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There is currently a 4-sigma discrepancy between the beam and bottle 
measurements of  the neutron lifetime 

This has generated a lot of  interest that the discrepancy could be caused 
by new physics (hidden decay mode) 

The numerator, 5172.0(1.1), depends upon several quantities which must 
be measured experimentally - almost all of  which are receiving new 
scrutiny given this discrepancy  

In particular, the radiative corrections (RC) have been updated with a 
multi-sigma shift 

It is also important to have a Standard Model prediction for gA - LQCD
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We need a 0.13% uncertainty to be comparable to 
experimental uncertainty
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nucleon axial coupling from LQCD

To gain confidence in the application of  Lattice 
QCD to nuclear physics, we must benchmark 
(calibrate) our calculations against well known 
quantities of  interest 

gA was supposed to be a good benchmark 
calculation for single nucleon structure - but it 
proved to have significant systematic challenges, 
preventing results with the precision anticipated 

FLAG 2019 has included single nucleon quantities 
in their averaging for the first time
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To gain confidence in the application of  Lattice 
QCD to nuclear physics, we must benchmark 
(calibrate) our calculations against well known 
quantities of  interest 

gA was supposed to be a good benchmark 
calculation for single nucleon structure - but it 
proved to have significant systematic challenges, 
preventing results with the precision anticipated 

FLAG 2019 has included single nucleon quantities 
in their averaging for the first time

Notice one result is significantly more precise than 
the others
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The axial coupling of the nucleon, gA, is the strength of its coupling 
to the weak axial current of the standard model of particle physics, 
in much the same way as the electric charge is the strength of the 
coupling to the electromagnetic current. This axial coupling dictates 
the rate at which neutrons decay to protons, the strength of the 
attractive long-range force between nucleons and other features of 
nuclear physics. Precision tests of the standard model in nuclear 
environments require a quantitative understanding of  nuclear 
physics that is rooted in quantum chromodynamics, a pillar of 
the standard model. The importance of gA makes it a benchmark 
quantity to determine theoretically—a difficult task because 
quantum chromodynamics is non-perturbative, precluding known 
analytical methods. Lattice quantum chromodynamics provides a 
rigorous, non-perturbative definition of quantum chromodynamics 
that can be implemented numerically. It has been estimated that a 
precision of two per cent would be possible by 2020 if two challenges 
are overcome1,2: contamination of gA from excited states must be 
controlled in the calculations and statistical precision must be 
improved markedly2–10. Here we use an unconventional method11 
inspired by the Feynman–Hellmann theorem that overcomes these 
challenges. We calculate a gA value of 1.271 ± 0.013, which has a 
precision of about one per cent.

To demonstrate the efficacy of lattice quantum chromodynamics 
(LQCD) for nuclear physics research, one must begin by demonstrating 
control over the simplest quantities, such as gA. In addition to those 
mentioned above, there are a number of challenges in using LQCD to 
compute properties of nucleons and nuclei. The first challenge arises 
from the non-perturbative features of quantum chromodynamics 

(QCD) itself. QCD describes the interactions between quarks  
and gluons, the basic constituents of nucleons, through the Lagrangian 
density Ψ̄ Ψ= − / + ∑ +L G g D m(4 ) ( )q q q qQCD

2    , where the quark fields, 
Ψq, come in flavours q = {u, d, s, ...} with masses mq = {mu, md, ms, …}. 
G2 describes the nonlinear gluon self-interactions and D includes the 
quark–gluon interactions, both with a strength determined by the  
coupling, g. Most of nuclear physics depends on only three or four input 
parameters from QCD: g, the light-quark masses, mu and md, and in 
some cases the strange-quark mass, ms. Once these parameters are 
fixed, and electroweak corrections are added, all of nuclear physics—
from the kiloelectronvolt energy levels in nuclei to the energy densities 
of the neutron star equation of state (a few hundred megaelectronvolts 
per cubic fermi (fm), where 1 fm = 10−15 m)—can in principle be 
predicted from QCD.

At short distances (high energies), such as those explored by the 
Large Hadron Collider at CERN, QCD has been rigorously tested, 
because in this energy regime g ≪ 1 and perturbative methods are 
applicable. At long distances of approximately 1 fm (low energies), 
which are characteristic of nuclear physics, g is large and perturbation 
theory fails to converge. Consequently, quarks and gluons are confined 
in protons, neutrons and other hadrons observed experimentally. 
Fortunately, non-perturbative calculations can be carried out in the 
strong-coupling regime using LQCD, the only first-principles approach 
known to control all sources of systematic uncertainty.

LQCD is the formulation of QCD on a finite four-dimensional space-
time lattice, following the Feynman path-integral description. Monte 
Carlo methods are used to sample the resulting high-dimensional inte-
grals stochastically. The values of the lattice spacing, a, and finite size, 
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Fig. 1 | Feynman diagrams of gA. The decay of a neutron to a proton 
occurs when one of the down quarks (d) in the neutron is converted to 
an up quark (u) via the vector and axial components of the weak current. 
Not depicted in these figures are the infinite set of diagrams describing 
the coupling of gluons to the quarks and of gluons to gluons and the 
dynamical production and annihilation of quark–anti-quark pairs. 
Because of this infinite set of graphs, the use of a computational approach 

to QCD is required. The time, t, refers to calculational details discussed in 
the text. a, The standard method of computing gA relies on three different 
times, the creation time, t = 0, the current insertion time, tins, and the 
separation time, tsep. Controlling the excited state systematics requires 
varying both tins and tsep. b, Our Feynman–Hellmann method11 sums 
over all possible interaction times (tins) of the external weak axial current, 
leading to an exponential enhancement of the signal.
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The axial coupling of the nucleon, gA, is the strength of its coupling 
to the weak axial current of the standard model of particle physics, 
in much the same way as the electric charge is the strength of the 
coupling to the electromagnetic current. This axial coupling dictates 
the rate at which neutrons decay to protons, the strength of the 
attractive long-range force between nucleons and other features of 
nuclear physics. Precision tests of the standard model in nuclear 
environments require a quantitative understanding of  nuclear 
physics that is rooted in quantum chromodynamics, a pillar of 
the standard model. The importance of gA makes it a benchmark 
quantity to determine theoretically—a difficult task because 
quantum chromodynamics is non-perturbative, precluding known 
analytical methods. Lattice quantum chromodynamics provides a 
rigorous, non-perturbative definition of quantum chromodynamics 
that can be implemented numerically. It has been estimated that a 
precision of two per cent would be possible by 2020 if two challenges 
are overcome1,2: contamination of gA from excited states must be 
controlled in the calculations and statistical precision must be 
improved markedly2–10. Here we use an unconventional method11 
inspired by the Feynman–Hellmann theorem that overcomes these 
challenges. We calculate a gA value of 1.271 ± 0.013, which has a 
precision of about one per cent.

To demonstrate the efficacy of lattice quantum chromodynamics 
(LQCD) for nuclear physics research, one must begin by demonstrating 
control over the simplest quantities, such as gA. In addition to those 
mentioned above, there are a number of challenges in using LQCD to 
compute properties of nucleons and nuclei. The first challenge arises 
from the non-perturbative features of quantum chromodynamics 

(QCD) itself. QCD describes the interactions between quarks  
and gluons, the basic constituents of nucleons, through the Lagrangian 
density Ψ̄ Ψ= − / + ∑ +L G g D m(4 ) ( )q q q qQCD

2    , where the quark fields, 
Ψq, come in flavours q = {u, d, s, ...} with masses mq = {mu, md, ms, …}. 
G2 describes the nonlinear gluon self-interactions and D includes the 
quark–gluon interactions, both with a strength determined by the  
coupling, g. Most of nuclear physics depends on only three or four input 
parameters from QCD: g, the light-quark masses, mu and md, and in 
some cases the strange-quark mass, ms. Once these parameters are 
fixed, and electroweak corrections are added, all of nuclear physics—
from the kiloelectronvolt energy levels in nuclei to the energy densities 
of the neutron star equation of state (a few hundred megaelectronvolts 
per cubic fermi (fm), where 1 fm = 10−15 m)—can in principle be 
predicted from QCD.

At short distances (high energies), such as those explored by the 
Large Hadron Collider at CERN, QCD has been rigorously tested, 
because in this energy regime g ≪ 1 and perturbative methods are 
applicable. At long distances of approximately 1 fm (low energies), 
which are characteristic of nuclear physics, g is large and perturbation 
theory fails to converge. Consequently, quarks and gluons are confined 
in protons, neutrons and other hadrons observed experimentally. 
Fortunately, non-perturbative calculations can be carried out in the 
strong-coupling regime using LQCD, the only first-principles approach 
known to control all sources of systematic uncertainty.

LQCD is the formulation of QCD on a finite four-dimensional space-
time lattice, following the Feynman path-integral description. Monte 
Carlo methods are used to sample the resulting high-dimensional inte-
grals stochastically. The values of the lattice spacing, a, and finite size, 
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Fig. 1 | Feynman diagrams of gA. The decay of a neutron to a proton 
occurs when one of the down quarks (d) in the neutron is converted to 
an up quark (u) via the vector and axial components of the weak current. 
Not depicted in these figures are the infinite set of diagrams describing 
the coupling of gluons to the quarks and of gluons to gluons and the 
dynamical production and annihilation of quark–anti-quark pairs. 
Because of this infinite set of graphs, the use of a computational approach 

to QCD is required. The time, t, refers to calculational details discussed in 
the text. a, The standard method of computing gA relies on three different 
times, the creation time, t = 0, the current insertion time, tins, and the 
separation time, tsep. Controlling the excited state systematics requires 
varying both tins and tsep. b, Our Feynman–Hellmann method11 sums 
over all possible interaction times (tins) of the external weak axial current, 
leading to an exponential enhancement of the signal.
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Standard Systematics
continuum limit 
need 3 or more  
lattice spacings

infinite volume limit

physical pion masses 
exponentially bad  

signal-to-noise problem
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Slide adapted from E. Berkowitz
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Most difficult challenge: an exponentially bad signal-to-noise problem 

Each quark propagator carries 
information about pions and nucleons 

(conversations with David Kaplan)

⇠ e�
1
2m⇡t + e�

1
3mN t + · · ·
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�N (t)
<latexit sha1_base64="ffQNe+FaWim4sYml5+lZH1gPVrk=">AAAB/XicbVBNS8NAFNz4WetX1aOXxSJUkJKIoN6KXjxJBWMLTSibzaZdukmW3ZdCKQV/hVc9eRKv/hYP/he3aQ7aOrAwzMzjvZ1ACq7Btr+speWV1bX10kZ5c2t7Z7eyt/+o00xR5tJUpKodEM0ET5gLHARrS8VIHAjWCgY3U781ZErzNHmAkWR+THoJjzglYCTPEyYaku5dDU66lapdt3PgReIUpIoKNLuVby9MaRazBKggWnccW4I/Jgo4FWxS9jLNJKED0mMdQxMSM30aDrnUOfXH+fkTfGzMEEepMi8BnKu/h8ck1noUByYZE+jreW8q/ud1Mogu/TFPZAYsobNFUSYwpHjaBQ65YhTEyBBCFTdnY9onilAwjZVNH8787xeJe1a/qjv359XGdVFMCR2iI1RDDrpADXSLmshFFEn0jF7Qq/VkvVnv1scsumQVMwfoD6zPH5WrlZ0=</latexit><latexit sha1_base64="ffQNe+FaWim4sYml5+lZH1gPVrk=">AAAB/XicbVBNS8NAFNz4WetX1aOXxSJUkJKIoN6KXjxJBWMLTSibzaZdukmW3ZdCKQV/hVc9eRKv/hYP/he3aQ7aOrAwzMzjvZ1ACq7Btr+speWV1bX10kZ5c2t7Z7eyt/+o00xR5tJUpKodEM0ET5gLHARrS8VIHAjWCgY3U781ZErzNHmAkWR+THoJjzglYCTPEyYaku5dDU66lapdt3PgReIUpIoKNLuVby9MaRazBKggWnccW4I/Jgo4FWxS9jLNJKED0mMdQxMSM30aDrnUOfXH+fkTfGzMEEepMi8BnKu/h8ck1noUByYZE+jreW8q/ud1Mogu/TFPZAYsobNFUSYwpHjaBQ65YhTEyBBCFTdnY9onilAwjZVNH8787xeJe1a/qjv359XGdVFMCR2iI1RDDrpADXSLmshFFEn0jF7Qq/VkvVnv1scsumQVMwfoD6zPH5WrlZ0=</latexit><latexit sha1_base64="ffQNe+FaWim4sYml5+lZH1gPVrk=">AAAB/XicbVBNS8NAFNz4WetX1aOXxSJUkJKIoN6KXjxJBWMLTSibzaZdukmW3ZdCKQV/hVc9eRKv/hYP/he3aQ7aOrAwzMzjvZ1ACq7Btr+speWV1bX10kZ5c2t7Z7eyt/+o00xR5tJUpKodEM0ET5gLHARrS8VIHAjWCgY3U781ZErzNHmAkWR+THoJjzglYCTPEyYaku5dDU66lapdt3PgReIUpIoKNLuVby9MaRazBKggWnccW4I/Jgo4FWxS9jLNJKED0mMdQxMSM30aDrnUOfXH+fkTfGzMEEepMi8BnKu/h8ck1noUByYZE+jreW8q/ud1Mogu/TFPZAYsobNFUSYwpHjaBQ65YhTEyBBCFTdnY9onilAwjZVNH8787xeJe1a/qjv359XGdVFMCR2iI1RDDrpADXSLmshFFEn0jF7Qq/VkvVnv1scsumQVMwfoD6zPH5WrlZ0=</latexit><latexit sha1_base64="ffQNe+FaWim4sYml5+lZH1gPVrk=">AAAB/XicbVBNS8NAFNz4WetX1aOXxSJUkJKIoN6KXjxJBWMLTSibzaZdukmW3ZdCKQV/hVc9eRKv/hYP/he3aQ7aOrAwzMzjvZ1ACq7Btr+speWV1bX10kZ5c2t7Z7eyt/+o00xR5tJUpKodEM0ET5gLHARrS8VIHAjWCgY3U781ZErzNHmAkWR+THoJjzglYCTPEyYaku5dDU66lapdt3PgReIUpIoKNLuVby9MaRazBKggWnccW4I/Jgo4FWxS9jLNJKED0mMdQxMSM30aDrnUOfXH+fkTfGzMEEepMi8BnKu/h8ck1noUByYZE+jreW8q/ud1Mogu/TFPZAYsobNFUSYwpHjaBQ65YhTEyBBCFTdnY9onilAwjZVNH8787xeJe1a/qjv359XGdVFMCR2iI1RDDrpADXSLmshFFEn0jF7Qq/VkvVnv1scsumQVMwfoD6zPH5WrlZ0=</latexit>

d̄�5u : C(t) = A⇡e
�m⇡t + · · ·

<latexit sha1_base64="W/UcuvEXbPuk23xRhOt3t0Yy930="></latexit><latexit sha1_base64="W/UcuvEXbPuk23xRhOt3t0Yy930="></latexit><latexit sha1_base64="W/UcuvEXbPuk23xRhOt3t0Yy930="></latexit><latexit sha1_base64="W/UcuvEXbPuk23xRhOt3t0Yy930="></latexit>

(uTC�5d)u : C(t) = ANe�mN t + · · ·
<latexit sha1_base64="yRTzB/FdSsxQ1+WahDbq+wccD1s="></latexit><latexit sha1_base64="yRTzB/FdSsxQ1+WahDbq+wccD1s="></latexit><latexit sha1_base64="yRTzB/FdSsxQ1+WahDbq+wccD1s="></latexit><latexit sha1_base64="yRTzB/FdSsxQ1+WahDbq+wccD1s="></latexit>

Large pion eigenvalues must cancel to expose small nucleon eigenvalues

exponential noise 
power-law statistics⇠

p
N exp
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<latexit sha1_base64="D8TQLtjxSyXg/ghU3hkYXbiWgyo=">AAACEHicbZDLSsNAFIYn9VbrLepSF4NFcCElEUGXRTeupKK9QBPKZDpph85MwsykUEI2PoJP4VZX7sStb+DCd3GaZqGtPwx8nP8czpw/iBlV2nG+rNLS8srqWnm9srG5tb1j7+61VJRITJo4YpHsBEgRRgVpaqoZ6cSSIB4w0g5G11O/PSZS0Ug86ElMfI4GgoYUI21KPfvQCyXCqSc5vKcDgViW821EFcl6dtWpObngIrgFVEGhRs/+9voRTjgRGjOkVNd1Yu2nSGqKGckqXqJIjPAIDUjXoECcqNP+mMYqRz/ND8rgsTH7MIykeULDvPp7OEVcqQkPTCdHeqjmvWnxP6+b6PDST6mIE00Eni0KEwZ1BKfpwD6VBGs2MYCwpObbEA+RSUibDCsmD3f++kVondVcp+benVfrV0UyZXAAjsAJcMEFqIMb0ABNgMEjeAYv4NV6st6sd+tj1lqyipl98EfW5w8Mrp1l</latexit><latexit sha1_base64="D8TQLtjxSyXg/ghU3hkYXbiWgyo=">AAACEHicbZDLSsNAFIYn9VbrLepSF4NFcCElEUGXRTeupKK9QBPKZDpph85MwsykUEI2PoJP4VZX7sStb+DCd3GaZqGtPwx8nP8czpw/iBlV2nG+rNLS8srqWnm9srG5tb1j7+61VJRITJo4YpHsBEgRRgVpaqoZ6cSSIB4w0g5G11O/PSZS0Ug86ElMfI4GgoYUI21KPfvQCyXCqSc5vKcDgViW821EFcl6dtWpObngIrgFVEGhRs/+9voRTjgRGjOkVNd1Yu2nSGqKGckqXqJIjPAIDUjXoECcqNP+mMYqRz/ND8rgsTH7MIykeULDvPp7OEVcqQkPTCdHeqjmvWnxP6+b6PDST6mIE00Eni0KEwZ1BKfpwD6VBGs2MYCwpObbEA+RSUibDCsmD3f++kVondVcp+benVfrV0UyZXAAjsAJcMEFqIMb0ABNgMEjeAYv4NV6st6sd+tj1lqyipl98EfW5w8Mrp1l</latexit><latexit sha1_base64="D8TQLtjxSyXg/ghU3hkYXbiWgyo=">AAACEHicbZDLSsNAFIYn9VbrLepSF4NFcCElEUGXRTeupKK9QBPKZDpph85MwsykUEI2PoJP4VZX7sStb+DCd3GaZqGtPwx8nP8czpw/iBlV2nG+rNLS8srqWnm9srG5tb1j7+61VJRITJo4YpHsBEgRRgVpaqoZ6cSSIB4w0g5G11O/PSZS0Ug86ElMfI4GgoYUI21KPfvQCyXCqSc5vKcDgViW821EFcl6dtWpObngIrgFVEGhRs/+9voRTjgRGjOkVNd1Yu2nSGqKGckqXqJIjPAIDUjXoECcqNP+mMYqRz/ND8rgsTH7MIykeULDvPp7OEVcqQkPTCdHeqjmvWnxP6+b6PDST6mIE00Eni0KEwZ1BKfpwD6VBGs2MYCwpObbEA+RSUibDCsmD3f++kVondVcp+benVfrV0UyZXAAjsAJcMEFqIMb0ABNgMEjeAYv4NV6st6sd+tj1lqyipl98EfW5w8Mrp1l</latexit><latexit sha1_base64="D8TQLtjxSyXg/ghU3hkYXbiWgyo=">AAACEHicbZDLSsNAFIYn9VbrLepSF4NFcCElEUGXRTeupKK9QBPKZDpph85MwsykUEI2PoJP4VZX7sStb+DCd3GaZqGtPwx8nP8czpw/iBlV2nG+rNLS8srqWnm9srG5tb1j7+61VJRITJo4YpHsBEgRRgVpaqoZ6cSSIB4w0g5G11O/PSZS0Ug86ElMfI4GgoYUI21KPfvQCyXCqSc5vKcDgViW821EFcl6dtWpObngIrgFVEGhRs/+9voRTjgRGjOkVNd1Yu2nSGqKGckqXqJIjPAIDUjXoECcqNP+mMYqRz/ND8rgsTH7MIykeULDvPp7OEVcqQkPTCdHeqjmvWnxP6+b6PDST6mIE00Eni0KEwZ1BKfpwD6VBGs2MYCwpObbEA+RSUibDCsmD3f++kVondVcp+benVfrV0UyZXAAjsAJcMEFqIMb0ABNgMEjeAYv4NV6st6sd+tj1lqyipl98EfW5w8Mrp1l</latexit>

Parisi, Phys. Rep. 103 (1984) 203

Lepage, TASI 1989

�i(t) ⇠ e�Eit
<latexit sha1_base64="whasVvJJGRMTl7mAQp0dEPXcmA4=">AAACEHicbVDLSgMxFM3UV62vUZe6CBahgpYZEXRZFMFlBfuAtg6ZTFpDk5khuVMoQzd+gl/hVlfuxK1/4MJ/MZ12oa0HAodzzuXmHj8WXIPjfFm5hcWl5ZX8amFtfWNzy97eqesoUZTVaCQi1fSJZoKHrAYcBGvGihHpC9bw+1djvzFgSvMovINhzDqS9ELe5ZSAkTx7vy1MOCAeL8ERbmsuMbtPT649jmHk2UWn7GTA88SdkiKaourZ3+0goolkIVBBtG65TgydlCjgVLBRoZ1oFhPaJz3WMjQkkunjYMBjndFOmh00wofGDHA3UuaFgDP193BKpNZD6ZukJPCgZ72x+J/XSqB70Ul5GCfAQjpZ1E0EhgiP28EBV4yCGBpCqOLm25g+EEUomA4Lpg939vp5Uj8tu07ZvT0rVi6nzeTRHjpAJeSic1RBN6iKaoiiR/SMXtCr9WS9We/WxySas6Yzu+gPrM8fCNacIw==</latexit><latexit sha1_base64="whasVvJJGRMTl7mAQp0dEPXcmA4=">AAACEHicbVDLSgMxFM3UV62vUZe6CBahgpYZEXRZFMFlBfuAtg6ZTFpDk5khuVMoQzd+gl/hVlfuxK1/4MJ/MZ12oa0HAodzzuXmHj8WXIPjfFm5hcWl5ZX8amFtfWNzy97eqesoUZTVaCQi1fSJZoKHrAYcBGvGihHpC9bw+1djvzFgSvMovINhzDqS9ELe5ZSAkTx7vy1MOCAeL8ERbmsuMbtPT649jmHk2UWn7GTA88SdkiKaourZ3+0goolkIVBBtG65TgydlCjgVLBRoZ1oFhPaJz3WMjQkkunjYMBjndFOmh00wofGDHA3UuaFgDP193BKpNZD6ZukJPCgZ72x+J/XSqB70Ul5GCfAQjpZ1E0EhgiP28EBV4yCGBpCqOLm25g+EEUomA4Lpg939vp5Uj8tu07ZvT0rVi6nzeTRHjpAJeSic1RBN6iKaoiiR/SMXtCr9WS9We/WxySas6Yzu+gPrM8fCNacIw==</latexit><latexit sha1_base64="whasVvJJGRMTl7mAQp0dEPXcmA4=">AAACEHicbVDLSgMxFM3UV62vUZe6CBahgpYZEXRZFMFlBfuAtg6ZTFpDk5khuVMoQzd+gl/hVlfuxK1/4MJ/MZ12oa0HAodzzuXmHj8WXIPjfFm5hcWl5ZX8amFtfWNzy97eqesoUZTVaCQi1fSJZoKHrAYcBGvGihHpC9bw+1djvzFgSvMovINhzDqS9ELe5ZSAkTx7vy1MOCAeL8ERbmsuMbtPT649jmHk2UWn7GTA88SdkiKaourZ3+0goolkIVBBtG65TgydlCjgVLBRoZ1oFhPaJz3WMjQkkunjYMBjndFOmh00wofGDHA3UuaFgDP193BKpNZD6ZukJPCgZ72x+J/XSqB70Ul5GCfAQjpZ1E0EhgiP28EBV4yCGBpCqOLm25g+EEUomA4Lpg939vp5Uj8tu07ZvT0rVi6nzeTRHjpAJeSic1RBN6iKaoiiR/SMXtCr9WS9We/WxySas6Yzu+gPrM8fCNacIw==</latexit><latexit sha1_base64="whasVvJJGRMTl7mAQp0dEPXcmA4=">AAACEHicbVDLSgMxFM3UV62vUZe6CBahgpYZEXRZFMFlBfuAtg6ZTFpDk5khuVMoQzd+gl/hVlfuxK1/4MJ/MZ12oa0HAodzzuXmHj8WXIPjfFm5hcWl5ZX8amFtfWNzy97eqesoUZTVaCQi1fSJZoKHrAYcBGvGihHpC9bw+1djvzFgSvMovINhzDqS9ELe5ZSAkTx7vy1MOCAeL8ERbmsuMbtPT649jmHk2UWn7GTA88SdkiKaourZ3+0goolkIVBBtG65TgydlCjgVLBRoZ1oFhPaJz3WMjQkkunjYMBjndFOmh00wofGDHA3UuaFgDP193BKpNZD6ZukJPCgZ72x+J/XSqB70Ul5GCfAQjpZ1E0EhgiP28EBV4yCGBpCqOLm25g+EEUomA4Lpg939vp5Uj8tu07ZvT0rVi6nzeTRHjpAJeSic1RBN6iKaoiiR/SMXtCr9WS9We/WxySas6Yzu+gPrM8fCNacIw==</latexit>
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2-point correlation function
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Effective mass of Pion 2-point correlation function 
red and black “data” are from different choices of interpolating operators 
 
Noise is constant in time - can determine very clean ground state (blue band)

C(t) =
X

n

znz
†
ne

�Ent

<latexit sha1_base64="ircctJaoXOuZpMJR+p13Yu2Vo4w=">AAACHHicbZDPSsNAEMY3/q3xX9Wjl8UiKGhJRFAPgiiCRwVrhbaGzWZal242YXdSqKHP4CP4FF715Em8Ch58F7e1B60ODPz4vhl25wtTKQx63oczNj4xOTVdmHFn5+YXFotLy1cmyTSHCk9koq9DZkAKBRUUKOE61cDiUEI1bJ/0/WoHtBGJusRuCo2YtZRoCs7QSkFx82QDN+khdesmiwPl3gWK2r6pR6zVAu3CTb59ajXsBcWSV/YGRf+CP4QSGdZ5UPysRwnPYlDIJTOm5nspNnKmUXAJPbeeGUgZb7MW1CwqFoPZijoiNQNs5IPrenTdmhFtJtq2QjpQfy7nLDamG4d2MmZ4a0a9vvifV8uwud/IhUozBMW/H2pmkmJC+1HRSGjgKLsWGNfCfpvyW6YZRxuoa/PwR6//C5Wd8kHZv9gtHR0PgymQVbJGNohP9sgROSPnpEI4uSeP5Ik8Ow/Oi/PqvH2PjjnDnRXyq5z3L6jXoEI=</latexit><latexit sha1_base64="ircctJaoXOuZpMJR+p13Yu2Vo4w=">AAACHHicbZDPSsNAEMY3/q3xX9Wjl8UiKGhJRFAPgiiCRwVrhbaGzWZal242YXdSqKHP4CP4FF715Em8Ch58F7e1B60ODPz4vhl25wtTKQx63oczNj4xOTVdmHFn5+YXFotLy1cmyTSHCk9koq9DZkAKBRUUKOE61cDiUEI1bJ/0/WoHtBGJusRuCo2YtZRoCs7QSkFx82QDN+khdesmiwPl3gWK2r6pR6zVAu3CTb59ajXsBcWSV/YGRf+CP4QSGdZ5UPysRwnPYlDIJTOm5nspNnKmUXAJPbeeGUgZb7MW1CwqFoPZijoiNQNs5IPrenTdmhFtJtq2QjpQfy7nLDamG4d2MmZ4a0a9vvifV8uwud/IhUozBMW/H2pmkmJC+1HRSGjgKLsWGNfCfpvyW6YZRxuoa/PwR6//C5Wd8kHZv9gtHR0PgymQVbJGNohP9sgROSPnpEI4uSeP5Ik8Ow/Oi/PqvH2PjjnDnRXyq5z3L6jXoEI=</latexit><latexit sha1_base64="ircctJaoXOuZpMJR+p13Yu2Vo4w=">AAACHHicbZDPSsNAEMY3/q3xX9Wjl8UiKGhJRFAPgiiCRwVrhbaGzWZal242YXdSqKHP4CP4FF715Em8Ch58F7e1B60ODPz4vhl25wtTKQx63oczNj4xOTVdmHFn5+YXFotLy1cmyTSHCk9koq9DZkAKBRUUKOE61cDiUEI1bJ/0/WoHtBGJusRuCo2YtZRoCs7QSkFx82QDN+khdesmiwPl3gWK2r6pR6zVAu3CTb59ajXsBcWSV/YGRf+CP4QSGdZ5UPysRwnPYlDIJTOm5nspNnKmUXAJPbeeGUgZb7MW1CwqFoPZijoiNQNs5IPrenTdmhFtJtq2QjpQfy7nLDamG4d2MmZ4a0a9vvifV8uwud/IhUozBMW/H2pmkmJC+1HRSGjgKLsWGNfCfpvyW6YZRxuoa/PwR6//C5Wd8kHZv9gtHR0PgymQVbJGNohP9sgROSPnpEI4uSeP5Ik8Ow/Oi/PqvH2PjjnDnRXyq5z3L6jXoEI=</latexit><latexit sha1_base64="ircctJaoXOuZpMJR+p13Yu2Vo4w=">AAACHHicbZDPSsNAEMY3/q3xX9Wjl8UiKGhJRFAPgiiCRwVrhbaGzWZal242YXdSqKHP4CP4FF715Em8Ch58F7e1B60ODPz4vhl25wtTKQx63oczNj4xOTVdmHFn5+YXFotLy1cmyTSHCk9koq9DZkAKBRUUKOE61cDiUEI1bJ/0/WoHtBGJusRuCo2YtZRoCs7QSkFx82QDN+khdesmiwPl3gWK2r6pR6zVAu3CTb59ajXsBcWSV/YGRf+CP4QSGdZ5UPysRwnPYlDIJTOm5nspNnKmUXAJPbeeGUgZb7MW1CwqFoPZijoiNQNs5IPrenTdmhFtJtq2QjpQfy7nLDamG4d2MmZ4a0a9vvifV8uwud/IhUozBMW/H2pmkmJC+1HRSGjgKLsWGNfCfpvyW6YZRxuoa/PwR6//C5Wd8kHZv9gtHR0PgymQVbJGNohP9sgROSPnpEI4uSeP5Ik8Ow/Oi/PqvH2PjjnDnRXyq5z3L6jXoEI=</latexit>
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C(t)

C(t+ ⌧)

◆

<latexit sha1_base64="ER1vuI1mOeDLt9mvlONrhuvcQl0="></latexit><latexit sha1_base64="ER1vuI1mOeDLt9mvlONrhuvcQl0="></latexit><latexit sha1_base64="ER1vuI1mOeDLt9mvlONrhuvcQl0="></latexit><latexit sha1_base64="ER1vuI1mOeDLt9mvlONrhuvcQl0="></latexit>

mcosh
eff (t, ⌧) =

1

⌧
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✓
C(t+ ⌧) + C(t� ⌧)

2C(t)

◆

<latexit sha1_base64="kBhzkHrYQvizI0PkAeNIuI7p5kg="></latexit><latexit sha1_base64="kBhzkHrYQvizI0PkAeNIuI7p5kg="></latexit><latexit sha1_base64="kBhzkHrYQvizI0PkAeNIuI7p5kg="></latexit><latexit sha1_base64="kBhzkHrYQvizI0PkAeNIuI7p5kg="></latexit>

C(t) =
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†
n

⇣
e�Ent + e�En(T�t)

⌘

<latexit sha1_base64="GV6rtFS5QL6+Yp/cq6UStprfu8Y="></latexit><latexit sha1_base64="GV6rtFS5QL6+Yp/cq6UStprfu8Y="></latexit><latexit sha1_base64="GV6rtFS5QL6+Yp/cq6UStprfu8Y="></latexit><latexit sha1_base64="GV6rtFS5QL6+Yp/cq6UStprfu8Y="></latexit>

For pions, need to consider leading finite 
temperature effects
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Two examples of nucleon effective mass 
 
Noise is growing in time - can not simply go to 
the long-time limit without exponentially 
increasing the amount of statistics needed
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<latexit sha1_base64="DTtKj+bLMZVztONOCYLPfTHHAE8="></latexit><latexit sha1_base64="DTtKj+bLMZVztONOCYLPfTHHAE8="></latexit><latexit sha1_base64="DTtKj+bLMZVztONOCYLPfTHHAE8="></latexit><latexit sha1_base64="DTtKj+bLMZVztONOCYLPfTHHAE8="></latexit>

Correlated late-time fluctuations… what is the ground state? 
 
Need sophisticated analysis to ensure you are not susceptible to 
correlated fluctuations 
 
This problem is exacerbated with form-factor calculations (gA) and 
2+ nucleons 
- quark contraction cost becomes dominant 
- density of excited states grows significantly and gap becomes 

small (nuclear interaction energies instead of pion mass gap)

2-point correlation function
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Nucleon axial charge calculation 
fixed source-sink separation time, tsep
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FIG. 8. The 2-state fit to the unrenormalized axial charge gu�d
A data for the seven ensembles at di↵erent values of the lattice

spacing and pion mass. The grey error band and the solid line within it is the tsep ! 1 estimate obtained using the 2-state
fit. The result of the fit for each individual tsep is shown by a solid line with the same color as the data points. Note that the
data with tsep = 16 in the two a06 ensembles are not used in the fit.

up to n excited states are included in the fit Ansatz). Our
additional tests on the a06 ensembles discussed in Sec. VI
show that increasing the smearing size � over the range
simulated reduces A1/A0 and the excited-state contami-
nation, most notably in the axial and scalar charges. On
the other hand, beyond a certain size �, the statistical
errors based on a given number of gauge configurations
start to increase. Also, when calculating the form fac-
tors, one expects the optimal � to decrease with increas-
ing momentum. Thus, one has to compromise between
obtaining a good statistical signal and reducing excited-
state contamination in both the charges and the form
factors, when all these quantities are being calculated
with a single choice of the smearing parameters.

The data in Tables III and IV show an increase in the
ratio A1/A0 as the lattice spacing is decreased. This
suggests that the smearing parameter � (see Table II)

should have been scaled with the lattice spacing a. The
dependence of the ratio on the two choices of tmin used
in the fits (estimates in Table III versus Table IV) and
between the HP and AMA estimates for each choice is
much smaller. Based on these trends and additional tests
discussed in Sec. VI, a better choice for the smearing pa-
rameters when calculating the matrix elements at zero-
momentum transfer is estimated to be {5, 70}, {7, 120}
and {9, 200} for the a = 0.12, 0.09 and 0.06 fm ensem-
bles, respectively. In physical units, a rule-of-thumb es-
timate for tuning the smearing size is �a ⇡ 0.55 fm.

To extract the three matrix elements h0|O�|0i,
h1|O�|0i and h1|O�|1i, for each operator O� = OA,S,T,V ,
from the 3-point functions, we make one overall fit using
the data at all values of the operator insertion time ⌧ and
the various source-sink separations tsep using Eq (10).
From such fits we extract the tsep ! 1 estimates un-

typical calculation 
Bhattacharya, Cirigliano, 
Cohen, Gupta, Lin, Yoon 
Phys.Rev.D 94 (2016) 

in long-time (tsep) limit - should be flat 
 
Repeat for multiple values of tsep 
Extrapolate to tsep→∞

O(tO)
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FIG. 8. The 2-state fit to the unrenormalized axial charge gu�d
A data for the seven ensembles at di↵erent values of the lattice

spacing and pion mass. The grey error band and the solid line within it is the tsep ! 1 estimate obtained using the 2-state
fit. The result of the fit for each individual tsep is shown by a solid line with the same color as the data points. Note that the
data with tsep = 16 in the two a06 ensembles are not used in the fit.

up to n excited states are included in the fit Ansatz). Our
additional tests on the a06 ensembles discussed in Sec. VI
show that increasing the smearing size � over the range
simulated reduces A1/A0 and the excited-state contami-
nation, most notably in the axial and scalar charges. On
the other hand, beyond a certain size �, the statistical
errors based on a given number of gauge configurations
start to increase. Also, when calculating the form fac-
tors, one expects the optimal � to decrease with increas-
ing momentum. Thus, one has to compromise between
obtaining a good statistical signal and reducing excited-
state contamination in both the charges and the form
factors, when all these quantities are being calculated
with a single choice of the smearing parameters.

The data in Tables III and IV show an increase in the
ratio A1/A0 as the lattice spacing is decreased. This
suggests that the smearing parameter � (see Table II)

should have been scaled with the lattice spacing a. The
dependence of the ratio on the two choices of tmin used
in the fits (estimates in Table III versus Table IV) and
between the HP and AMA estimates for each choice is
much smaller. Based on these trends and additional tests
discussed in Sec. VI, a better choice for the smearing pa-
rameters when calculating the matrix elements at zero-
momentum transfer is estimated to be {5, 70}, {7, 120}
and {9, 200} for the a = 0.12, 0.09 and 0.06 fm ensem-
bles, respectively. In physical units, a rule-of-thumb es-
timate for tuning the smearing size is �a ⇡ 0.55 fm.

To extract the three matrix elements h0|O�|0i,
h1|O�|0i and h1|O�|1i, for each operator O� = OA,S,T,V ,
from the 3-point functions, we make one overall fit using
the data at all values of the operator insertion time ⌧ and
the various source-sink separations tsep using Eq (10).
From such fits we extract the tsep ! 1 estimates un-

typical calculation 
Bhattacharya, Cirigliano, 
Cohen, Gupta, Lin, Yoon 
Phys.Rev.D 94 (2016) 

in long-time (tsep) limit - should be flat 
 
Repeat for multiple values of tsep 
Extrapolate to tsep→∞

O(tO)
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FIG. 8. The 2-state fit to the unrenormalized axial charge gu�d
A data for the seven ensembles at di↵erent values of the lattice

spacing and pion mass. The grey error band and the solid line within it is the tsep ! 1 estimate obtained using the 2-state
fit. The result of the fit for each individual tsep is shown by a solid line with the same color as the data points. Note that the
data with tsep = 16 in the two a06 ensembles are not used in the fit.

up to n excited states are included in the fit Ansatz). Our
additional tests on the a06 ensembles discussed in Sec. VI
show that increasing the smearing size � over the range
simulated reduces A1/A0 and the excited-state contami-
nation, most notably in the axial and scalar charges. On
the other hand, beyond a certain size �, the statistical
errors based on a given number of gauge configurations
start to increase. Also, when calculating the form fac-
tors, one expects the optimal � to decrease with increas-
ing momentum. Thus, one has to compromise between
obtaining a good statistical signal and reducing excited-
state contamination in both the charges and the form
factors, when all these quantities are being calculated
with a single choice of the smearing parameters.

The data in Tables III and IV show an increase in the
ratio A1/A0 as the lattice spacing is decreased. This
suggests that the smearing parameter � (see Table II)

should have been scaled with the lattice spacing a. The
dependence of the ratio on the two choices of tmin used
in the fits (estimates in Table III versus Table IV) and
between the HP and AMA estimates for each choice is
much smaller. Based on these trends and additional tests
discussed in Sec. VI, a better choice for the smearing pa-
rameters when calculating the matrix elements at zero-
momentum transfer is estimated to be {5, 70}, {7, 120}
and {9, 200} for the a = 0.12, 0.09 and 0.06 fm ensem-
bles, respectively. In physical units, a rule-of-thumb es-
timate for tuning the smearing size is �a ⇡ 0.55 fm.

To extract the three matrix elements h0|O�|0i,
h1|O�|0i and h1|O�|1i, for each operator O� = OA,S,T,V ,
from the 3-point functions, we make one overall fit using
the data at all values of the operator insertion time ⌧ and
the various source-sink separations tsep using Eq (10).
From such fits we extract the tsep ! 1 estimates un-

typical calculation 
Bhattacharya, Cirigliano, 
Cohen, Gupta, Lin, Yoon 
Phys.Rev.D 94 (2016) 

in long-time (tsep) limit - should be flat 
 
Repeat for multiple values of tsep 
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Nucleon axial charge calculation 
fixed source-sink separation time, tsep
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FIG. 8. The 2-state fit to the unrenormalized axial charge gu�d
A data for the seven ensembles at di↵erent values of the lattice

spacing and pion mass. The grey error band and the solid line within it is the tsep ! 1 estimate obtained using the 2-state
fit. The result of the fit for each individual tsep is shown by a solid line with the same color as the data points. Note that the
data with tsep = 16 in the two a06 ensembles are not used in the fit.

up to n excited states are included in the fit Ansatz). Our
additional tests on the a06 ensembles discussed in Sec. VI
show that increasing the smearing size � over the range
simulated reduces A1/A0 and the excited-state contami-
nation, most notably in the axial and scalar charges. On
the other hand, beyond a certain size �, the statistical
errors based on a given number of gauge configurations
start to increase. Also, when calculating the form fac-
tors, one expects the optimal � to decrease with increas-
ing momentum. Thus, one has to compromise between
obtaining a good statistical signal and reducing excited-
state contamination in both the charges and the form
factors, when all these quantities are being calculated
with a single choice of the smearing parameters.

The data in Tables III and IV show an increase in the
ratio A1/A0 as the lattice spacing is decreased. This
suggests that the smearing parameter � (see Table II)

should have been scaled with the lattice spacing a. The
dependence of the ratio on the two choices of tmin used
in the fits (estimates in Table III versus Table IV) and
between the HP and AMA estimates for each choice is
much smaller. Based on these trends and additional tests
discussed in Sec. VI, a better choice for the smearing pa-
rameters when calculating the matrix elements at zero-
momentum transfer is estimated to be {5, 70}, {7, 120}
and {9, 200} for the a = 0.12, 0.09 and 0.06 fm ensem-
bles, respectively. In physical units, a rule-of-thumb es-
timate for tuning the smearing size is �a ⇡ 0.55 fm.

To extract the three matrix elements h0|O�|0i,
h1|O�|0i and h1|O�|1i, for each operator O� = OA,S,T,V ,
from the 3-point functions, we make one overall fit using
the data at all values of the operator insertion time ⌧ and
the various source-sink separations tsep using Eq (10).
From such fits we extract the tsep ! 1 estimates un-

typical calculation 
Bhattacharya, Cirigliano, 
Cohen, Gupta, Lin, Yoon 
Phys.Rev.D 94 (2016) 

in long-time (tsep) limit - should be flat 
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=
Z

dtO
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“Feynman-Hellmann”  
propagator

@�En|�=0 = hn|H�|ni
<latexit sha1_base64="b58dd6m6ds3F+2oTB6mlCi1Cb0k="></latexit><latexit sha1_base64="b58dd6m6ds3F+2oTB6mlCi1Cb0k="></latexit><latexit sha1_base64="b58dd6m6ds3F+2oTB6mlCi1Cb0k="></latexit><latexit sha1_base64="b58dd6m6ds3F+2oTB6mlCi1Cb0k="></latexit>

Feynman-Hellmann theorem

standard 2-point function

0t

0t

derivative correlation function

= g� + z
⇣
e�(t+1)�10 � e�t�10

⌘
+ · · ·

<latexit sha1_base64="B7EDwU205zLAM6ZKPu1x/Bwfqr4="></latexit><latexit sha1_base64="B7EDwU205zLAM6ZKPu1x/Bwfqr4="></latexit><latexit sha1_base64="B7EDwU205zLAM6ZKPu1x/Bwfqr4="></latexit><latexit sha1_base64="B7EDwU205zLAM6ZKPu1x/Bwfqr4="></latexit>

“Follow your nose” in QFT
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Key features of this method 
The correlation function is given by  
excited state contamination is demonstrably controlled 
we can access very early Euclidean time, allowing the use of exponentially more precise numerical points 
No background field is used - the FH-theorem is used to “derive” our “Feynman-Hellmann Correlation function” analytically

excited-state-subtracted
result
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SS: excited-state subtracted
PS: excited-state subtracted

@�m
eff
� (t)

���
�=0

= g00 + z(e�(t+1)�10 � e�t�10) + · · ·
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“raw” correlation functions

2

element we are interested in, summed over all time in-
sertions. For 0 < t0 < t, this is in fact the quantity
R(t) defined in the summation method summed over all

time insertions and the other time regions will contribute
systematic contaminations.

Z
dt0h⌦|T{O(t)J(t0)O†(0)}|⌦i =

Z 1

t
dt0h⌦|J(t0)O(t)O†(0)|⌦i

+

Z t

0
dt0h⌦|O(t)J(t0)O†(0)|⌦i

+

Z t

�1
dt0h⌦|O(t)O†(0)J(t0)|⌦i (7)

The FHT relates matrix elements to derivatives of the
spectrum. The e↵ective mass is a derived quantity which
asymptotes to the ground state mass in the long Eu-
clidean time limit,

meff (t, ⌧) =
1

⌧
ln

✓
C(t)

C(t+ ⌧)

◆
�!
t!1

1

⌧
ln(eE0⌧ ) (8)

Consider the derivative of the e↵ective mass in the pres-
ence of the external current

@meff
� (t, ⌧)

@�

����
�=0

=
1

⌧


�@�C�(t+ ⌧)

C(t+ ⌧)
�

�@�C�(t)

C(t)

�
(9)

From Eq. (6), we observe the term proportional to the
vacuum matrix element exactly cancels in the di↵erence
in Eq. (9) even for scalar currents, leaving us with terms
only proportional to the matrix elements of interest

@meff
� (t, ⌧)

@�

����
�=0

=
1

⌧

Z
dt0


h0|T{O(t+ ⌧)J(t0)O†(⌧)}|0i

C(t+ ⌧)

�
h0|T{O(t)J(t0)O†(0)}|0i

C(t)

�

=
R(t+ ⌧)�R(t)

⌧
(10)

where

R(t) =

R
dt0h0|T{O(t)J(t0)O(0)}|0i

C(t)
(11)

Relation to other methods:
derivative of e↵ective mass
Implementation:
Systematics:

An application: the nucleon axial charge:

Conclusions:
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O(tO)
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=
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“Feynman-Hellmann” propagator

= SFH(y, x) =
X

z

S(y, z)�(z)S(z, x)

Our unconventional method is similar too 
traced back to Maiani, Martinelli, Paciello and Taglienti Nucl. Phys. B293 (1987): Güsken, Low, Mutter, 
Sommer, Patel, Schilling PLB227 (1989) first computed 
Bulava, Donnellan, Sommer, JHEP 1201 (2012): combined above with GEVP 
de Divitiis, Petronzio, Tantalo, PLB718 (2012): computed derivatives of form factors 
Chambers et al. PRD90 (2014), PRD92 (2015) Savage et al. PRL199 (2017); used unconventional method 
with background field (λ) varying strength of field to extract derivative 
Our method: 
uses analytic representation of derivative correlator instead of background field (cheaper) 
uses complete spectral decomposition of correlator, including contact operators 
analysis was pushed to greater detail, showing stability of analysis (PRD96 [1612.06963], [1704.01114], 
Nature 558 [1805.12130])

�@�C�(t)
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2

element we are interested in, summed over all time in-
sertions. For 0 < t0 < t, this is in fact the quantity
R(t) defined in the summation method summed over all

time insertions and the other time regions will contribute
systematic contaminations.

Z
dt0h⌦|T{O(t)J(t0)O†(0)}|⌦i =

Z 1

t
dt0h⌦|J(t0)O(t)O†(0)|⌦i

+

Z t

0
dt0h⌦|O(t)J(t0)O†(0)|⌦i

+

Z t

�1
dt0h⌦|O(t)O†(0)J(t0)|⌦i (7)

The FHT relates matrix elements to derivatives of the
spectrum. The e↵ective mass is a derived quantity which
asymptotes to the ground state mass in the long Eu-
clidean time limit,

meff (t, ⌧) =
1

⌧
ln

✓
C(t)

C(t+ ⌧)

◆
�!
t!1

1

⌧
ln(eE0⌧ ) (8)

Consider the derivative of the e↵ective mass in the pres-
ence of the external current

@meff
� (t, ⌧)

@�

����
�=0

=
1

⌧


�@�C�(t+ ⌧)

C(t+ ⌧)
�

�@�C�(t)

C(t)

�
(9)

From Eq. (6), we observe the term proportional to the
vacuum matrix element exactly cancels in the di↵erence
in Eq. (9) even for scalar currents, leaving us with terms
only proportional to the matrix elements of interest

@meff
� (t, ⌧)

@�

����
�=0

=
1

⌧

Z
dt0


h0|T{O(t+ ⌧)J(t0)O†(⌧)}|0i

C(t+ ⌧)

�
h0|T{O(t)J(t0)O†(0)}|0i

C(t)

�

=
R(t+ ⌧)�R(t)

⌧
(10)

where

R(t) =

R
dt0h0|T{O(t)J(t0)O(0)}|0i

C(t)
(11)

Relation to other methods:
derivative of e↵ective mass
Implementation:
Systematics:

An application: the nucleon axial charge:

Conclusions:
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FIG. 8. The 2-state fit to the unrenormalized axial charge gu�d
A data for the seven ensembles at di↵erent values of the lattice

spacing and pion mass. The grey error band and the solid line within it is the tsep ! 1 estimate obtained using the 2-state
fit. The result of the fit for each individual tsep is shown by a solid line with the same color as the data points. Note that the
data with tsep = 16 in the two a06 ensembles are not used in the fit.

up to n excited states are included in the fit Ansatz). Our
additional tests on the a06 ensembles discussed in Sec. VI
show that increasing the smearing size � over the range
simulated reduces A1/A0 and the excited-state contami-
nation, most notably in the axial and scalar charges. On
the other hand, beyond a certain size �, the statistical
errors based on a given number of gauge configurations
start to increase. Also, when calculating the form fac-
tors, one expects the optimal � to decrease with increas-
ing momentum. Thus, one has to compromise between
obtaining a good statistical signal and reducing excited-
state contamination in both the charges and the form
factors, when all these quantities are being calculated
with a single choice of the smearing parameters.

The data in Tables III and IV show an increase in the
ratio A1/A0 as the lattice spacing is decreased. This
suggests that the smearing parameter � (see Table II)

should have been scaled with the lattice spacing a. The
dependence of the ratio on the two choices of tmin used
in the fits (estimates in Table III versus Table IV) and
between the HP and AMA estimates for each choice is
much smaller. Based on these trends and additional tests
discussed in Sec. VI, a better choice for the smearing pa-
rameters when calculating the matrix elements at zero-
momentum transfer is estimated to be {5, 70}, {7, 120}
and {9, 200} for the a = 0.12, 0.09 and 0.06 fm ensem-
bles, respectively. In physical units, a rule-of-thumb es-
timate for tuning the smearing size is �a ⇡ 0.55 fm.

To extract the three matrix elements h0|O�|0i,
h1|O�|0i and h1|O�|1i, for each operator O� = OA,S,T,V ,
from the 3-point functions, we make one overall fit using
the data at all values of the operator insertion time ⌧ and
the various source-sink separations tsep using Eq (10).
From such fits we extract the tsep ! 1 estimates un-

standard method

fixed source-sink separation time, tsep 
repeat for a few different tsep

tsep 0

O(tO)
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Möbius Domain Wall Fermions on gradient flowed 2+1+1 HISQ ensembles Berkowitz et al. 
PRD96 (2017) [1701.07559] 

Approximate chiral symmetry, many finite lattice spacing operators not allowed 
Leading discretization errors begin at O(a2) 

To control the three standard systematics for LQCD calculations, need 
multiple lattice spacings 
multiple volumes 
pion masses at/near the physical pion mass 

The only set of publicly available ensembles which satisfy these criteria are the Nf=2+1+1 
Highly Improved Staggered Quark (HISQ: Follana et al. PRD75 (2007) [hep-lat/0610092]) 
ensembles generated by the MILC Collaboration Bazavov et al. PRD82 (2010) [1004.0342], 
PRD87 (2013) [1212.4768] 

The DWF on asqtad action (Renner et al. [LHPC] NPPS 140 (2005) [hep-lat/0409130]) was 
used very successfully: LHPC; NPLQCD; Aubin, Laiho, Van de Water; … 

Fully developed Mixed-Action EFT: Bar, Bernard, Rupak, Shoresh; Tiburzi;  
Chen, O’Connell, Van de Water, Walker-Loud; … 
This motivated us to use an improved version of this action
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Möbius Domain Wall Fermions on gradient flowed 2+1+1 HISQ ensembles Berkowitz et al. 
PRD96 (2017) [1701.07559] 
Gradient Flow smearing of HISQ cfgs more effective at reducing residual chiral symmetry 

breaking than the HYP smearing used in DWF on asqtad  
mres < 0.1 ml on all ensembles for small-to-moderate L5 and M5≤1.3
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Renormalization 
The currents used in the calculation must be 
renormalized to match physical currents 
By definition  
 

The renormalized value of  the axial coupling  
 
 

Our action uses (Möbius) Domain-Wall fermions, 
which have very good chiral symmetry properties 
Using the RI/SMOM non-perturbative 
renormalization scheme, we find 
 
                           to 1 part in 104 
 
 

a confirmation that our action respects chiral 
symmetry to a good degree.
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Some Lattice QCD Details Berkowitz et al.  
PRD96 (2017) [1701.07559]

Möbius domain-wall valence quarks
• chiral symmetry at finite lattice spacing
• Ludicrously fast GPU solver (QUDA)

HISQ action
Errors starting at
Lüscher-Weisz action
Errors starting at                    

O(↵sa
2, a4)

O(↵2
sa

2, a4)

MILC configurations are the only 
publicly available dataset capable of
• chiral extrapolation to physical pion mass
• continuum extrapolation
• infinite volume extrapolation

unofficial MILC cow 
MILC = MIMD Lattice Computation 

(the acronym has an acronym in the acronym)

physical point

subset of MILC ensembles additional

volume study
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HISQ gauge configurations and mixed action

Slide adapted from CC. Chang !20



Analysis Details
Correlation function analysis 

Simultaneous fit to 6 correlation functions, 2-point, gA, 
gV (SS and PS) 
Complete 2-state fit (g.s. and 1 excited state, including 
transitions) 
Bayesian constrained fit as a pre-conditioner for 
unconstrained non-linear regression 
Stability analysis is performed varying min and max 
time in the correlator analysis 
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SS: excited-state subtracted
PS: excited-state subtracted

early time has excited state contamination 
late time susceptible to correlated 
fluctuations 
excited state subtracted results are constant 
in fit region 
resulting bootstrap distributions (Nbs=5000) 
are Gaussian and show no outliers

1 fm
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Analysis Details
Correlation function analysis 

Simultaneous fit to 6 correlation functions, 2-point, gA, 
gV (SS and PS) 
Complete 2-state fit (g.s. and 1 excited state, including 
transitions) 
Bayesian constrained fit as a pre-conditioner for 
unconstrained non-linear regression 
Stability analysis is performed varying min and max 
time in the correlator analysis 
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early time has excited state contamination 
late time susceptible to correlated 
fluctuations 
excited state subtracted results are constant 
in fit region 
resulting bootstrap distributions (Nbs=5000) 
are Gaussian and show no outliers

1 fm

Nature 558 (2018) no.7708, 91-94

Download the arXiv version or supplemental 
material - 36 pages of detail
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Analysis Details
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Renormalized LQCD results
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Analysis Details
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2.3% uncertainty
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Analysis Details

• ChiPT: EFT expanding around       = 0

• best hope for model-independent extrapolation

• not guaranteed to converge around       = 135 MeV

• Mild      ,a dependence

• Taylor expansion works well for extrapolation/interpolation 

Slide adapted from A. Nicholson

Extrapolations Dimensionless parameters: 
lattice spacing, volume, pion mass
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Analysis Details
Dimensionless parameters: 

lattice spacing, volume, pion mass

✏2a =
1

4⇡
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w2
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m⇡L ✏⇡ =
m⇡

4⇡F⇡

Slide adapted from A. Nicholson

Extrapolations
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Analysis Details
Dimensionless parameters: 

lattice spacing, volume, pion mass

✏2a =
1
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Slide adapted from A. Nicholson

Extrapolations

NNLO XPT
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Analysis Details
Dimensionless parameters: 

lattice spacing, volume, pion mass
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Analysis Details
Dimensionless parameters: 

lattice spacing, volume, pion mass
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Beane and Savage 
Phys.Rev.D70 [hep-ph/0404131]
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Extrapolations

parameterization of  
higher order volume 
corrections

NNLO XPT
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Analysis Details
Extrapolations
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Bernard and Meissner (CD06) 
Phys.Lett.B639 [hep-lat/0605010] 
                  F —> Fπ  26

convergence of  the chiral expansion…
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can we trust extrapolation of  quantities  
with chiraly-enhanced behavior? 
if  the single nucleon is not converging, would you 
trust chiral extrapolations of  two or more nucleons?

m⇡ ⇠ 130 MeV
<latexit sha1_base64="0e0ZflBhb6VYB5I2F4CPMvNe9yE=">AAACDnicbZC7SgNBFIZnvcZ4i1qmGQyChYRdFdQuaGMjRDAXyC5hdnKigzO7y8zZYFhS+Ag+ha1WVmLrK1j4Lk6SLbz9MPBx/nM4c/4wkcKg6344M7Nz8wuLhaXi8srq2nppY7Np4lRzaPBYxrodMgNSRNBAgRLaiQamQgmt8PZs7LcGoI2IoyscJhAodh2JvuAMbalbKquunwjqG6G8A5f6CHeoVUYvoDnqlipu1Z2I/gUvhwrJVe+WPv1ezFMFEXLJjOl4boJBxjQKLmFU9FMDCeO37Bo6FiOmwOz1BiIxEwyyyT0jumPNHu3H2r4I6aT6fThjypihCm2nYnhjfnvj4n9eJ8X+cZCJKEkRIj5d1E8lxZiOw6E9oYGjHFpgXAv7bcpvmGYcbYRFm4f3+/q/0NivnlS9y8NK7TQPpkDKZJvsEo8ckRo5J3XSIJzck0fyRJ6dB+fFeXXepq0zTj6zRX7Ief8CCxibzw==</latexit><latexit sha1_base64="0e0ZflBhb6VYB5I2F4CPMvNe9yE=">AAACDnicbZC7SgNBFIZnvcZ4i1qmGQyChYRdFdQuaGMjRDAXyC5hdnKigzO7y8zZYFhS+Ag+ha1WVmLrK1j4Lk6SLbz9MPBx/nM4c/4wkcKg6344M7Nz8wuLhaXi8srq2nppY7Np4lRzaPBYxrodMgNSRNBAgRLaiQamQgmt8PZs7LcGoI2IoyscJhAodh2JvuAMbalbKquunwjqG6G8A5f6CHeoVUYvoDnqlipu1Z2I/gUvhwrJVe+WPv1ezFMFEXLJjOl4boJBxjQKLmFU9FMDCeO37Bo6FiOmwOz1BiIxEwyyyT0jumPNHu3H2r4I6aT6fThjypihCm2nYnhjfnvj4n9eJ8X+cZCJKEkRIj5d1E8lxZiOw6E9oYGjHFpgXAv7bcpvmGYcbYRFm4f3+/q/0NivnlS9y8NK7TQPpkDKZJvsEo8ckRo5J3XSIJzck0fyRJ6dB+fFeXXepq0zTj6zRX7Ief8CCxibzw==</latexit><latexit sha1_base64="0e0ZflBhb6VYB5I2F4CPMvNe9yE=">AAACDnicbZC7SgNBFIZnvcZ4i1qmGQyChYRdFdQuaGMjRDAXyC5hdnKigzO7y8zZYFhS+Ag+ha1WVmLrK1j4Lk6SLbz9MPBx/nM4c/4wkcKg6344M7Nz8wuLhaXi8srq2nppY7Np4lRzaPBYxrodMgNSRNBAgRLaiQamQgmt8PZs7LcGoI2IoyscJhAodh2JvuAMbalbKquunwjqG6G8A5f6CHeoVUYvoDnqlipu1Z2I/gUvhwrJVe+WPv1ezFMFEXLJjOl4boJBxjQKLmFU9FMDCeO37Bo6FiOmwOz1BiIxEwyyyT0jumPNHu3H2r4I6aT6fThjypihCm2nYnhjfnvj4n9eJ8X+cZCJKEkRIj5d1E8lxZiOw6E9oYGjHFpgXAv7bcpvmGYcbYRFm4f3+/q/0NivnlS9y8NK7TQPpkDKZJvsEo8ckRo5J3XSIJzck0fyRJ6dB+fFeXXepq0zTj6zRX7Ief8CCxibzw==</latexit><latexit sha1_base64="0e0ZflBhb6VYB5I2F4CPMvNe9yE=">AAACDnicbZC7SgNBFIZnvcZ4i1qmGQyChYRdFdQuaGMjRDAXyC5hdnKigzO7y8zZYFhS+Ag+ha1WVmLrK1j4Lk6SLbz9MPBx/nM4c/4wkcKg6344M7Nz8wuLhaXi8srq2nppY7Np4lRzaPBYxrodMgNSRNBAgRLaiQamQgmt8PZs7LcGoI2IoyscJhAodh2JvuAMbalbKquunwjqG6G8A5f6CHeoVUYvoDnqlipu1Z2I/gUvhwrJVe+WPv1ezFMFEXLJjOl4boJBxjQKLmFU9FMDCeO37Bo6FiOmwOz1BiIxEwyyyT0jumPNHu3H2r4I6aT6fThjypihCm2nYnhjfnvj4n9eJ8X+cZCJKEkRIj5d1E8lxZiOw6E9oYGjHFpgXAv7bcpvmGYcbYRFm4f3+/q/0NivnlS9y8NK7TQPpkDKZJvsEo8ckRo5J3XSIJzck0fyRJ6dB+fFeXXepq0zTj6zRX7Ief8CCxibzw==</latexit>

220 310 400



Analysis Details

0.000 0.005 0.010 0.015 0.020 0.025

e�m⇡L/(m⇡L)1/2

1.23

1.25

1.27

1.29

g A

model average

NLO �PT predictionNLO �PT prediction

0.000 0.005 0.010 0.015 0.020 0.025

e�m⇡L/(m⇡L)1/2

1.23

1.25

1.27

1.29

g A

NNLO �PT

NLO �PT predictionNLO �PT prediction

0.00 0.01 0.02 0.03 0.04 0.05 0.06
✏2
a = a2/(4⇡w2

0)

1.10

1.15

1.20

1.25

1.30

1.35

g A

NNLO+ct �PT
gLQCD

A (✏phys.
⇡ , ✏a)

gPDG
A = 1.2723(23)

gA(✏(130)
⇡ , ✏a)

gA(✏(220)
⇡ , ✏a)

gA(✏(310)
⇡ , ✏a)

gA(✏(350)
⇡ , ✏a)

gA(✏(400)
⇡ , ✏a)

0.00 0.01 0.02 0.03 0.04 0.05 0.06
✏2
a = a2/(4⇡w2

0)

1.10

1.15

1.20

1.25

1.30

1.35

g A
model average

gLQCD
A (✏phys.

⇡ , ✏a)

gPDG
A = 1.2723(23)

gA(✏(130)
⇡ , ✏a)

gA(✏(220)
⇡ , ✏a)

gA(✏(310)
⇡ , ✏a)

gA(✏(350)
⇡ , ✏a)

gA(✏(400)
⇡ , ✏a)

Continuum and infinite volume extrapolation

 27



Analysis Details

0.000 0.005 0.010 0.015 0.020 0.025

e�m⇡L/(m⇡L)1/2

1.23

1.25

1.27

1.29

g A

model average

NLO �PT predictionNLO �PT prediction

0.00 0.01 0.02 0.03 0.04 0.05 0.06
✏2
a = a2/(4⇡w2

0)

1.10

1.15

1.20

1.25

1.30

1.35

g A

NNLO+ct �PT
gLQCD

A (✏phys.
⇡ , ✏a)

gPDG
A = 1.2723(23)

gA(✏(130)
⇡ , ✏a)

gA(✏(220)
⇡ , ✏a)

gA(✏(310)
⇡ , ✏a)

gA(✏(350)
⇡ , ✏a)

gA(✏(400)
⇡ , ✏a)

0.00 0.01 0.02 0.03 0.04 0.05 0.06
✏2
a = a2/(4⇡w2

0)

1.10

1.15

1.20

1.25

1.30

1.35

g A
model average

gLQCD
A (✏phys.

⇡ , ✏a)

gPDG
A = 1.2723(23)

gA(✏(130)
⇡ , ✏a)

gA(✏(220)
⇡ , ✏a)

gA(✏(310)
⇡ , ✏a)

gA(✏(350)
⇡ , ✏a)

gA(✏(400)
⇡ , ✏a)

Continuum and infinite volume extrapolation

0.00 0.05 0.10 0.15 0.20 0.25 0.30
✏⇡ = m⇡/(4⇡F⇡)

1.10

1.15

1.20

1.25

1.30

1.35

g A

model average gLQCD
A (✏⇡ , a = 0)

gPDG
A = 1.2723(23)

gA(✏⇡ , a ' 0.15 fm)
gA(✏⇡ , a ' 0.12 fm)
gA(✏⇡ , a ' 0.09 fm)

a ' 0.15 fm
a ' 0.12 fm
a ' 0.09 fm

— : raw data

 27



Analysis Details
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m⇡  400 MeV
<latexit sha1_base64="Kq9tAlknAYb8rFXpUVaDXk/8nsI=">AAACEHicbZC7SgNBFIZnvcZ4i1pqMRgECwm7ImhhEbCxESKYC2SXZXZyooMzu+vMWTEsaXwEn8JWKzux9Q0sfBcnl0ITfxj4OP85nDl/lEph0HW/nJnZufmFxcJScXlldW29tLHZMEmmOdR5IhPdipgBKWKoo0AJrVQDU5GEZnR7NvCb96CNSOIr7KUQKHYdi67gDG0pLO2o0E8F9SXc0SPXpT7CA2qV0wto9MNS2a24Q9Fp8MZQJmPVwtK330l4piBGLpkxbc9NMciZRsEl9It+ZiBl/JZdQ9tizBSYg869SM0Qg3x4UJ/uWbNDu4m2L0Y6rP4ezpkypqci26kY3phJb1D8z2tn2D0JchGnGULMR4u6maSY0EE6tCM0cJQ9C4xrYb9N+Q3TjKPNsGjz8Cavn4bGYcVzK97lUbl6Ok6mQLbJLtknHjkmVXJOaqROOHkkz+SFvDpPzpvz7nyMWmec8cwW+SPn8wf6QpwY</latexit><latexit sha1_base64="Kq9tAlknAYb8rFXpUVaDXk/8nsI=">AAACEHicbZC7SgNBFIZnvcZ4i1pqMRgECwm7ImhhEbCxESKYC2SXZXZyooMzu+vMWTEsaXwEn8JWKzux9Q0sfBcnl0ITfxj4OP85nDl/lEph0HW/nJnZufmFxcJScXlldW29tLHZMEmmOdR5IhPdipgBKWKoo0AJrVQDU5GEZnR7NvCb96CNSOIr7KUQKHYdi67gDG0pLO2o0E8F9SXc0SPXpT7CA2qV0wto9MNS2a24Q9Fp8MZQJmPVwtK330l4piBGLpkxbc9NMciZRsEl9It+ZiBl/JZdQ9tizBSYg869SM0Qg3x4UJ/uWbNDu4m2L0Y6rP4ezpkypqci26kY3phJb1D8z2tn2D0JchGnGULMR4u6maSY0EE6tCM0cJQ9C4xrYb9N+Q3TjKPNsGjz8Cavn4bGYcVzK97lUbl6Ok6mQLbJLtknHjkmVXJOaqROOHkkz+SFvDpPzpvz7nyMWmec8cwW+SPn8wf6QpwY</latexit><latexit sha1_base64="Kq9tAlknAYb8rFXpUVaDXk/8nsI=">AAACEHicbZC7SgNBFIZnvcZ4i1pqMRgECwm7ImhhEbCxESKYC2SXZXZyooMzu+vMWTEsaXwEn8JWKzux9Q0sfBcnl0ITfxj4OP85nDl/lEph0HW/nJnZufmFxcJScXlldW29tLHZMEmmOdR5IhPdipgBKWKoo0AJrVQDU5GEZnR7NvCb96CNSOIr7KUQKHYdi67gDG0pLO2o0E8F9SXc0SPXpT7CA2qV0wto9MNS2a24Q9Fp8MZQJmPVwtK330l4piBGLpkxbc9NMciZRsEl9It+ZiBl/JZdQ9tizBSYg869SM0Qg3x4UJ/uWbNDu4m2L0Y6rP4ezpkypqci26kY3phJb1D8z2tn2D0JchGnGULMR4u6maSY0EE6tCM0cJQ9C4xrYb9N+Q3TjKPNsGjz8Cavn4bGYcVzK97lUbl6Ok6mQLbJLtknHjkmVXJOaqROOHkkz+SFvDpPzpvz7nyMWmec8cwW+SPn8wf6QpwY</latexit><latexit sha1_base64="Kq9tAlknAYb8rFXpUVaDXk/8nsI=">AAACEHicbZC7SgNBFIZnvcZ4i1pqMRgECwm7ImhhEbCxESKYC2SXZXZyooMzu+vMWTEsaXwEn8JWKzux9Q0sfBcnl0ITfxj4OP85nDl/lEph0HW/nJnZufmFxcJScXlldW29tLHZMEmmOdR5IhPdipgBKWKoo0AJrVQDU5GEZnR7NvCb96CNSOIr7KUQKHYdi67gDG0pLO2o0E8F9SXc0SPXpT7CA2qV0wto9MNS2a24Q9Fp8MZQJmPVwtK330l4piBGLpkxbc9NMciZRsEl9It+ZiBl/JZdQ9tizBSYg869SM0Qg3x4UJ/uWbNDu4m2L0Y6rP4ezpkypqci26kY3phJb1D8z2tn2D0JchGnGULMR4u6maSY0EE6tCM0cJQ9C4xrYb9N+Q3TjKPNsGjz8Cavn4bGYcVzK97lUbl6Ok6mQLbJLtknHjkmVXJOaqROOHkkz+SFvDpPzpvz7nyMWmec8cwW+SPn8wf6QpwY</latexit>

m⇡  350 MeV
<latexit sha1_base64="ffwN43WkPaqcrOF1PqZm5w43dOE=">AAACEHicbZC7SgNBFIZnvcZ4W7XUYjAIFhJ2vaCFRcDGRohgopBdwuzkRAdndteZs8GwpPERfApbrezE1jew8F2crCm8/TDwcf5zOHP+KJXCoOe9O2PjE5NT06WZ8uzc/MKiu7TcNEmmOTR4IhN9ETEDUsTQQIESLlINTEUSzqPro6F/3gNtRBKfYT+FULHLWHQFZ2hLbXdNtYNU0EDCDd3Z82iAcIta5fQEmoO2W/GqXiH6F/wRVMhI9bb7EXQSnimIkUtmTMv3UgxzplFwCYNykBlIGb9ml9CyGDMFZqvTE6kpMMyLgwZ0w5od2k20fTHSovp9OGfKmL6KbKdieGV+e8Pif14rw+5BmIs4zRBi/rWom0mKCR2mQztCA0fZt8C4FvbblF8xzTjaDMs2D//39X+huV31vap/ulupHY6SKZFVsk42iU/2SY0ckzppEE7uyAN5JE/OvfPsvDivX61jzmhmhfyQ8/YJAMicHA==</latexit><latexit sha1_base64="ffwN43WkPaqcrOF1PqZm5w43dOE=">AAACEHicbZC7SgNBFIZnvcZ4W7XUYjAIFhJ2vaCFRcDGRohgopBdwuzkRAdndteZs8GwpPERfApbrezE1jew8F2crCm8/TDwcf5zOHP+KJXCoOe9O2PjE5NT06WZ8uzc/MKiu7TcNEmmOTR4IhN9ETEDUsTQQIESLlINTEUSzqPro6F/3gNtRBKfYT+FULHLWHQFZ2hLbXdNtYNU0EDCDd3Z82iAcIta5fQEmoO2W/GqXiH6F/wRVMhI9bb7EXQSnimIkUtmTMv3UgxzplFwCYNykBlIGb9ml9CyGDMFZqvTE6kpMMyLgwZ0w5od2k20fTHSovp9OGfKmL6KbKdieGV+e8Pif14rw+5BmIs4zRBi/rWom0mKCR2mQztCA0fZt8C4FvbblF8xzTjaDMs2D//39X+huV31vap/ulupHY6SKZFVsk42iU/2SY0ckzppEE7uyAN5JE/OvfPsvDivX61jzmhmhfyQ8/YJAMicHA==</latexit><latexit sha1_base64="ffwN43WkPaqcrOF1PqZm5w43dOE=">AAACEHicbZC7SgNBFIZnvcZ4W7XUYjAIFhJ2vaCFRcDGRohgopBdwuzkRAdndteZs8GwpPERfApbrezE1jew8F2crCm8/TDwcf5zOHP+KJXCoOe9O2PjE5NT06WZ8uzc/MKiu7TcNEmmOTR4IhN9ETEDUsTQQIESLlINTEUSzqPro6F/3gNtRBKfYT+FULHLWHQFZ2hLbXdNtYNU0EDCDd3Z82iAcIta5fQEmoO2W/GqXiH6F/wRVMhI9bb7EXQSnimIkUtmTMv3UgxzplFwCYNykBlIGb9ml9CyGDMFZqvTE6kpMMyLgwZ0w5od2k20fTHSovp9OGfKmL6KbKdieGV+e8Pif14rw+5BmIs4zRBi/rWom0mKCR2mQztCA0fZt8C4FvbblF8xzTjaDMs2D//39X+huV31vap/ulupHY6SKZFVsk42iU/2SY0ckzppEE7uyAN5JE/OvfPsvDivX61jzmhmhfyQ8/YJAMicHA==</latexit><latexit sha1_base64="ffwN43WkPaqcrOF1PqZm5w43dOE=">AAACEHicbZC7SgNBFIZnvcZ4W7XUYjAIFhJ2vaCFRcDGRohgopBdwuzkRAdndteZs8GwpPERfApbrezE1jew8F2crCm8/TDwcf5zOHP+KJXCoOe9O2PjE5NT06WZ8uzc/MKiu7TcNEmmOTR4IhN9ETEDUsTQQIESLlINTEUSzqPro6F/3gNtRBKfYT+FULHLWHQFZ2hLbXdNtYNU0EDCDd3Z82iAcIta5fQEmoO2W/GqXiH6F/wRVMhI9bb7EXQSnimIkUtmTMv3UgxzplFwCYNykBlIGb9ml9CyGDMFZqvTE6kpMMyLgwZ0w5od2k20fTHSovp9OGfKmL6KbKdieGV+e8Pif14rw+5BmIs4zRBi/rWom0mKCR2mQztCA0fZt8C4FvbblF8xzTjaDMs2D//39X+huV31vap/ulupHY6SKZFVsk42iU/2SY0ckzppEE7uyAN5JE/OvfPsvDivX61jzmhmhfyQ8/YJAMicHA==</latexit>

m⇡  310 MeV
<latexit sha1_base64="fR7JKoRlc/EVuN+NLBqWCphj7yc=">AAACEHicbZC7SgNBFIZn4z3eVi21GAyChYRdFbSwEGxshAgmCtklzE5OdMjM7jpzNhiWND6CT2GrlZ3Y+gYWvouTTQpvPwx8nP8czpw/SqUw6HkfTmlicmp6ZnauPL+wuLTsrqw2TJJpDnWeyERfRcyAFDHUUaCEq1QDU5GEy6h7MvQve6CNSOIL7KcQKnYdi47gDG2p5W6oVpAKGki4pXu+RwOEO9Qqp2fQGLTcilf1CtG/4I+hQsaqtdzPoJ3wTEGMXDJjmr6XYpgzjYJLGJSDzEDKeJddQ9NizBSYnXZPpKbAMC8OGtAta7ZpJ9H2xUiL6vfhnClj+iqynYrhjfntDYv/ec0MO4dhLuI0Q4j5aFEnkxQTOkyHtoUGjrJvgXEt7Lcpv2GacbQZlm0e/u/r/0Jjt+p7Vf98v3J8NE5mlqyTTbJNfHJAjskpqZE64eSePJIn8uw8OC/Oq/M2ai0545k18kPO+xf6QZwY</latexit><latexit sha1_base64="fR7JKoRlc/EVuN+NLBqWCphj7yc=">AAACEHicbZC7SgNBFIZn4z3eVi21GAyChYRdFbSwEGxshAgmCtklzE5OdMjM7jpzNhiWND6CT2GrlZ3Y+gYWvouTTQpvPwx8nP8czpw/SqUw6HkfTmlicmp6ZnauPL+wuLTsrqw2TJJpDnWeyERfRcyAFDHUUaCEq1QDU5GEy6h7MvQve6CNSOIL7KcQKnYdi47gDG2p5W6oVpAKGki4pXu+RwOEO9Qqp2fQGLTcilf1CtG/4I+hQsaqtdzPoJ3wTEGMXDJjmr6XYpgzjYJLGJSDzEDKeJddQ9NizBSYnXZPpKbAMC8OGtAta7ZpJ9H2xUiL6vfhnClj+iqynYrhjfntDYv/ec0MO4dhLuI0Q4j5aFEnkxQTOkyHtoUGjrJvgXEt7Lcpv2GacbQZlm0e/u/r/0Jjt+p7Vf98v3J8NE5mlqyTTbJNfHJAjskpqZE64eSePJIn8uw8OC/Oq/M2ai0545k18kPO+xf6QZwY</latexit><latexit sha1_base64="fR7JKoRlc/EVuN+NLBqWCphj7yc=">AAACEHicbZC7SgNBFIZn4z3eVi21GAyChYRdFbSwEGxshAgmCtklzE5OdMjM7jpzNhiWND6CT2GrlZ3Y+gYWvouTTQpvPwx8nP8czpw/SqUw6HkfTmlicmp6ZnauPL+wuLTsrqw2TJJpDnWeyERfRcyAFDHUUaCEq1QDU5GEy6h7MvQve6CNSOIL7KcQKnYdi47gDG2p5W6oVpAKGki4pXu+RwOEO9Qqp2fQGLTcilf1CtG/4I+hQsaqtdzPoJ3wTEGMXDJjmr6XYpgzjYJLGJSDzEDKeJddQ9NizBSYnXZPpKbAMC8OGtAta7ZpJ9H2xUiL6vfhnClj+iqynYrhjfntDYv/ec0MO4dhLuI0Q4j5aFEnkxQTOkyHtoUGjrJvgXEt7Lcpv2GacbQZlm0e/u/r/0Jjt+p7Vf98v3J8NE5mlqyTTbJNfHJAjskpqZE64eSePJIn8uw8OC/Oq/M2ai0545k18kPO+xf6QZwY</latexit><latexit sha1_base64="fR7JKoRlc/EVuN+NLBqWCphj7yc=">AAACEHicbZC7SgNBFIZn4z3eVi21GAyChYRdFbSwEGxshAgmCtklzE5OdMjM7jpzNhiWND6CT2GrlZ3Y+gYWvouTTQpvPwx8nP8czpw/SqUw6HkfTmlicmp6ZnauPL+wuLTsrqw2TJJpDnWeyERfRcyAFDHUUaCEq1QDU5GEy6h7MvQve6CNSOIL7KcQKnYdi47gDG2p5W6oVpAKGki4pXu+RwOEO9Qqp2fQGLTcilf1CtG/4I+hQsaqtdzPoJ3wTEGMXDJjmr6XYpgzjYJLGJSDzEDKeJddQ9NizBSYnXZPpKbAMC8OGtAta7ZpJ9H2xUiL6vfhnClj+iqynYrhjfntDYv/ec0MO4dhLuI0Q4j5aFEnkxQTOkyHtoUGjrJvgXEt7Lcpv2GacbQZlm0e/u/r/0Jjt+p7Vf98v3J8NE5mlqyTTbJNfHJAjskpqZE64eSePJIn8uw8OC/Oq/M2ai0545k18kPO+xf6QZwY</latexit>
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https://github.com/callat-qcd/project_gA
raw correlation functions, correlation function analysis results, extrapolation analysis
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What are the implications now?

gQCD
A = 1.2711(103)s(39)�(15)a(19)V (04)I(55)M
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Isospin corrections 
The leading radiative corrections are subtracted from the experimental measurement leaving 
corrections of   
There are (md-mu)2 corrections  
There are mixed corrections of   
The largest isospin correction comes from the extrapolation to  
There are non-universal structure corrections which have not been determined but are expected to be 
O(10-3) - Ando et al. Phys. Lett. B595 (2004) [nucl-th/0402100]
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The Neutron Lifetime on Sierra Early Science
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In 2.5 weekends on Sierra - we accomplished 5x more than in 1 year 
on Titan 

Machine-to-machine, compared to Titan  @ ORNL  
(Titan is 18,688 nodes 16-core AMD + 1 K20/node) 
 
For our research  
Sierra (~4300) is ~10 times faster than Titan  
Summit (~4600) is ~15 times faster than Titan  

These machines are disruptively faster than previous computers
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a15m130 → a15m135XL 
323 x 48          483 x 64
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gA = 1.2711(125) → 1.2690(98)  [0.77%]



What are the implications now?

gQCD
A = 1.2711(103)s(39)�(15)a(19)V (04)I(55)M

<latexit sha1_base64="yV0rSGxRKGvkOqXrSkJEf3Kvk1M="></latexit><latexit sha1_base64="yV0rSGxRKGvkOqXrSkJEf3Kvk1M="></latexit><latexit sha1_base64="yV0rSGxRKGvkOqXrSkJEf3Kvk1M="></latexit><latexit sha1_base64="yV0rSGxRKGvkOqXrSkJEf3Kvk1M="></latexit>

statistical 0.81%
chiral extrapolation 0.31%
a ! 0 0.12%
L ! 1 0.15%
isospin 0.03%
model selection 0.43%
total 0.99%

<latexit sha1_base64="4MYAu6U3kepX9k0fGBKHh/CcWcE="></latexit><latexit sha1_base64="4MYAu6U3kepX9k0fGBKHh/CcWcE="></latexit><latexit sha1_base64="4MYAu6U3kepX9k0fGBKHh/CcWcE="></latexit><latexit sha1_base64="4MYAu6U3kepX9k0fGBKHh/CcWcE="></latexit>

Final result
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How precise can we get gA? 
Without changing strategy (just 3 lattice spacings), we should be able to get 0.5% by improving the three 
physical pion mass points - likely this year with our INCITE allocation on Summit at OLCF 
To achieve 0.2% precision, at least a 4th lattice spacing will be required, ideally at two or more pion 
masses.  This can still be achieved with Summit (6 Volta GPUs/IBM Power9 node) 
To convince the broad community of  a 0.2% or better uncertainty, we will have to incorporate isospin 
violating corrections to ensure they behave as expected theoretically - particularly if  the neutron lifetime 
puzzle is still a puzzle (i.e. it is being used to search for new physics)
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DUNE is a future neutrino oscillation experiment that will fire a beam of  neutrinos from FNAL into an 
Argonne target in South Dakota.   

A determination of  the CP-violating phase in the neutrino-mixing (PMNS) matrix is one of  the goals 
enough CP violation could explain the matter/anti-matter asymmetry of  the universe through 
Leptogenesis 

The T2K and NOVA experiments are also conducting oscillation experiments 
“A determination of  the nucleon axial form factor at the 5% level would be very helpful, possibly 
allowing for the isolation of  nuclear effects” [private communications with T2K members, Y. Hayato 
and K. Mcfarland] 

Ultimately, we need to understand neutrino-NUCLEUS cross sections which begins with neutrino-
nucleon cross sections 

The experimental data on gA(Q2) is sufficiently limited that a simple dipole-formfactor is assumed 
The dipole model is too simplistic and overly constraining (the quoted uncertainties do not reflect the 
true uncertainty of  our understanding)
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All lattice QCD results determine an axial form factor with a significantly different slope (30%) than 
that determined from the phenomenological determination - two recent examples here 
Examining the LQCD results, it is difficult to understand/guess where this discrepancy is coming from 
A few years ago - this was the same situation with gA (no one understood why gA results were 
consistently low compared to the experimental value) 
For gA, we made progress by pushing to the extreme the LQCD calculations - a similar strategy here 
seems warranted

Ishikawa et al. PRD98 (2018) [1807.03974]Gupta et al. PRD96 (2017) [1705.06834]
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Inherent to our gA calculation was the “Feynman-Hellmann” Propagator 

= SFH(y, x) =
X

z

S(y, z)�(z)S(z, x)

For each choice of  current and momentum, a new FH propagator is required 
We have tried several variants of  stochastic methods to relax this constraint, but the noise is too large 
We have resorted to the standard fixed source-sink separation method (with our tail between our legs a 
little) 
                                                       repeat for multiple values of  tsep 

However, if  there was a lesson to be learned from our gA calculation when applying the fixed source-sink 
separation method - it is imperative to use many values of  tsep and also small values 

See also S. Meinel, Chiral Dynamics 2012 and Hasan et al. (LHPC) 1903.06487

O(tO)
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A per-cent-level determination of the nucleon axial 
coupling from quantum chromodynamics
C. C. Chang1,2, A. N. Nicholson1,3,4, E. Rinaldi1,5,6, E. Berkowitz6,7, N. Garron8, D. A. Brantley1,6,9, H. Monge-Camacho1,9,  
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The axial coupling of the nucleon, gA, is the strength of its coupling 
to the weak axial current of the standard model of particle physics, 
in much the same way as the electric charge is the strength of the 
coupling to the electromagnetic current. This axial coupling dictates 
the rate at which neutrons decay to protons, the strength of the 
attractive long-range force between nucleons and other features of 
nuclear physics. Precision tests of the standard model in nuclear 
environments require a quantitative understanding of  nuclear 
physics that is rooted in quantum chromodynamics, a pillar of 
the standard model. The importance of gA makes it a benchmark 
quantity to determine theoretically—a difficult task because 
quantum chromodynamics is non-perturbative, precluding known 
analytical methods. Lattice quantum chromodynamics provides a 
rigorous, non-perturbative definition of quantum chromodynamics 
that can be implemented numerically. It has been estimated that a 
precision of two per cent would be possible by 2020 if two challenges 
are overcome1,2: contamination of gA from excited states must be 
controlled in the calculations and statistical precision must be 
improved markedly2–10. Here we use an unconventional method11 
inspired by the Feynman–Hellmann theorem that overcomes these 
challenges. We calculate a gA value of 1.271 ± 0.013, which has a 
precision of about one per cent.

To demonstrate the efficacy of lattice quantum chromodynamics 
(LQCD) for nuclear physics research, one must begin by demonstrating 
control over the simplest quantities, such as gA. In addition to those 
mentioned above, there are a number of challenges in using LQCD to 
compute properties of nucleons and nuclei. The first challenge arises 
from the non-perturbative features of quantum chromodynamics 

(QCD) itself. QCD describes the interactions between quarks  
and gluons, the basic constituents of nucleons, through the Lagrangian 
density Ψ̄ Ψ= − / + ∑ +L G g D m(4 ) ( )q q q qQCD

2    , where the quark fields, 
Ψq, come in flavours q = {u, d, s, ...} with masses mq = {mu, md, ms, …}. 
G2 describes the nonlinear gluon self-interactions and D includes the 
quark–gluon interactions, both with a strength determined by the  
coupling, g. Most of nuclear physics depends on only three or four input 
parameters from QCD: g, the light-quark masses, mu and md, and in 
some cases the strange-quark mass, ms. Once these parameters are 
fixed, and electroweak corrections are added, all of nuclear physics—
from the kiloelectronvolt energy levels in nuclei to the energy densities 
of the neutron star equation of state (a few hundred megaelectronvolts 
per cubic fermi (fm), where 1 fm = 10−15 m)—can in principle be 
predicted from QCD.

At short distances (high energies), such as those explored by the 
Large Hadron Collider at CERN, QCD has been rigorously tested, 
because in this energy regime g ≪ 1 and perturbative methods are 
applicable. At long distances of approximately 1 fm (low energies), 
which are characteristic of nuclear physics, g is large and perturbation 
theory fails to converge. Consequently, quarks and gluons are confined 
in protons, neutrons and other hadrons observed experimentally. 
Fortunately, non-perturbative calculations can be carried out in the 
strong-coupling regime using LQCD, the only first-principles approach 
known to control all sources of systematic uncertainty.

LQCD is the formulation of QCD on a finite four-dimensional space-
time lattice, following the Feynman path-integral description. Monte 
Carlo methods are used to sample the resulting high-dimensional inte-
grals stochastically. The values of the lattice spacing, a, and finite size, 
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Fig. 1 | Feynman diagrams of gA. The decay of a neutron to a proton 
occurs when one of the down quarks (d) in the neutron is converted to 
an up quark (u) via the vector and axial components of the weak current. 
Not depicted in these figures are the infinite set of diagrams describing 
the coupling of gluons to the quarks and of gluons to gluons and the 
dynamical production and annihilation of quark–anti-quark pairs. 
Because of this infinite set of graphs, the use of a computational approach 

to QCD is required. The time, t, refers to calculational details discussed in 
the text. a, The standard method of computing gA relies on three different 
times, the creation time, t = 0, the current insertion time, tins, and the 
separation time, tsep. Controlling the excited state systematics requires 
varying both tins and tsep. b, Our Feynman–Hellmann method11 sums 
over all possible interaction times (tins) of the external weak axial current, 
leading to an exponential enhancement of the signal.
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The success of  this result was enabled through several key features: 
an unconventional strategy that can exploit exponentially more precise data at 
early time and has demonstrable control of  excited state contributions  
access to a set of  ensembles (HISQ 2+1+1 from MILC) that allowed for control over 
all standard lattice systematics, 
ludicrously fast GPU code - QUDA 
an action with improved stochastic behavior and a mild continuum 
extrapolation 
access to Leadership Computing 

Making progress in understanding gA(Q2) - it seems essential to have enough tsep  
values to control the infinite separation extrapolation - more than is common
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The axial coupling of the nucleon, gA, is the strength of its coupling 
to the weak axial current of the standard model of particle physics, 
in much the same way as the electric charge is the strength of the 
coupling to the electromagnetic current. This axial coupling dictates 
the rate at which neutrons decay to protons, the strength of the 
attractive long-range force between nucleons and other features of 
nuclear physics. Precision tests of the standard model in nuclear 
environments require a quantitative understanding of  nuclear 
physics that is rooted in quantum chromodynamics, a pillar of 
the standard model. The importance of gA makes it a benchmark 
quantity to determine theoretically—a difficult task because 
quantum chromodynamics is non-perturbative, precluding known 
analytical methods. Lattice quantum chromodynamics provides a 
rigorous, non-perturbative definition of quantum chromodynamics 
that can be implemented numerically. It has been estimated that a 
precision of two per cent would be possible by 2020 if two challenges 
are overcome1,2: contamination of gA from excited states must be 
controlled in the calculations and statistical precision must be 
improved markedly2–10. Here we use an unconventional method11 
inspired by the Feynman–Hellmann theorem that overcomes these 
challenges. We calculate a gA value of 1.271 ± 0.013, which has a 
precision of about one per cent.

To demonstrate the efficacy of lattice quantum chromodynamics 
(LQCD) for nuclear physics research, one must begin by demonstrating 
control over the simplest quantities, such as gA. In addition to those 
mentioned above, there are a number of challenges in using LQCD to 
compute properties of nucleons and nuclei. The first challenge arises 
from the non-perturbative features of quantum chromodynamics 

(QCD) itself. QCD describes the interactions between quarks  
and gluons, the basic constituents of nucleons, through the Lagrangian 
density Ψ̄ Ψ= − / + ∑ +L G g D m(4 ) ( )q q q qQCD

2    , where the quark fields, 
Ψq, come in flavours q = {u, d, s, ...} with masses mq = {mu, md, ms, …}. 
G2 describes the nonlinear gluon self-interactions and D includes the 
quark–gluon interactions, both with a strength determined by the  
coupling, g. Most of nuclear physics depends on only three or four input 
parameters from QCD: g, the light-quark masses, mu and md, and in 
some cases the strange-quark mass, ms. Once these parameters are 
fixed, and electroweak corrections are added, all of nuclear physics—
from the kiloelectronvolt energy levels in nuclei to the energy densities 
of the neutron star equation of state (a few hundred megaelectronvolts 
per cubic fermi (fm), where 1 fm = 10−15 m)—can in principle be 
predicted from QCD.

At short distances (high energies), such as those explored by the 
Large Hadron Collider at CERN, QCD has been rigorously tested, 
because in this energy regime g ≪ 1 and perturbative methods are 
applicable. At long distances of approximately 1 fm (low energies), 
which are characteristic of nuclear physics, g is large and perturbation 
theory fails to converge. Consequently, quarks and gluons are confined 
in protons, neutrons and other hadrons observed experimentally. 
Fortunately, non-perturbative calculations can be carried out in the 
strong-coupling regime using LQCD, the only first-principles approach 
known to control all sources of systematic uncertainty.

LQCD is the formulation of QCD on a finite four-dimensional space-
time lattice, following the Feynman path-integral description. Monte 
Carlo methods are used to sample the resulting high-dimensional inte-
grals stochastically. The values of the lattice spacing, a, and finite size, 
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Fig. 1 | Feynman diagrams of gA. The decay of a neutron to a proton 
occurs when one of the down quarks (d) in the neutron is converted to 
an up quark (u) via the vector and axial components of the weak current. 
Not depicted in these figures are the infinite set of diagrams describing 
the coupling of gluons to the quarks and of gluons to gluons and the 
dynamical production and annihilation of quark–anti-quark pairs. 
Because of this infinite set of graphs, the use of a computational approach 

to QCD is required. The time, t, refers to calculational details discussed in 
the text. a, The standard method of computing gA relies on three different 
times, the creation time, t = 0, the current insertion time, tins, and the 
separation time, tsep. Controlling the excited state systematics requires 
varying both tins and tsep. b, Our Feynman–Hellmann method11 sums 
over all possible interaction times (tins) of the external weak axial current, 
leading to an exponential enhancement of the signal.
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rigorous, non-perturbative definition of quantum chromodynamics 
that can be implemented numerically. It has been estimated that a 
precision of two per cent would be possible by 2020 if two challenges 
are overcome1,2: contamination of gA from excited states must be 
controlled in the calculations and statistical precision must be 
improved markedly2–10. Here we use an unconventional method11 
inspired by the Feynman–Hellmann theorem that overcomes these 
challenges. We calculate a gA value of 1.271 ± 0.013, which has a 
precision of about one per cent.
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(LQCD) for nuclear physics research, one must begin by demonstrating 
control over the simplest quantities, such as gA. In addition to those 
mentioned above, there are a number of challenges in using LQCD to 
compute properties of nucleons and nuclei. The first challenge arises 
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(QCD) itself. QCD describes the interactions between quarks  
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G2 describes the nonlinear gluon self-interactions and D includes the 
quark–gluon interactions, both with a strength determined by the  
coupling, g. Most of nuclear physics depends on only three or four input 
parameters from QCD: g, the light-quark masses, mu and md, and in 
some cases the strange-quark mass, ms. Once these parameters are 
fixed, and electroweak corrections are added, all of nuclear physics—
from the kiloelectronvolt energy levels in nuclei to the energy densities 
of the neutron star equation of state (a few hundred megaelectronvolts 
per cubic fermi (fm), where 1 fm = 10−15 m)—can in principle be 
predicted from QCD.

At short distances (high energies), such as those explored by the 
Large Hadron Collider at CERN, QCD has been rigorously tested, 
because in this energy regime g ≪ 1 and perturbative methods are 
applicable. At long distances of approximately 1 fm (low energies), 
which are characteristic of nuclear physics, g is large and perturbation 
theory fails to converge. Consequently, quarks and gluons are confined 
in protons, neutrons and other hadrons observed experimentally. 
Fortunately, non-perturbative calculations can be carried out in the 
strong-coupling regime using LQCD, the only first-principles approach 
known to control all sources of systematic uncertainty.

LQCD is the formulation of QCD on a finite four-dimensional space-
time lattice, following the Feynman path-integral description. Monte 
Carlo methods are used to sample the resulting high-dimensional inte-
grals stochastically. The values of the lattice spacing, a, and finite size, 
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Fig. 1 | Feynman diagrams of gA. The decay of a neutron to a proton 
occurs when one of the down quarks (d) in the neutron is converted to 
an up quark (u) via the vector and axial components of the weak current. 
Not depicted in these figures are the infinite set of diagrams describing 
the coupling of gluons to the quarks and of gluons to gluons and the 
dynamical production and annihilation of quark–anti-quark pairs. 
Because of this infinite set of graphs, the use of a computational approach 

to QCD is required. The time, t, refers to calculational details discussed in 
the text. a, The standard method of computing gA relies on three different 
times, the creation time, t = 0, the current insertion time, tins, and the 
separation time, tsep. Controlling the excited state systematics requires 
varying both tins and tsep. b, Our Feynman–Hellmann method11 sums 
over all possible interaction times (tins) of the external weak axial current, 
leading to an exponential enhancement of the signal.
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