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1.Introduction

The dependence of EE with an AB phase,                        ,  in QFT 
was studied by                                            .  

The Aharonov Bohm (AB) effect is a fundamental quantum  
phenomenon in which an electrically charged particle is affected 
by an electromagnetic potential         , despite being confined to a 
region in which both the magnetic field B and electric field E are 
zero.

Entanglement entropy (EE) is the quantity which measures 
the degree of entanglement.

EE plays important roles in various fields of quantum physics 
including quantum information theory, string theory, 
condensed matter physics, and the physics of the black hole.
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Arias, Blanco, Casini 2014

In our work, we consider a different setup and obtain some exact 
results.
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Arias, Blanco, Casini 2014
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(2+1) dim free charged fields on the cylinder
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They considered EE of an annular strip A.

dimensional 
reduction  

In this case, the EE becomes the EE in (1+1) dimension for 
an infinite tower of massive fields by the dimensional reduction.  

There is the magnetic flux inside the cylinder.
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2.Our Setup

We consider EE of one interval A for the charged field on the ring. 

We assume that the charged field on the ring is (1+1) dim CFT.
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In this case, we cannot use the dimensional reduction. 
Instead, we can use 2d CFT technique and obtain 
some exact results.

There is the magnetic flux inside the ring.
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3.EE in 2d CFT with the AB phase

τ
First, we eliminate          by a gauge 
transformation 
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The charged field             has the following 
boundary condition
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The cylinder is mapped to the complex plane 
by a conformal map 𝐴𝐴
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The twist boundary condition is represented as the insertion of 
twist operators at zero and infinity. 

So, by using the replica method, we can express              as a four 
point function of the twist operators 
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Two different twist operators        and        appear.nT νσ

A representation of 
the Riemann surface for n=3 



For free fields, we can diagonalize and           simultaneously 
by the  discrete Fourier transformation
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3.EE in non compact charged free complex  
scalar field

nT νσ

For free fields, the various k-modes decouple and the partition 
function is given by



◎Comment on EE of two intervals without the AB phase
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EE of two intervals without the AB phase can be obtained by the 
following four point functions of twist operators. 
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Because                     ,  we need more general four point functions 
of twist operators.

one interval with the AB phase 

nk /≠ν

can be obtained by the 
method developed in CFT on orbifolds.
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Calabrese,Cardy,Tonni 2009



1
/

)/1(/22
, )),((|| −−−= xxIxZ nk

nknk
nk πκ

[ ] ( ))/cot(cot|)(|)1()()1()(
)1/(
)1()/(

/),(

2

/

nkxFxGxFxGxF
nk
nk
xxI nk

ππνπ
ν

ν
π

−+−+−
+−Γ
−ΓΓ

=

);1,/,1()( 12 xnkFxF ν−≡ )1;/1,/,1()1( 12 xnknkFxG −−+−≡− νν

Llie
z

zzx /2

1

21 1 π−−=
−

= )/sin(2|| Llx π=

The results

where x is the cross ratio
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We show 
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In              limit, there is a               divergence.

Some properties of the (Renyi) EE
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This divergence comes from the homogeneous component of 
the field. There is a similar divergence in EE in the massless limit 
of a massive scalar field in 2 dimension. 

Short interval and small AB phase limit

small AB phase limit



4.Conclusion
We considered the dependence of EE with an AB phase,                     ,
in CFT on the ring.  
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The Renyi EE is expressed by the four point function of twist 
operators.
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We obtained some results for EE in non compact charged free 
complex scalar field.
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Future work:
finite temperature, time dependence,  etc





n
nn

A Z
ZTr

)( 1

=ρ



𝐴𝐴
�̅�𝐴

𝐵𝐵

𝐵𝐵

𝐴𝐴

�̅�𝐴

�̅�𝐴




	“Aharonov-Bohm effect” and entanglement entropy in �conformal field theory
	1.Introduction�
	スライド番号 3
	2.Our Setup�
	3.EE in 2d CFT with the AB phase�
	スライド番号 6
	3.EE in non compact charged free complex  � scalar field��
	スライド番号 8
	スライド番号 9
	スライド番号 10
	スライド番号 11
	4.Conclusion
	スライド番号 13
	スライド番号 14
	スライド番号 15
	スライド番号 16

