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Outline



Motion of test particle

• Non-spinning	object	– geodesic	equation		

The	world	line	of	a	freely	falling	test	body	is	independent	of	its	
composition	or	structure.

• Weak	Equivalence	Principle
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Motion of extended body

• Spinning	object – Mathisson-Papapetrou-Dixon	equations

Spin-curvature	coupling and
spin-orbit coupling

Precession of spin axis

Hidden momentum
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EMRI binary system
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Precession of the NS orbit
Geodesics precession

Corrections due to spin
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Non-planar orbital motion
The precession of the

orbital plane 6 Dinesh Singh, Kinwah Wu and Gordon E. Sarty
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Figure 2. The projection of the orbit of a pulsar around a black hole onto the x-z plane for r = 10M , r = 20M and r = 40M . The
z motion for separations in terms of M , with the scale in km, is independent of the black hole mass (M = 2.0 × 106M⊙. 105M⊙ or
103M⊙). The black-hole spin parameter is |a/M | = 0.99, with prograde orbits in the top row and retrograde orbits in the bottom row.
Other parameters are the same as those in Figure 1. Without spin-curvature coupling (λ = 0), the neutron star would not lift out of the
x–y orbital plane.

r = 30M and a black-hole spin |a/M | = 0.1, we can still distinguish the orbit for the pulsars around the black holes with mass
103M⊙ from those of M = 2.0 × 106M⊙ and 105M⊙. For the more extreme conditions, such as for systems with an orbital
separation r = 10M and a black-hole spin |a/M | = 0.99 (Figure 1), the orbits clearly show a strong dependence on the mass
ratio M/m, but the dependence is relative as discussed next.

Figure 2 shows the out of plane motion in terms of physical units instead of in terms of mathematical M units. It is clear
that the z-range and the trajectory are independent of the M/m ratio. With no spin-curvature coupling (λ = 0) the motion
of the pulsar is planar and does not leave the x–y plane. However, in relative terms, the out of plane motion is smaller relative
to the diameter of the orbit for more massive black holes. This means that the effects of spin-curvature coupling will become
apparent in an observed pulsar signal at higher inclinations for lower mass black holes. The effect of the Kerr geometry on
an emitted pulsar light signal from a neutron star at superior conjunction depends on the M unit distance from the black
hole as it passes above or below the black hole on its way to Earth. If a pulsar signal were interpreted without accounting for
spin-curvature coupling (λ = 0) then a low mass black hole - pulsar pair would appear to have a higher inclination than the
actual value while the difference for a million solar mass black hole - pulsar pair would be much smaller between the λ = 0 and
λ = 1 models. The motion of the neutron star’s spin axis direction is not appreciably affected by the spin-curvature coupling
with the de Sitter precession and the Lense-Thirring effect being very much the same in both the λ = 0 and λ = 1 models.
The physical amplitude of the out of plane motion is, for our calculations, independent of the a/M ratio as well (Figure 3),
although the exact path taken does depend on the black hole spin. This means that the amplitude of the out of plane motion
is entirely a function of the pulsar spin rate which is an unexpected result.

The time course of the out of plane motion is shown in Figure 4 for three different values of a/M . Although the amplitude
is similar, the time courses are different. Varying the initial separation will also result in different time courses with similar
amplitudes for the ms pulsar simulated here. The z signal is potentially observable through variation in pulse arrival time
over arrival times that would result if the pulsar stayed in a planar orbit. Ray-tracing solutions and simulations of the pulsar
signal are beyond the scope of this work but an order of magnitude effect may be estimated. For reasonable viewing orbital
inclinations (say i ∼ 45◦) the path length of the ray from the pulsar to the Earth will vary by ∼ ±5 km from the path
length of a ray from a pulsar in an otherwise similar planar orbit with a frequency that is roughly twice the pulsar’s orbital
frequency. Thus frequencies outside of those predicted by models of planar orbital motion will be introduced into the pulsar
signal. The light ray path length change between planar and non-planar motion translates to a timing change on the order
of ±10µs. Such timing changes are readily detected in secular observations of pulsars, especially millisecond pulsars (Lorimer
2008). The fastest orbital periods, with their attendant Doppler shifts, of the models investigated here are about 2 sec (it
is not constant) for the pulsar in a prograde orbit at r = 10M from a 103M⊙ black hole and about 10 sec for r = 40M .
The other cases are less extreme with the 105M⊙ black hole cases having periods of roughly 200 sec for r = 10M and 900
sec for r = 40M ; the 2 × 106M⊙ case orbital periods range from roughly 4000 sec for r = 10M to 19000 sec for r = 40M .

(Singh, Wu,	and	Sarty, 2014)
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Figure 4. Time course of the z-component of the pulsar motion. The top rows show the prograde cases and the bottom rows show the
retrograde cases for |a/M | = 0.1, 0.5, 0.99 from left to right for an initial r = 10M . The time courses are independent of the mass of the
central black hole. Varying the initial separation will vary the time course followed but the amplitude will be similar at ∼ 8 km.

regime (see e.g. the review by Cordes et al. 2004). As indicated in the studies of Wex & Kopeikin (1999) and Liu et al. (2012),
measuring the pulsar-spin precessions can determine the rotation rates of the massive central black holes in galaxies, such
as that in the Galactic Centre, with good accuracy, Thus, pulsar timing provides an alternative to the current methods of
black-hole spin determination, such as X-ray line spectroscopy. In §3 we have shown that the spin interaction between the
pulsar and the black hole can also cause substantial variations in the pulsar’s orbit (see Figures 1 to 3) in addition to the
well-understood pulsar spin precession (and nutation). These variations are non-negligible, and they will modify the arrival
time of the pulsar’s emission pulses. Our calculations show that the complexity and the relative amplitude of the orbital
variations increase with the black hole’s rotation when other parameters are kept constant. The variations are dramatic when
the pulsar is in a retrograde orbit (see e.g. Figure 1). At certain orbital separations, complex orbital motions occur for a wide
mass range covering that of the predicted intermediate-mass black holes in globular clusters and that of the central massive
black holes in galaxies.

The spin-curvature coupling between the pulsar and the black hole causes the pulsar to deviate from Kerr geodesic motion.
The pulsar orbits show large-amplitude complex orbital variations, which are easily distinguishable for pulsars orbiting around
low-mass black holes because of the larger ratio of the amplitudes of the out-of-plane to in-plane motion. Since pulsars have
a very narrow mass range around 1.5M⊙ (Lorimer 2008; Steiner et al. 2010; Lattimer 2011), knowing the mass ratio between
the black hole and the pulsar is essentially the same as knowing the black hole mass. Thus, analyses of pulse arrival time
modulations caused by the orbital variation and the precession of the ms-pulsar spin will give us very accurate measurements
of the mass as well as the rotation rate of the black hole that the pulsar is orbiting.
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Figure 2. The projection of the orbit of a pulsar around a black hole onto the x-z plane for r = 10M , r = 20M and r = 40M . The
z motion for separations in terms of M , with the scale in km, is independent of the black hole mass (M = 2.0 × 106M⊙. 105M⊙ or
103M⊙). The black-hole spin parameter is |a/M | = 0.99, with prograde orbits in the top row and retrograde orbits in the bottom row.
Other parameters are the same as those in Figure 1. Without spin-curvature coupling (λ = 0), the neutron star would not lift out of the
x–y orbital plane.

r = 30M and a black-hole spin |a/M | = 0.1, we can still distinguish the orbit for the pulsars around the black holes with mass
103M⊙ from those of M = 2.0 × 106M⊙ and 105M⊙. For the more extreme conditions, such as for systems with an orbital
separation r = 10M and a black-hole spin |a/M | = 0.99 (Figure 1), the orbits clearly show a strong dependence on the mass
ratio M/m, but the dependence is relative as discussed next.

Figure 2 shows the out of plane motion in terms of physical units instead of in terms of mathematical M units. It is clear
that the z-range and the trajectory are independent of the M/m ratio. With no spin-curvature coupling (λ = 0) the motion
of the pulsar is planar and does not leave the x–y plane. However, in relative terms, the out of plane motion is smaller relative
to the diameter of the orbit for more massive black holes. This means that the effects of spin-curvature coupling will become
apparent in an observed pulsar signal at higher inclinations for lower mass black holes. The effect of the Kerr geometry on
an emitted pulsar light signal from a neutron star at superior conjunction depends on the M unit distance from the black
hole as it passes above or below the black hole on its way to Earth. If a pulsar signal were interpreted without accounting for
spin-curvature coupling (λ = 0) then a low mass black hole - pulsar pair would appear to have a higher inclination than the
actual value while the difference for a million solar mass black hole - pulsar pair would be much smaller between the λ = 0 and
λ = 1 models. The motion of the neutron star’s spin axis direction is not appreciably affected by the spin-curvature coupling
with the de Sitter precession and the Lense-Thirring effect being very much the same in both the λ = 0 and λ = 1 models.
The physical amplitude of the out of plane motion is, for our calculations, independent of the a/M ratio as well (Figure 3),
although the exact path taken does depend on the black hole spin. This means that the amplitude of the out of plane motion
is entirely a function of the pulsar spin rate which is an unexpected result.

The time course of the out of plane motion is shown in Figure 4 for three different values of a/M . Although the amplitude
is similar, the time courses are different. Varying the initial separation will also result in different time courses with similar
amplitudes for the ms pulsar simulated here. The z signal is potentially observable through variation in pulse arrival time
over arrival times that would result if the pulsar stayed in a planar orbit. Ray-tracing solutions and simulations of the pulsar
signal are beyond the scope of this work but an order of magnitude effect may be estimated. For reasonable viewing orbital
inclinations (say i ∼ 45◦) the path length of the ray from the pulsar to the Earth will vary by ∼ ±5 km from the path
length of a ray from a pulsar in an otherwise similar planar orbit with a frequency that is roughly twice the pulsar’s orbital
frequency. Thus frequencies outside of those predicted by models of planar orbital motion will be introduced into the pulsar
signal. The light ray path length change between planar and non-planar motion translates to a timing change on the order
of ±10µs. Such timing changes are readily detected in secular observations of pulsars, especially millisecond pulsars (Lorimer
2008). The fastest orbital periods, with their attendant Doppler shifts, of the models investigated here are about 2 sec (it
is not constant) for the pulsar in a prograde orbit at r = 10M from a 103M⊙ black hole and about 10 sec for r = 40M .
The other cases are less extreme with the 105M⊙ black hole cases having periods of roughly 200 sec for r = 10M and 900
sec for r = 40M ; the 2 × 106M⊙ case orbital periods range from roughly 4000 sec for r = 10M to 19000 sec for r = 40M .
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Deviation from the geodesics
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Precession of spinning-axis

Black hole

(image	credit:	H.	Sulzer)
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Precession of spinning-axis 

time

Pulses	received	by	distance	observer

ü Pulse	profile	changes or even disappears
when	the	spinning-axis	wobbles	around	

ü Assume	a	conal emission	~10o ,	the	time	
shifts	by	about									and										.
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Nutation of spinning-axis

(image	credit:	H.	Sulzer)
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Gravitational lensing effect

• A small perturbation ~10$% rad becomes up to ~ 0.1 rad due to lensing 
of the black hole

Red	solid	lines:	photon	paths with different impact parameter
Colorful lines:	photon	paths	with	perturbed	initial	velocity	
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Simulation and interesting results

Theory
Mathisson–Papapetrou–Dixon (MPD) formulation

Pulsar observation Gravitational wave

spin precession orbital precession
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ü Pulse	time	shift:

ü Pulse	profile	shift:

magnetic	field	axis
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Spin-axis wobbling effect

spin	axis

(Rafikov and	Lai	2008)

period

spin	axis	wobbling



Temporal dispersion of pulse signals

ü Pulse arrival time dispersion in 
the presence of line-of-sight 
plasma

ü Pulse emission in all 
frequencies follow the same 
trajectory but will arrive at 
different time

(Lorimer,	D	Ross,	and	M	Kramer)

Flat space-time with plasma
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Frequency dependent spatial dispersion of 
emission  

ü Emission of different frequencies have different paths 
under the gravity of a rotating black hole

(Kimpson, Wu and Zane 2018) 

Curved space-time with plasma

non-rotating	
black	hole

rotating	
black	hole
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LISA band

(image credit: Moore, Cole and Berry)
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LISA band

(Peters, P 1963)
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The definition of orbital plane, inclination angle, etc…
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Summary
1. Spin-curvature	coupling:
- Non-geodesic	motion
- Precession	and	nutation	of	pulsar’s	spin	axis

2. Implication	on	pulsar	observation:
- Orbital precession would shift the arrival time of pulses
- Spin precession would distort the pulse profile and even lead to

the disappearance of pulses
- Emission with different frequencies have spatial and temporary

dispersion
3. Gravitational	wave:
- Corrections	to	phase	to	gravitational	wave	and	distortion	of	the	

waveform	
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