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Motivation



Holography

AdS/CFT correspondence * Gravity/Gauge
Maldacena 1997

huge numbers of evidences but no proof

open string/closed string duality 7

D-brane -_ closed string = gravity

D-brane

open string
|
gauge theory



IDifferent viewpoint|

We propose a general method

Quantum Field Theory Geometry

ct. Geometry of classical gauge theories

covariant derivative D, =0+1i9A, connection

field strength (curvature) F,, x[D,,D,]

Apology: | am not an expert on String theory and related topics.
(I am mainly working on lattice QCD.)
So | can not answer your questions related to these.



Summary
of
Proposal and Results



Proposal

S > o(ta)

d dimensions d+1 dimensions

_
g,uv _hzag (2) z = (t,x)

G (2) = (G (9u(2))) > " geometry” of
quantum average of d+1 dimenional Space
Einstein tensor




Results

In the large N limit, we show

(

.

Guv(z) = —Agu(2) A<O

\

(

—uclidean) AdS space

In the following 2 limits:

UV Iimit ¢—0 A =

IR limit ¢t — o A —

d(d — 1)
hd—2) 070
([d-1) d> 2




Detalls I. Proposal



|(Gradient) Flow equation |

large N index - action for d-dim. theory
o 59
t O () o (2)— o (1,2
T: energy scale
A
¢*(0,x) = ©*(x) initial condition IR

2= (1 =Vt z) € (RT,RY)

Remark UV

¢(x) is the field in the path integral (NOT the operator).




What is the (gradient) flow equation ?

Free theory %qﬁ“(t,w) = (O —m?) ¢°(t, z)

—m?t

a € —(z—1)? a
> ¢ (t,x) = (47Tt)d/2 /ddye (z=y) /tgp (1) Heat kernel

Lattice QCD ! b (t, )

INtroduced to smooth out UV

fluctuations of gauge fields
Narayanan-Neuberger 2006, Luescher 2010

flow gauge field is UV finite
Luescher-Weisz 201 1

o d
cft. Riccl flow Egij — —QRZ'j

used to prove Poincare conjecture by Perelman



INormalized flow field |

O_a(z) - ¢a(z) Non-Linear Sigma Model (NLSM) normalization
' 2
V (0%(2))

Quantum average

d-dimension

O) = 0@ = 3 [ Do 0@, 7= [Dpes®

[Flow equation |

define
Integrate out UV modes s . . s
— Renormalization Group
INormalization| .
transformation

renomalization of field

Remarks One may take different nomalization conditions instead of NLSM.

S # Sy is allowed. If S =S¢, we call it “gradient flow”.




0%z) : Rt x R — RY

h: constant with mass dimension —2

G (2) :=h Z 0,0%(2)0,0°(2)

Induced metric on a d + 1 dim. manifold RT x R? from a manifold in R",
defined by 0%(2) with (c?(2)) =1

any correlation functions can be calculated using

functional integral in d-dimensions

(G (2)) = {Guu(z —} geometry
<§M1V1(21)§,&21/2(Z2)> : <gu1V1( )g,ugl/g 22 I quantum

(Guron (21) G (20)) = {Gurin (21) *+ G (20)) corrections



1l Guv(2) x 0,,0%(2)0,0%(2z) may give finite results for 7 # 0

Flow: a heat kernel type smearing T — 01s UV while 7 — o0 is IR

Finiteness as QFT is NOT guaranteed in general but true in the large N limit.

cf. d dimensional induced metric g, (z) ~ 0,¢0(x)0,p(z) is badly divergent

2| metric becomes classical in the large N limit

1

<§W(Z’1)§aﬁ(22)> — <§W(Zl)><§aﬁ(22)> + O <N) large N factorization

» (G (9p0)) = Gpu((Gpuv)) + O (%)

classical geometry after quantum averages




d-dim. quantum field theory

large N lIimit

(d+1)-dim. classical metric

\ 4

Geometry in d+1 dimensions



Detalls Il. Results



Large N Model

©p? model

5" w) = N/ddx %8%(5’3) Ohp(w) + (@) + (902(:1:))2_

uw=0: free, u — 0o : NLSM P (@) = p(@) - o(x) = Yo, ¢ (2) 9" (@)

large N limit ip(2—1)
@) =0t [
mass renormalization
u2=m2—%2(m) Z(??%)Z/dprjm2 > 0, dp = (g;z)od,



Flow field

Flow equation

0S (%, uy)
0 ()

© 5(ta) = - = (O -13) ¢"(t.2) — Lo"(t.2), ¢"(0.2) = " (@)

Solution in the large Nlimit ¢ (¢, p) = f(t)e P *o(p).

FO) =370 = LPOG0, o0 = [ G0 =20m)

2-pt function

<¢a(t7 x)¢b(37 y)> —

0% Z(my) /dp o~ (t+5)p” gip(z—y)
N V/C#)¢(s) p*+m?

divergent |



Normalized field o’(t, x)

2 vy Zlmy) e 2P Golt)
@) = = [ dr = Z(mg) 25— Z(my)

2-pt function for nomalized field

(0°(t,2)0"(s,y)) =

v 1 /dp o (t+s)p” gip(z—y)
N /Go(t)Co(s)

UV finite and independent bare parameters,
depends only on the renomalized mass

p2 m?2




Induced metric

VEV of the metric

Grr(T)

. o Gr(7) O
g,tu/(z) T <g,u1/(z)> o ( O 9@] (7.) >
h7t? d? log Co(t)
6 az 9l = g

Co(t) = I'(1—d/2,2m?t).

(47r)d/2
Incomplete gamma function




IRIImit mr>1

hd hé;,

977(7') — 92 gij(T) = 2

hd
d82 p— ﬁ(d’U,Q —I— dCEQ)
U

u=/df2r »

Euclidean AdS metric



UV limit

Grr(T)

h <

mT < 1

log correction appears in d=2

9
2m g -
w 4T 5
1
— d = ; gz](T) — h5@] <

-----------------------------------------
------------------------------------------

Euclidean AdS metric

-------------------------

-------------------------
-------------------------



Einstein Tensor

G (7)) = —=Ar(m7)gr(T), Gii(T) = —Ag(m7)g;,(7),

dlog Y (x)

d
did—1) g Y(z) =1+ —logD(1 —d/2,z)
A _ x & L)
T(mT) 2%h Y(CE) ) dx
xr=m?2712/2
" d dY (x) "
SAmr) 2 | dz 28\ da
Ag(m7) = A (m7) + dA(mT), A (m7) = dlog V(z) — 2
dx d x=m?272/2

SA(mT) =0 » Guv(T) = —Ar(m7) g (7)

Ar(m7) = A = constant » cosmological constant



IRIImit mr>1

d—1
Guv(T) ~ —AR Gy (7) Ap = ——
Euclidean AdS metric
UV Iiimit mm <1
did—1
d>3 Guv(T) = —Auvgun () Auv = hgd — 2;
Euclidean AdS metric
log(m?7?)

d=2 Gu(r)~—Am7)g., (1) A(mT) =~



From UV to IR

arctan(mr)
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Discussions



Summary

. Proposal: d-dim. QFT -> (d+1) dim. induced metric
. using flow equation

. Properties in the large N limit
. UV finiteness
. Mmetric becomes classical

. Results: large N scalar model

« IR -> Euclidean AdS at d>1

« UV -> Euclidean AdS atd > 2




Questions

this approach meaningful ?
relation to holography ?
. higher spin theories 7
. hon CFT -> geometries 7

guantum fluctuations in the large N expansion
1

<gM1V1 (Zl)g,ugyz (22)>c =0 (N)
Other models 7
. fermions, gauge fields -> ?

. finite Temperature -> black hole ?




