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O. Introduction
Some Issues in the HAL QCD method



HAL QCD method

A powerful method to investigate hadron interactions

Strategy

NBS wave function @E(f)e_wf%‘t = ([N (7 t)N(F+ Z,t)[NN, W) W = 2\/E2 + m3,

v

energy-independent non-local potential

sin(kx + 0;(k
—>ZClm ( - ! ))Yzm(ﬂf)
Im

- T E2 _v2
(Be— Ho) (@) = [UV@EDFDEy Br= o Ho= "2 W < Wi = 2my + g
Derivative expansion U(Z,9) = V(Z, V)6 (Z - 9)

—

V(Z,V) = Vo(z) + V,(2)(51 - G2) + Vir(2)S12 + Vis(z)L - S + O(V?)



Some issues
Q1. The HAL QCD potential in the moving system ?

* . The HAL QCD potential from the moving system

Q2. Validity of the derivative expansion ? small parameter ?

* Il. Definition of the HAL QCD potential with the derivative expansion
Q3. Is the HAL QCD potential Hermite ?

» lll. Hermite potential from non-Hermite potential

Q4. Partial wave mixings in the cubic box ?

* Sinya Gongyo’s taik on 4/24.

Q5. Quark annihilation processes and resonances ?

» Yutaro Akahoshi’s talk on 4/16.



. The HAL QCD potential
from the moving system



Our Motivation

o resonance from the I = 0 77 scattering in the HAL QCD method

“vacuum’” has the same quantum numbers *

“vacuum” state appears in the NBS wave function in center-of-mass system

\/

the potential describes the vacuum as the “deeply bound state™ of two pions ?

Moving system no “vacuum’ state in the NBS

. sin(kx + ;(k))
But  oF(@e et = (0IN(F )N(F+ 7, 0)|[NN,Wg) = D Cim T Yim(2)
Im

true only in the CM system

* no definition of the potential directly from the boosted NBS



Generalized definition of the potential in the CM system

non-equal time NBS wave function in CM system

ona =l (55) 5 (55 o)

sin(kx + 0;(k) + 7l /2) ,
~ ZAlm . lem(Qa?) k = ‘k|

( )
(B — Hy) 0" (Z,24) = Vo (2, V)" (£, 24) also in Akahoshi’s talk

gl

>

the HAL QCD potential in the r, scheme x4 = 0: equal time scheme

\. J

Can we extract the generalized potential from the boosted NBS function ?

For simplicity, we consider this problem for scalar field.



CM and moving systems

Moving p, P CM p*, P*

>

® O
V;l/ .
P2 |V4 ‘—> 4—‘

. p* —p*
boost velocity
P=pi+p, D= 01—p2)/2 P* =0
P} = (AP)o=~(Py—VP), P;:=(AP)y =P~ ViP) =0, v = 11 = boost factor
' A\ —

* (‘7 = P/Py. J boost velocity depends on energy

P R-P

Important relation



relation of NBS wave functions between 2 systems

p?—m?*=0

Py = 1\/p% + m? + /P35 + m2.

NBS iy p(z,X) = (OT{¢(z1)¢(2)]p1,p2)
r:=x1 — 22, X = (21 +2x2)/2

B @ X) = 0T {o/2)¢(—/2te " |1 p)

— e_iP.XSOP,P(ZE)v
moving CM
Scalar field e Xy, p(z) = e X . pe(a¥). P.X =P X*
Pp, Pp*,
4 N\

* SOp,P(CE) —  Yp*,P* (z7),




Euclidean space-time (Wick rotation) T4 = 120

X = y(Xo-VX),

X7 = X1, X|=+X -VXo), . X; = y(X4—iVX), Xi=vX +iVXy), XI=XI,

= ylwo— VT, ) v = (s —iVE), o} =) +iVay), 21 =2,
o= I, I =7 — Vo),
Minkowski Euclid
moving CM
Spp,P(x) —  Pp* P* (™),
( )

p' =05, P'=(F,0) 2" = (y(za—iVE), 7(&F +iVzs), 7.)

\. J

complex in CM |

—

. P L
(7)? = -m? Bi="5 V=g —iP-X = —PyX,+iPX=-PX].




HAL QCD potential from boosted NBS wave function

(Epx — Ho)p= p+(27) = Vor (T, V)p= p= (™)  generalized definition

using Boosted NBS pp,p(T) = @p pr(27),

(p*)? + V2.

* Vas (€%, V)op p(x) = Pp,P(T)

m
CM Moving CM Moving

Vi = (Ve +iVaL,) + V2.

CM Moving

2
, (p*)? + % (Vg +iVO,, ) + V2
V7(5‘34—75V37||)(7(x“ —|— ZV$4)7 X, vm*)@p,P(x) = ( | 4> - 90p7p($)

I B m
. J

x4 = 0 (equal-time boosted NBS) is required.



V—’i’yVaZH ('}/ZU” 9 ZUJ_, VZU* )SOP,P(CC) —

A

2
(7*)? + 7% (Vay + V04, ) + V2,

m

p,p(T).

Each x) * potential in the x5 = —~vx) scheme

Minkowski time from Euclidean correlates !

3|~




Time-dependent HAL QCD method

R-correlator

iP.X 3\ — P.X — Py X
Rp(z, X)ePX = (T{g(a1)o(@)}I],0,P)) = € > Apem 0 Mg pr(x) -,
P*<W.
0 =" sum of NBS
2
(") +7° (Vo +iV0u,) + V3
V—WVSIJH(WUHJ?J_»V:E*)Spp,P(x) — ( m ) LSOp,P(x)-
(P2 pp=0- e g Doy P
Vo= R A )
(P2~ P
A, X) = (0%, = P?) Rpla. X) = 3 Aue 85 (B2 — Py (@),
Lo 2 . .
Ap(a, X) = (0%, = P?) Rpe, X) = 30 Aue BN (B = P20y 0 ()
B(z,X) = Vi Ai(z,X),
C(z,X) = (-0x,Va, +ilP102,) Rp(w, X)
= ZARG_P€X4(P61)2 <vw||‘|‘zvnax4) SOP”P”(x)v (41)
v 1P



—m?A;(z, X) + Bz, X) + C(z, X)

_pn P2 — p2 P2 | ) .
— ZAne Py X4 { (s )4 —m® + Vfu} " (P?SJ)2O ) P2 (Vx” + an@m)2 ((PO )2 — PQ) @pn pr ()
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*\2 -
2
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Set 4 O V_i'vall (’Yx||7xj_,vx*)¢p,P($) - ( ” m 4> L@p,P(w)'
v

—m Z Ane_P(?XéLV—i’ynVn:E” (’ynxﬂaxJ_a VCU*)((P(?)Z o ﬁ2)¢p”,P” (33)

= mszzo(:EH = 0,71, V=) ZAnt‘f_PéUQ((P(?)2 — ﬁQ)@p”,P” (z) Set v =0

mVxZ:O(a:” — 0, L, V)Al(aj‘, X)

LO potentail
[ h
VIO (0.2,) — AQ(Q?,X)/4—m2A1(CC,X)—I—B(ZB,X)—FC(CE,X)'
T=0N mA; (z, X)
. J

5134:.513":0



Future investigations

1. Check the formula for he simple system

I = 2 7mm moving system

2. resonance in the HAL QCD potential

o resonance in I = 0 w7 moving system

3. extension to fermions (Baryons)

lower components mix

relativistic formulation for the “potential” ?



ll. Definition of the HAL QCD potential
with the derivative expansion



(E: — Ho)¢"(Z) Z/U(f,ﬁ)wk(ﬁ)dgy,

This equation does not fix the non-local potential due to the restriction of energies.
Therefore this potential is ambiguous. We have to fix the definition of the potential
(scheme) explicitly.

We here propose a scheme to fix the potential completely using the derivative
expansion.

For simplicity, let us consider the scalar particles and ignore the angular
momentum dependent part of the potential.

e We consider the expansion in terms of V2 (but not L?).
e Terms with odd number of V are not included. This is our scheme.

e The potential must be non-Hermitian. We can make it Hermitian as seen
later.

Of course, the scheme is not unique. One may use a different one.



Definition of the potential

choice of energy

: whoowE o owE e
W' ZZQmN—I—E(Wth—QmN), k=0,1,---.n O O O O O
i i 2mn Win
approximated potential at the n-th order
V) (x, V) Z V(n) (L*)* terms are ignored for simplicity.
Coefficient functlons Vk( )( ) can be determined from faithful to phase shifts
DV (V) 0, (%) = (ep, — Ho)op (%) Wk =2, /p2 +m},
k=0
(em() V() o (V000 \ (10700 (e — Hodpo (%)
Yp1 (X) V Yp1 (X) T (v )ngppl (X) V1 " (X) (epl T H0)90p1 (X)
\ r. (%) V205, () o (V%) ) \ u0x) )\ (6 = Ho)ep, (%)
a number of unknowns = a number of equations * Vk(”) (x)
r \
— T (n) _ (n) 2
* Def of potential Vx, V)= Im V(% V) = lim l;)V x)(V*)"
\ J




In practice Take n = 1 with I/VO1 ~ 2m and VVl1 ~ Wip.

—H
LO _ 0%0(X)
do(p) Vi) = 20(x) g
LO . (epth o HO)Sppth (X)
ViE(x) =
[0 Ppen (%)
p
po =10 Pth
* H = Ho + V3" (r) + VY (r) V7 * H = Hy + VgV (r) + V'V (r) v,
5o(p) Next subject
good approximation in physiéal interval
p

po =0 Dth



Demonstration

Separable potential U(Z, %) = wv(Z)v(¥) v(T) =
L=0 wave function R: IR cut-off
16 (k) 2 kQ
0 p— € 1 a1 — T IU“ —I_ )
Y () . sin(kx + 0(k)) —sind(k)e (1 +x o )]
eio(k)
=C . sin(kx 4+ 0r(k))

phase shift dr(k) is exactly calculable.

separable potential U(Z,7)
LO potential VO (r) from k% = 0 or k? = p?

NLO potential Vo O (r) + Vi (r) v



w/u*= —0.017, m/u=3.30,Ru=2.5

— oXaCt
70- e frOM Vo(LO) at (K/p)? = 0.00
—— from V,(LO) at (k/u)? = 1.00
60- —— from V(NLO) at (k/u)? = 0.00 and 1.00
004
LO at k2 =0
3 40-
o NLO
30- NLO potential reproduces
the exact phase shift
20- rather well.
10+
0

000 025 050 075 1.00
(k/L1)?



k cot(dp(k))
w/u*= —0.017, m/u=3.30,Ru=2.5

4 ()4 —— exact
—  from V(LO) at k? = 0.00 .
3.97 — from V(LO) at k2 = 1.00
........... T T T F N Tt T R M A &
3.0-
g 251 e
..\
-+ - +*
. 0T T~
O "0’
151
LO at k? = 1? °
1.0-
. LO at k% =0
0.51 ="
0L IR FIVPPO VYN NOSVTTPPO PYTTITRISINT HIVRISS 3
0.00 0.25 0.50 0.75 1.00

- NLO ERE

LO ERE ar k? = p?

ERE =Effective Range
Expansion

NLO potential is equally
good to or even better
than NLO ERE.

LLOERE ar k2 =0



[ll. Hermitian potential
from non-Hermitian potential



The HAL QCD potential is non-Hermitian in general, since NBS wave functions are
not orthogonal to each other. (If Hermite, eigenfunctions must be orthogonal.)

Can we make non-Hermitan potential Hermite ?

1
Hy=Ep,E€R| H=Hy+U Ho=— -V

real eigenvalues U : non-Hermitian

?

>

H=Hy+V,

V : Hermitian

Hé=FEp, |H=R 'HR,|¢=Ro



1. LO in the derivative expansion (h=1)

Hermite
- . 1 y y 2 . -
* H=Hy+Vy+ §V7;V2"~7Vj Vi — m—R_1sz - V;JR—lij} \vp
N
\
o L 12 i p—1 1 i1
Vo = V()—m—NR VR+ ViR "V;R+ §V2 R (VZV]R)



Rotationally symmetric case:

Vlz .= 7“V1 (7"), V;J = 57"7‘/2@ + fzijQb, rt = —

dR(r)  mp Vi(r) o
* dr - 2 1_ %%(T)R(T)v Vo i= Vo o + Vo,
fr %
* R(r) = exp TN ds fn%](vs)
2 Jre 11— TVZ(S)

At this order, we can make the potential Hermitian without approximation.

~ ‘71 ‘71/ m ‘712 / /
p— S — I ~ a _I_
Vo=V —5 41— 2V, Vo= Vi — Voy — —4—2

2




2. NLO (n=2)

H =H'+U;, H =Hy+ Uy, 0O(V?

ovY) U =Vs+Vy=Uia+U;3+U;2+ Ui U1 : n-th derivative term
Hermitian Hermitian
7. p—1 . _
Hi =R "HiR, R:= R()(l—l-Rl) R~ (1—R1)R01

(1—Ry)Ry'(H® + U )Ry(1 + Ry)

~

HY := R;'HORy =V + %ViHéjVj Hermitian (n=1)
Hy ~ H + Ry'U Ry + [H°, R1] + [Ry \UrRG, Ri]

l neglected as higher order (approximation)

Uy = Ry'UIRy = Uy g+ U3+ Uio +Up 1 +Ug

H H H



1 ..

Take Rl — Rl,O + Rl,g, RLQ = 5

H°, Ry] *

Xo :=[H°, Rip] = Xo1 + Xo0.0, Xo:=[H Ris] = Xo3+ Xoo+ Xo1 + Xog

[j]l — g0 -+ U1,4 -+ 61,2 -+ ﬁl,O -+ X272 + Xo o+ Xo,o Hermitian

Uiz + X3 =0 — R12 Ul,l + Xo1 + Xo,1 =0 — RlO

The potential can be made Hermitian within the derivative expansion.

Higher orders can be treated similarly. (detail skipped)



Example of Il & il

m, = 0.51 GeV, my = 1.32 GeV, mg = 0.62 GeV, mz = 1.46 GeV

n = 0 == potential
(1S, )N. =64 t=14

0.03 a
005 - '. '\ smeared: more higher energy modes
' '| wall: low energy modes
0.01 - :
|
3 0.00
-0.01 - \"lm
\
-0.02{ | smearedsrc. g o1 ifference
| wall src.
-0.03 - - - - -
0 5 10 15 20 25 30

r

From the difference, we can determine two terms.



Vo(r) + Vi(r)V?

Vo(r) Hermite

m2Vi(r) non-Hermite

4000 -$ I —
4012 7 20 - b mavio
t=13
05 10 15 20 25 30 35
r [fm]
4000 -
.. . 50
Hermitization
) 3000 - 2o
Vo(r) @ !
= I
—2000 {,
w I
. . S |
o
V()(T) + Vzvl(r)vi N 1000 :
| . . . .
: 0.5 1.0 15 0
|
0 4 . . . ——— . .
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

r [fm]



Scattering phase shift

k cot(dg(k))
6‘ aa—— V ‘ "l
0 ':I
|:'5_ - \,{O . ";,
E - \/, + V'V,V,; 'l
§4 | Vo +VaV2 | /
=3 |
Q
O 2]
@)
v
0
0.0 0.1 0.2 0.3 0.4

(k/my)?

Effects of NLO contributions gradually show up as energy increases.

LO local potential after Hermitization is better than non-Hermitian one.



Our answers

Q1. The HAL QCD potential in the moving system ?

* l. The potential can be construed from the boosted NBS.

Q2. Validity of the derivative expansion ? small parameter ?

* Il. The derivative expansion is a part of the definition.

Q3. Is the HAL QCD potential Hermite ?
» lll. The HAL QCD potential is non-Hermite, but can be made Hermite.

Q4. Partial wave mixings in the cubic box ?

* Sinya Gongyo’s talk on 4/24.

Q5. Quark annihilation processes and resonances ?

» Yutaro Akahoshi’s talk on 4/16.



States and operators

A

Lorentz tr.of EMop. P, := UPU'=(A),"P,

Ulp) = |Ap),  (Ap)y=A"py P.p) = pulp)

* Ulp1,p2) = |Ap1, Ap2), Ul0) = 10),

eiA_lﬁ-ngb(O)U—le—i/\_lﬁ-x _ eiﬁ-Ax¢(O)e—iP-Ax

o(Ax)

‘ ox) = Prp0)ePT Up(0)U! = $(0)

A'A-B = g™ (A1), %AuB, = g*P A A3"B, = A-AB

Lorentz tr. of states

PUlp) = UUT'BU) = UNBp) = A, pUlp),

Scalar field op. U¢(z)U™' =



Procedure

1. At non-zero boost P, calculate ¢, p(z) at fixed energy or Rz(x, X).

2. Define projections as

P;P;

3. If Py can be measured, calculate

1
,y: = )
V1-V?2

. P
V=_— )2 = — m?2.

4. Calculate V_i vy, (yz), 21, V) from ¢, p or Vpx—o(0,21,V) from R 3.



V. Partial wave decomposition
in the HAL QCD method

T. Miyamoto, et al. (HAL QCD), in preparation



Rotational symmetry O(3, R) *

Lattice QCD in the finite box

angular momentum Is conserved

partial wave decomposition Is

possible

Cubic symmetry

0(3,7Z)

a finite number of irreducible
representation

different partial waves are mixed

3=A, T ®T,, 4=

[ rep. basis polynomials independent elements
+
0 | A 1
1 17 1=1,2,3
2 Bt r?—i? (i,5) = (1,2), (2,3)
2 Ty 1 #£ ]
3 AQ_ T17T2oT3
3 Iy 57“?—37“27“3- z:l 2,3
3 Ty ri(ri—rp) (i, 5, k) = (1,2,3),(2,3,1),(3,1,2)
4 AT 5(7“%4—7“2 —|—7“3) —37“
4 Et T(ri—r)—6r7(rf =13 (i,4) = (1,2),(2,3)
4 Tf’ rzfrg’ — 7“37“;3’ 1 £ ]
4 T2+ 7(7“1-7“? + rjfr?) — 67“27@&-7“3- 1 £ ]
0=A/, 1=T,,2=ET0T,,

AT ET o T Ty,



Motivation
. [— =
Ex. ©NBs () o SONBg(T = |Z|)

S-wave projection

- L:O — — . .
continuous space ¢ (1) = /dﬂ Y50(0,9) (&, 7 =1|Z|) spherical surface integral
S
. Aq 1 :
discrete space @ Z (g~ 7) average over cubic group
gEO(S Z)
= 3500 A =004960 -
< 40 T : . —
=~ 0l | | | M. =700 MeV | |
= T \ _________ i 22 570 MeV | manifestation of higher (L =46, ..)
5> 2500 ---t-ommeee- 2@ ““““““ ‘ “““““ / .
E S I % T N P partial waves
2000 ; ; | =
ERnN T B E— el
o i i i . .
S 1000wy e Can we remove these higher partial
= | . § | ; g
£ 5004t am—30-11 — — 1 waves?
s & 00 0.5 | 1.0 15 2.0
=, 0 %
< i i i
©y —500 = : : :
™ 0.0 0.5 1.0 1.5 2.0

r [fm]



Misner’s method C. W. Misner, Class. Quantum Grav. 21 (2004) S243 - S247

setup (.0, ¢) = Zglm JYim(0, ) *

A complete set in the shell Sg A = {Z|R— A < |Z]| < R+ A}

Jim (1) 7

Vi (1,0, 8) = G2 (r) Y (0, 6) Sr.a

R+A
/ r?dr Gﬁ’A(r)GﬁL’A(T) = 0n.m
R—A

Ex. RA(N — p r—R\1 /2n+1
S N L .

Legendre polynomial

W(r,0,0) = cum YEA(,0.8)  in Spa *

nlm

Cnlm — L dgr nlm (’I“ 0 ¢) ¢<r707 ¢)

L A = —
. / d°r ffl’m (T)yfflém/ (T) — i it
SRr,A

_ R,A . :
* gim(R) = chlmGn (R) exact In continuous space



discrete space

/ \\\ FESR AT

weight function

(X))

dual basis <y£{,A‘yR,A>d _ Gap =G

a,de — ZGAByB

* < ual A|y >d — 5AB

Since a number of points in the shell is finite, we have to truncate n < nyax
and | < lyay to have G5

This introduces an approximation ! (Z > 7 7 )

n=0 [=0 m=-—I

— N

X




A choice of A, npax and lax

G2 has O(A™»ax+2) discretization errors * A~ a,Npax > 2

Our choice A =a,nmax = 2,lmax =6

NBS wave function

1 9 et le—4
= :
5
o 1.07
8
5
— 0.8
:C/O .. ¢ A;" projected R-correlator
é’ 0.6 ‘r ¢ goolr) extracted by Misner's method

0.0 0.5 1.0 1.5 2.0 0.6 0.8 1.0 1.2 1.4

r [fm] r [fm]

Higher L contributions seem to be removed by the Misner's method !



Laplacian term

=~
—_
i
ul

le—6
1.0,
¢ A" projected R-correlator ,/

B

a

- 314 ¢ 9oo(r) extracted by Misner's method y

© " 051

S

o+

5 2]

=,

< 14

@

o 0
> | | | | | | |

0.0 0.5 1.0 1.5 2.0 0.4 0.0 0.8 1.0 1.2
r[fm] r[fm]

3
Conventional HALQCD Vo™ (z) ~ )

a2
k=1
= iy 10
Misner’s method VZgim(r) = > _ con == [rGE2(r)]  analytic derivative
r Or

The finite difference approximation enhances higher partial wave contributions.



Potential

30
25001 ¢ Conventional HAL QCD potential //
¢ /=0 potential with the Misner's method /
/ |

2000 1 / 20
—_ /
> //
ab) i

1500+ 10 ‘
2 A
S / ‘ |
\-u’? 1000 - 0
s !

' y | mﬂ
500 1 o. 7 _10- l” |’|’
/
/ '
0 _M_ _
0.0 0.5 1.0 1.5 2.0 0.4 . 1.2 1.4
X X

The Misner’'s method can remove large fluctuations caused by the contamination
from higher partial waves to the S=0 component.



Fits

30 30-

- Fit function _‘— Fit function
| Conventional HAL QCD potential | =0 potential with the Misner's method
2071 201
% 10 10
2
S | I
i.’? 0 " NI g e — 0 |
> |
—101 —101
—20-— ' ' ' ' ' —20+— ' ' ' ' '
0.4 0.0 0.8 1.0 1.2 1.4 0.4 0.6 0.8 1.0 1.2 1.4
r [fm] r [fm]
: - B The Misner’s method
Fit to the conventional HAL QCD data —

Statistical errors of the fit to the conventional HAL QCD data are not affected by
contaminations from higher partial waves.



Scattering phase shift

Almost identical between the conventional result and the Misner’s method.

Energy from the AN threshold [MeV]

No improvement of statistical errors,

but we have more confidence on validity of our results !
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L 8
S
A 6
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<
“n 2
&
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Q
B 61— Phase shift for conventional HAL QCD potential
8 - Phase shift for / = 0 potential with the Misner's method
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