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0. Introduction 
Some Issues in the HAL QCD method



HAL QCD method
A powerful method to investigate hadron interactions

Strategy
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energy-independent non-local potential 

'

~k(~x)e�W~kt = h0|N(~r, t)N(~r + ~x, t)|NN,W~ki

where |NN,~ki is a QCD energy-eigenstate for two nucleons with mass m
N

in the center

of mass system with the total energy W
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and the relative momentum ~k[38].

Here the local interpolating field operator N(x) is for the nucleon is given by
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where x := (~x, t), a, b, c are the color indices, and the charge conjugation matrix C =

�2�4, and p, n correspond to proton and neutron while u, d denote up and down quarks,

respectively. In literatures[5–7, 37], the potential in the HAL QCD method is introduced as
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for all ~k which satisfies W
~

k

 Wth, where Wth := 2m
N

+m
⇡

is the threshold energy for the

one pion production. While an existence of non-local but ~k (energy)-independent potential

U(~x, ~y) has ben shown in the literature, it has some ambiguities, which we call the scheme

dependence of the potential. One possible ambiguity comes from the definition of N(x) in

eq. (66) in terms of quark fields, which has already been fixed in the literatures as in eq. (67.

In addition, U(~x, ~y) can not be uniquely fixed by eq. (68), which is not necessarily satisfied for

W
~

k

> Wth. In the previous literatures[5–7], this ambiguity has not been explicitly discussed.

Therefore we explicitly define our scheme for the potential in the HAL QCD method in the

next subsection.

B. A scheme for the potential in the HAL QCD method with the derivative ex-

pansion

For simplicity, we consider the S-wave (L = 0) scattering between two scalar particles,

although extensions to non-zero spin or angular momentum are straightforward (but rather

complicated). We here propose to define the potential for this system in the HAL QCD

method in terms of the derivative expansion as
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V
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12

W~k  Wth = 2mN +m⇡

Derivative expansion

V (~x, ~r) = V0(x) + V�(x)(~�1 · ~�2) + VT (x)S12 + VLS(x)~L · ~S +O(~r2)

U(~x, ~y) = V (~x, ~r)�(3)(~x� ~y)



Some issues

 Q2. Validity of the derivative expansion ? small parameter ?

II. Definition of the HAL QCD potential with the derivative expansion

Q3.  Is the HAL QCD potential Hermite ?

III. Hermite potential from non-Hermite potential

I. The HAL QCD potential from the moving system

Sinya Gongyo’s taik on 4/24.

Q5. Quark annihilation processes and resonances ?

Yutaro Akahoshi’s talk on 4/16.

Q1.  The HAL QCD potential in the moving system ?

Q4.  Partial wave mixings in the cubic box ?



I. The HAL QCD potential  
from the moving system



Our Motivation

� resonance from the I = 0 ⇡⇡ scattering in the HAL QCD method

“vacuum” has the same quantum numbers 

“vacuum” state appears in the NBS wave function in center-of-mass system

the potential describes the vacuum as the “deeply bound state” of two pions ?

Moving system no “vacuum” state in the NBS
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true only in the CM system

no definition of the potential directly from the boosted NBS 



Generalized definition of the potential in the CM system
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non-equal time NBS wave function in CM system

k = |~k|

(E
k

�H0)'
~

k(~x, x4) = V
x4(~x,r)'

~

k(~x, x4)

the HAL QCD potential in the x4 scheme x4 = 0: equal time scheme

Can we extract the generalized potential from the boosted NBS  function ?

For simplicity, we consider this problem for scalar field.

also in Akahoshi’s talk



CM and moving systems 
Moving CMp, P p⇤, P ⇤
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1.2 NBS wave function under Lorentz transformation

The NBS wave function for two scalar particles in the laboratory system is
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relation of NBS wave functions between 2 systems
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This gives the relation between the NBS wave function in the laboratory
system and that in the center of mass system.

1.3 Euclidean space-time

Since simulations are performed in the Euclidean space-time, some modi-
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in the Euclidean space-time.
The relation between the NBS wave functions in two systems are related
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2 HAL QCD potential from the NBS wave func-
tion in Laboratory system

2.1 Generalized definition of the HAL QCD potential

It is easy to show that the NBS wave function in the center of mass systems
satisfies
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as long as (x⇤)2 ! �1, where p = |~p⇤|, x = |~x⇤|, �
l

(p) is the scattering
phase shift. Note that �

p

⇤
,P

⇤(x⇤) does not depend on x⇤4 if the interaction
disappears as (x⇤)2 becomes space-likely large.

Using this property, we generally define the HAL QCD potential from
the NBS wave function in the center of mass systems, so as to satisfy
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for P ⇤
0  W ⇤

th. Note that ' in both Minkowski and Euclid space-time can
be used to define the potential. In this definition, the potential depends
the relative time x⇤0, which we regards as the “scheme” of the potential. In
previous literature, we exclusively use the potential defined from the equal
time NBS wave function, V0(~x,r).
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2 HAL QCD potential from the NBS wave func-
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the relative time x⇤0, which we regards as the “scheme” of the potential. In
previous literature, we exclusively use the potential defined from the equal
time NBS wave function, V0(~x,r).
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2.2 The potential from the NBS wave function in Laboratory
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At each xk, we obtain the potential in the scheme at the Minkowki time
x0 = ��xk. In particular, we have the potential in the equal time scheme
at xk = 0. Even if x⇤4 6= 0, x⇤ is always space-like ((x⇤)2 < 0).
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2.3 Time-dependent HAL QCD method

We consider the time-dependent method here. For simplicity, we consider
the LO potential in eq. (39), but generalization to higher order potentials
are straightforward (but more complicated).
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x4 = 0 (equal-time boosted NBS) is required.
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2 HAL QCD potential from the NBS wave func-
tion in Laboratory system

2.1 Generalized definition of the HAL QCD potential

It is easy to show that the NBS wave function in the center of mass systems
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l
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disappears as (x⇤)2 becomes space-likely large.

Using this property, we generally define the HAL QCD potential from
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2.2 The potential from the NBS wave function in Laboratory
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At each xk, we obtain the potential in the scheme at the Minkowki time
x0 = ��xk. In particular, we have the potential in the equal time scheme
at xk = 0. Even if x⇤4 6= 0, x⇤ is always space-like ((x⇤)2 < 0).
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2.3 Time-dependent HAL QCD method

We consider the time-dependent method here. For simplicity, we consider
the LO potential in eq. (39), but generalization to higher order potentials
are straightforward (but more complicated).
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be used to define the potential. In this definition, the potential depends
the relative time x⇤0, which we regards as the “scheme” of the potential. In
previous literature, we exclusively use the potential defined from the equal
time NBS wave function, V0(~x,r).
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Since ~x⇤k = �(~xk+ i~V x4), the potential is meaningful only at x4 = 0. There-
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At each xk, we obtain the potential in the scheme at the Minkowski time
x⇤0 = ��xk. In particular, we have the potential in the equal time scheme
at xk = 0. Even if x⇤4 6= 0, x⇤ is always space-like ((x⇤)2 < 0).

In the leading order potential in the equal time scheme is obtained as
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2.3 Time-dependent HAL QCD method

We consider the time-dependent method here. For simplicity, we consider
the LO potential in eq. (39), but generalization to higher order potentials
are straightforward (but more complicated).
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where J†
��

(t0, ~P ) is the source operator at X4 = 0, which creates two particle

states with the total momentum ~P , and ellipses represent inelastic contri-
butions, which will be ignored hereafter.
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at x4 = xk = 0, from which we can determine the potential without the
ground state saturation. At the LO, we have
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2.4 Procedure

Let us summarize the procedure to extract the potential from the NBS wave
functions in the laboratory system.

1. Calculate the NBS wave function '
p,P

at one energy or the 4-pt func-

tion R
~
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in the Laboratory system with non-zero ~P .

2. Define projectors as
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4. Calculate the LO potential V�i�V xk(�xk, x?) from eq. (38) or V0(0, x?)
from eq. (43).
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2.2 The potential from the NBS wave function in Laboratory
system

Combining eqs. (29) and (34), we obtain
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At each xk, we obtain the potential in the scheme at the Minkowki time
x0 = ��xk. In particular, we have the potential in the equal time scheme
at xk = 0. Even if x⇤4 6= 0, x⇤ is always space-like ((x⇤)2 < 0).
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2.3 Time-dependent HAL QCD method

We consider the time-dependent method here. For simplicity, we consider
the LO potential in eq. (39), but generalization to higher order potentials
are straightforward (but more complicated).

We define the 4-pt function in the laboratory system as
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2 HAL QCD potential from the NBS wave func-
tion in Laboratory system

2.1 Generalized definition of the HAL QCD potential

It is easy to show that the NBS wave function in the center of mass systems
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(p) is the scattering
phase shift. Note that �
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⇤(x⇤) does not depend on x⇤4 if the interaction
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Using this property, we generally define the HAL QCD potential from
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previous literature, we exclusively use the potential defined from the equal
time NBS wave function, V0(~x,r).
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(t0, ~P ) is the source operator at X4 = 0, which creates two particle

states with the total momentum ~P , and ellipses represent inelastic contri-
butions, which will be ignored hereafter.
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we can derive the hollowing relations
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at x4 = xk = 0, from which we can determine the potential without the
ground state saturation. At the LO, we have
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2.4 Procedure

Let us summarize the procedure to extract the potential from the NBS wave
functions in the laboratory system.

1. Calculate the NBS wave function '
p,P

at one energy or the 4-pt func-

tion R
~

P

in the Laboratory system with non-zero ~P .

2. Define projectors as

(Pk)ij =
P
i

P
j

~P 2
, P? = 1� Pk. (44)

3. If P0 can be measured, calculate various quantities as

~V =
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P0
, � =

1
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1� ~V 2

, (~p⇤)2 =
P 2
0 � ~P 2

4
�m2. (45)

4. Calculate the LO potential V�i�V xk(�xk, x?) from eq. (38) or V0(0, x?)
from eq. (43).
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2.2 The potential from the NBS wave function in Laboratory
system

Combining eqs. (29) and (34), we obtain

V
x

⇤
0
(~x⇤,r)'

p,P

(x) =
(~p⇤)2 +r2

x

⇤

m
'
p,P

(x) (35)

where

r2
x

⇤ = �2
⇣
r

xk + iV @
x4

⌘2
+r2

x? . (36)

More explicitly

V
�(x4�iV xk)(�(xk + iV x4), x?,rx

⇤)'
p,P

(x)

=
(~p⇤)2 + �2

⇣
r

xk + iV @
x4

⌘2
+r2

x?

m
'
p,P

(x) (37)

Since ~x⇤k = �(~xk+ i~V x4), the potential is meaningful only at x4 = 0. There-
fore, we take x4 = 0 after taking derivative with respect to x4, in order to
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At each xk, we obtain the potential in the scheme at the Minkowki time
x0 = ��xk. In particular, we have the potential in the equal time scheme
at xk = 0. Even if x⇤4 6= 0, x⇤ is always space-like ((x⇤)2 < 0).

In the leading order potential in the equal time scheme is obtained as
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2.3 Time-dependent HAL QCD method

We consider the time-dependent method here. For simplicity, we consider
the LO potential in eq. (39), but generalization to higher order potentials
are straightforward (but more complicated).

We define the 4-pt function in the laboratory system as
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Future investigations

1. Check the formula for he simple system

2. resonance in the HAL QCD potential

I = 2 ⇡⇡ moving system

� resonance in I = 0 ⇡⇡ moving system

3. extension to fermions (Baryons)

lower components mix

relativistic formulation for the “potential” ?



II. Definition of the HAL QCD potential 
with the derivative expansion 



(E~k �H0)'
~k(~x) =

Z
U(~x, ~y)'

~k(~y)d3y, W~k  Wth

Of course, the scheme is not unique. One may use a different one.

This equation does not fix the non-local potential due to the restriction of energies. 
Therefore this potential is ambiguous. We have to fix the definition of the potential 
(scheme) explicitly. 

For simplicity, let us consider the scalar particles and ignore the angular 
momentum dependent part of the potential.

• We consider the expansion in terms of r2 (but not L2).

• Terms with odd number of r are not included. This is our scheme.

• The potential must be non-Hermitian. We can make it Hermitian as seen
later.

We here propose a scheme to fix the potential completely using the derivative 
expansion.  



Definition of the potential 

choice of energy
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terms are ignored for simplicity.
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a number of unknowns = a number of equations V (n)
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faithful to phase shifts



In practice Take n = 1 with W 1
0 ' 2mN and W 1

1 ' Wth.
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good approximation in physical interval

Next subject



Demonstration

Separable potential U(~x, ~y) = wv(~x)v(~y) v(~x) = e

�µx

, x := |~x|

L=0 wave function
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R: IR cut-o↵

phase shift �R(k) is exactly calculable.
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NLO potential V NLO
0 (r) + V NLO

1 (r)r2

V LO
0 (r)

separable potential U(~x, ~y)
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NLO potential reproduces  
the exact phase shift 
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than NLO ERE.
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III. Hermitian potential  
from non-Hermitian potential 



The HAL QCD potential is non-Hermitian in general, since NBS wave functions are 
not orthogonal to each other. (If Hermite, eigenfunctions must be orthogonal.) 

Can we make non-Hermitan potential Hermite ?

H = H0 + U

U : non-Hermitian

Transformation to Hermitian potential from
non-Hermitian one

Sinya AOKI

August 6, 2018

1 NLO analysis

Let us consider the following non-Hermitian Hamiltonian

H = H0 + U, H0 = − 1

mN
∇2, U = V0 + V i

1∇i, (1)

where the corresponding Schrödinger equation becomes

Hψ = Eψ. (2)

By the change of the wave function as ψ = Rφ, the above equation leads to

H̃φ = Eφ, H̃ = R−1HR, (3)

where

H̃ = H0 + Ṽ +
{
V i
1 − 2

mN
R−1∇iR

}
∇i, (4)

with

Ṽ = V0 −
1

mN
R−1∇2R+ V i

1R
−1∇iR. (5)

By demanding the condition that

V i
1 − 2

mN
R−1∇iR = 0, (6)

H̃ becomes Hermite as H̃ = H0 + Ṽ , where

Ṽ = V0 −
1

2
∇iV

i
1 +

m

4
(V i

1 )
2, R−1∇iR =

mN

2
V i
1 . (7)

In the rotational invariant case that V i
1 := riV1(r)/r and R := R(r), we

have

dR(r)

dr
=

mN

2
V1(r)R(r) −→ R(r) = exp

[
mN

2

∫ r

r∞
V1(s)ds

]
, (8)

where we assume V1(r) = 0 and R(r) = 1 at sufficiently large r = r∞, and

Ṽ = V0 −
V1

r
− 1

2

dV1

dr
+

mV 2
1

4
. (9)

1

H = E , E 2 R

H̃� = E�, H̃ = R�1HR,  = R�

H̃ = H0 + V, V : Hermitian

real eigenvalues

?



1. LO in the derivative expansion (n=1)2 NNLO analysis

Let us consider the case with

U = V0 + V1∇i +
1

2
V ij
2 ∇i∇j = V0 + V̄ i

1∇i +
1

2
∇jV

ij
2 ∇j , (10)

where V ij
2 = V ji

2 and V̄ i
1 := V i

1 − (∇jV
ij
2 )/2. As in the NLO case, we have

H̃ = H0 + Ṽ0 +
1

2
∇iV

ij
2 ∇j +

{
V̄ i
1 − 2

mN
R−1∇iR+ V ij

2 R−1∇jR
}
∇i,(11)

where

Ṽ0 := V0 −
1

mN
R−1∇2R+ V i

1R
−1∇iR+

1

2
V ij
2 R−1(∇i∇jR). (12)

By demanding

V̄ i
1 − 2

mN
R−1∇iR+ V ij

2 R−1∇jR = 0, (13)

H̃ becomes Hermitian at NNLO as H̃ = H0 + Ṽ0 +∇jV
ij
2 ∇j/2.

In the rotational invariant case that V̄ i
1 := riV̄1(r)/r and V ij

2 := V2,aδij+
rirjV2,b(r)/r2, we have

dR(r)

dr
=

mN

2

V̄1(r)

1− mN

2
V2(r)

R(r), V2 := V2,a + V2,b, (14)

which can be solved as

R(r) = exp

⎡

⎢⎣
mN

2

∫ r

r∞
ds

V̄1(s)

1− mN

2
V2(s)

⎤

⎥⎦ . (15)

3 3rd derivative terms

We go further, by considering

H3 = H2 + V3, H2 = H0 + Ṽ I
1 ∇i +

1

2
∇iV

ij
2 ∇j , (16)

V3 :=
1

3!
V ijk
3 ∇i∇j∇k. (17)

We consider

H̃3 := R−1H3R, R := R0(1 +R1), (18)

which becomes

H̃3 ≃ R−1
0 H2R0 +R−1

0 V3R0 + [R−1
0 H2R0, R1] + [R−1

0 V3R0, R1], (19)

2

V ji
2 = V ij

2

Ṽ i
1 := V i

1 � (rjV
ij
2 )/2

H̃ = H0 + Ṽ0 +
1

2
riV

ij
2 rj +

⇢
Ṽ i
1 � 2

mN
R�1riR+ V ij

2 R�1VjR

�
ri
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= 0

Hermite
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3 3rd derivative terms

We go further, by considering

H3 = H2 + V3, H2 = H0 + Ṽ I
1 ∇i +

1

2
∇iV

ij
2 ∇j , (16)

V3 :=
1

3!
V ijk
3 ∇i∇j∇k. (17)

We consider

H̃3 := R−1H3R, R := R0(1 +R1), (18)

which becomes

H̃3 ≃ R−1
0 H2R0 +R−1

0 V3R0 + [R−1
0 H2R0, R1] + [R−1

0 V3R0, R1], (19)

2

At this order, we can make the potential Hermitian without approximation.

Ṽ0 = V0 �
Ṽ1

r
� Ṽ 0

1

2
+

m

4

Ṽ 2
1

1� m
2 V2

which can be solved as

R1(r) = exp

2

4m

2

Z
r

r1

Ṽ1(s)

1� m

2
V2(s)

d s

3

5 , (15)

where we assume V1(r) = 0 and R1(r) = 1 at su�ciently large r � r1, and the Hermitian

local potential Ṽ0 becomes

Ṽ0 = V0 �
Ṽ1

r
� 1

2
Ṽ 0
1 +

m

4

Ṽ 2
1

1� m

2
V2

, Ṽ1 := V1 � V2a �
V 0
2a + V 0

2b

2
, (16)

where the prime 0 means the derivative with respect to r.

B. n = 2 case

In the previous subsection, we show that the non-Hermitian potential at n = 1 can be

made Hermitian without any approximations. In this subsection, we proceed to the next

order, the n = 2 case, where some truncations are required for a number of derivatives, as

we will see.

The n = 2 Hamiltonian is given by

H(2) = H(1) + U2, (17)

where the n = 2 potential U2 can be written as

U2 =
1

4!
r

i

r
j

U ijkl

2,4 r
k

r
l

+
1

3!
U ijk

2,3ri

r
j

r
k

+
1

2!
r

i

U ij

2,2rj

+ U i

2,1ri

(18)

:= U2,4 + U2,3 + U2,2 + U2,1, (19)

and U2,4 and U2,2 are Hermitian, while U2,3 and U2,1 are not. In terms of the original V4 and

V3, we have

U ijkl

2,4 := V ijkl

4 , U ijk

2,3 := V ijk

3 � 1

2
r

l

V ijkl

4 , U ij

2,2 := � 2

4!
(r

k

r
l

V ijkl

4 ), U i

2,1 :=
1

4!
(r

j

r
k

r
l

V ijkl

4 ). (20)

1. General case

The change of the wave function that  = R(2)� at n = 2 is given by

R(2) = R1(1 +R2), R2 := R2,0 +R2,2, (21)

5



2. NLO (n=2)

H1 = H0 + U1, H0 = H0 + U0

U1 = V3 + V4 = U1,4 + U1,3 + U1,2 + U1,1

H̃1 := R�1H1R, R := R0(1 +R1)

H̃1 ' H̃0 +R�1
0 U1R0 + [H̃0, R1] + [R�1

0 U1R0, R1]

Hermitian

Ũ1 := R�1
0 U1R0 = U1,4 + Ũ1,3 + Ũ1,2 + Ũ1,1 + Ũ1,0

H̃0 := R�1
0 H0R0 = Ṽ0 +

1

2
riH

ij
0 rj

R�1 ' (1�R1)R
�1
0

neglected as higher order (approximation)

O(r4)

O(r2)

H HH

U1,n : n-th derivative term

Hermitian

Hermitian (n=1)

(1�R1)R
�1
0 (H0 + U1)R0(1 +R1)



Take R1 = R1,0 +R1,2, R1,2 :=
1

2
Rij

1,2rirj

= 0 = 0

X0 := [H̃0, R10] = X0,1 +X0,0, X2 := [H̃0, R12] = X2,3 +X2,2 +X2,1 +X2,0

R10R12

The potential can be made Hermitian within the derivative expansion.

Higher orders can be treated similarly. (detail skipped)

Hermitian

[H̃0, R1]

H̃1 = H̃0 + U1,4 + Ũ1,2 + Ũ1,0 +X2,2 +X2.0 +X0,0

Ũ1,3 +X2,3 Ũ1,1 +X2,1 +X0,1



Example of II & III
2+1 flavor QCD a = 0.09 fm (a�1 = 2.2 GeV)

m� = 0.51 GeV, mN = 1.32 GeV, mK = 0.62 GeV, m� = 1.46 GeV

Effective LO — Veff

small difference

From the difference, we can determine two terms.

n = 0 ⌅⌅ potential

smeared: more higher energy modes

wall: low energy modes



V0(r) + V1(r)r2

Ṽ0(r) +riV1(r)ri

Hermitization 

Hermite non-HermiteV0(r) m2
⇡V1(r)

Ṽ0(r)



Scattering phase shift

�0(k) k cot(�0(k))

LO local potential after Hermitization is better than non-Hermitian one.

Effects of NLO contributions gradually show up as energy increases.



Our answers

 Q2. Validity of the derivative expansion ? small parameter ?

Q3.  Is the HAL QCD potential Hermite ?

Q5. Quark annihilation processes and resonances ?

Yutaro Akahoshi’s talk on 4/16.

Q1.  The HAL QCD potential in the moving system ?

Q4.  Partial wave mixings in the cubic box ?

I. The potential can be construed from the boosted NBS.

Sinya Gongyo’s talk on 4/24.

II. The derivative expansion is a part of the definition.

III. The HAL QCD potential is non-Hermite, but can be made Hermite.



States and operators

Lorentz tr. of EM op.

HAL QCD potential in the laboratory system

Sinya AOKI

November 13, 2018

1 NBS wave function in the laboratory system

1.1 States and operators under Lorentz transformation

We first derive the transformation property of states and operators un-
der Lorentz transformation. The most basic one is given for the energy-
momentum operators P̂

µ

as

P̂ 0
µ

:= UP̂
µ

U�1 = (⇤�1)
µ

⌫P̂
⌫

, (1)

where U is theUnitary operator which generate the Lorentz transformation,
and ⇤

µ

⌫ is the spin 1 representation of the Lorentz group, which satisfies

gµ⌫⇤
µ

↵⇤
⌫

� = g↵� (2)

for gµ⌫ = diag(1,�1,�1,�1). We here use ⇤�1 instead of ⇤ for a notational
simplicity as seen below.

Let us consider an on-shell eigen-state of P̂
⌫

, which satisfies

P̂
µ

|pi = p
µ

|pi (3)

for µ = 0, 1, 2, 3, where p
µ

is the corresponding (real) eigenvalue. Since

P̂
µ

U |pi = UU�1P̂
µ

U |pi = U⇤
µ

⌫P̂
⌫

|pi = ⇤
µ

⌫p
⌫

U |pi, (4)

we can take

U |pi = |⇤pi, (⇤p)
µ

= ⇤
µ

⌫p
⌫

, (5)

up to the complex phase factor, which is unity here. In particular, we have

U |p1, p2i = |⇤p1,⇤p2i, U |0i = |0i, (6)

for the 2-particle state and the vacuum, respectively.
In this paper, we consider the scalar field theory, whose operator is thus

transformed as

U�(x)U�1 = ei⇤
�1

P̂ ·xU�(0)U�1e�i⇤�1
P̂ ·x = eiP̂ ·⇤x�(0)e�iP̂ ·⇤x

= �(⇤x) (7)

1
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momentum operators P̂

µ

as

P̂ 0
µ

:= UP̂
µ

U�1 = (⇤�1)
µ

⌫P̂
⌫

, (1)

where U is theUnitary operator which generate the Lorentz transformation,
and ⇤

µ

⌫ is the spin 1 representation of the Lorentz group, which satisfies

gµ⌫⇤
µ

↵⇤
⌫

� = g↵� (2)

for gµ⌫ = diag(1,�1,�1,�1). We here use ⇤�1 instead of ⇤ for a notational
simplicity as seen below.

Let us consider an on-shell eigen-state of P̂
⌫

, which satisfies

P̂
µ

|pi = p
µ

|pi (3)

for µ = 0, 1, 2, 3, where p
µ

is the corresponding (real) eigenvalue. Since

P̂
µ

U |pi = UU�1P̂
µ

U |pi = U⇤
µ

⌫P̂
⌫

|pi = ⇤
µ

⌫p
⌫

U |pi, (4)

we can take

U |pi = |⇤pi, (⇤p)
µ

= ⇤
µ

⌫p
⌫

, (5)

up to the complex phase factor, which is unity here. In particular, we have

U |p1, p2i = |⇤p1,⇤p2i, U |0i = |0i, (6)

for the 2-particle state and the vacuum, respectively.
In this paper, we consider the scalar field theory, whose operator is thus

transformed as

U�(x)U�1 = ei⇤
�1

P̂ ·xU�(0)U�1e�i⇤�1
P̂ ·x = eiP̂ ·⇤x�(0)e�iP̂ ·⇤x

= �(⇤x) (7)
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1.2 NBS wave function under Lorentz transformation

The NBS wave function for two scalar particles in the laboratory system is
given by

 
p,P

(x,X) := h0|T{�(x1)�(x2)}|p1, p2i (10)

where x := x1 � x2, X = (x1 + x2)/2, P := p1 + p2, p := (p1 � p2)/2, which
satisfy p2

i

�m2 = 0 for i = 1, 2 with m being the mass of the scalar particle,
so that the total energy becomes
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q
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q
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Note that we here define p2 := gµ⌫p
µ

p
⌫

= p20 � ~p2. Using the translation
generated by P̂

µ

, we have

 
p,P

(x,X) = h0|eiP̂ ·XT{�(x/2)�(�x/2)}e�iP̂ ·X |p1, p2i
= e�iP ·X'

p,P

(x), (12)

where P ·X := P0X0 � ~P ~X, and

'
p,P

(x) := h0|T{�(x/2)�(�x/2)}|p1, p2i. (13)

Let us consider the Lorentz transformation p⇤
µ

:= ⇤
µ

⌫p
⌫

etc., which make
the Laboratory system p, P to the center of mass system as p⇤, P ⇤ as

P ⇤
0 := (⇤P )0 = �(P0 � ~V ~P ), P ⇤

k

:= (⇤P )
k

= �(P
k

� V
k

P0) = 0, (14)

where � = 1p
1�~

V

2
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Procedure

1. At non-zero boost

~

P , calculate '

p,P

(x) at fixed energy or R

~

P

(x,X).

2. Define projections as

(Pk)ij =
P

i

P

j

~

P

2
, P? = 1� Pk.
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1� ~
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2
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⇤
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2
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2
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2
.

4. Calculate V�i�V xk(�xk, x?,r) from '
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⇤
4=0(0, x?,r) from R

~

P

.
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Lattice QCD in the finite box

Rotational symmetry Cubic symmetry

angular momentum is conserved

partial wave decomposition is 
possible different partial waves are mixed

a finite number of irreducible 
representation

O(3,R) O(3,Z)

Lüscher’s formula for the phase shift in the finite volume

Table 2.2 Decomposition of the angular momentum into irreducible representa-

tions of the cubic group

l rep. basis polynomials independent elements
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j − rjr3

i i ̸= j
4 T+

2 7(rir3
j + rjr3

i ) − 6r2rirj i ̸= j

irreducible representations of SO(3,Z) and the parity eigenvalue ±1. It is noted that
irreducible representations of the rotational group O(3,R) are decomposed in terms
of these irreducible representations. For example,

0 = A+
1 , 1 = T−

1 , 2 = E+ ⊕ T+
2 ,

3 = A−
2 ⊕ T−

1 ⊕ T−
2 , 4 = A+

1 ⊕ E+ ⊕ T+
1 ⊕ T+

2 , (2.91)

where a number denotes an eigenvalue of the angular momentum l. The corresponding
basis polynomials for each cubic representation are given in table2.2.

We now compare two expressions of ϕL(r; k) in some irreducible representations
of the cubic group. If we project the BS wave function to A+

1 representation, which
contains the l = 0 partial wave as well as l ≥ 4 contribution. Neglecting l ≥ 4
contribution, eq.(2.71) becomes

ϕ
A+

1
L (r; k) =

√
4πC00(k)eiδ0(k) [n0(kr) sin δ0(k) + j0(kr) cos δ0(k)] (2.92)

for r ≥ R. In order to match this expression, eq.(2.74) must be

ϕ
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√
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[
n0(kr) +

∑

lm

M00,lmYlm(Ωr)jl(kr)

]
, (2.93)

since Glm(r, k) with l ̸= 0, which contains nl(kr), can not appear in this equation. By
comparing the two, we have

C00(k)eiδ0(k) sin δ0(k) = v00 (2.94)
C00(k)eiδ0(k) cos δ0(k) = v00M00,00 = v00M00, (2.95)

which leads to the famous Lüscher’s formula(Lüscher, 1991),

Lüscher’s formula for the phase shift in the finite volume

Table 2.2 Decomposition of the angular momentum into irreducible representa-

tions of the cubic group

l rep. basis polynomials independent elements
0 A+

1 1
1 T−

1 ri i = 1, 2, 3
2 E+ r2

i − r2
j (i, j) = (1, 2), (2, 3)

2 T+
2 rirj i ̸= j

3 A−
2 r1r2r3

3 T−
1 5r3

i − 3r2rj i = 1, 2, 3
3 T−

2 ri(r2
j − r2

k) (i, j, k) = (1, 2, 3), (2, 3, 1), (3, 1, 2)
4 A+

1 5(r4
1 + r4

2 + r4
3) − 3r4

4 E+ 7(r4
i − r4

j ) − 6r2(r2
i − r2

j ) (i, j) = (1, 2), (2, 3)
4 T+

1 rir3
j − rjr3

i i ̸= j
4 T+

2 7(rir3
j + rjr3

i ) − 6r2rirj i ̸= j

irreducible representations of SO(3,Z) and the parity eigenvalue ±1. It is noted that
irreducible representations of the rotational group O(3,R) are decomposed in terms
of these irreducible representations. For example,

0 = A+
1 , 1 = T−

1 , 2 = E+ ⊕ T+
2 ,

3 = A−
2 ⊕ T−

1 ⊕ T−
2 , 4 = A+

1 ⊕ E+ ⊕ T+
1 ⊕ T+

2 , (2.91)

where a number denotes an eigenvalue of the angular momentum l. The corresponding
basis polynomials for each cubic representation are given in table2.2.

We now compare two expressions of ϕL(r; k) in some irreducible representations
of the cubic group. If we project the BS wave function to A+

1 representation, which
contains the l = 0 partial wave as well as l ≥ 4 contribution. Neglecting l ≥ 4
contribution, eq.(2.71) becomes

ϕ
A+

1
L (r; k) =

√
4πC00(k)eiδ0(k) [n0(kr) sin δ0(k) + j0(kr) cos δ0(k)] (2.92)

for r ≥ R. In order to match this expression, eq.(2.74) must be

ϕ
A+

1
L (r; k) =

√
4πv00(k)G00(r, k)

=
√

4πv00

[
n0(kr) +

∑

lm

M00,lmYlm(Ωr)jl(kr)

]
, (2.93)

since Glm(r, k) with l ̸= 0, which contains nl(kr), can not appear in this equation. By
comparing the two, we have

C00(k)eiδ0(k) sin δ0(k) = v00 (2.94)
C00(k)eiδ0(k) cos δ0(k) = v00M00,00 = v00M00, (2.95)

which leads to the famous Lüscher’s formula(Lüscher, 1991),



Motivation
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S-wave projection
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Misner’s method C. W. Misner, Class. Quantum Grav. 21 (2004) S243 - S247

 (r, ✓,�) =
X
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glm(r)Ylm(✓,�) glm(r) ?setup
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よって、r = R で球面調和関数の係数 glm(R) は次のように求められる

 この球核の上では、スカラー場は次のように展開できる
 (r, ✓,�) =
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まず、連続空間での議論を行う

３次元空間上のスカラー場 ψ が次のように球面調和関数で展開されているとする： 
この時、r = R で球面調和関数の係数 glm(R) を取り出すことを考える  (r, ✓,�) =

X
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glm(r)Ylm(✓,�)
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まず、連続空間での議論を行う
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 この時、有限個のデータ点しかないことによりYnlmの直行性は破れる 
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離散空間では、体積積分は球核上の全てのデータ点の 
　　重み付きの和に置き換えることができる

点 (x,y,z) を中心とした単位立方体と球核 SR,Δ との 
重なりの大きさに対応した重み
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Δ と nmax の決め方
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David R. Fiske, Class. Quant. Grav. 23 (2006) 5951

✓ 動径方向の直交基底 GnRΔ(r) は 　　　　　　　だけの離散誤差を持つ
Lattice QCD data の離散誤差と同じようにスケーリング 
させるために、Δ は Δ～a (lattice spacing) とした方が良い
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nmax は、LQCD data の離散誤差より小さくなるように選ぶ 
　（例：LQCD の離散誤差が　　　 の場合、少なくとも nmax >= 2 とする）O(a2)
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離散空間上でも直行性を保たせるために、次のように dual basis を定義する

dual basis を構成する際には、有限個のベースしか使えないことに注意
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dual basis を構成する際には、有限個のベースしか使えないことに注意

hYR,�
A |YR,�

B id = GAB = G⇤
BA

よって、　　　　　　　　　　　　　　を得るcnlm ⇠ hYR,�
dual,A| id
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✓ nmax, lmax は対象となるデータによって適切なものを選ぶ
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Since a number of points in the shell is finite, we have to truncate n  n
max

and l  l
max

to have G�1

AB .

This introduces an approximation !
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Δ と nmax の決め方

R

Δ

David R. Fiske, Class. Quant. Grav. 23 (2006) 5951

✓ 動径方向の直交基底 GnRΔ(r) は 　　　　　　　だけの離散誤差を持つ
Lattice QCD data の離散誤差と同じようにスケーリング 
させるために、Δ は Δ～a (lattice spacing) とした方が良い

O(�n
max

+2)
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nmax は、LQCD data の離散誤差より小さくなるように選ぶ 
　（例：LQCD の離散誤差が　　　 の場合、少なくとも nmax >= 2 とする）O(a2)

<latexit sha1_base64="2ZRGF+CoPRHNB1QhYiaKzhymbKI="></latexit><latexit sha1_base64="2ZRGF+CoPRHNB1QhYiaKzhymbKI="></latexit><latexit sha1_base64="2ZRGF+CoPRHNB1QhYiaKzhymbKI="></latexit><latexit sha1_base64="2ZRGF+CoPRHNB1QhYiaKzhymbKI="></latexit>

離散空間上でも直行性を保たせるために、次のように dual basis を定義する

dual basis を構成する際には、有限個のベースしか使えないことに注意
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A choice of �, n
max

and l
max

GR,�
n has O(�

n
max

+2
) discretization errors

� ⇠ a, n
max

� 2

Our choice � = a, n
max

= 2, l
max

= 6

NBS wave function

Higher L contributions seem to be removed by the Misner’s method !



Laplacian term
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“ひげ” 構造

�10

I. Introduction II. Misner’s method III. Mockup data IV. Lattice QCD data V. Summary

✓従来の計算では、ラプラシアンは２回差分として定義していた 
✓ミスナー法では、ラプラシアンは解析的に計算できる

実際の Lattice QCD データへの適用：ΛcN（1S0）系 T. M, et al. [HAL QCD Collaboration],  
Nucl. Phys. A971 (2018) 113 

NBS 波動関数のラプラシアン

~r2glm(r) =
n
maxX

n=0

cR,�
nlm

1

r

@2

@r2
⇥
rGR,�

n (r)
⇤
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✓ミスナー法の結果と比べると、ひげ構造が大きくなっていることがわかる
L >= 4 成分は波動関数のラプラシアンに大きなひげ構造を作る

Misner’s method

Conventional HAL QCD ~r2
'

A1(~x) '
3X

k=1

'

A1(~x+ a

~

k) + '

A1(~x� a

~

k)� 2'A1(~x)

a

2

The finite difference approximation enhances higher partial wave contributions.

analytic derivative



Potential

The Misner’s method can remove large fluctuations caused by the contamination 
from higher partial waves to the S=0 component.



Fits

Fit to the conventional HAL QCD data The Misner’s method'
Statistical errors of the fit to the conventional HAL QCD data are not affected by 
contaminations from higher partial waves.



Scattering phase shift

Almost identical between the conventional result and the Misner’s method.

No improvement of statistical errors, 
but we have more confidence on validity of our results !


