, Tonni, 12]



A trick of computing the entanglement negativity

1. Trace norm

tr|pAUA|_Z‘)‘|_Z|)“+Z‘)‘|

Ai >0 A <0

2. Momenta of the partially transposed reduced density matrix

tr(partia,)" Z)\n = > N

Ne

A; >0 A <0
ST T
A; >0 A <0

3. Entanglement negativity can be obtained by taking n. — 1

_ 1> Te
Eavay = lim Intr (pig,,)



Chern-Simons Theory

coupling constant (quantized)

1. CS theory Scg = @ @tr <A/\dA+ %AAA/\@)

Manifold connection of a gauge group

2. Partition function Z(M) = /[DA] iScs (A)

3. Wilson lines (links and knots)  w§(A) :trRPeXp/A.
C

4. Correlators (partition function with links and knots)

N
1=1



Witten told us how to compute the partition
function of CS theories on any 3-manifold by
Using a surgery theory!

1. The partition function can be computed from the canonical
quantization of a CS theory on a 3-manifold with boundary.

Z(M) — <\PM2|Uf’\IJM1>
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Gluing two slide toruses—> §2 x S
7(S% x S') = (0[0) = 1.

Gluing two slide toruses with modular transformation—> S
S:17— —=1/1

Z(S%) = (0]S]0) = Spo —

In the presence of Wilson lines 752 » S'.Ri, R)) = (Ri|R;) = 6
Z(Sg,RZ’,ﬁJ) — <EZ’S’RJ> — Szg

ooy -
Z(M,[W,0, Ry, Rile) - Z(S%, Ri) = Z(My, B, Rile,) - Z(Ms, |

(
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Now let us compute the entanglement negativity in
various cases

Ex1
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Now let us compute the entanglement negativity in
various cases

Ex »
S
(c)
/)563
@ < R;Z = Z(S%, R)' 0 = (Sn) "
\ a
> S\
@ @ @ Ra)2 _ 3 2—ne 2—n
Z(S?’,Ra)n - Z(S 7Ra) - (SOa)
(p72)" guantum dimension
Eap = nligl In (trpT5)" =InSp, =Ind, — InD. . Soa (Sop) " = Z d[2 = D.



Ex2 (adjacent case)
fL e

1L
Gy 5L/
> (b)

W

A
paua, = trp|UN(T|  Parua;



Ex2 (adjacent case)




Ex3 (disjointed case) @
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|\If> PAIUAS trp ’\Ij> <\Ij‘ pAluA2
tr (pTA2 )n 3 2
AlUAQ 1 Z S 7Ra ~ —2n —zZNn
Ta n 3 n | 3 )n B Z(SB’R“)2 "= (Soa)z 2
(tf/)AlfJAz) 2(5% o) Z(57, Ra

No entanglement if A1 and A2 do not have interfaces!



Ex4 (adjacent case—torus)
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Ex4 (adjacent case—torus)

PAuA, = trp| W) (V|

_ 1 Z(S% R,)?
" Z(S2 x SY, Ry, Ra)re Z(S3, Ry)3re

N
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o (pAlfJAz) 205 [P (Soy) b (PA1@A2) > [l (Sog)

Ta Mo o 7 T me e .
(102, (5, lsl2) (10, ) (3 [sl?)

A general state
[¥) = 3, 45|R)

Ean, = nligl In tr T\ In (Z ‘¢j|280j> — lnz ;2.
(trPA AQ) J J



More cases
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Conclusion:

 Entanglement negativity is always zero for disjointed
Intervals.

* Entanglement negativity depends on the number of
iInterfaces between A1 and A2.

* Entanglement negativity depends on the choice of
ground state. — can distinguish Abelian and non-
Abelian theories.

Questions:

* (Generalization tfor higher dimensions”

* Non-chiral topological field theories”



