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Operator Product Expansion
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• Convergent power series expansion (not 
asymptotic!)

• Radius of convergence set by closest 
operator insertion.

• Operator relation. 1
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3
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• No Lagrangian

• No Feynman diagrams

• No regularization, RG etc.

• Only conformal symmetry, crossing 
symmetry and unitarity.

General philosophy of bootstrap
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Outline

d>2, no supersymmetry



• Partly motivated by the 1974 seminal paper 
by Polyakov, 1505.00963 by Rychkov-Tan 
and 1510.07770 written with K. Sen (to join 
IPMU as postdoc).

• Mainly ongoing work with R. Gopakumar, A. 
Kaviraj, J. Penedones and K. Sen



• New method will be based on using 
“Witten blocks” which are naturally 
formulated in Mellin space insead of usual 
conformal blocks in position space.  Think 
of flat space Mandelstam variables instead.

• Seems to make transparent the connection 
with usual QFT.

• May be useful to clarify the role of string 
theory.



• Wilson-Fisher fixed point.

• 3d Ising model (critical point of boiling 
water)

• 2d Ising model c=

• XY model 

Epsilon expansion: Review
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• Regularize, renormalize

• Locate fixed point of beta function

• Use Callan-Symanzik to determine 
anomalous dimension
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• State of the art is epsilon^5 by Kleinert 
et al. 

• Needs ~135 diagrams. Possibility of 
mistakes.

• Any way the series is asymptotic.

• QUESTION: Can the 3d Ising model at 
the critical point yield an analytic 
solution?
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d = 3 ! 0.519 numerics ⇡ 0.518

experiments ⇡ 0.521
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Numerical results are from bootstrap based on methods pioneered by Rattazzi, 
Rychkov, Vichi and Tonni and used by El Showk et al. Often quoted as most 
accurate numerical estimates for the 3d Ising model at criticality.
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For large spin, we can use analytic 
bootstrap since the blocks are known in 
this limit for any dimension [Kaviraj, Sen, AS, 2015]

Find precise agreement with this.

Using a new approach, we can do better 
and get this result for any spin without 
Feynman diagrams!

Higher spin operators: Wilson-Kogut



Quick review of modern bootstrap
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“direct-
channel”

“crossed-
channel”

Conformal 
cross ratios
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Can only be 
reproduced upon 
considering large 
spin operators on 

the RHS

Dolan, Osborn;

even spin

Crossing
u $ v



• Blocks satisfy 2nd order partial differential 
equation in u,v (quadratic Casimir).

• Integral representation known in any 
dimensions. Infinite series representation 
known in terms of Gegenbauer polynomials 
in any dimensions.



How is a bound possible?

X
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1. Expand around u=v=1/4
2. To satisfy equation derivatives also have to 

vanish.
3. Look at 2nd derivative of the F’s.
4. All non-zero spin F’s have minima (same 

sign).
5. Zero spin F’s have opposite sign. 

Rattazzi, Rychkov, Tonni, Vichi
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• Conclude that for the bootstrap equation 
to hold, we must have another scalar in the 
spectrum whose dimension is below some 
number.

• Can refine this analysis using Linear 
programming and Semi-definite 
programming. Lots of literature.

• Can also get bounds on OPE coeffs.
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“most precise” 1403.4545, El Showk et al
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Kos, Poland, Simmons-Duffin, Vichi, 2015

Numerics are not yet 
accurate to resolve the 
disagreement with 
experiments



• Very hard to get any analytic result about 
low lying spectrum due to different powers 
of u, v appearing in each channel.

• Cannot reproduce Wilson-Fisher results 
except for large spin operators. [Sen, AS, 2015]

• Eqns depend on u,v (cannot simply match 
powers).

• Does not seem like a promising line for an 
analytic solution to the 3d Ising model at 
criticality.

Drawbacks



• Conformal symmetry (not bootstrap) can 
be used to get critical exponents at leading 
order in epsilon—Rychkov, Tan, 2015.

• Can also do this numerically.

• Hence the current version of bootstrap 
may not be the most optimal way (at least 
analytically) of setting up the problem.



Motivating the new approach

• Polyakov in 1974 suggested a Lagrangian 
free approach to criticality based on 
unitarity and dispersion relations. This 
approach has not been examined carefully 
in the literature (at all, although it keeps 
getting cited in modern times).

• This approach gave the correct leading 
order (in epsilon) anomalous dimensions 
for certain operators.

• The general equations proved too hard to 
solve and this program was abandoned.



• Recently, Sen and I extended Polyakov’s 
dispersion relation method to an order 
higher.

• This prompted us to look at his approach 
more closely.

• I will give a modern (our) version of his 
paper. It will turn to be more elegant in 
terms of Mellin space.



Mellin space
Position space correlators for 
identical scalars in CFT are 
functions of 2 conformal cross 
ratios u,v

Mellin transform correlator to s,t space
Z

dsdtusvtMeasure(s, t)Amplitude(s, t)

Crossing symmetry (u interchange with v) 
now becomes a symmetry in terms of s,t

Amplitude for given spin exchange can be 
shown to go like sspin

around 
u=0, v=1



• Mellin amplitudes have been around for a 
while.

• Mack in 2009 emphasised their importance 
in CFTs. Further exemplified by Penedones; 
Paulos; Fitzpatrick, Kaplan, Penedones, van 
Rees, Raju…..

• Topic of study in recent times in the 
context of AdS/CFT. Mellin representation 
often are much simpler than their position 
space counterparts. 

• Mellin space is the AdS analog of flat space 
momentum space.
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Measure(s, t) = �(�t)2�(s+ t)2�(�� � s)2

s-contour is closed on the right.

Double pole implies possible 
log u terms in position space

Absent in OPE. Hence these 
must cancel.
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Coincides for d=4 spectral function “derived” by 
Polyakov in 1974. Turns out to be same as what is 
used for the partial wave decomposition of Witten 
diagrams used in 1209.4355 by Costa, Goncalves, 
Penedones which was not realized.
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Conformal partial wave decomposition



• Idea now is to look at the crossing 
symmetric form of the amplitude in s,t 
space.

• Demand that it has no                 with 
i=0,1 which would be incompatible with 
OPE. 

(s���)
i



For OPE to hold, in position space we 
(schematically have)

• This must hold for each m1, m2.
• Alpha’s, Beta’s are functions of conformal 

dimension and spin.
• Get constraints on the spectrum and 

OPE coefficients.
• Boils down to residue computations 

which can be done on Mathematica.
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• However, in position space each channel is 
a sum over both spin and dimensions.

• This makes life a bit complicated. In 
particular the s-channel each power of (1-
v) involves summing over a finite number of 
spins. 

• In Mellin space we have a simplification.



Amp(s,t) can be written as an expansion in 
conformal partial waves in s,t
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look at leading u-power 
inconsistent with OPE

Askey, Andrews, Roy



• We can expand now the t,u channels in 
terms of the continuous Hahn polynomials.

• The advantage of doing this is that the s-
channel now has contribution only from a 
single spin (may have multiple operators of 
different dimensions).

• This is a huge simplification.
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• Equations simplify further at least in 3 cases 
that we have studied and agree with known 
answers.

• Epsilon expansion (can reproduce Wilson-
Kogut for all double field operators including 
arbitrary spin)

• Large spin asymptotics

• Large N expansion (w A. Kaviraj and P. Dey) in 
O(N)



Epsilon expansion simplification upto 
second order



Large spin universal results
Position space version: Fitzpatrick et al, Komargodski-Zhiboedov, Kaviraj, Sen, AS; 
Alday-Zhiboedov

Large spin limit is controlled by leading 
pole in t-variable. If poles are separated, 
we have a systematic expansion in 
inverse spin. 

anom. dim. of large spin 
operator

Cm : OPE leading exchange

⌧m : Twist

Sign is negative always!

�@ · · · @�
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• Do not need large N, not tied with 
gauge/gravity duality. Should hold for any 
CFT.

• Can also reproduce exactly from AdS/
CFT hinting at a universal sector both in 
gravity and CFT.



More powerful numerics

  

d=4   

Allowed region
more constrained

(0,0) eqn 
  only

dim of elementary scalar
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The single equation already predicts 
the existence of a higher order scalar 

in the 3d Ising model of dimension 
greater than something.

dim of elementary scalar



• New approach appears well suited to make 
connection with perturbative qft results 
analytically.

• Since method is non-perturbative, it is a 
good starting point to investigate expansion 
in other parameters, e.g., specific heat 
critical exponent.

• Will need to invent new maths for 
subleading u powers.

• Will be very interesting to develop 
numerics further.

Summary



• In the spirit of this conference, it will be 
interesting to ask what the connection with 
entanglement is.

• For heavy, heavy, light, light correlators, the 
continuous Hahn polynomials may lead to 
insights (that have been possible in AdS3/
CFT2.)



Thank you!


