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Introduction



AdS/CFT correspondence (Maldacena 98)

(d+1)-dim string theory

bulk boundary

o(x,r) <«—  O(x)

e Powerful framework to study strongly-

iInteracting systems

e Advanced our understanding of quantum

gravity

d-dim CFT



Ryu-Takayanagi formula (06)

e Bulk/Boundary duality to Geometry/Entanglement duality
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MERA (vidal 07)

e Powerful numerical method to study strongly-correlated systems.
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MERA = Multiscale entanglement renormalization ansatz



AdS/CFT as a tensor network (Swingle 09)

AdS/CF T correspondence can be explained by a tensor network ?
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The bulk-locality paradox



Rindler-wedge reconstruction

A bulk operator @ can be represented by some integral of local
boundary operators supported on A if and only if ¢ is contained inside
the causal wedge of A.

geodesic line
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Bulk locality paradox

All the bulk operators must correspond to identity operators on the
boundary.

If so, the AdS/CFT correspondence seems boring ...



AdS/CFT is a quantum code ?

Solution: The AdS/CFT correspondence can be viewed as a
quantum error-correcting code.

B B B

Opc OaB Oca
They are different operators, but act in the same manner in a low
energy subspace.
cf. Quantum secret-sharing code



Logical operators in the Toric code

e String-like Pauli X and Pauli Z logical operators
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Entanglement wedge reconstruction

Operators in the entanglement wedge can be reconstructed (?)

D D

local geodesic global geodesic

B B

causal wedge of AC entanglement wedge of AC

(entanglement wedge may extend over the singularity).

* Whether this is possible or not remains open.



Holographic code



Minimal model

Let us construct the simplest toy model !

e 5 qubits on the boundary
e 1 qubit on the bulk
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Causal wedge reconstruction implies

A bulk operator must have representations on ABC, BCD, ....
A




Minimal model

Let us construct the simplest toy model !

e 5 qubits on the boundary
e 1 qubit on the bulk

Entanglement wedge reconstruction implies

A bulk operator must have representations on ABD, BCE, ....
A




Desired properties

-

-

A bulk operator must have representations on any region

with three qubits.




Five qubit code

Encode one logical qubit into five physical qubits.

0) 451} a|0) + b|1)

al|0) + 6|1

input output
Pauli X, Z > logical Pauli X, Z

-

\_

Logical Pauli X,Z have representations on any region with

three qubits.




Five-minute introduction to five-qubit code (1)

* For a system of 5 qubits, consider the following stabilizer operators

S1=XQZRZ0XR1 They pairwise commute.

So=IRXRX LIRXRZX :
2= B ABs8Iw Eigenvalues +1, -1
S5=XQIRXRZQZ

Sy =ZR3XRIQXRQZ

* The codeword space is specified by C = {|¢) : S;[¢)) = |[¢) Vj}

4 constraints for 5 qubits, so there are two states [%0) and |%1) in C.

1)y = alvy) + Blyn) encodes one logical qubit in an entangled state.

e Logical operatorsaregivenby X =X XXX ® X
71=70QR7IQZQLZL
Logical operators commute with stabilizer operators, but act non-trivially inside C
[ya Sj] — [77 Sj] =0

Logical operators are like Pauli X and Z operators for the logical qubit



Five-minute introduction to five-qubit code (2)

* There are many logical operators which are equivalent inside C

S =XQRZIQ~Z3X QI X=X0XXRXX
So=IRXR IR X 7=70Q07/037077
S3=XRIRXRIRZ logical operators

Sy =ZR3XRIQXRQZ

eg) _ _
stabilizer operators X~ XS =IYRY®I®X

* Five-qubit code has code distance 3

Logical operators must have supports on at least three qubits.

. . . _ . 2
Why is this a quantum error-correcting code * set of states with distance 1

Wo> The code tolerates single-qubit

. |
distance 3 EITors



Five-minute introduction to five-qubit code (3)

For any subset of three qubits, logical X and logical Z operators can be found.

lost qubits

Both Pauli X and Pauli Z logical operators can be supported on shaded qubits.

The code can tolerate loss of 2 qubits.

Logical Pauli X,Z have representations on any region with

three qubits.
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Desired properties

-

-

A bulk operator must have representations on any region

with three qubits.




Five qubit code

Encode one logical qubit into five physical qubits.

0) 451} a|0) + b|1)

al|0) + 6|1

input output
Pauli X, Z > logical Pauli X, Z
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Logical Pauli X,Z have representations on any region with

three qubits.




Six-qubit tensor

Tensor pushing

Injecting a Pauli operator pushing into three
into one tensor leg tensor legs

Any leg can be used as an input leg !!!



Holographic Code




Causal wedge reconstruction




Entanglement wedge reconstruction




Generic properties : Perfect
tensors



Perfect state / tensor

e A pure state with maximal entanglement in any bipartition

Perfect state (2n spins) Perfect tensor (2n legs)

pa X Iy for all |Al <n

11=0120=0 1n,=0

v—1



Duality of unitary operators

e Given UA, there always exists VB such that Uy ® I|¢)) = I ® Vz|¢)

“gate teleportation”

Ua 3 — < VB
A B A B
— Ua - - will lead to bulk/
— ! - = ! ve — boundary duality...

duality




Distillation of EPR pairs

e By applying a unitary only on B, EPR pairs can be distilled

Us =

formula...

EPR pair
—145
o0—+—o0
5 o onlyonB'!
o)
o)
B
S > will lead to the RT
Istillation
-
-
-



Holographic quantum state / code

physical legs

o ’.' L al Nk
5" o) 0. -
T2 Tk

holographic state holographic code



A black hole and wormhole

As a mixed state As a purified state |¢)

\V/ ,
S .

! black hole !
v %
L

%&% ‘

iInject maximally mixed state

Trp(|9) (o)) =p



Yes, perfect states exist

e 2n : total number of spins
V : spin dimension

e For v=2, perfect states with n=1,3 exist

-- EPR pair
-- 6-qubit state (5-qubit code)

e For large n, perfect states with v ~ O(n"*1/2) exist

e Pick a Haar random pure state, then it is a nearly perfect
state (canonical typicality).



Holographic state
(bipartition)



Ryu-Takayanagi formula, it's exact !

[Claim] Entanglement entropy for A (connected region) is equal to the

eodesic length.
d ) Sa = 10%9‘

spin dim length

AdS metric

S(pa)

R
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Geodesic line from local moves

local moves




Local move = distillation of EPR pairs

e Local moves distill EPR pairs and decouple “junks”.

2 =X Jw& L
local move _
%&ﬂ% % M




Geometric map of entanglement

e Graphical representation of entanglement in the AdS/CFT

correspondence.
Geodesic line = EPR pairs

Long-range
JTang Short-range

O- 00

local unitary on B local unitary on A



Entanglement in a black hole

e EPR pairs along the wormhole (ER=EPR ?)
e RT formula with a black hole




Holographic state
(multi-partition)



Multi-partite entanglement

e It is not difficult to create a wavefunction with S4 o< log(L), but...

MERA
eg) distribute EPR pairs in a

) tensor tree
log L

O, Cyeee ' A =1

e Negativity of tripartite entanglement entropy (any “holographic
state”)
I(A,B,C) =S54+ Sp+ Sc — Sap — Sac — Sec + Sasc

-- EPR pair, then |(A,B,C)=0.
-- GHZ state, then |(A,B,C)>0.



Multi-partition and residual regions

L @ 7N
A A B C

|B| large < » small




Multi-partition and residual regions

L @ 7N
A A B C

» small




Multi-partition and residual regions

» small




Multi-partition and residual regions

» small



Multi-partition and residual regions

e |dentified segment of geodesic lines = EPR pairs
e Residual regions = Multipartite entanglement ?

» small




Residual regions in holographic state




Residual regions in holographic state




Residual regions in holographic state




Negativity of tripartite entanglement

e Perfect tensor (state) is the key for negative tripartite
entanglement !

-- Split 2n-perfect state into four subsets A,
B, C, D.

-- Assume 0< |A|, |B|, |C|, |D| < n+1

Then the tripartite entanglement is always
negative !

I(A,B,C) =S4+ S+ Sc — Sap — Sac — Spc + Sapc



Holographic quantum state / code

physical legs
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holographic state holographic code



Future works

bridge ?

Computational complexity and Einstein-Rosen

Fast scrambler ?




