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The structure of ladder operators for 
Klein-Gordon equation 



The structure of ladder operators for 
Klein-Gordon equation

□,𝑫 = 𝛿𝑚2 𝑫+𝑸(□ −𝑚2)

• Klein-Gordon equation

□ −𝑚2 𝜓 = 0

• 𝑫 : Ladder operator

• □ ≡ 𝑔𝜇𝜈∇𝜇∇𝜈: Laplacian on (M, 𝑔𝜇𝜈)

𝑚2: constant 

𝛿𝑚2, 𝑚2: constants, 𝑸: operator



□,𝑫 = 𝛿𝑚2 𝑫+𝑸(□ −𝑚2)

• 𝑫 : Ladder operator

𝛿𝑚2, 𝑚2: constants, 𝑸: operator

For a solution ത𝜓 to □ −𝑚2 𝜓 = 0, 

□ 𝑫 ത𝜓 = □,𝑫 ത𝜓 + 𝑫(□ ത𝜓)

= 𝛿𝑚2 𝑫 ത𝜓 + 𝑸(□ −𝑚2) ത𝜓 + 𝑫(□ ത𝜓)

= 0 = 𝑫 𝑚2 ത𝜓

= 𝑚2 + 𝛿𝑚2 𝑫 ത𝜓 .

⇒ 𝑫 ത𝜓 is a solution to □ − 𝑚2 + 𝛿𝑚2 𝜓 = 0.

mass squared shifted

difference



• Differential operator of order p

𝑫 = 𝐾
𝑝

𝜇1𝜇2…𝜇𝑝𝛻𝜇1𝛻𝜇2 …𝛻𝜇𝑝 + 𝐾
𝑝−1

𝜇1…𝜇𝑝−1𝛻𝜇1 …𝛻𝜇 𝑝−1

+ … + 𝐾 2
𝜇𝜈
𝛻𝜇𝛻𝜈 + 𝐾 1

𝜇
𝛻𝜇 + 𝐾 0

□,𝑫 = 𝛿𝑚2 𝑫+𝑸(□ −𝑚2)

• 𝑫 : Ladder operator

𝛿𝑚2, 𝑚2: constants, 𝑸: operator

mass squared shifted

difference



First-order ladder operators for 
Klein-Gordon equation (review)

cf. Kimura’s talk



Killing  (KV) ⊂ Homothetic (HV)

Conformal Killing (CKV)

𝛻(𝜇𝜉𝜈) = 𝑄𝑔𝜇𝜈

𝛻(𝜇𝜉𝜈) = 0 𝛻(𝜇𝜉𝜈) = 𝜆𝑔𝜇𝜈

Closed conformal Killing (CCKV)

𝛻𝜇𝜉𝜈 = 𝑄𝑔𝜇𝜈 𝛻[𝜇𝜉𝜈] = 0

𝛻𝜇𝑄 = 0

𝜆 = 0

Symmetries of spacetime



If a spacetime (M, 𝑔𝜇𝜈) admits a closed conformal 

Killing vector 𝜉𝜇, 

𝑅 𝜈
𝜇
𝜉𝜈 = 𝑛 − 1 𝜒𝜉𝜇

𝑫𝑘 ≡ 𝜉𝜇 𝛻𝜇 − 𝑘𝑄

and 𝜉𝜇 is an eigenvector of the Ricci tensor,

𝛻𝜇𝜉𝜈 = 𝑄𝑔𝜇𝜈 , 𝑄 =
1

𝑛
𝛻𝜇𝜉

𝜇

Our result ① (First-order ladder operators)

then the differential operator (with 𝑘 ∈ ℝ)  

□,𝑫𝑘 = 𝜒(2𝑘 + 𝑛 − 2)𝑫𝑘 + 2𝑸(□ + 𝜒𝑘(𝑘 + 𝑛 − 1))

satisfies the commutation relation  mass squared shifted

difference



𝑫𝑘 : −𝜒𝑘 𝑘 + 𝑛 − 1

mass squared shifted

→ −𝜒 𝑘 − 1 (𝑘 + 𝑛 − 2)

difference

𝜒(2𝑘 + 𝑛 − 2)

Example: AdS2 spacetime ( 𝑛 = 2, 𝜒 = −1 )

𝑫𝑘 : 𝑘 𝑘 + 1 → 𝑘 𝑘 − 1

𝒌 ∈ ℝ

Mass squared

𝑘

𝒌(𝒌 + 𝟏)

𝒌(𝒌 − 𝟏)

−1 +1

−1/4 BF bound

𝒌 → 𝒌 − 𝟏



𝑫𝑘 : −𝜒𝑘 𝑘 + 𝑛 − 1

mass squared shifted

→ −𝜒 𝑘 − 1 (𝑘 + 𝑛 − 2)

difference

𝜒(2𝑘 + 𝑛 − 2)

Example: AdS2 spacetime ( 𝑛 = 2, 𝜒 = −1 )

𝑫𝑘 : 𝑘 𝑘 + 1 → 𝑘 𝑘 − 1

𝒌 → 𝒌 − 𝟏

𝒌 ∈ ℤ

𝒌(𝒌 + 𝟏)𝒌(𝒌 − 𝟏)

𝐷𝑖,𝑘𝐷𝑖,𝑘−1

𝐷𝑖,−𝑘𝐷𝑖,−(𝑘−1)

⋯𝟎 𝟐 𝟔

𝐷𝑖,1 𝐷𝑖,2

𝐷𝑖,−1 𝐷𝑖,−2

𝐷𝑖,0



𝑫𝑘 : −𝜒𝑘 𝑘 + 𝑛 − 1 → −𝜒 𝑘 − 1 (𝑘 + 𝑛 − 2)

Questions:

• Can we obtain higher-order ladder operators 
that cannot be multiple of first-order ladders?

• How do they shift mass squared? 
cf. First-order 

• Which mass squared is connecting to zero mass 
squared?

• If they exist, what kind of symmetry is related to 
higher-order ladder operators?

• Beyond BF bound?

𝑚2 = −𝜒 𝑘 − 1 (𝑘 + 𝑛 − 2) ( 𝒌 ∈ ℤ )cf. First-order 



Higher-order ladder operators for 
Klein-Gordon equation



𝑫𝑘 ≡ 𝜉𝜇 𝛻𝜇 − 𝑘𝑄

• First-order ladder operator

• Higher-order ladder operator

𝑫 = 𝐾
𝑝

𝜇1𝜇2…𝜇𝑝𝛻𝜇1𝛻𝜇2 …𝛻𝜇𝑝

In previous work

In this work

closed CKV ∼ 𝛁𝝁𝝃
𝝁

+𝐾
𝑝−1

𝜇1…𝜇𝑝−1𝛻𝜇1 …𝛻𝜇𝑝−1

“closed” CKT ? ∼ 𝜵𝝂𝑲 𝒑

𝝂𝝁𝟏𝝁𝟐…𝝁𝒑−𝟏 ?

+𝐾
𝑝−2

𝜇1…𝜇𝑝−2𝛻𝜇1 …𝛻𝜇𝑝−2 +⋯

∼ 𝜵𝝂𝜵𝝆𝑲 𝒑

𝝂𝝆𝝁𝟏𝝁𝟐…𝝁𝒑−𝟐 ?



𝛁𝝁𝝃𝝂 = 𝛁[𝝁𝝃𝝂] + 𝛁(𝝁𝝃𝝂) .

The usual closed condition is equivalent to vanishing 
the antisymmetric part        of the irreducible 
representations, 

With respect to irreducible representations of 𝐺𝐿(𝑛), 
we decompose the action of the covariant derivative 
on a 1-form 𝜉𝜇 as

𝛁[𝝁𝝃𝝂] = 𝟎

=⊗ ⊕

= 𝟎

𝛁𝝁𝝃𝝂 = 𝛁(𝝁𝝃𝝂)⇔



We define “closed condition” for a symmetric (0,p)-
tensor 𝐾𝜇1…𝜇𝑝 by vanishing the first part, 

With respect to irr. rep. of 𝐺𝐿(𝑛), we are able to 
decompose the action of the covariant derivative on 
a symmetric (0,p)-tensor 𝐾𝜇1…𝜇𝑝 as

𝜵𝝂𝑲𝝁𝟏…𝝁𝒑 =
𝟐

𝒑 + 𝟏
෍

𝒊

𝜵[𝝂𝑲𝝁𝒊]𝝁𝟏…ෞ𝝁𝒊…𝝁𝒑 + 𝜵(𝝂𝑲𝝁𝟏…𝝁𝒑)

=⊗ ⊕⋯ ⋯⋯

𝜵[𝝂𝑲𝝁𝟏]𝝁𝟐…𝝁𝒑 = 𝟎

⋯
= 𝟎

𝜵𝝂𝑲𝝁𝟏…𝝁𝒑 = 𝜵(𝝂𝑲𝝁𝟏…𝝁𝒑)⇔



rank-p conformal Killing tensor

𝛻(𝜇𝐾𝜈1…𝜈𝑝) = 𝑔(𝜇𝜈1𝐿𝜈2…𝜈𝑝)

rank-p “closed” conformal Killing tensor

𝛻𝜇𝐾𝜈1…𝜈𝑝 = 𝑔(𝜇𝜈1𝐿𝜈2…𝜈𝑝)

“closed condition” for a rank-p sym. tensor

𝛻𝜇𝐾𝜈1…𝜈𝑝 = 𝛻(𝜇𝐾𝜈1…𝜈𝑝)

⇒

+



If a spacetime (M, 𝑔𝜇𝜈) admits a rank-2 “closed” conformal 

Killing tensor 𝐾𝜇𝜈, 

𝑅𝜇
𝜌 ෡𝐾𝜈𝜌 − 𝑅 𝜇𝜈

𝜌 𝜎 ෡𝐾𝜌𝜎 = 𝛼𝑛෡𝐾𝜇𝜈 ,

𝑫𝑘 ≡ ෡𝐾𝜇𝜈 𝛻𝜇∇𝜈 +
2𝑘

3
𝐿𝜇∇𝜇 +

𝛼𝑘(4𝛼𝑘 − 𝛼 𝑛 + 2 + 𝛽(𝑛 − 2))

3𝑛(3𝛼 + 𝛽)
𝑆

and if the traceless part ෡𝐾𝜇𝜈 of 𝐾𝜇𝜈 satisfies

𝛻𝜇𝐾𝜈𝜌 = 𝑔(𝜇𝜈𝐿𝜌) , 𝐿𝜇 =
1

𝑛
∇𝜈 ෡𝐾𝜈𝜇

Our result ② (Second-order ladder operators)

then the differential operator (with 𝑘 ∈ ℝ)  

□,𝑫𝑘 = 2𝛼(𝑛 − 1 − 2𝑘)𝑫𝑘

satisfies the commutation relation  

mass squared shifted

difference

𝑅𝜇
𝜈𝐿𝜈 = 𝛽 𝑛 − 1 𝐿𝜇 ,

,     𝑆 = ∇𝜇𝐿𝜇

+2𝑸 □ +
4𝛼𝑘 − (3𝛼 + 𝛽)𝑛 4𝛼𝑘 − 𝛼 𝑛 + 2 + 𝛽 𝑛 − 2

4(3𝛼 + 𝛽)



𝑫𝑘 : −
4𝛼𝒌 − 3𝛼 + 𝛽 𝑛 4𝛼𝒌 − 𝛼 𝑛 + 2 + 𝛽 𝑛 − 2

4(3𝛼 + 𝛽)→

−

4𝛼 𝒌 +
𝟑𝜶 + 𝜷
𝟐𝜶

− 3𝛼 + 𝛽 𝑛 4𝛼 𝒌 +
𝟑𝜶 + 𝜷
𝟐𝜶

− 𝛼 𝑛 + 2 + 𝛽 𝑛 − 2

4(3𝛼 + 𝛽)

Shift of mass squared

• In the case 𝛼 = 𝛽 ≡ 𝜒 (including a maximally symmetric 
spacetime)

𝑫𝑘 : −𝜒 𝑘 − 𝑛 𝑘 − 1 → −𝜒 𝑘 + 2 − 𝑛 𝑘 + 1

• For arbitrary 𝛼 and 𝛽, the minimum (or maximum) of mass 
squared is given by 

𝒌 → 𝒌 + 𝟐

𝒌 → 𝒌 +
𝟑𝜶 + 𝜷

𝟐𝜶

𝑚2 = −
𝛼 + 𝛽 2 𝑛 − 1 2

4 3𝛼 + 𝛽
⇒ −

𝑛 − 1 2

4

AdSn

BF bound



Summary



Summary

• We have constructed a second-order ladder operator for KG 
equation,

by using the traceless part ෡𝐾𝜇𝜈 of a rank-2 “closed” conformal

Killing tensor 𝐾𝜇𝜈,

together with two additional conditions, 

• In the case 𝛼 ≠ 𝛽, our ladder operators shift mass squared 
in a different way from those of first order; whereas, in the 
case 𝛼 = 𝛽 (including a maximally symmetric spacetime) 
they reduce to the squares of first-order ladders.

𝑅𝜇
𝜌 ෡𝐾𝜈𝜌 − 𝑅 𝜇𝜈

𝜌 𝜎 ෡𝐾𝜌𝜎 = 𝛼𝑛෡𝐾𝜇𝜈 , 𝑅𝜇
𝜈𝐿𝜈 = 𝛽 𝑛 − 1 𝐿𝜇 .

𝛻𝜇𝐾𝜈𝜌 = 𝑔(𝜇𝜈𝐿𝜌) , 𝐿𝜇 =
1

𝑛
∇𝜈 ෡𝐾𝜈𝜇 ,     𝑆 = ∇𝜇𝐿𝜇

𝑫𝑘 ≡ ෡𝐾𝜇𝜈 𝛻𝜇∇𝜈 +
2𝑘

3
𝐿𝜇∇𝜇 +

𝑘(4𝛼𝑘 − 𝛼 𝑛 + 2 + 𝛽(𝑛 − 2))

3𝑛(3𝛼 + 𝛽)
𝑆


