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Klein-Gordon equation



The structure of ladder operators for
Klein-Gordon equation

* 0= g*'V,V,: Laplacian on (M, g,,)
 Klein-Gordon equation
(@-m*)yY =0

m?: constant
* D :ladder operator

[0, D] = §m? D + Q(O — m?)

2

dm?, m#: constants, Q: operator



For a solution ¥ to (0 — m?)y = 0,

o(DyY) = [o, D]y + D(OY)

= om? Dy + Q(0 — m?) + D(ay)
=0 = D(m?y)
= (m? + 6m?) DY

=> D1 is a solution to (0 — (m? + §m?))y = 0.

* D :ladder operator mass squared shifted

[0, D] = §m? D + Q(O0 — m?)
difference

dm?, m?

. constants, QI operator




* D :ladder operator mass squared shifted

[0, D] = 6m? D + Q(O — m?)
difference

dm?, m?

. constants, QZ operator

* Differential operator of order p

Uitz .Up Hi--Hp-1
D = K( ) \7“1\7H2 ..\7“ -I-K( 1) \7“1 "'Vﬂ(p—1)

+ ... + K

(2)\7#\7 + Kl)V + K(o)

(



First-order ladder operators for
Klein-Gordon equation (review)

cf. Kimura’s talk



Symmetries of spacetime

Vufv — quv V[va] — 0 ]
Closed conformal Killing (CCKV)

¢ V(ugv) — quv

A=0 Conformal Killing (CKV)
C T

Killing (KV) < Homothetic (HV)
ling (V) < Homothetic #) - (%5~
Visvy =0 Viusy) = A0




Our result Q) (First-order ladder operators)

If a spacetime (M, g,,,,) admits a closed conformal
Killing vector &,

by = Qs Q ="
and & is an eigenvector of the Ricci tensor,
R%,&Y = (n— Dxg#
then the differential operator (with k € R)
D, =¢*V, —kQ
satisfies the commutation relation mass squared shifted
|0,D.] = xRk +n—2)D;, + 2Q(O+ yk(k + n— 1))

difference



mass squared shifted
D,: —xk(k+n—-1) -» —ylk—-1(k+n-2)

XRk+n—-2) | k> k-1 |

difference
Example: AdS, spacetime (n =2, y = —1)
D,: k(k+1) —» k(k—1)

4 Mass squared

k€R } k(k + 1)

k(k — 1)

—1 +1

—1/4 <— BF bound



mass squared shifted
D,. —xk(k+n—-1) - —xy(k—-—1)(k+n-2)

XRk+n—-2) | k> k-1 |

difference
Example: AdS, spacetime (n =2, y = —1)
Dy: k(k+1) - k(k—1)

ke
Di1 D Dj -1 D x
¥ N\ ¥\ ¥ \ ¥ N\ ¥ \
DiOCO 2 6 - k(k—1) k(k+1)
S L/ N N N

Di_1 Dj Di_k-1y  Di-k



Questions:
 Can we obtain higher-order ladder operators
that cannot be multiple of first-order ladders?

* If they exist, what kind of symmetry is related to
higher-order ladder operators?

* How do they shift mass squared?

cf. First-order

D,: —xk(k+n—-1) » —xyk—-1)(k+n-2)

 Which mass squared is connecting to zero mass
squared?

cf First-order m?=—y(k—1)(k+n—-2) (k€eZ)
 Beyond BF bound?



Higher-order ladder operators for
Klein-Gordon equation



In previous work
* First-order ladder operator
Dy =35" V- kQ
closedCkv  ~ V,¢*
In this work
 Higher-order |ladder operator

_ pH1H2-Hp Hi--Hp—1
VUL U ... Ay —
“closed” CKT ? ~ VKot
1 lp—2
+K(p—2) \7#1 Vup_z +

VPULHZ .. Mp—2
~ W,V K ) ?



With respect to irreducible representations of GL(n),
we decompose the action of the covariant derivative
ona l-form¢, as

Vv = Viudv) + Vuéy) -

e = [] & [1]

The usual closed conditign is equivalent to vanishing
the antisymmetric part |— of the irreducible
representations, —

V =0
[ui, ! A Vv = Vusy)
— -0




With respect to irr. rep. of GL(n), we are able to
decompose the action of the covariant derivative on
a symmetric (0,p)-tensor Kul---up as

2
VoK iy = mz: VK iy T VoKpy )
i

e L1 = -0 © [ITI11-[

We define “closed condition” for a symmetric (0,p)-
tensor Kul---up by vanishing the first part,

— V., K = V(VK

-0 _, vy

H1.-Up)




rank-p conformal Killing tensor

V(qul...vp) — g(,uvlva V)

+

“closed condition” for a rank-p sym. tensor
v Kvl...vp — V(uK

U Vi-Vp)

y

rank-p “closed” conformal Killing tensor

Vqul...vp — g(uvlva -Vp)




Our result 2 (Second-order ladder operators)

If a spacetime (M, g,,,) admits a rank-2 “closed” conformal
Killing tensor K*V,

1
Vulvp = 9uvlpy, Ly = ;VVKVM '

and if the traceless part K*V of KV satisfies

R,VL, = B(n—1L,,

S =VHL,

Po p o _ 7

then the differential operator (with k € R)

- 2k ak(4ak —a(n+2) + f(n—2))
D, =K*¥W VTV — LKAV
k p¥v T3 BV 3n(3a + f) S
satisfies the commutation relation
difference
|O0,D,] =2a(n — 1 — 2k)D,, mass squared shifted

120 (I:I ¢ (4ak — Ba + B)n)(4ak — a(n +2) + f(n — 2)))

4(3a + B)



Shift of mass squared

D, - (4ak — (3a + ,B)n)(4ak —an+2)+pBn— 2))
k- 4(3a + By a1 7
l [ k - k+ 2 ‘

(4a(k+3a2:;ﬁ)—(3a+ﬁ)n)<4a(k+3aZZﬁ)—a(n+2)+,8(n—2)>

4(3a + B)
* Inthecase a = f = y (including a maximally symmetric
spacetime)
D,: —xyk—-nk-1) - —xk+2-n)(k+1)

I k - k+2 I

* For arbitrary a and 8, the minimum (or maximum) of mass
squared is given by BF bound

,__@+pre-n? M -1y
me= 4Ba + B) 4

AdS




Summary



Summary

 We have constructed a second-order ladder operator for KG
equation,

~ 2k k(dak —an+ 2)+ B(n— 2
D, = K% VHVV+?L“VH+ ( ( ) +A( ))S

3In(3a + )
by using the traceless part Euv of a rank-2 “closed” conformal
Killing tensor K,,,,

| N
Vulvp = Guvlpy, Ly = EVVKVM , S=VHL,

together with two additional conditions,
Rﬂpﬁvp . RPMVO'RPO_ — ankﬂvl R,uva = IB(Tl — 1)Lﬂ :

* Inthecase a # [, our ladder operators shift mass squared
in a different way from those of first order; whereas, in the
case a = [ (including a maximally symmetric spacetime)
they reduce to the squares of first-order ladders.



