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Inclusive processes 
  = sum over final states	

<latexit sha1_base64="cNUdtJVklp43u+d1RjimtnLvrwU="></latexit>

•  Perturbation theory is applicable (with OPE). 
•  Resonance region is often ignored (too difficult).	
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(Deep) (In)elastic scattering	

<latexit sha1_base64="GlFDTKmQBg+Cz8EZ+/vZ8iQnbEA="></latexit>

•  Bjorken scaling à parton model à PDF 
•  Resonance region is often ignored (too difficult).	
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Inclusive B meson decays	

•  Perturbation theory is used with heavy quark expansion. 
•  Resonance region is often ignored (too difficult).	

<latexit sha1_base64="vq7s+bLQn+NGwHbvXfB6TbIyoNs="></latexit>
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Lattice calculation	

•  Standard approach = OPE, then matrix element 

•  (more) direct calculation??	

<latexit sha1_base64="dnBqAiWH/rRjOXuDZ/0JcmWWBFY="></latexit>

<latexit sha1_base64="Yy+fXW/qYWVtzrzgXnr8NNHgCa8="></latexit>

<latexit sha1_base64="vmtgZodxQ0jJ73n11ty5uOQPblE="></latexit>

DIS as an example: 

see also, QCDSF, PRL 118, 242001 (2017)	
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(Deep) (In)elastic scattering 
 
  see also, QCDSF, PRL 118, 242001 (2017)	

<latexit sha1_base64="3HHurSVR8QFJufGZzdsU/3ZGWFk="></latexit>

<latexit sha1_base64="UdT0kpq05W3Z3HONr134mTOBXwA="></latexit>

structure function	

forward-scattering matrix element	

optical theorem:	
<latexit sha1_base64="FXvKYfVoCcGvdTdOOMeiQIai8Qk="></latexit>
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<latexit sha1_base64="UdT0kpq05W3Z3HONr134mTOBXwA="></latexit>

Can we calculate this on the lattice?	

•  with a fixed 4-momentum q	

<latexit sha1_base64="jRDe+SzXaz+bwDdG2WWeWoel4y0="></latexit>

On the Euclidean lattice, one may start from 
 
 
 
to obtain 	

<latexit sha1_base64="swbi/P1p41p02iVOBnauBF/LN5o="></latexit>

Analytic continuation is allowed until one encounters any singularity.	
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<latexit sha1_base64="Yhh0tN69ne+2rgBaBvggwLjBlCQ="></latexit>

<latexit sha1_base64="YJ9Xf04wDCxF/E/KPTLEXWvfoQ0="></latexit>

<latexit sha1_base64="sYFYFD0QU5oZVXWTjMjObJBENFo="></latexit>

(elastic)	

cut 
(resonances)	

<latexit sha1_base64="Pf8vxe2gWPz+Rzo93Sx5sY4J/TI="></latexit>

(Euclidean) lattice calculation 
only in the region |ω|<1. 
(no singularity)	

fixed Q2	
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Contour integral	

ω’=1/x	

(schematically…)	

<latexit sha1_base64="C6bU9Cdo60yy27rM3LDfAFg/R6E="></latexit>

moments of PDF	

Calculation	of	T(w)	at	w=0	(and	its	derivatives)	gives	arbitrary	
moments	of	structure	functions.	



April 16, 2019 S. Hashimoto (KEK/SOKENDAI)  10 

should be considered as an extension of the comprehen-
sive small-x physics review of Badełek, Charchuła,
Krawczyk, and Kwieciński (1992), including a more de-
tailed treatment of low-Q2 problems. We shall be con-
cerned exclusively with charged-lepton inelastic scatter-
ing. A recent review of problems specific to inelastic
neutrino (and antineutrino) interactions has been pre-
sented by Kopeliovich and Maraga (1993). We shall also
focus predominantly on the structure function F2; par-
ticular final-state structures, such as jets, diffractive dis-
sociation, and so on, will not be considered.

The content of the paper is as follows. After basic
definitions and constraints (Sec. II) we present theoreti-
cal ideas and models describing low-Q2 physics (Sec.
III). High-energy photoproduction (Sec. IV) is then fol-
lowed by a description of phenomenological parametri-
zations of structure functions (Sec. V). Special attention
is given to dynamical models of the low-Q2 behavior of
F2 (Sec. VI). Nuclear shadowing is described in Sec. VII,
and finally, an update of experimental data is given in
Sec. VIII. Section IX contains conclusions and outlook.

II. BASIC DEFINITIONS AND CONSTRAINS

The kinematics of inelastic charged-lepton scattering
is defined in Fig. 2(a). The one-photon exchange ap-
proximation is assumed throughout this paper. The
imaginary part of the forward Compton scattering am-
plitude of the virtual photon is defined by the tensor
Wmn (see, for example, Halzen and Martin, 1984):

Wmn~p ,q !5
F1~x ,Q2!

M S 2gmn1
qmqn

q2 D
1

F2~x ,Q2!

M~p•q ! S pm2
p•q
q2 qmD S pn2

p•q
q2 qnD .

(1)

In this equation q2 is the square of the four-momentum
transfer, Q252q2, x5Q2/(2p•q) is the Bjorken scal-
ing variable, and M is taken as the proton mass. The
invariant quantity p•q is related to the energy transfer
n in the target rest frame by p•q5Mn . The invariant
mass W of the electroproduced hadronic system is then
W25M212Mn2Q2. Often one uses the notation
W2[s .

The deep-inelastic regime is defined as a region where
both Q2 and 2Mn are large, and their ratio x is kept
fixed. At Q2 smaller than few GeV 2, x can probably no
longer be interpreted as the momentum of a struck par-
ton, but it remains a convenient variable for displaying
the data. The functions F1(x ,Q2) and F2(x ,Q2) are the
structure functions of the target. For a nuclear target it
will be assumed that the structure functions are normal-
ized to the number of nucleons in the target nucleus, and
they will be denoted Fi

A , i51,2 (except for the deuteron
where the symbol F2

d will be used). The tensor Wmn sat-
isfies the current conservation constraints

FIG. 1. Illustration of the continuity of physical processes: the
double differential cross section for electron-proton inelastic
scattering is sketched as a function of the energy transfer n for
different values of the resolution Q2. Dashed and continuous
lines correspond to constant values of x and W , respectively.
Definitions of kinematic variables are given in Sec. II.

FIG. 2. (a) Kinematics of inelastic charged-lepton–proton scat-
tering in the one-photon exchange approximation and its rela-
tion through the optical theorem to Compton scattering for the
virtual photon; p and q denote the four-momenta of the pro-
ton and virtual photon, respectively. (b) Handbag diagram for
virtual Compton scattering on a proton; k denotes the four-
momentum of the struck quark (antiquark). At high Q2 and in
the infinite-momentum frame of the proton, k'xp where x is
the Bjorken scaling variable.

446 B. Badełek and J. Kwieciński: Low-Q2 region in electroproduction

Rev. Mod. Phys., Vol. 68, No. 2, April 1996

Badelek, Kwiecinski, RMP 68, 445 (1996)	

<latexit sha1_base64="ecQcAZPUzJl+CzpYSRkVOanVUlI="></latexit>
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Advantages:	

•  Theoretically clean (only analyticity is used). 
•  Can obtain the maximum set of info 

(arbitrary moments) at once…, in principle. 
•  Can apply to low Q2 structure functions, for 

which PDF is no longer a valid description. 

•  Also related to the Cottingham sum rule, for 
(Mp-Mn). 

•  Also related to the two-photon exchange 
contrib to the Lamb shift. 
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Disadvantages:	

•  Four-point function is computationally challenging (many 
contractions), work in progress (H. Ohki and H. Fukaya) 

•  S/N would be bad due to nucleon prop on both ends.	



B	meson	semileptonic	decays	

April 16, 2019 S. Hashimoto (KEK/SOKENDAI)  13 

•  Determination of |Vxb| 
•  |Vcb|, in particular 
•  BR ~ 10% (e) + 10% (µ) 

•  exclusive = decays to individual final 
states (D, D*, …)  

•  inclusive = sum over all possible final 
states including charm 

Xc	

Formulation is very similar to DIS.	
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T
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= i

Z
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4
xe

�iqx
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2M
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hB|T{J†
µ

(x)J
⌫

(0)}|Bi

Structure function:	

Forward scattering matrix element:	

Optical theorem:	

sum over all final states	

d� ⇠ |Vcb|2lµ⌫Wµ⌫
<latexit sha1_base64="2qVTRu/MQ7ii5KuDX7WtXiIJXKA="></latexit><latexit sha1_base64="2qVTRu/MQ7ii5KuDX7WtXiIJXKA="></latexit><latexit sha1_base64="2qVTRu/MQ7ii5KuDX7WtXiIJXKA="></latexit><latexit sha1_base64="2qVTRu/MQ7ii5KuDX7WtXiIJXKA="></latexit>

Partial decay rate:	

analytic	function	of	
	q2	and	v.q	
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Analytic	structure:	

“Euclidean	region”:	
			calculable	on	the	lattice	in	
unphysical	kinematical	region	

unphysical cut	

(with fixed q2)	

b ! c
<latexit sha1_base64="/c91qj1wvUnW/g2Oi6eSSk2Dn6o="></latexit><latexit sha1_base64="/c91qj1wvUnW/g2Oi6eSSk2Dn6o="></latexit><latexit sha1_base64="/c91qj1wvUnW/g2Oi6eSSk2Dn6o="></latexit><latexit sha1_base64="lnOacxCOA3zKJlgzBXSE3Y3/8wo="></latexit><latexit sha1_base64="zpwyvMsAbg6qsAHNQStRAuLSZoE="></latexit><latexit sha1_base64="zpwyvMsAbg6qsAHNQStRAuLSZoE="></latexit><latexit sha1_base64="3QZJRIlNCF2acf+CcgDMOUHGOXY="></latexit><latexit sha1_base64="/c91qj1wvUnW/g2Oi6eSSk2Dn6o="></latexit><latexit sha1_base64="/c91qj1wvUnW/g2Oi6eSSk2Dn6o="></latexit><latexit sha1_base64="/c91qj1wvUnW/g2Oi6eSSk2Dn6o="></latexit><latexit sha1_base64="/c91qj1wvUnW/g2Oi6eSSk2Dn6o="></latexit><latexit sha1_base64="/c91qj1wvUnW/g2Oi6eSSk2Dn6o="></latexit><latexit sha1_base64="/c91qj1wvUnW/g2Oi6eSSk2Dn6o="></latexit>

b ! bbc̄
<latexit sha1_base64="COBpmZbUJHmMTqXO8EhoU6Dy+HI="></latexit><latexit sha1_base64="COBpmZbUJHmMTqXO8EhoU6Dy+HI="></latexit><latexit sha1_base64="COBpmZbUJHmMTqXO8EhoU6Dy+HI="></latexit><latexit sha1_base64="COBpmZbUJHmMTqXO8EhoU6Dy+HI="></latexit>

physical cut	

Z (v·q)
max

�1

d(v · q0)
⇡

ImT (v · q0)
v · q0 � v · q = T (v · q)

<latexit sha1_base64="ztaL9/WpQ3lpenAMU/dwTHCHfvQ="></latexit><latexit sha1_base64="ztaL9/WpQ3lpenAMU/dwTHCHfvQ="></latexit><latexit sha1_base64="ztaL9/WpQ3lpenAMU/dwTHCHfvQ="></latexit><latexit sha1_base64="ztaL9/WpQ3lpenAMU/dwTHCHfvQ="></latexit>

= mB−ω	

analytic	function	of	q2	and	v.q	

1
2MB

(M2
B + q2 �m2

X)

1
2MB

((2MB +MX)

2 � q2 �M2
B)

v · q

Figure 1: Analytic structure of the structure functions Ti(v·q, q2) in the complex

plane of v ·q. The cuts are shown by thick lines. The cut on the left corresponds

to the physical decay of b ! c, while the other represents an unphysical process

b ! c̄bb.
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µJ⌫
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Forward-scattering	ME	on	the	lattice	

1.  Calculate	the	four-point	function:	
	
	
2.  Extract	the	matrix	element	by	taking	a	ratio	to	two-points	

3.  “Fourier	transform”		

à	Tµν(v・q,q2)	at	pX=(ω,−q),	q=(mB−ω,q)	
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SH, PTEP 2017, 053B03. 	



JLQCD	lattice	ensemble	

•  Mobius	domain-wall	fermion	(2012~)	
–  2+1-flavor	(uds)	
–  chiral	symmetry	

•  residual	mass	<	O(1	MeV)	
–  lattice	spacing	:	1/a	=	2.4,	3.6,	4.5	GeV	
–  volume	:	L	=	2.7	fm	（323,	483,	643	lattices）	
–  ud	quark	masses	:	mπ	=	230,	300,	400,	500	MeV	
–  statistics	:	50-400	measurements	

•  Valence	quarks	
–  charm/bottom	(MDW)	+	strange	(MDW)	
–  bottom	is	lighter	than	physical,	mb	=	(1.25)4	mc	
–  on	Oakforest-PACS	with		

April 16, 2019 S. Hashimoto (KEK/SOKENDAI)  17 

(3.4 GeV Bs meson) 
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mud	 mπ	
[MeV]	

MD	time	

ms = 0.030	

0.007	 310	 10,000	

0.012	 410	 10,000	

0.019	 510	 10,000	

ms = 0.040	

0.0035 230	 10,000	

0.0035 
(483x96) 

230	 10,000	

0.007	 320	 10,000	

0.012	 410	 10,000	

0.019	 510	 10,000	

β = 4.17, 1/a ~ 2.4 GeV, 323x64 (x12)	

mud	 mπ	
[MeV]	

MD	time	

ms = 0.018	

0.0042	 300	 10,000	

0.0080	 410	 10,000	

0.0120	 500	 10,000	

ms = 0.025	

0.0042	 300	 10,000	

0.080	 410	 10,000	

0.0120	 510	 10,000	

β = 4.35, 1/a ~ 3.6 GeV, 483x96 (x8)	

0.0030	 ~ 300	 10,000	

β = 4.47, 1/a ~ 4.6 GeV, 643x128 (x8)	
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t2	

Bs	à	Ds	
(S-wave,	0-)	

mb=1.254mc , zero recoil (q=0)    1/a = 3.6 GeV	

unphysical:	
BsàBs	Bc	

BsàDs0
*	

(P-wave,	0+)	

t2	t1	

JµJν = V0V0	

JµJν = A0A0	
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Bs	à	Ds
*	

(S-wave,	1-)	

mb=1.254mc , zero recoil (q=0)    1/a = 3.6 GeV	

unphysical:	
BsàBs	Bc	

BsàDs1
(*)	

(P-wave,	1+)	

t2	t1	

t2	

JµJν = AkAk	

JµJν = VkVk	



“Fourier	transform”	

•  Time	direction	should	be	analytically	continued	
to	go	time-like,	i.e.	energy	ω:	

–  Can	be	understood	by	a	Taylor	expansion	in	p0,	and	
then	reconstruct	with	ip0=ω.	

– Only	below	any	singularity:	pole,	cut,	…	
– Obviously,		
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eip0t → eωt :	

e−mt F.T .⎯ →⎯⎯
1

ω −m



April 16, 2019 S. Hashimoto (KEK/SOKENDAI) 22 

-1.5 -1 -0.5 0 0.5 1 1.5
ω [GeV]

-1

0

1

2

3

4

5
dT

/d
ω

 [G
eV

-2
]

A3A3
V3V3

~ 1
(ω −m

D*
)2

~ 1
(ω +mBc −mB )

2

mb=1.254mc , zero recoil (q=0)    1/a = 3.6 GeV	

de
riv

at
iv

e 
to

 a
vo

id
 

di
ve

rg
en

ce
 (

co
nt

ac
t 

te
rm

)	

= mB – q0	



Comparison	with	Continuum	
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•  Heavy Quark Expansion (tree-level formulae): 
     Blok, Koyrakh, Shifman, Vainshtein, PRD49, 3356 (1994). 
      Manohar, Wise, PRD49, 1310 (1993). 
      Falk, Ligeti, Neubert, Nir, PLB326, 145 (1994) 
      Balk, Korner, Pirjol, Schilcher, ZP C64, 37 (1994).	

1

mb 6v�6q+ 6k �mc
•  Expand                                       in small k. 

T1
VV = −

ω −mc

ω 2 −mc
2 , T1

AA = −
ω +mc

ω 2 −mc
2

•  Zero-recoil limit (VkVK or AkAk channel, leading order)	

(ω = mB – q0)	

… pole at ω = -mc (VkVk) or ω = mc (AkAk) 	

(Based on discussions with P. Gambino)	
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Significant	shift	due	to	mc à mD	
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Comparison	to	Experiment?	
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•  Need the Cauchy’s integral, which corresponds to the 
moments  

•  Previously, only <EX
n> are analyzed. 

•  Need to supplement the region mB-EX < 0 using perturbation 
theory.	

<latexit sha1_base64="6OF8XvX2ubjs/rXzVsdMbBRj3yA="></latexit>



No	conclusions	

•  No	new	results…,	sorry!	

•  Yet,	new	opportunities	for	lattice.	
– Learn	from	sum	rules,	the	golden	age	of	particle	
physics	

– Apply	with	new	technologies!	
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