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Why effective field theory?

I There are many scenarios of inflation which are compatible with
cosmological observations. So, it seems unrealistic if one can single out a
particular model as the true realization of inflation in early universe.
This naturally raises the question if one can classify the various
inflationary scenarios either based on their main predictions or based on
their theoretical constructions.

Why anisotropic inflation?

I Vector fields and gauge fields appear in abundant in Standard Model of
particle physics and in quantum field theory. It is natural to expect that
they play some roles during inflation.
It is conceivable that they play the role of isocurvature light fields which
may also be coupled to inflaton field. This brings the interesting
possibilities that light gauge fields may affect the cosmological observations
by generating some observable amount of statistical anisotropies.
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Effective Field Theory

There is a theory for whole energy scale

- Use EFT to simplify calculations in some energy scales.

I Constructing EFT by considering symmetries of the model.



Anisotropic Inflation

In the setup of anisotropic inflation we have the scalar field φ as the
inflaton field and a U(1) gauge field Aµ which is the source of electric
field energy density during inflation.

Because of the conformal symmetry associated with the Maxwell theory,
the background electric field energy density is diluted if the gauge field is
not coupled to inflaton. Therefore, in order for the background electric
field energy density to survive the exponential expansion, the gauge field
is coupled to the inflaton field as −f(φ)2FµνF

µν/4.

The next goal is to choose the functional form of f(φ) such that the
background electric field energy density to be a nearly constant but
sub-leading fraction of the total energy density. For a given inflaton
potential V (φ) the form of f(φ) can be obtained. In terms of scale factor
a(t), it takes the time-dependent value f(φ) ∝ a(t)−2. At the
perturbation level, this choice of f(φ) also yields a scale invariant power
spectrum for the gauge field fluctuations.



Anisotropic Inflation

The imprints of the gauge fields fluctuations in primordial curvature
perturbation power spectrum PR has the form of quadrupole anisotropy which

PR(k) = P
(0)
R

(
1 + g∗(n̂ · k̂)2

)
,

in which P
(0)
R is the isotropic power spectrum in the absence of gauge field, k

is the mode of interest in Fourier space and n̂ indicates the direction of
anisotropy. In this way of parameterization, the parameter g∗ measures the
amplitude of statistical anisotropy. Observational constraints from Planck
data implies |g∗| . 10−2.



Effective Action of Anisotropic Inflation

Building blocks are 
δg00,
X ≡ FµνFµν ,
Y ≡ Fµν F̃µν ,
Z ≡ F 0

µF
0µ,

Fµν = ∂µAν − ∂νAµ is the field strength and F̃µν = εµναβFαβ is its dual field.
The most general action in unitary gauge in the decoupling limit is given by

S =

∫
d4x
√
−g

[
α(t) +B1(t)δg00 +

B2
2(t)

4
(δg00)2 − M1(t)

4
δX

+
M2(t)

2
δg00δX − M3(t)

4
(δg00)δ(X)2 − M4(t)

4
(δg00)2δX

−N1(t)

4
δY +

N2(t)

2
δg00δY − N3(t)

4
(δg00)δ(Y )2

−N4(t)

4
(δg00)2δY − P1(t)

4
δZ +

P2(t)

2
δg00δZ

−P3(t)

4
(δg00)δ(Z)2 − P4(t)

4
(δg00)2δZ

]
+ ... .



Effective Action of Anisotropic Inflation
Background Equations

The background Friedmann equations are given by

H2 =
1

3M2
Pl

[
B1(t) + α(t)

]
, Ḣ +H2 = − 1

3M2
Pl

[
2B1(t)− α(t)

]
.

Solving for α and B1, in the small anisotropy limit we have

α(t) ' 3M2
PH

2, B1(t) ' −εH2M2
P .

The fraction of gauge field energy density to total energy is

R =
1
2 (M1 − P1

2 )a−2Ȧ2
x

3M2
PH

2
.

The background Maxwell equation is

∂t

((
M1 −

P1

2

)
a(t)Ȧx

)
= 0.

From above equations we can conclude that

Ax(t) ∝ a3(t), M1 −
P1

2
∝ a−4(t) .



The Second Order Action

One can restore the inflaton fluctuations by performing the transformation

x0 → x0
′

= x0 + π ,

π plays the role of Goldstone boson and encodes the fluctuations of inflaton in
an arbitrary coordinate system. g00 transforms as

g′00(x′) =
∂x′0

∂xµ
∂x′0

∂xν
gµν(x)

= g00 − 2π̇g00 + ∂iπ∂jπg
ij + π̇2g00 ,

and
δg00 → 2π̇ + a−2(π,i)

2 − π̇2.



The Second Order Action

By going to Coulomb-radiation gauge, the full second order action is given by

S =

∫
d4x
√
−g

[
B1

(
− (π̇)

2
+ a−2 (π,i)

2
)

+B2π̇
2 − 1

4
M1δX

(2) +M2π̇δX
(1) + Ṁ1πδX

(1)

−1

4
P1δZ

(2) + P2π̇δZ
(1) + Ṗ1πδZ

(1)
]
,

where

δX(1) = − 4

a2
ȦxδȦx, δZ(1) = 2a−2ȦxδȦx ,

and

δX(2) =
2

a2

[
− δȦ2

x − δȦ2
y +

1

a2
δA2

x,y +
1

a2
δA2

y,x −
2

a2
δAx,yδAy,x

]
,

δZ(2) =
1

a2
[δȦ2

x + δȦ2
y].



The Free Fields
Scalar Field

The free action of π is given by

S
(π)
2 =

∫
d4x
√
−g (−B1)

[(
1− B2

B1

)
π̇2 − a−2 (π,i)

2

]
.

Note that B1 ∝ Ḣ < 0 so the kinetic energy has the correct sign.
The free wave function of π with the Minkowski initial conditions deep inside
the horizon is

π(k) =
H

2k3/2
√
cs|B1|

(1 + ikcsτ)e−ikcsτ .



The Free Fields
Vector Field

The free field action for δAi fluctuations is given by

S
(δA)
2 =

∫
d4x
√
−g 1

2a2

[
(M1 −

P1

2
)
(
δȦi

)2
−M1a

−2 (εijkδAi,j)2] .
For simplicity we define

M̃1 ≡M1 −
P1

2
≡M1a

−4, Ȧx(t) ≡ Aa3 ,

in which M1 and A are constants. With these definitions

R =
M1A

2

6M2
PH

2
.



The Free Fields
Vector Field

Decomposing the gauge field fluctuations in terms of its polarization base
εsi (k) in Fourier space

δAi =
∑
s

δA (s)(k, t)εsi (k) .

The polarization vector can have either the linear polarization form with
s = 1, 2 or the circular (helicity) polarization form with s = ±.
Now imposing the Minkowski initial condition for the gauge field fluctuations
deep inside the horizon we obtain

δA
(s)
i =

1

k3/2
√

2cvM1Hτ3
(1 + ikcvτ)e−ikcvτ ,

in which cv represents the speed of gauge field fluctuations

c2v =
M1

M̃1

,



Power Spectrum

The leading interactions involving π and δAi fluctuations are given by

S(πδA) =

∫
dτd3x4

(
HAM1πδA

′
x +Aa−1M2π

′δA′x
)
,

where M2 − P2/2 ≡ M̃2 ≡M2a
−4 with M2 being a constant.

For simplicity we choose the wave number as

k = k (cos θ, sin θ, 0) ,

where θ is the angle between the wave number and the preferred direction n̂,
i.e. cos θ = k̂ · n̂.

δPtotal

P
(0)
π

=
8H2c5sM1A

2

B1cv

(
1 +

3M2

M1

)2

N2 sin2 θ .

Comparing the above expression with the amplitude of quadrupole anisotropy
g∗ yields

g∗ = −48Rc5sN
2

ε cv

(
1 +

3M2

M1

)2

,



Bispectrum

The leading cubic interactions in conformal time are

S(3) =

∫
dτd3x2

(
a−4HM1πδA

′2 + a−5M2π
′δA′2

)
,

The leading anisotropic contributions to bispectrum is given by〈
π(k1)π(k2)π(k3)

〉
ijk

= (2π)3δ3(k1 + k2 + k3)Bijk(k1,k2,k3) ,

where

Btot(k1,k2,k3) = 36
c6sH

5R

ε3c2vM
4
P

Nk1Nk2Nk3

(
1 + 27

M
3

2

M
3

1

+ 45
M

2

2

M
2

1

+ 15
M2

M1

)
×
(C(k2,k3)

k32k
3
3

+ 2c.p.
)
,

and
C(k2,k3) ≡ 1− (n̂.k̂2)2 − (n̂.k̂3)2 + (n̂.k̂2) (n̂.k̂3) (k̂2.k̂3) .



Gravitational Waves

In the limit of small anisotropy the tensor perturbations in metric are

ds2 = a(τ)2
(
−dτ2 + (δij + hij) dx

idxj
)
.

The quantum operators ĥij(k, τ) are decomposed in terms of the annihilation
and creation operators as usual

ĥij(k, τ) =
∑
s=+,×

ĥs(k, τ)e
(s)
ij (k) , ĥs(k, τ) = hs(k, τ)as(k) + h∗s(k, τ)a†s(−k) ,

where e
(s)
ij (k) is polarization base in Fourier space and the tensor excitations

has the standard profile

hs(k, τ) =
2iHτ

MP

√
2k

(
1− i

kτ

)
e−ikτ ,



Gravitational Waves
Power Spectrum

the interaction Hamiltonians involving the mixing of tensor perturbations with
the scalar and gauge field fluctuations have the following form

Hint = Hπh+
+Hπ′h+

+HδAxh+
+HδAV h×

in which

Hπh+
= 2
√

2M1A
2
H sin2 θa4πh+, Hπ′h+

= 2
√

2A
2
M2 sin2 θa3π′h+

and

Hh+δAx = −M1A√
2
δA′xh+, Hh×δAV

=
iM1 A√

2
sin θδAV h× .

The total anisotropy in tensor power spectrum is given by

δ
〈
hh
〉
tot

= −3
(
cs
(
c2v − 3

)
− c2v + 1

)2 RH2

M2
P cvk

3
N2 sin2 θ .



Gravitational Waves
Scalar-Tensor Cross Correlation

Only the polarization s = + contributes to the scalar-tensor cross correlation.
This is because π couples only to s = + polarization and not to s = ×
polarization.
The total scalar-tensor cross correlation is given by

〈
πk1(τe)h+k2(τe)

〉
tot

=

√
2A

2
N

3M2
PB1Hk3cs

[
− 6M1c

2
s −M2 (cs + 1)

(
(cs − 4) cs

+1

)]
sin2 θ − A

2
c2sN

2

4M2
P

√
2B2

1Hk
3cv

[
4B1

(
2M1 + 3M2

) (
(cs − 1) c2v − 3cs + 1

)
−9M2c

2
s

]
sin2 θ

Also one can calculate the corrections to the scalar power spectrum induced
from the scalar-tensor mixing. However, these corrections are much
suppressed compared to anisotropy we obtained before.



Summery

The leading contribution in anisotropy power spectrum comes from the
interactions sourced by operators involving M1 and P1. The power
anisotropy is in the shape of quadrupole with its amplitude scaling like
RN2c5s/cv in which cs is the sound speed of scalar perturbations and cv is
the speed of gauge field fluctuations.

Our method can naturally incorporate the scenarios with non-trivial cs
and cv.

Our approach was particularly useful to calculate the bispectrum and is
easily applicable to calculate the trispectrum in the general setup of
anisotropic inflation.

The scalar-tensor cross correlation induces non-trivial TB and EB cross
correlations on CMB maps which do not exist in usual isotropic models.

It will be interesting to study the effects of parity violating interactions
within the setup of anisotropic inflation. In these cases, the two
polarization of tensor perturbations behave quite differently and the
tensor perturbations acquire handedness



Thank You!
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