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Why tensor networks?

Success of Monte Carlo (MC) methods in
various fields

But, MC suffers from Sign problem

— e.g. QCD+y, O-term, chiral gauge theory, lattice
SUSY, real-time path integral,...)

Tensor network is free from Sign problem
Because Probability is not used!



What’s tensor network?
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What’s tensor network?
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A target quantity (wave function/partition function)
is represented by tensor network



Tensor network approaches

Hamiltonian/Hilbert space

Lagrangian/Path integral

Quantum many-body system

Classical many-body system/path integral
rep. of quantum system

Wave function of ground state/excited
states

Partition function/correlation functions

Variational method

Approximation, Coarse graining

Real time, Out-of-equilibrium, Quantum
simulation

Useful in equilibrium system suffering from
the sign problem in MC(QCD+, etc.)

DMRG, MPS, PEPS, MERA, ...

TRG, SRG, HOTRG, TNR, Loop-TNR, ...
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Tensor network rep. of 2

Levin & Nave 2007

7 = /[dgb] exp [—S({¢})]

l

Target



Tensor network rep. of 2

Levin & Nave 2007
Rewrite the partition function in terms of contractions of tensors

7 = /[dgb] exp [_S({gb})] / tensor network representation

in 2D system
— E " TijkETTﬂ,ﬂiﬂ "t

tensor : lives on a lattice site

index : lives on a link

uniform : all tensors are the same

elements of tensor : model-dependent

in 2D system



Tensor network rep. of 2

e.g. 2D Ising model

Z = Z EXp ( Z .33;:33;) — Z e T-.',';,EJ;;ET-mniu T
{s}

<@x, Y R T N 0



Tensor network rep. of 2

e.g. 2D Ising model

4= Z EXp ( Z ,83::33;) — Z e T-.',';H;:IT-mniu e

{5} <@L,y I Y =Y

1) Expand Boltzmann weight as in High-T expansion

2) ldentify integer, which appears in the expansion, as
new d.o.f. = index of tensor

/eﬁswsy — cosh(ﬁsxsy) + Sinh(ﬁsxsy)\
= cosh 3+ s;s,sinh 3
= cosh 3(1 + sgs, tanh 3)

1
= coshpf Z (525, tanh 3)"=v

\ iy =0




Tensor network rep. of 2

e.g. 2D Ising model

4= Z EXp ( Z ,83::33;) — Z e T-.',';H;:IT-mniu e

{5} <@L,y I Y =Y

1) Expand Boltzmann weight as in High-T expansion

2) ldentify integer, which appears in the expansion, as
new d.o.f. = index of tensor

3) Integrate out spin variable (old d.o.f.)

4) Get tensor network rep. !
Toooo Tooor Tooio  Too11 { 1 0 0 tanh 3 }
Tor00 Toror Toro Torn | _ 0 tanh 3 tanh (3 0

Ti000 Tio01 Tioio Tho1n
Ti100 Th101 1110 Thiin

0 tanh 8 tanh 0
tanh 3 0 0 (tanh 3)2

x2(cosh 3)?



Tensor network rep. of 2

e.g. 2D Ising model

4= Z EXp ( Z ,83::33;) — Z e T-.',';H;:IT-mniu e

{5} O T I Y =Y
1) Expand Boltzmann weight as in High-T expansion

2) ldentify integer, which appears in the expansion, as
new d.o.f. = index of tensor

3) Integrate out spin variable (old d.o.f.)
4) Get tensor network rep. !

4 )
For every model, one has to do similar thing and

the size and elements of tensor depends on the model,

but the basic procedure is common for all cases
\_ J




Tensor network rep. of 2

depends on property of field and interaction

e Scalar field (non-compact)
— Orthonormal basis expansion

— Gauss Hermite quadrature

e Gauge field (compact : SU(N) etc)
— Character expansion : maintain symmetry, better convergence

 Fermion field (Dirac/Majorana)
1
— Grassmann number 62=0 -> finite sum % = 1 4 90 = Z(¢g)n
— Signature originated from Grassmann nature n=0

In principle, we can treat any fields



How to carry out the contractions?

7 5 Z Lk Lo - -

Nl

So far, we have just rewritten Z

Next step is to carry out the summation
But, naive approach costs oc 22V

Introduce approximation to reduce the cost while
keeping an accuracy by summing important partin Z



How to carry out the contractions?

7 5 Z Lk Lo - -

Nl

So far, we have just rewritten Z

Next step is to carry out the summation
But, naive approach costs oc 22V

Introduce approximation to reduce the cost while
keeping an accuracy by summing important partin Z

[ Coarse graining (renormalization, blocking) ]

Tensor Renormalization Group (TRG)



Coarse graining (TRG)

Decomposition of tensor
: : i,5,k,1€{1,2,...,D}
] S IJ

kii—z ) T_m ! Tijkl — Z(Sl)jkm(SS)lim
o l 53

l m



Coarse g

raining (TRG)

Decomposition of tensor

[

?} i?j7k7l€{1727'”aD}

m

4 _ el
k+z —) M) Tiik = Z(Sl)jkm(SS)lim
. ZE

Singular value decomposition (SVD) W,V : unitary matrix

Mab — Z UagmOm (UT)mb

MECIXJ

o1 > 09 > ... > (0 :singularvalues



Coarse graining (TRG)

Decomposition of tensor
: ; i,j,k,1e{1,2, ..., D}
] J
|

kii—z —) R Tijrr = Z(Sl)jkm(SS)lim
. ZE

l m

Singular value decomposition (SVD) W,V : unitary matrix

M., = Zuamgm(UT)mb o1 > 09 > ... > (0 :singularvalues
m
/ o
°., 0 .
o
M 6 (CIXJ M — U 0 e

0 full SVD




Coarse g

raining (TRG)

Decomposition of tensor

[

?} i?j7k7l€{1727'”aD}

4 _ el
k+z —) M) Tiik = Z(Sl)jkm(SS)lim
. ZE

m

Singular value decomposition (SVD) W,V : unitary matrix

Mab — Z UagmOm (UT)mb

For square matrix M

o1 > 09 > ... > (0 :singularvalues




Coarse graining (TRG)

Decomposition of tensor
i, k1€ {1,2, .., D)
J j
w2l

kii—z ) ) Lijrr = Z(Sl)jkm(SS)lim

[

Singular value decomposition (SVD) W,V : unitary matrix

M., = § UamUm mb o1 > 09 > ... > (0 :singularvalues

Tijkt = M(iy,61) = Z U(kj),mVOm Um"’lq,,(u)



Coarse graining (TRG)

Decomposition of tensor
i, k1€ {1,2, .., D)
J j
w2l

kii—z E— o Lijr = Z(Sl)jkm(SS)lim

[

Singular value decomposition (SVD) W,V : unitary matrix

M., = § UamUm mb o1 > 09 > ... > (0 :singular values

Dcut
Tijkl M(kj) (il) — Z u(k:j) mVOom - O-mvlz,(il) ~ Z (Sl)jkm(SS)lim

m=1




Coarse graining (TRG)

Decomposmon of tensor

i, g k,1e{l1,2,..,D}

k+z —) ) Lijrr = Z(Sl)jkm(SS)lim
. | ZE —

Singular value decomposition (SVD) W, U : unitary matrix

E : : singular values
ab — UamUm mb 01 > 0-2 g

approx Dewy = D
Tijkl M(kj) (il) — Z u(k:j) mVOom - O_me (i) Sl)jkm(SS)lzm

cut

[ Truncate at D_ . = Low-rank approximation - Information compression J

best approximation



Image compression

200 x 320 pixels B&W photograph
=200 x 320 real matrix > Moy = Z UarmTm (V) mb

Om /

L L L L L \ \ \ I
0 20 40 60 80 100 120 140 160 180 200

numbering m

http://www.na.scitec.kobe-u.ac.jp/~yamamoto/lectures/cse-introduction2009/cse-introduction090512.PPT



Image compression

| i i | i | i
60 80 100 120 140 160 180 200

numbering m

http://www.na.scitec.kobe-u.ac.jp/~yamamoto/lectures/cse-introduction2009/cse-introduction090512.PPT



Coarse graining (TRG)

J
. k Sl .] D ut
k+@ ‘ m (4 ka.l ~ (Sl)jkm(S:%)lZm
[ ZE m=1
k ] | 715 Deus
o k—T m ngkl ~ (SQ)klm(S‘l)?«?m
/ SQ [ m=1




Coarse graining (TRG)

Making new tensor by contraction

all
Z (51)i1a(52) i (S3) ke (Sa)ika = Ty

VL ﬁ integrate out old d.o.f. ] Renormalization-like!

C b C b
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Specific heat

2D Ising model on square lattice

19 <T231n2>]

= 2.269...

only one day use of this MBA

numerical derivative

T. = 2/[In(l+ v2)]

Cost o< log(Lattice volume) X (D

cut

)6 X [# temperature mes}t

]




Monte Carlo

Boltzmann weight is Tensor network rep. of partition
interpreted as probability function (no probability
interpretation)

Importance sampling Information compression by SVD
(TRG), Optimization

Statistical errors Systematic errors (truncated SVD)

Sign problem may appear No sign problem
"." no probability

Critical slowing down Efficiency of compression gets

worse around criticality
|

!

can be improved by TNR, Loop-TNR in 2D system
Evenbly & Vidal 2014, Gu et al., 2015




e 2D system

Works related with HEP

(Lagrangian approach)

— Spin model : Ising model

Zero

model +

, X-Y model

, O(3) model

— Abelian-Higgs

— ¢*theory

— QED,

— QED,+6

— Gross-Neveu model +

— CP(N-1)+6

— Towards Quantum simulation of O(2) model
— N=1 Wess-Zumino model (SUSY model)
e 3D system Higher order TRG(HOTRG) :
— 3D Ising, Potts model
— 3D Fermion system

, X-Y model with Fisher

X-Y



Tensor network representation
for real-time path integral

e.g. 1+1 lattice scalar field theory
with Minkowskian metric



Study of real-time dynamics

e Complex Langevin
e Real-time correlator, 3+1d ¢* theory PrL95,202003(2005) Berges et al,

e (tilted) Schwinger-Keldysh, non-equilibirium, 3+1d SU(2) gauge theory
PRD75,045007(2007) Berges et al.

e convergence issue (difficult for t >> )
e Algorithm inspired by Lefschetz thimble PRrRD95,114501(2017) Alexandru et al.

e SKsetup, 1+1d ¢* theory
e Small box (2x8+2)x8 (Larger time extent is harder)

e Tensor network (Here!)



Minkowskian 1+1d Scalar field theory

5= [ |50.07 - V()

2T
—— (0p)* — (010)°

L = (33(), 33'1)

I 0
Nuy = ( “purely” Minkowskian but not SK



Minkowskian 1+1d Scalar field theory

—— (0p)* — (010)°

s— [ @] S 0u07 - V(o)

{ On lattice ] a = 1 lattice units

a,u,¢(aj) - ¢£U—|—,& T gbx

/d%ﬁz

T E72



Path integral

Goal: rewrite Pl in terms
of tensor network

7 = / d6] explis]



Path integral

Goal: rewrite Pl in terms
of tensor network

7 = / d6] explis]

= /[d¢] HHO(¢xa¢x—|—f))H1(¢iE7¢a:+i)

H0(¢7 ¢/) — €Xp -+

Hi(6,6)) = oxp |~ L(6— ') — V() - “v(e)).




Lay 2002,

Expansion of H  simion

H
For two-variable function orthonormal basis o o
N ¢ _ ¢
Ho6.¢) = 3 w0 (¢) XY 0" (&) ¢
n=0 \ v P
singular values *—0O—@




Expansion of H

For two-variable function

orthonormal basis

o0 — N\
Ho(¢,¢') = > WP (9) A &% (¢)
n=0

\

singular values

|F orthonormal basis and singular values
then tensor is formed as

are obtained,

Lay 2002,
Shimizu 2012



Expansion of H

For two-variable function

orthonormal basis

o0 — N\
Ho(¢,¢') = > WP (9) A &% (¢)
n=0

\

singular values

|F orthonormal basis and singular values
then tensor is formed as

are obtained,

Lay 2002,
Shimizu 2012



Expansion of H

For two-variable function

orthonormal basis

o0 — N\
Ho(¢,¢') = > WP (9) A &% (¢)
n=0

\

singular values

|F orthonormal basis and singular values
then tensor is formed as

are obtained,

Lay 2002,
Shimizu 2012



Expansion of H

For two-variable function
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o0 — N\
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\
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are obtained,
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Lay 2002,

Expansion of H  simion

H
For two-variable function orthonormal basis o o
o N ¢ o7
Ho(6.6) = 3 ¥ (6) A0 80 (¢ ¢
n=0 \ v P
singular values *—0O—@
¢ n ¢
|F orthonormal basis and singular values are obtained,
then tensor is formed as
0 1 0 1 > 0 1 0)* x(1)x*
T = VNN [~ o a0af)
I[F SV has a clear hierarchy \g > \{ > Xy > ... >0 J
——> truncation is OK ——> TRG kO O 9

0<4ij,kIl<N l



Expansion of H

For two-variable function

orthonormal basis

/\

Z T () AO

\

e (¢')

singular values

|F orthonormal basis and singular values
then tensor is formed as

Lijki = \/)\EO))\S))\,&O)AZ(U/

are obtained,

— O

[ Question: How to obtain? ¢ & ) ]

Lay 2002,
Shimizu 2012

0 1 0)*x x (1)%
dpwVwV eV o

]

k O O 4




How to obtain v & )\

For two-variable function orthonormal basis

00 N\
Ho(g,¢') = > Wi (¢) AS,{) o0 (¢)
n=0

singular values

This expansion holds when H, is a compact operator/ |Ho(z, y)|Pdedy < oo

Ho(6.0) = exp | 30— ) = 1V(6) = [V(@)



How to obtain v & )\

For two-variable function orthonormal basis

00 N\
Ho(g,¢') = > Wi (¢) A{{) o0 (¢)
n=0

singular values

This expansion holds when H, is a compact operator/ |Ho(z, y)|Pdedy < oo

Ho(6.0) = exp | 30— ) = 1V(6) = [V(@)

2
For free vV = %gﬂ and complex mass m% — m% — e (e >0)

. 2 0 427 .
— 29" exp [—iqbgb’ + (—img — e)¢ —ggb w e2?

damping factor
cancel when making tensor — compact




How to obtain & & )\
¢2+¢’2]

exp [—i¢¢’ + (—im3 — €) 3

to 2 fact
Remember 1-dim QM up to Zm tactor

o

7P = (z|p) = Z(x\nﬂn\m

n=0



How to obtain v & )\

2 ’2
eXp [—‘i¢¢/ + (—img — ¢) ¢ g¢ ]
Remember 1-dim QM up to 2m factor
P = (alp) = D _(aln){nlp)
e <.76 p nZ:O xr|mn ¢; (p) _ in% (p)

~ if basis is Hermite function
=) tnl(x)i(p)

1
n=0 wn<x) — \/77_1/2”!2”

t

Truncation is not allowed



How to obtain & & )\
¢2+¢’2]

exXp [—Z¢¢, + (—ng o 6) 8

Rel3] > 0

up to 2m factor
& @)

eimre=Bla’+p") — §° (e_ﬁx2¢n(x)) 0" (6_6p2¢n(p)>

damping factor =Y _\

Y Gumtm (@)
m=0

/

Gnm = /_OO da:e_ﬁx2¢m($)¢n(x)




How to obtain & & )\
c/>2+¢’2]

exXp [—Z¢¢/ + (—ng o 6) 8

Rel3] > 0

up to 2m factor
& @)

oi7p ,— Bz’ +p%) _ > (e_ﬁx2¢n(a?)) 0" (€_Bp2¢n(p)>

n=0

() (G



How to obtain & & )\

¢2 + ¢/2]
8

exp [—Wb’ + (—img — €)

Relf] > 0

up to 2m factor

oi7p ,— Bz’ +p%) _ f: (e_ﬁx2¢n(a?)) 0" (€_Bp2¢n(p)>

=% (Z Gnmwm(a:)> i" (Z Gnmk(p)>
n=0 \m=0 k=0



How to obtain & & )\

¢* + ¢’2]
8

exp [—i¢gb’ + (—im(Q) —€)

Rel3] > 0

up to 2m factor

7P =B’ +p”) _ f: (e_ﬁx2¢n(a?)) 0" (e‘ﬁp%(p))




How to obtain v & )\

¢2 + ¢/2]
8

exp [—wsqs’ + (—img — ¢)

Rel3] > 0

up to 2 factor

o1 TP o= B(x*+p*) _ i (6 Bw2¢n ) n (8_519277%,(]9))

5 (B (B
m (ZznGannk> Vi (p)

()

]2

3
3
I

=

0

¢m($>Uma> )\a <Z(VT>ak¢k(p)>
0 \m= k=0

8

3
Mg TTMg

\

a



How to obtain & & )\

2 /2
exp [—‘Wb' + (—img — 6)¢ g¢ ]

Relf] > 0

up to 2m factor

7P =B’ +p”) _ f: (e_ﬁx2¢n(a?)) 0" (e‘ﬁp%(p))

= > () (Z i”Gannk> Vi (p)




How to obtain v & )\

exp [—WW + (—im3 — €) ¢2 il ¢,2] Z U () A @ (

Grm = / d:ce_(ingre)xz/Swm(a:)wn(x)

— O
0
Xp = Z "Gy Gk range of m, n, K is truncated at K(>> N)
n=0
t ted at
Xk & Z Unaa(V)a (svp) ~ Hneaeast &

—> tensor ~ N4

U = Uy
1) Hermite function
&=V

¢')



Numerical results

o0 .9 5 no sign problem
Grm = / dxe Mot )T By ()1 (2)
—00 B =imi+ e
G 1 o S G )
m n — mn + 1 — mn Um—1,n—
Lt (1+ﬁ)\/(m+1)(n+1){ (1-5) Lt
_5\/(m +1)n Griin—1 — ﬂ\/m(n + 1) Gm—l,n—|—1:| , )

e =0.95

i i i i i i i i i i i
20 40 80 80 100 0 20 40 80 80 100 [+] 20 40 60

100



singular values

Singular values

10’ :
10°
107
1072
103

10 |

10




Tobed = \/Aéo))\,()l))\g)))\&l)/ dngJELO)\pgl)q)gO)*q)&l)*

— 0

The integral can be estimated by a recursion relation




/ on 2x2 lattice of free case

Periodic BC : not physical

jhbcd
0<a,b,c,d <N

In(Z)/2x2

contraction for 2x2 tensor
(no coarse graining)

T O JOF O NSO SO

e =0.9

|exact Re
N=8Re

N=16Re
N=24Re
N=32Re
exactim ------- N

4dE® >

N=8Im
N=16Im
N=24Im

N=32Im

 aoor

i i i i
02 04 06 08 1



/ on 2x2 lattice of free case

N
I

Tr

Periodic BC : not physical

Tabcd
0<a,b,c,d <N

for real part of Z

InZ — In Zeyact

ln Z exact

5 —

contraction for 2x2 tensor

(no coarse graining)

e =0.5
10° T T T T
; 1 ; . N=8 &
a | a  N=16 e
; | ; ; N=24 [ ]
: | : ; N=32 v
. N S URR R R S SRR A T
10 . + * x i | X
: .
o L] ® ; 1
_4 : . : :
10 e ® [ B R
i | i g
[ | [ ] ; : |
| " n " " -
& i 3 i |
L .
v ‘ [ ] i
Y | v Y Y v
i v ] |
1078 U SO
40710 L
10-12 i I i I
[1) 02 04 06 08




InZ)V

Larger volume in free case

Using TRG for coarse-graining V = (1024)2 e = 0.5

V=10242 =05 V=10242 £=0.5
09 T T T T
: : exact Re
N=8Re 4
s s . N=16Re ®
S A R " N=24Re m
: : . N=32Re v
08
075 | — R — —— SER— -

(Y- — o s e e .

0 | | | |

need improved algorithm: TNR, Loop-TNR, GILT?



Summary

Tensor network representation for scalar field theory
with Minkowskian metric is derived

Orthonormal basis function (Hermite function) plays an
important role (SVD & avoid the sign problem)
Feynman prescription (my%— i¢) provides a damping
factor

For 2x2 lattice, it works wide range of mass for free
case with £=0.5

For larger volume, the precision of Z tends to be worse
(need TNR/Loop-TNR/GILT?)

No sign problem but there is a problem of information
compressibility near singular points (hierarchy of
singular values)



Future

Improvement of initial tensor using idea of TNR,
GILT, etc

Tilted time axis + — te~¢/2 (instead of my>— i¢)
Interacting case
Schwinger-Keldysh, Out of equilibrium

Real-time correlator, Spectral function, Transport
coefficients

Other models including fermions and gauge fields
Higher dimensional system (Hard!!!)



(Personal) Road map of tensor
network approach

 Tensor network representation
— Scalar, Fermion, Gauge
— Minkowskian space-time Donell!!
— Chiral gauge theory ??7?
e Cost of coarse-graining
— Higher dimension (MC, optimization) in progress
— Large # of Internal degree of freedom
e.g. SU(N) ???



Free Energy

For 2x2 lattice
Z(2x2) _ (27T)2 singular points

m3+/(md + 4)(mg — 4) mo =0, £2, +2i



Future

Complexity of model

e Further Impr. of HOTRG

attice ACD Better coarse-graining in higher
SU(3) dimensional system
SU(2)

e Costreduction

MC/Projective truncation
method

e Memory & cost reduction
using symmetry
using block structure of tensor
e Parallelization
Dimensionality For memory distributed system

Wess-Zumino model(SUSY)
QED, + 6
O(3), CP(1) + 6

XY model
2D Ising 3D Ising 4D Ising
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