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Introduction 4. 9) N

Quantum cosmology (QC):

treat a universe as a single quantum system

e Canonical quantization of the universe
H|W) =0 Wheeler-DeWitt (WD) equation

Hamiltonian constraint

Quantum state of the universe is contained in
the wave function of the universe ¥[q] = (¢|¥)

We expect to obtain origin and history of our universe
by analyzing the wave function of the universe

® There are several issues to be considered:
problem time: how can we derive dynamics of the universe?

probability: conserved charge is not positive definite
how can we define probability?
Prediction of the wave function : relies on WKB analysis

boundary condition: how do we determine BC of WD eq.?
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Structure of mini-superspace (¢, ¢)

scale factor matter field

WD equation (KG type eq.)

1 GA8 = diag(—4, 12)
[_EGABBAHB e U(q,qb)} V(g,¢) =0 :

U(q.9) = — +4V(9)

q Lorentzian region: U(g,¢) > 0
A Lorentzian i g
\_ _ Wave function has WKB form
trajectories
“semi-classical” universe
*IU(qu) = Euclidean region: U(q,¢) < 0
Euclidean . ) classically forbidden region

gl Yo pvE
“quantum” universe

How can wave functions predict
classical trajectories (universe)?




Boundary condition

Hartle-Hawking (HH): sum over compact Euclidean geometries
v(q) = [1dNdglexp(-Slg. N
path integral is dominated by regular Euclidean classical solutions

Vilenkin (V): wave function is purely outgoing at the infinity of superspace
tunneling type

(HH) prefers small values of cosmological constant

e (#)

A(P)
(V) prefers large values of cosmological constant

Pip) -~ onp (—ﬁ)

Our present universe: large scale structure, isotropy of CMB
® we expect our universe has experienced inflation with & > 60

® our universe has small value of cosmological constant

The purpose of QC is to explain these features of our universe
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Purpose of this research

We want to say something about boundary conditions of WD eq.
by imposing observational constraints

(HH) or (V) or others ?

e model: closed FRW universe with a massive scalar field with a
cosmological constant (toy cosmological model)

e constraint: sufficient number of e-foldings of inflation
N > 60

We investigate which type of BCs of the universe is preferable
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Mini-superspace model

A closed FRW universe + massive scalar, cosmological constant

action : i

e / o / d*x =g [(0,9)% + m*®?]

167G 2
metric
oo RN > =

ds = —7d)t + qd $23 Mmini-superspace (q, )

Hamiltonian
— 2 ]
KN | 1 P
He=—— 11— (—4p§ | q‘é’) 1 +q(1 + u?9>) | =NH

dimensionless parameters

4r G\ /2 Iy e
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Classical solutions

Hamiltoznian constraint inflation potential
ﬁ i:A | 47 G (¢2+m2¢2) A 2 2 A
a . 3 Tl

scalar field eq. 7
d5+3(€)q5+m2¢ = 0
a » O

Inflationary solution

slow roll condition
A
3

< m?>P?

B < (ﬁ) B, D2 < mPo?. ”T
a

» A universe expands with acceleration a > 0

duration of inflation depends on initial values of ¢ <=

e-foldings Ky (ﬁ) predicted by the wave function

di of the universe
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small mass u < 3. large mass w® >3

- =

10°
10°
1 |de/dt]|
10°
107+
L lde/dt|
107+ | |
10—107
10~ ‘ ‘ ‘ ‘ 0 100 200 300 400 500
0 100 200 300 400 500 t

small m?/ A large m*/ A

slow roll == over damp slow roll == damped oscillation

The universe continues accelerated expansion forever
due to the cosmological constant in this model
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Wheeler-DeWitt equation

Hamiltonian constraint

H(q, pg. ¢, pp) =0 e ia¢

L P L PN L
55 (45— 33 ) — 5 + VO |¥G@p)

1 2,
Vigr=: £’

As we cannot solve this equation analytically, we obtain the wave
function numerically.

Two dimensional wave equation and can be solved with suitable BCs
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de Sitter case V(¢) = const.

d2
( 8dq2 F1— 2qV) W(g) =0  Schroedinger eq. with zero energy

potential

(HH): superposition of expanding and
contracting universes
qg > 1
W~ oT4/2 Ve e

(V): purely outgoing wave
tunneling type
qg > 1

U~ e 912 i R
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de Sitter case V(¢) = const. Halliwell, Louko 1989

® General solutions of WD eq. in terms of Airy function

G(¢qlq0) = c1Ai(z0)Ai(2) + ¢2Bi(z0)Bi(z) + c3(Ai(zo)Bi(z) + Bi(z)Ai(2))
(wave functions as transition amplitude from 4o — ¢)

s —2/3
=20 =(F) -2¥). n-:0-(F)

typical wave functions

WHH — Wz 7 W3 ~ CXP (—I— £V> COS S() ¥ = (2V)_1/3Ai(ZO)Ai(Z)
i 2.r / . .

'PV =Y, + l"P3 ~ exp (—%) exp(—iSp) > = (V)7 Bi(20)Ai(2)

W, = (2V) "3 Ai(z0)Bi(z2)

S00.9) = g QY@ — 1Y -5

(HH) and (V) can be represented using three functions (solutions)
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We parametrize solutions including (HH) and (V) using two real parameters

Ve = tana(cosb ¥, —isinb¥)+ W3, 0<a,b<m/2

= 2V) 3 Ai(z0)Ai(2)
W, = (2V)"3Bi(z0)Ai(z)

b o —1/3 A :
W Wy = (V)7 Ai(zo)Bi(2)
/2 ® Q
wave function|parameter (a, b) |asymptotic form for g > 1
lp3 ' "pHH %, O) ~ CXP (—I— 6I$/) COS S()
4 ~ ex ( K ) exp(—i S
li.UHH 32) - \Y ( p P( O)
0 /4 /2 Wy (2,2 ~ exp ( g/) cos So
space of BCs 18 5.0) ~ exp (+ g,) cos So
W3 (0, any values) |~ —exp ( g,) sin Sq

We specify a BC of WD eq. for non-constant potential case

using this parametrization z



WKB analysis and probability Hartle, Hawking and Hertog 2008

5670400 + Uq.9) | #(a.) =0

WKB anzatz phase function is complex in general
w(g*) = C(g*)e +1@? f=Iy—is
1
0 hO hen VI < U 4 o Oa
o S e

O ) 2V NC OVl — 0 conservation of current

If the condition holds we obtain the Hamilton-Jacobi equation

VIg|? 1 - 0S
VS U =0 =S
SE <1 2K2( Yok A=

“classicality” condition

. : (i) e
WKB wave function g > g G
[ =saddle
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Conserved current of WD eq.

o -
Ja = i(tp Va¥ —OV,o*), V-94=0.

For WKB wave function,

Jf) = —|C(’°)|2 exp(—2lg))VAS(i)

V-JO =0,

We consider a hypersurface 3., on which the classicality condition is
satisfied. We can define probability measure for expanding universes

on /. by

‘7)(¢) = n= —‘C‘2€Xp(—21R)VnS Pqg = —8qS <0

q
A

M

density of trajectories crossing X,

classical trajectories

n

g

classicality surface 3/,
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P(p)on X
() - A value ¢ on X determines N

' inflation

sufﬁ01ent 1nﬂat10n ' over Planck
N > 60 energy density

¢min ;bsuf ¢pl

Conditional probability for sufficient e-foldings of inflation

qszlf do P (P) <& prob. of inflation with & > 60

qil:iln d¢ ?(Qb) « prob. of inflation

PsufEP(NZ6O):

®min : end of inflation driven by scalar field
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Probability of boundary conditions

For a wave function with a specific BC, it is possible to obtain probability
of sufficient inflation

Pait = P(S|B;)

On the other hand,
probability of BC under the condition of sufficient inflation is

P(B;)P(S|B;) : h
t
> P(Bx)P(S|Bx) ayes theorem

P(B;|S) =

P(S|B;) probability of sufficient inflation under a specific BC
P(By) prior probability: assume uniformly distributed

We represented {B;} using two parameters a,b
Probability of boundary condition under restriction of sufficient inflation

P(S|a.b)

P(a.b|S) =

[da'db’P(S|a’,b’)




i i i H.S bu & YN
Numerical analysis of the wave function 'Suencou&¥n

We solved the WD equation numerically q
and obtained wave functions for 9x9 BCs ‘_

b Lorentzian

T2

gii| Euclidean ™ --....

0 /4 /2
space of BCs 2000x200 grids in mini-superspace

5-step Adams-Bashforth method

Boundary condition for WD equation: exact solution for constant potential
parameter a, b

Y (Gini» ) = Y (Gini, @), aqw(%ni, P) = 8qWC (Gini> P)
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Extraction of probability from wave functions
q

A

classical trajectories

|
1 s
classicality surface 3.

.III>¢

(0) Obtain wave function with (a,b)

Euclidean '*--

T

K
(1) Specify a classicality surface  So(g,¢) = V(@) OV =1y 2= -

(2) On the classicality surface, we obtain probability measure of inflaton
field from the wave function. == initial value of classical equation

(3) Then, integrate classical eq. motion to obtain e-foldings for scalar field

driven inflation and obtain probability for e-foldings.
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Probability of inflaton field for various BCs (unnormalized)
on the classicality surface

4 w w 35 w w
b
n/z“ ‘fv 14
Vs
WHH [ 2)
0 a

e The wave function with (HH) prefers small values of potential

® The behavior of the wave function with (V) depends on the value of
wocm/AY?

small W prefers large values of potential

large W prefers small values of potential
24
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Probability of boundary conditions P(a, b) />
u =02 n=3

/2 /2

= 1t/4 /41

0 A 0 /4 )

® Y/, is superior to Yyy for large e-foldings of inflation

® | ocation and spread of peak depends on mass parameter U

e For fixed value of mass, the probability distribution becomes
more steep for smaller value of the cosmological constant.

Does this something to do with the cosmological constant problem?

Fisher information analysis
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Summary



Summary

® One purpose of quantum cosmology is to predict inflationary universe.

® Introducing parametrization in BC space of the wave function,
we evaluated probability of BC under the condition of sufficient
e-foldings of inflation. The probability depends of the value of

parameters in the model.

e Fisher information (parameter estimation?)

e Beyond mini-superspace model of quantum cosmology?
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Quantum informational approach to

quantum cosmology How can we predict inflationary universe?
(emergence of de Sitter spacetime)

e Quantum field in de Sitter (harmonic chain) yn 2008

negativity
time

collection of separable regions 05

. disentangle

comoving lattice

H—l
e Two regions become separable after H™!

==)> |ndependent separable “classical” universes
with classical correlations appear.

originated from entangled vacuum fluctuations
and become seed of large scale structures in our universe
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collection of separable “classical” universes| (IR)

time

g
1 H_ 1 H_ 1 H_ 1 H_ 1 H_ :
: : : : : - k :
: 2 4

disentangler

&

initial entangled “quantum” universe | (UV)

® Emergence of classical universes needs specific type
of expansion law
==)> separability requires emergence of de Sitter expansion

We expect to obtain a new perspective for origin of inflationary universe
in this direction of research using Ql.
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