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VIEWPOINT

The First Sounds of Merging Black
Holes
Gravitational waves emitted by the merger of two black holes have been detected, setting the
course for a new era of observational astrophysics.

by Emanuele Berti⇤,†

For decades, scientists have hoped they could “lis-
ten in” on violent astrophysical events by detecting
their emission of gravitational waves. The waves,
which can be described as oscillating distortions in

the geometry of spacetime, were first predicted to exist by
Einstein in 1916, but they have never been observed di-
rectly. Now, in an extraordinary paper, scientists report that
they have detected the waves at the Laser Interferometer
Gravitational-wave Observatory (LIGO) [1]. From an analy-
sis of the signal, researchers from LIGO in the US, and their
collaborators from the Virgo interferometer in Italy, infer that
the gravitational waves were produced by the inspiral and
merger of two black holes (Fig. 1), each with a mass that is
more than 25 times greater than that of our Sun. Their find-
ing provides the first observational evidence that black hole
binary systems can form and merge in the Universe.

Gravitational waves are produced by moving masses, and
like electromagnetic waves, they travel at the speed of light.
As they travel, the waves squash and stretch spacetime in the
plane perpendicular to their direction of propagation (see
inset, Video 1). Detecting them, however, is exceptionally
hard because they induce very small distortions: even the
strongest gravitational waves from astrophysical events are
only expected to produce relative length variations of order
10�21.

“Advanced” LIGO, as the recently upgraded version of
the experiment is called, consists of two detectors, one in
Hanford, Washington, and one in Livingston, Louisiana.
Each detector is a Michelson interferometer, consisting of
two 4-km-long optical cavities, or “arms,” that are arranged
in an L shape. The interferometer is designed so that, in
the absence of gravitational waves, laser beams traveling in
the two arms arrive at a photodetector exactly 180� out of
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Figure 1: Numerical simulations of the gravitational waves emitted
by the inspiral and merger of two black holes. The colored
contours around each black hole represent the amplitude of the
gravitational radiation; the blue lines represent the orbits of the
black holes and the green arrows represent their spins. (C.
Henze/NASA Ames Research Center)

phase, yielding no signal. A gravitational wave propagat-
ing perpendicular to the detector plane disrupts this perfect
destructive interference. During its first half-cycle, the wave
will lengthen one arm and shorten the other; during its sec-
ond half-cycle, these changes are reversed (see Video 1).
These length variations alter the phase difference between
the laser beams, allowing optical power—a signal—to reach
the photodetector. With two such interferometers, LIGO can
rule out spurious signals (from, say, a local seismic wave)
that appear in one detector but not in the other.

LIGO’s sensitivity is exceptional: it can detect length dif-
ferences between the arms that are smaller than the size
of an atomic nucleus. The biggest challenge for LIGO is
detector noise, primarily from seismic waves, thermal mo-
tion, and photon shot noise. These disturbances can easily
mask the small signal expected from gravitational waves.
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Observation of Gravitational Waves from a Binary Black Hole Merger
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On September 14, 2015 at 09:50:45 UTC the two detectors of the Laser Interferometer Gravitational-Wave
Observatory simultaneously observed a transient gravitational-wave signal. The signal sweeps upwards in
frequency from 35 to 250 Hz with a peak gravitational-wave strain of 1.0 × 10−21. It matches the waveform
predicted by general relativity for the inspiral and merger of a pair of black holes and the ringdown of the
resulting single black hole. The signal was observed with a matched-filter signal-to-noise ratio of 24 and a
false alarm rate estimated to be less than 1 event per 203 000 years, equivalent to a significance greater
than 5.1σ. The source lies at a luminosity distance of 410þ160

−180 Mpc corresponding to a redshift z ¼ 0.09þ0.03
−0.04 .

In the source frame, the initial black hole masses are 36þ5
−4M⊙ and 29þ4

−4M⊙, and the final black hole mass is
62þ4

−4M⊙, with 3.0þ0.5
−0.5M⊙c2 radiated in gravitational waves. All uncertainties define 90% credible intervals.

These observations demonstrate the existence of binary stellar-mass black hole systems. This is the first direct
detection of gravitational waves and the first observation of a binary black hole merger.

DOI: 10.1103/PhysRevLett.116.061102

I. INTRODUCTION

In 1916, the year after the final formulation of the field
equations of general relativity, Albert Einstein predicted
the existence of gravitational waves. He found that
the linearized weak-field equations had wave solutions:
transverse waves of spatial strain that travel at the speed of
light, generated by time variations of the mass quadrupole
moment of the source [1,2]. Einstein understood that
gravitational-wave amplitudes would be remarkably
small; moreover, until the Chapel Hill conference in
1957 there was significant debate about the physical
reality of gravitational waves [3].
Also in 1916, Schwarzschild published a solution for the

field equations [4] that was later understood to describe a
black hole [5,6], and in 1963 Kerr generalized the solution
to rotating black holes [7]. Starting in the 1970s theoretical
work led to the understanding of black hole quasinormal
modes [8–10], and in the 1990s higher-order post-
Newtonian calculations [11] preceded extensive analytical
studies of relativistic two-body dynamics [12,13]. These
advances, together with numerical relativity breakthroughs
in the past decade [14–16], have enabled modeling of
binary black hole mergers and accurate predictions of
their gravitational waveforms. While numerous black hole
candidates have now been identified through electromag-
netic observations [17–19], black hole mergers have not
previously been observed.

The discovery of the binary pulsar systemPSR B1913þ16
by Hulse and Taylor [20] and subsequent observations of
its energy loss by Taylor and Weisberg [21] demonstrated
the existence of gravitational waves. This discovery,
along with emerging astrophysical understanding [22],
led to the recognition that direct observations of the
amplitude and phase of gravitational waves would enable
studies of additional relativistic systems and provide new
tests of general relativity, especially in the dynamic
strong-field regime.
Experiments to detect gravitational waves began with

Weber and his resonant mass detectors in the 1960s [23],
followed by an international network of cryogenic reso-
nant detectors [24]. Interferometric detectors were first
suggested in the early 1960s [25] and the 1970s [26]. A
study of the noise and performance of such detectors [27],
and further concepts to improve them [28], led to
proposals for long-baseline broadband laser interferome-
ters with the potential for significantly increased sensi-
tivity [29–32]. By the early 2000s, a set of initial detectors
was completed, including TAMA 300 in Japan, GEO 600
in Germany, the Laser Interferometer Gravitational-Wave
Observatory (LIGO) in the United States, and Virgo in
Italy. Combinations of these detectors made joint obser-
vations from 2002 through 2011, setting upper limits on a
variety of gravitational-wave sources while evolving into
a global network. In 2015, Advanced LIGO became the
first of a significantly more sensitive network of advanced
detectors to begin observations [33–36].
A century after the fundamental predictions of Einstein

and Schwarzschild, we report the first direct detection of
gravitational waves and the first direct observation of a
binary black hole system merging to form a single black
hole. Our observations provide unique access to the
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O1/O2	
  catalog:	
  so	
  far	
  5.87	
  confirmed BH-­‐BH,	
  one NS-­‐NS



What	
  can	
  we	
  learn	
  from	
  GW	
  observations?

Astrophysics
• What	
  can	
  we	
  learn	
  from	
  LIGO	
  observables?	
  
• Rates,	
  masses,	
  spins,	
  eccentricity
• Merger	
  vs.	
  collapse

Strong	
  gravity
• Black	
  hole	
  spectroscopy and	
  systematic	
  errors
• Tests	
  of	
  modified	
  gravity:	
  

parametrized	
  tests
scalar-­‐Gauss-­‐Bonnet

Beyond	
  Standard	
  Model	
  physics
• Detect/constrain	
  dark	
  matter	
  with	
  LIGO/LISA?
• Exotic	
  compact	
  objects	
  and	
  echoes



Astrophysics:
LIGO/Virgo/LISA



What	
  do	
  we	
  learn	
  from:	
  
Rates
Masses
Spins
Distance
(Eccentricity)?	
  

How	
  do	
  we	
  expect	
  that	
  information	
  to	
  change	
  on	
  a	
  time	
  scale	
  of	
  months/years?

Can	
  we	
  use	
  statistics	
  to	
  answer	
  simple	
  astrophysical	
  questions?
Are	
  BHs	
  born	
  from	
  collapse	
  or	
  previous	
  mergers?	
  (1703.06223,	
  1703.06869)
Are	
  BH	
  spins	
  aligned	
  with	
  the	
  orbital	
  plane	
  or	
  very	
  small?	
  (1706.01385)

The	
  million	
  dollar	
  question:
What	
  formation	
  scenario(s)	
  -­‐ field,	
  cluster,	
  triples,	
  Pop	
  III,	
  primordial	
  BHs…	
  -­‐ are	
  favored?	
  

Is	
  there	
  only	
  one	
  mechanism	
  at	
  work?	
  
Are	
  the	
  first	
  observations dominated	
  by	
  a	
  single	
  channel?
What	
  evidence/how	
  many	
  observations	
  does	
  it	
  take	
  to	
  favor any	
  scenario	
  over	
  the	
  others?	
  
What	
  does	
  it	
  take	
  to	
  convincingly	
  rule	
  out a	
  scenario	
  for	
  one	
  event	
  /	
  overall?	
  

[M>130Msun:	
  no	
  collapse,	
  M<1Msun:	
  primordial	
  origin,	
  spin	
  antialignment:	
  clusters]	
  

Can	
  we	
  do	
  better	
  with	
  multiband (LISA/LIGO)	
  observations	
  or	
  third-­‐generation detectors?	
  



Rates

with Dominik, Belczynski, O’Shaughnessy, Holz, Fryer…





Were binary black hole detections unexpected?
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Gravitational Wave Astronomy:

in Anticipation of First Sources to be Detected

L.P.Grishchuk1,3, V.M.Lipunov 2,3, K.A.Postnov 2,3,
M.E.Prokhorov 3 and B. S. Sathyaprakash1

Abstract

The first generation of long-baseline laser interferometric detectors of gravitational waves
will start collecting data in 2001–2003. We carefully analyse their planned performance and
compare it with the expected strengths of astrophysical sources. The scientific importance
of the anticipated discovery of various gravitatinal wave signals and the reliability of theo-
retical predictions are taken into account in our analysis. We try to be conservative both
in evaluating the theoretical uncertainties about a source and the prospects of its detection.
After having considered many possible sources, we place our emphasis on (1) inspiraling
binaries consisting of stellar mass black holes and (2) relic gravitational waves. We draw
the conclusion that inspiraling binary black holes are likely to be detected first by the ini-
tial ground-based interferometers. We estimate that the initial interferometers will see 2–3
events per year from black hole binaries with component masses 10–15 M⊙, with a signal-
to-noise ratio of around 2–3, in each of a network of detectors consisting of GEO, VIRGO
and the two LIGOs. It appears that other possible sources, including coalescing neutron
stars, are unlikely to be detected by the initial instruments. We also argue that relic gravita-
tional waves may be discovered by the space-based interferometers in the frequency interval
2 × 10−3 Hz–10−2 Hz, at the signal-to-noise ratio level around 3.
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Official LIGO	
  rate	
  paper
“The	
  most	
  confident among	
  these	
  estimates	
  are	
  the	
  rate	
  predictions	
  for	
  coalescing	
  binary	
  
neutron	
  stars	
  which	
  are	
  based	
  on	
  extrapolations	
  from	
  observed	
  binary	
  pulsars	
  in	
  our	
  Galaxy”	
  

[Abbott+,	
  1003.2480]
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TABLE IV: Compact binary coalescence rates per Mpc3 per Myr.a

Source Rlow Rre Rhigh Rmax

NS-NS (Mpc−3 Myr−1) 0.01 [1] 1 [1] 10 [1] 50 [16]
NS-BH (Mpc−3 Myr−1) 6× 10−4 [18] 0.03 [18] 1 [18]
BH-BH (Mpc−3 Myr−1) 1× 10−4 [14] 0.005 [14] 0.3 [14]

aSee footnotes in Table II for details on the sources of the values in this Table

TABLE V: Detection rates for compact binary coalescence sources.

IFO Sourcea Ṅlow Ṅre Ṅhigh Ṅmax

yr−1 yr−1 yr−1 yr−1

NS-NS 2× 10−4 0.02 0.2 0.6
NS-BH 7× 10−5 0.004 0.1

Initial BH-BH 2× 10−4 0.007 0.5
IMRI into IMBH < 0.001b 0.01c

IMBH-IMBH 10−4d 10−3e

NS-NS 0.4 40 400 1000
NS-BH 0.2 10 300

Advanced BH-BH 0.4 20 1000
IMRI into IMBH 10b 300c

IMBH-IMBH 0.1d 1e

aTo convert the rates per MWEG in Table II into detection rates, optimal horizon distances of 33 Mpc / 445 Mpc are assumed for NS-NS
inspirals in the Initial / Advanced LIGO-Virgo networks. For NS-BH inspirals, horizon distances of 70 Mpc / 927 Mpc are assumed. For
BH-BH inspirals, horizon distances of 161 Mpc / 2187 Mpc are assumed. These distances correspond to a choice of 1.4 M⊙ for NS mass
and 10 M⊙ for BH mass. Rates for IMRIs into IMBHs and IMBH-IMBH coalescences are quoted directly from the relevant papers without
conversion. See Section III for more details.
bRate taken from the estimate of BH-IMBH IMRI rates quoted in [19] for the scenario of BH-IMBH binary hardening via 3-body

interactions; the fraction of globular clusters containing suitable IMBHs is taken to be 10%, and no interferometer optimizations are
assumed.
cRate taken from the optimistic upper limit rate quoted in [19] with the assumption that all globular clusters contain suitable IMBHs;

for the Advanced network rate, the interferometer is assumed to be optimized for IMRI detections.
dRate taken from the estimate of IMBH-IMBH ringdown rates quoted in [20] assuming 10% of all young star clusters have sufficient

mass, a sufficiently high binary fraction, and a short enough core collapse time to form a pair of IMBHs.
eRate taken from the estimate of IMBH-IMBH ringdown rates quoted in [20] assuming all young star clusters have sufficient mass, a

sufficiently high binary fraction, and a short enough core collapse time to form a pair of IMBHs.

III. CONVERSION FROM MERGER RATES TO DETECTION RATES

Although some publications quote detection rates for Initial and Advanced LIGO-Virgo networks directly, the
conversion from coalescence rates per galaxy to detection rates is not consistent across all publications. Therefore,
we choose to re-compute the detection rates as follows.4

The actual detection threshold for a network of interferometers will depend on a number of factors, including the
network configuration (the relative locations, orientations, and noise power spectral densities of the detectors), the
characteristics of the detector noise (its Gaussianity and stationarity), and the search strategy used (coincident vs.
coherent search) (see, e.g., [24]). A full treatment of these effects is beyond the scope of this paper. Instead, we
estimate event rates detectable by the LIGO-Virgo network by scaling to an average volume within which a single
detector is sensitive to CBCs above a fiducial signal-to-noise ratio (SNR) threshold of 8. This is a conservative choice
if the detector noise is Gaussian and stationary and if there are two or more detectors operating in coincidence.5

4 Rates of IMRIs into IMBHs and IMBH-IMBH coalescences are an exception: because of the many assumptions involved in converting
rates per globular cluster into LIGO-Virgo detection rates, we quote detection rates for these sources directly as they appear in the
relevant publications.

5 The real detection range of the network is a function of the data quality and the detection pipeline, and can only be obtained empirically.
However, we can argue that our choice is not unreasonable as follows. We compute below that the NS-NS horizon distance for the
Initial-era interferometers is Dhorizon = 33 Mpc. According to Eq. (5), this corresponds to an accessible volume of ∼ 150 MWEGs or
∼ 250 L10. Meanwhile, the 90%-confidence upper limit on NS-NS rates from a year and a half of data (including approximately half
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ABSTRACT

Data from the Sloan Digital Sky Survey (∼300,000 galaxies) indicate that recent star formation (within the last 1
billion years) is bimodal: half of the stars form from gas with high amounts of metals (solar metallicity) and the
other half form with small contribution of elements heavier than helium (∼10%–30% solar). Theoretical studies of
mass loss from the brightest stars derive significantly higher stellar-origin black hole (BH) masses (∼30–80 M⊙)
than previously estimated for sub-solar compositions. We combine these findings to estimate the probability of
detecting gravitational waves (GWs) arising from the inspiral of double compact objects. Our results show that a
low-metallicity environment significantly boosts the formation of double compact object binaries with at least one
BH. In particular, we find the GW detection rate is increased by a factor of 20 if the metallicity is decreased from
solar (as in all previous estimates) to a 50–50 mixture of solar and 10% solar metallicity. The current sensitivity
of the two largest instruments to neutron star–neutron star (NS–NS) binary inspirals (VIRGO: ∼9 Mpc; LIGO:
∼18) is not high enough to ensure a first detection. However, our results indicate that if a future instrument in-
creased the sensitivity to ∼50–100 Mpc, a detection of GWs would be expected within the first year of observation.
It was previously thought that NS–NS inspirals were the most likely source for GW detection. Our results indi-
cate that BH–BH binaries are ∼25 times more likely sources than NS–NS systems and that we are on the cusp of GW
detection.

Key words: binaries: close – gravitation – stars: evolution – stars: neutron

Online-only material: color figures

1. INTRODUCTION

Gravitational waves (GWs) are a consequence of Einstein’s
(1918) theory of general relativity. The first indirect evidence for
the existence of GWs was presented by Hulse & Tylor (1974)
through measurement of the orbital decay of a double binary
pulsar. After four decades of effort, we have yet to directly detect
GWs. In the past decade, two large interferometric observatories
have been built to search for GWs: LIGO and VIRGO. The
first observations have been collected, and although no positive
detection has been made, some useful upper limits have been
placed (Abbott et al. 2008, 2009a). Both observatories will
soon undergo major upgrades aimed to increase their sensitivity
roughly 10 fold. In this Letter, we show that existing detectors
are at the cusp of detecting GWs, and even modest improvements
are likely to lead to the first direct detection of GWs.

We utilize the StarTrack population synthesis code
(Belczynski et al. 2002) to perform a suite of Monte Carlo
simulations of the stellar evolution of stars in environments
with a range of metallicity. Our calculations are guided by re-
cent results from the Sloan Digital Sky Survey observations
(Panter et al. 2008), combined with recent estimates of mass
loss rates (Belczynski et al. 2010a). Utilizing these latest re-
sults, we calculate a population of 2 million massive binary stars,
tracking the ensuing formation of relativistic binary compact ob-
jects: double neutron stars (NS–NS), double black hole binaries
(BH–BH), and mixed systems (BH–NS). Our modeling utilizes
updated stellar and binary physics, including results from super-
nova simulations (Fryer & Kalogera 2001) and compact object
formation (Timmes et al. 1996), incorporating elaborate mecha-
nisms for treating stellar interactions like mass transfer episodes

(Belczynski et al. 2008), and tidal synchronization and circu-
larization (Hut 1981). We put special emphasis on the common
envelope evolution phase (Webbink 1984), which is crucial for
close double compact object formation as the attendant mass
transfer allows for efficient hardening of the binary. This orbital
contraction can be sufficiently efficient to cause the individual
stars in the binary to coalesce and form a single highly rotating
object, thereby aborting further binary evolution and prevent-
ing the formation of a double compact object. Due to signifi-
cant radial expansion, stars crossing the Hertzsprung gap (HG)
very frequently initiate a common envelope phase. HG stars do
not have a clear entropy jump at the core–envelope transition
(Ivanova & Taam 2004); if such a star overflows its Roche lobe
and initiates a common envelope phase, the inspiral is expected
to lead to a coalescence (Taam & Sandquist 2000). In particu-
lar, it has been estimated that for a solar metallicity environment
(e.g., our Galaxy), properly accounting for the HG gap may lead
to a reduction in the merger rates of BH–BH binaries by ∼2–3
orders of magnitude (Belczynski et al. 2007). The details of the
common envelope phase are not yet fully understood, and thus
in what follows we consider two models, one which does not
take into account the suppression (optimistic model: A), and one
that assumes the maximum suppression (pessimistic model: B).

2. RESULTS

The merger and detection rates are presented in Tables 1
and 2, respectively. The merger rates are calculated for a Milky
Way type galaxy, and therefore correspond to the rates within a
limited volume (or a fixed star-forming mass). The detection
rates are obtained via extrapolation of the Galactic rates to

L138

Population synthesis:	
  low Z boosts black hole rates (2010)



Population synthesis rates using Z evolution,	
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  waveforms8

TABLE 3
Detection rates for second-generation detectors in the low-end metallicity scenario

AdV [ρ ≥ 8] KAGRA [ρ ≥ 8] aLIGO [ρ ≥ 8] 3-det network [ρ ≥ 10(12)]
fcut = 20 Hz fcut = 10 Hz fcut = 20 Hz fcut = 20 Hz

Model Insp PhC (EOB) Insp PhC (EOB) Insp PhC (EOB) PhC (spin) Insp PhC
yr−1 yr−1 yr−1 yr−1 yr−1 yr−1 yr−1 yr−1 yr−1

NS-NS
Standard 0.3 0.3 0.7 0.6 1.1 1.0 - 2.3 (1.3) 2.2 (1.3)
Optimistic CE 0.8 0.7 1.8 1.7 2.9 2.7 - 6.0 (3.5) 5.6 (3.3)
Delayed SN 0.4 0.4 1.0 0.9 1.5 1.4 - 3.2 (1.8) 2.9 (1.7)
High BH Kicks 0.3 0.3 0.7 0.6 1.0 1.0 - 2.1 (1.3) 2.0 (1.2)
BH-NS
Standard 0.3 0.2 0.7 0.5 1.1 0.8 1.2 2.3 (1.3) 1.8 (1.0)
Optimistic CE 1.4 1.2 3.6 2.8 5.5 4.4 5.7 12 (6.7) 9.4 (5.4)
Delayed SN 0.2 0.1 0.5 0.4 0.8 0.6 0.9 1.7 (0.9) 1.3 (0.7)
High BH Kicks 0.04 0.03 0.09 0.07 0.1 0.1 0.3 0.6 (0.2) 0.5 (0.2)
BH-BH
Standard 56 66 (61) 106 153 (140) 183 246 (235) 610 369 (226) 514 (292)
Optimistic CE 287 324 (297) 629 828 (745) 1124 1421 (1339) 3560 2384 (1336) 3087 (1633)
Delayed SN 53 64 (59) 97 152 (139) 171 241 (231) 596 345 (213) 501 (291)
High Kick 0.9 1.5 (1.4) 1.4 3.8 (3.6) 3.2 5.9 (5.8) 19 6.6 (4.0) 13 (7.2)

a Same as Table 2, but for the low-end metallicity scenario.

formmodels in both cases. Additionally, Pannarale et al.
(2013) found that in the nonspinning case, the SNR dif-
ference between the mergers of disrupted BH-NS systems
and the undisrupted systems modeled with PhC is less
than 1%.
Including the merger portion of the signal is impor-

tant for BH-BH systems. For illustration, let us focus
on the Standard Model: if we use PhC waveforms rather
than the restricted PN approximation, we find a ∼ 25%
increase in the detection rates of BH-BH systems, from
117 (183) to 148 (246) in the high-end (low-end) metal-
licity scenario.
The rates predicted by EOB and PhC models agree

quite well2. This can be understood by looking again
at Figure 2, which shows that different approximations
of the strong-field merger waveform agree rather well (at
least in the equal-mass limit) on the SNR ρ and hence on
the predicted event rates, which scale with the cube of
the SNR. Waveform differences produce systematic rate
uncertainties significantly less than a factor of 2, much
smaller than astrophysical differences between our pre-
ferred models.
Our detailed calculation shows that typically PhC

models overestimate the rates by about 10% when com-
pared to EOB models. This agreement is nontrivial, be-
cause the two families of models are very different in
spirit and construction: the PhC family is a frequency-
domain model that can be easily implemented in rate
calculations, while the time-domain EOB model is more
accurate in its domain of validity and more computation-
ally demanding. It is important to note that in order to
use the two families of models in rate calculations we
must compute waveforms and SNRs in regions of the
parameter space where the models were not tuned to nu-
merical relativity simulations. In particular, both models
become less accurate for small mass-ratio binaries.
Besides systematic errors in waveform modeling, the

detection rates reported in this work (and the result-

2 We also carried out calculations using PhB models, which over-
estimate rates by about 10% with respect to PhC models. We de-
cided not to report these results in the Tables, because the PhB
model is less accurate than PhC, although it is easier to implement
and less computationally expensive.

ing distribution of detectable DCO parameters) depend
on our detection criteria. We ignore a variety of com-
plications of the detection pipelines, such as the diffi-
culty of searching for precessing sources, noise artifacts
(non-stationary, non-Gaussian “glitches” in the instru-
ments) which can make searches for shorter, high-mass
signals less sensitive, and the limited uptime of detec-
tors. Instead, we have assumed several simplistic detec-
tion thresholds on single-detector or network SNR that
are constant across all masses and mass ratios.
Moreover, achieving good detector sensitivity at low

frequencies may prove particularly difficult. We have
only included bandwidth above specified low-frequency
cutoffs (fcut = 20 Hz in most cases) for detection-rate
calculations. However, the specific choice of low fre-
quency cutoff has minimal impact on our results. For
example, using a lower cutoff fcut = 10 Hz rather than
fcut = 20 Hz in the single-detector, high-end metallic-
ity aLIGO rate calculation would increase the Standard
Model BH-BH rates from 117 to 128 in the inspiral case,
and from 148 to 161 in the IMR case. The effect is even
smaller for BH-NS and NS-NS rates.
The impact of spins on the predicted detection rates

can be important. We only consider BH spins, since NSs
in compact binaries are not expected to be rapidly spin-
ning (e.g., Mandel & O’Shaughnessy 2010) and the dy-
namical impact of NS spin will be small. In Tables 2 and
3 we use the PhC model to estimate the possible impact
of BH spin on BH-NS and BH-BH detection rates by as-
suming that all BHs are nearly maximally spinning (i.e.,
with dimensionless spin parameter χ1 = χ2 = 0.998) and
aligned with the orbital angular momentum. Aligned BH
spins cause an orbital hang-up effect that increases the
overall power radiated in the merger, produces a rapidly
spinning merger remnant, and therefore increases the
range to which high-mass binaries can be detected.
We find that spin effects may increase BH-BH detec-

tion rates by as much as a factor of 3. These increased
rates are a direct result of the increased horizon distance
to spinning binaries. For example, a (30+30) M⊙ binary
can be observed to roughly 1.3 times farther and be de-
tected ≃ (1.3)3 ≃ 2 more often with near-maximal spins
than with zero spin. Additionally, spin dynamics can

[Dominik+,	
  1202.4901;	
  1308.1546;	
  1405.7016]

Shown:	
  rates	
  per	
  year	
  for	
  Advanced	
  LIGO	
  at	
  design	
  sensitivity

Rescaled	
  to	
  actual	
  O1	
  duration	
  (46-­‐48	
  days):	
  about	
  30	
  events
O1	
  sensitivity:	
  roughly	
  factor	
  8	
  below	
  design,	
  4	
  events	
  (LIGO:	
  three	
  candidates!)



Dynamical formation channels

[Antonini…EB…+,	
  Living	
  Reviews	
  in	
  Relativity,	
  upcoming]
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Model �L �R �H

[Gpc�3yr�1]
Globular clusters (a) 2 5 20
Nuclear clusters w/out MBH (b) - 2 -
Nuclear clusters w/ MBH: Lidov-Kozai (c) 0.6 5 100
Nuclear clusters w/ MBH: BH-BH capture (d) 0.005 0.02 0.2
Nuclear clusters w/ MBH: AGN disks (e) 0.1 2 200
Open and young clusters (f ) 0 4 16
Field triples (g) 0.3 1 6

Table 1 BH-BH pessimistic, realistic and optimistic local merger rates per volume for dynam-
ical formation channels. (a) Rate predictions are from Figure 12 of [430].(b) Rate predictions
are from the semi-analytical calculations of [32].(c) Low and realistic rate predictions are from
the population-synthesis calculation of [401]; the high rate estimates are from [517]. (d) Rate
predictions are from [508]; high rates are obtained assuming a top-heavy mass function.(e)
Rate estimates are from [333]. (f ) Low and realistic rate predictions are from [560]; upper
limit on the rates is from [260] where in-cluster mergers due to the Lidov-Kozai mechanism
are included. (g) Low and realistic rates are from the lowest and highest rate values given in
Table 1 of [34]. High rate estimates are from [476] where the initial inclination distribution of
BH triples is assumed to be random.

assumptions are spherical symmetry in configuration space, dynamical equilib-
rium, and the orbit-averaged Fokker-Planck approximation. These approximations
are thought to hold for GCs. At present, Monte Carlo codes include stellar evo-
lution and a fully self-consistent treatment of the global cluster dynamics, and
they are capable of simulating a number of particles comparable to real GCs.
Two Monte Carlo codes have been developed and extensively used to study the
dynamical evolution of BHs in clusters: the MOCCA code developed by Giersz and
collaborators [198,199,200] and the Northwestern code developed by Rasio and
collaborators [249,375,177,441]. Both codes have been tested against the results
of N -body simulations of massive clusters [201,433].

Simulations show that the most massive BHs lead to the first deep core collapse
of the cluster core in . 1Gyr. The most massive BHs are therefore the first to
dynamically form binaries, and are among the first to be ejected from the cluster
and merge. As progressively less massive binaries are ejected throughout the GC
lifetime up to the present day, the total mass of the merging binaries as well as
their merger rate decrease with time. The key conclusion, ubiquitously reached
by dynamical studies, is that GCs form BH-BH mergers at a local rate of a few
Gpc�3 yr�1, corresponding to a few tens of detections per year with aLIGO at
full design sensitivity. For example, Banerjee et al. [48] find an aLIGO detection
rate of ⇡ 31(±7)yr�1; Downing et al. [151] find between 15 and 30 BH-BH binary
merger detections per year; Tanikawa [496] finds a detection rate in the range
0.1 � 40yr�1, depending on the initial retention fraction of BHs; Rodriguez et
al. [432] find 10�100yr�1, depending on the choice of maximum GC mass; Askar et
al. [39] and Park et al. [393] more recently derived a merger rate per unit volume of
⇡ 5Gpc�3 yr�1 and ⇡ 7Gpc�3 yr�1 respectively, possibly corresponding to tens
of detections per year with aLIGO. These rates appear to be largely consistent
with the current observational limits derived from the first GW detections.

[EB: This information belongs in a Table/summary plot...] [ROS:
note to self: reconcile with rates section later. Need to check mass
distribution predictions]

Inferred	
  local	
  merger	
  rate	
  from	
  LIGO	
  data:	
  [9-­‐220]	
  Gpc-­‐3 yr-­‐1



LIGO	
  O1	
  -­‐ observables:	
  masses,	
  final/effective spin,	
  distance

following section and are consistent with our expect-
ations for an astrophysical BBH source. The inferred
component masses of LVT151012 lie roughly between
the masses of GW150914 and GW151226, as shown
in Fig. 4.

IV. SOURCE PROPERTIES

In this section, we present the inferred properties of the
sources of GW150914, LVT151012, and GW151226,
assuming that the signals each originate from a binary
coalescence as described by general relativity. Tests of the
consistency of the signal with the predictions of general
relativity are presented in Sec. V. Full results for
GW150914 have been provided in Refs. [39,40], and
key results for LVT151012 have been given in
Ref. [44]. Here, we give results based upon an updated
calibration of the data. The analyses of all three signals

closely mirror the original analysis of GW150914, as
detailed in Ref. [39] and described in Appendix B.
The analysis makes use of two waveform models, the

double aligned spin waveform model (EOBNR) [8,9] and
an effective precessing spin model (IMRPhenom) [36–38].
Results from the two waveforms are similar, and the data
give us little reason to prefer one model over the other. We
therefore average the posterior distributions from two
waveforms for our overall results. These are used for the
discussion below, except in Sec. IV B, where we also
consider measurements of spin alignment from the pre-
cessing IMRPhenom waveform.
The results match our expectations for a coherent

signal in both detectors and give us no reason to suspect
that any of the signals are not of astrophysical origin. All
three signals are consistent with originating from BBHs.
Key parameters for the three events are included in
Table I and plotted in Figs. 4,5, and 6. Detailed results
are provided in Table IV in Appendix B.

FIG. 4. Posterior probability densities of the masses, spins, and distance to the three events GW150914, LVT151012, and GW151226.
For the two-dimensional distributions, the contours show 50% and 90% credible regions. Top left panel: Component massesmsource

1 and
msource

2 for the three events. We use the convention that msource
1 ≥ msource

2 , which produces the sharp cut in the two-dimensional
distribution. For GW151226 and LVT151012, the contours follow lines of constant chirp mass (Msource ¼ 8.9þ0.3

−0.3M⊙ and
Msource ¼ 15:1þ1.4

−1.1M⊙, respectively). In all three cases, both masses are consistent with being black holes. Top right panel: The
mass and dimensionless spin magnitude of the final black holes. Bottom left panel: The effective spin and mass ratios of the binary
components. Bottom right panel: The luminosity distance to the three events.

B. P. ABBOTT et al. PHYS. REV. X 6, 041015 (2016)
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“Ordinary”	
  field formation can	
  reproduce observed masses

[Stevenson+, 1704.01352]

velocities allowed within our framework, which efficiently
disrupt BH progenitor binaries. (2) The highest detection rate is
achieved with the Optimistic CE model (618 yr−1). Here, it is
assumed that binaries are allowed to progress through the CE
with a HG donor, which adds a significant amount of BH–BH
systems to the detectable population. The detection rates of the
other two models: Standard and Delayed SN are similar to each
other (148 and 129 yr−1, respectively).

The farthest objects are detectable out to z 2~ (L 15D Gpc).
These systems consist of the most massive BH pairs
(m M611 = : and m M662 = : in the detectable population,
with a chirp mass equal to M55 :), born 1.8 Gyr after the Big
Bang, and originating from regions with our lowest considered
metallicity content (Z Z0.005= :). Note that the maximum
mass of BH–BH systems is limited by the maximum ZAMS
mass of stars, which was set to M150 : in the current
simulations. The effect of IMF extending to much higher
masses on detection of BH–BH inspirals have been recently
presented by Belczynski et al. (2014).

The detectable BH–BH chirp mass distribution for the
Standard model has three major peaks. These are present at

M7~ :, M14 :, and M21 : (see the black curve in the bottom
left and bottom right panels of Figure 7). Their presence is
associated with the physics governing the Rapid SN engine and
the formation of the most massive BH–BH systems. Within this
framework we can distinguish three scenarios for BH
formation, each depending on the pre-SN carbon–oxygen
(CO) mass (see Equation (16) in Fryer et al. 2012). The “A”

scenario occurs for M M M6 7CO<: :⩽ and results in full
fallback on the BH and, therefore, no natal kicks (see
Equation (1)). The “B” scenario occurs for

M M M7 11CO<: :⩽ , where the fallback is partial and some
natal kicks are present. For this scenario we expect a decreased
number of BH–BH systems because of natal kicks disrupting
binary systems during SNe. The “C” scenario develops for
M M11CO :⩾ and again results in full fallback, and no natal
kicks.
BH progenitors originating from Z: environments never

form through the C scenario, since they lose mass in winds at
rates that do not allow them to form CO cores larger than

M11 :. Since BH–BH progenitors in the B scenario are subject
to disruption due to the presence of natal kicks, most BH–BH
systems in Z: environments form through the A scenario, with
chirp masses clustered around M7 :.
However, reducing the metallicity by a factor of 2 lowers the

wind mass loss rates sufficiently to allow BHs to form through
the C scenario. At this metallicity ( Z0.5~ :) only the most
massive progenitors (M M100ZAMS > :) may form BHs
through this scenario. Additionally, the mass of the BHs
formed from these high mass components (M M100ZAMS > :)
only depends weakly on their initial mass. This stems from the
fact that these stars evolve quickly (∼Myrs) and lose large
fractions of their hydrogen envelope. Binary evolution does not
alter this result significantly, as the interactions between
components, such as mass transfer during CE episodes, also
lead to the removal of their hydrogen envelopes. The result for

Figure 7. BH–BH binaries detectable by aLIGO: same as Figure 5, but for BH–BH binaries in the high-end metallicity scenario. Some of the sharp features in the
chirp mass distribution are an artifact of the crude binning in metallicity undertaken for computational reasons; see the discussion in Section 5.3.
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[Dominik+, 1405.7016]

Highest  measured  chirp  mass:  GW150914

M =
(m1m2)3/5

(m1 +m2)1/5
' 28M�
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  unlikely

[Rodriguez+, 1604.04254]
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GW170104:	
  marginal evidence for	
  misalignment

with a network matched-filter signal-to-noise ratio (SNR) of
13. At the detection statistic value assigned to GW170104,
the false alarm rate is less than 1 in 70 000 years of coincident
observing time.
The probability of astrophysical origin Pastro for a candi-

date event is found by comparing the candidate’s detection
statistic to a model described by the distributions and rates of
both background and signal events [8,32,33]. The back-
ground distribution is analysis dependent, being derived from
the background samples used to calculate the false alarm rate.
The signal distribution can depend on themass distribution of
the source systems; however, we find that different models
of the binary black hole mass distribution (as described in
Sec. VI) lead to negligible differences in the resulting value of
Pastro. At the detection statistic value of GW170104, the
background rate in bothmatched filter analyses is dwarfed by
the signal rate, yielding Pastro > 1 − ð3 × 10−5Þ.
An independent analysis that is not based on matched

filtering, but instead looks for generic gravitational-wave
bursts [2,34] and selects events where the signal frequency
rises over time [35], also identified GW170104. This
approach allows for signal deviations from the waveform
models used for matched filtering at the cost of a lower
significance for signals that are represented by the consid-
ered templates. This analysis reports a false alarm rate of
∼1 in 20 000 years for GW170104.

IV. SOURCE PROPERTIES

The source parameters are inferred from a coherent
Bayesian analysis of the data from both detectors [36,37].
As a cross-check, we use two independent model-waveform
families. Both are tuned to numerical-relativity simulations
of binary black holes with nonprecessing spins, and intro-
duce precession effects through approximate prescriptions.
One model includes inspiral spin precession using a single
effective spin parameter χp [38–40]; the other includes the
generic two-spin inspiral precession dynamics [41–43]. We
refer to these as the effective-precession and full-precession
models, respectively [44]. The two models yield consistent
results. Table I shows selected source parameters for
GW170104; unless otherwise noted, we quote the median
and symmetric 90% credible interval for inferred quantities.
The final mass (or equivalently the energy radiated), final
spin, and peak luminosity are computed using averages of fits
to numerical-relativity results [45–49]. The parameter uncer-
tainties include statistical and systematic errors from aver-
aging posterior probability distributions over the two
waveform models, as well as calibration uncertainty [37]
(and systematic uncertainty in the fit for peak luminosity).
Statistical uncertainty dominates the overall uncertainty as a
consequence of the moderate SNR.
For binary coalescences, the gravitational-wave frequency

evolution is primarily determined by the component masses.
For highermass binaries, merger and ringdown dominate the

signal, allowing good measurements of the total mass M ¼
m1 þm2 [53–57]. For lower mass binaries, like GW151226
[3], the inspiral is more important, providing precision
measurements of the chirp mass M ¼ ðm1m2Þ3=5=M1=5

[58–61]. The transition between the regimes depends upon
the detectors’ sensitivity, and GW170104 sits between the

TABLE I. Source properties for GW170104: median values
with 90% credible intervals. We quote source-frame masses; to
convert to the detector frame, multiply by (1þ z) [50,51]. The
redshift assumes a flat cosmology with Hubble parameter H0 ¼
67.9 km s−1 Mpc−1 and matter density parameter Ωm ¼ 0.3065
[52]. More source properties are given in Table I of the
Supplemental Material [11].

Primary black hole mass m1 31.2þ8.4
−6.0M⊙

Secondary black hole mass m2 19.4þ5.3
−5.9M⊙

Chirp mass M 21.1þ2.4
−2.7M⊙

Total mass M 50.7þ5.9
−5.0M⊙

Final black hole mass Mf 48.7þ5.7
−4.6M⊙

Radiated energy Erad 2.0þ0.6
−0.7M⊙c2

Peak luminosity lpeak 3.1þ0.7
−1.3 × 1056erg s−1

Effective inspiral spin parameter χeff −0.12þ0.21
−0.30

Final black hole spin af 0.64þ0.09
−0.20

Luminosity distance DL 880þ450
−390 Mpc

Source redshift z 0.18þ0.08
−0.07

FIG. 2. Posterior probability density for the source-framemasses
m1 and m2 (with m1 ≥ m2). The one-dimensional distributions
include the posteriors for the two waveform models, and their
average (black). The dashed lines mark the 90% credible interval
for the average posterior. The two-dimensional plot shows the
contours of the 50% and 90% credible regions plotted over a color-
coded posterior density function. For comparison, we also show
the two-dimensional contours for the previous events [5].
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two. The inferred component masses are shown in Fig. 2.
The formof the two-dimensional distribution is guidedby the
combination of constraints on M and M. The binary was
composed of two black holeswithmassesm1 ¼ 31.2þ8.4

−6.0M⊙
and m2 ¼ 19.4þ5.3

−5.9M⊙; these merged into a final black hole
of mass 48.7þ5.7

−4.6M⊙. This binary ranks second, behind
GW150914’s source [5,37], as themost massive stellar-mass
binary black hole system observed to date.
The black hole spins play a subdominant role in the

orbital evolution of the binary, and are more difficult to
determine. The orientations of the spins evolve due to
precession [62,63], and we report results at a point in the
inspiral corresponding to a gravitational-wave frequency of
20 Hz [37]. The effective inspiral spin parameter χeff ¼
ðm1a1 cos θLS1 þm2a2 cos θLS2Þ=M is the most important
spin combination for setting the properties of the inspiral
[64–66] and remains important through to merger [67–71];
it is approximately constant throughout the orbital evolu-
tion [72,73]. Here θLSi ¼ cos−1ðL̂ · ŜiÞ is the tilt angle
between the spin Si and the orbital angular momentum L,
which ranges from 0° (spin aligned with orbital angular
momentum) to 180° (spin antialigned); ai ¼ jcSi=Gm2

i j is
the (dimensionless) spin magnitude, which ranges from 0 to
1, and i ¼ 1 for the primary black hole and i ¼ 2 for the
secondary. We use the Newtonian angular momentum for
L, such that it is normal to the orbital plane; the total orbital
angular momentum differs from this because of post-
Newtonian corrections. We infer that χeff ¼ −0.12þ0.21

−0.30 .
Similarly to GW150914 [5,37,44], χeff is close to zero with
a preference towards being negative: the probability that
χeff < 0 is 0.82. Our measurements therefore disfavor a
large total spin positively aligned with the orbital angular
momentum, but do not exclude zero spins.
The in-plane components of the spin control the amount

of precession of the orbit [62]. This may be quantified by
the effective precession spin parameter χp which ranges
from 0 (no precession) to 1 (maximal precession) [39].
Figure 3 (top) shows the posterior probability density for
χeff and χp [39]. We gain some information on χeff ,
excluding large positive values, but, as for previous events
[3,5,37], the χp posterior is dominated by the prior (see
Sec. III of the Supplemental Material [11]). No meaningful
constraints can be placed on the magnitudes of the in-plane
spin components and hence precession.
The inferred component spin magnitudes and orienta-

tions are shown in Fig. 3 (bottom). The lack of constraints
on the in-plane spin components means that we learn
almost nothing about the spin magnitudes. The secondary’s
spin is less well constrained as the less massive component
has a smaller impact on the signal. The probability that the
tilt θLSi is less than 45° is 0.04 for the primary black hole
and 0.08 for the secondary, whereas the prior probability is
0.15 for each. Considering the two spins together, the
probability that both tilt angles are less than 90° is 0.05.

FIG. 3. Top: Posterior probability density for the effective
inspiral and precession spin parameters, χeff and χp. The
one-dimensional distributions show the posteriors for the two
waveform models, their average (black), and the prior distribu-
tions (green). The dashed lines mark the 90% credible interval for
the average posterior. The two-dimensional plot shows the 50%
and 90% credible regions plotted over the posterior density
function. Bottom: Posterior probabilities for the dimensionless
component spins, cS1=ðGm2

1Þ and cS2=ðGm2
2Þ, relative to the

normal of the orbital plane L̂. The tilt angles are 0° for spins
aligned with the orbital angular momentum and 180° for spins
antialigned. The probabilities are marginalized over the azimuthal
angles. The pixels have equal prior probability (1.6 × 10−3);
they are spaced linearly in spin magnitudes and the cosine
of the tilt angles. Results are given at a gravitational-wave
frequency of 20 Hz.
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FIG. 3. A Mollweide projection of the posterior probability
density for the location of the source in equatorial coordinates
(right ascension is measured in hours and declination is mea-
sured in degrees). The location broadly follows an annulus
corresponding to a time delay of ⇠ 3.0+0.4

�0.5 ms between the
Hanford and Livingston observatories. We estimate that the
area of the 90% credible region is ⇠ 1200 deg2.

FIG. 4. Posterior probability density for the source luminos-
ity distance DL and the binary inclination ✓JN . The one-
dimensional distributions include the posteriors for the two
waveform models, and their average (black). The dashed lines
mark the 90% credible interval for the average posterior. The
two-dimensional plot shows the 50% and 90% credible regions
plotted over the posterior density function.

values because of the greater preference for spins with
components antialigned with the orbital angular momen-
tum.

The final calibration uncertainty is su�ciently small
to not significantly a↵ect results. To check the impact
of calibration uncertainty, we repeated the analysis using
the e↵ective-precession waveform without marginalising

FIG. 5. Posterior probability densities for the e↵ective in-
spiral spin �e↵ for GW170104, GW150914, LVT151012 and
GW151226 [13], together with the prior probability distri-
bution for GW170104. The distribution for GW170104 uses
both precessing waveform models, but, for ease of compari-
son, the others use only the e↵ective-precession model. The
prior distributions vary between events, as a consequence of
di↵erent mass ranges, but the di↵erence is negligible on the
scale plotted.

FIG. 6. Posterior probability density for the final black hole
mass Mf and spin magnitude af . The one-dimensional dis-
tributions include the posteriors for the two waveform mod-
els, and their average (black). The dashed lines mark the
90% credible interval for the average posterior. The two-
dimensional plot shows the 50% and 90% credible regions
plotted over the posterior density function.
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Post-Newtonian spin-orbit resonances
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Does field formation really predict alignment?
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Spin-orbit resonance and the evolution of compact binary systems

Jeremy D. Schnittman
Department of Physics, MIT, 77 Massachusetts Avenue, Cambridge, Massachusetts 02139, USA

(Received 14 September 2004; published 16 December 2004)

Starting with a post-Newtonian description of compact binary systems, we derive a set of equations that
describes the evolution of the orbital angular momentum and both spin vectors during inspiral. We find
regions of phase space that exhibit resonance behavior, characterized by small librations of the spin
vectors around a fixed orientation. Because of the loss of energy and orbital angular momentum through
radiation reaction, systems can eventually be captured into these resonance orientations. By investigating
the long-term evolution of compact binaries with a variety of initial conditions, we find that the
distribution in parameter space can be strongly affected by resonance captures. This has the effect of
significantly reducing the size of search space for gravitational wave sources, in turn improving the
chances of detecting such sources through methods of template matching. Furthermore, by calculating the
expected spin distribution at the end of the inspiral phase, we can predict what are the most likely initial
conditions for the plunge phase, a result of great interest for numerical relativity calculations.

DOI: 10.1103/PhysRevD.70.124020 PACS numbers: 04.25.Nx, 04.30.Db, 95.30.Sf

I. INTRODUCTION

The inspiral and subsequent coalescence of two black
holes (BH) or neutron stars (NS) promises to be a strong
source of gravitational waves for a number of new inter-
ferometric detectors currently being developed.1 In order
to successfully detect and then analyze such sources, we
need to have an accurate description of the gravitational
waveforms they will produce. For longer signals lasting
many orbital cycles (typically NSs in the LIGO frequency
band and BHs in the LISA band), the detection methods
rely heavily on a technique called matched filtering. This
method is based on the premise that we can calculate
theoretical templates of gravitational waves which in turn
are cross correlated with the observed data in an attempt to
match a small amplitude signal buried under high back-
ground noise. Since the anticipated signal can be hundreds
or even thousands of cycles long, it is critical that the form
of the theoretical template is very accurate or the detection
could be missed. Once detected, the observed waveform
must then be compared to a larger collection of model
templates in order to fit the binary parameters and deter-
mine their statistical confidences.

Approximate templates that do not include spin effects
have been shown to have a poor chance of matching
gravitational waveforms from spinning binaries [1–6].
Even if we were able to calculate the theoretical wave-
forms with perfect physical accuracy, the binary black hole
system is so complicated that we would need a very large
template library to give a reasonable chance at detection
[3,7]. For two spinning black holes, the parameter space is

characterized by at least 11 intrinsic variables [the masses
(2), the angular momentum vector (3), and two-spin vec-
tors (6)]. Apostolatos et al. [8] showed that the two-spin
system can be reduced in the limits of equal mass when
neglecting spin-spin interactions and later Apostolatos [9]
included these terms for the equal mass, equal spin case.
Recent work by Buonanno et al. [7] showed that the size of
this parameter space can also be reduced by considering a
set of quasiphysical templates that mimic the physical
behavior of two spins with a single effective spin.
Grandclement et al. [5] have suggested a different method
of using ‘‘spiked’’ templates to expand the search tem-
plates and simulate spin effects. While these fitting meth-
ods greatly aid the searches for gravitational waves, they
could also benefit from additional astrophysical informa-
tion about the systems that are producing the waves, as well
as their evolution up to the point where they enter the
frequency regime of the detector. The added advantage of
using strictly physical templates is the direct manner in
which they allow us to determine the intrinsic parameters
of the compact binary.

There are a number of stellar evolution models that
describe the formation of binary black hole systems, in-
cluding estimates for initial spins and kick velocities,
which in turn can give the orientation of the orbit [10–
13]. However, there is still a fair amount of uncertainty in
the appropriate initial values to use for inspiraling stellar-
mass black hole binaries. The mechanisms governing
supermassive or intermediate mass black hole mergers
are even less certain. In both cases, we have little or no
idea what to expect the system might look like as it enters
the final stages of evolution towards inspiral and merger.

In addition to the compact objects formed through bi-
nary stellar evolution, another important source of gravi-
tational waves may be capture binaries [14]. These include
binary systems that form in the cores of dense globular

1http://www.ligo.caltech.edu/
http://www.virgo.infn.it
http://www.geo600.unihannover.de
http://tamago.mtk.nao.ac.jp
http://lisa.nasa.gov
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Post-Newtonian spin-orbit resonances

Evolutionary equations

• Spin precession

• Angular momentum conservation...

• ...Radiation reaction

• 3 variables: ✓1, ✓2, ��

Spin-orbit couplings

• Three vector in a single resonant plane

S2 · (L⇥ S1) = 0
d

dt
S2 · (L⇥ S1) = 0

• Two resonances

✓1 < ✓2 : �� ! 0 and ✓12 ! 0

✓1 > ✓2 : �� ! ±⇡

x

y

L̂

z

S1

��

✓1

S2

✓2

✓12

•

PN: Kidder 1995; Arun et al. 2009 and many others

Resonances: Schnittman 2004; Kesden et al. 2010a,b; Berti et al. 2012

Efficient	
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Neutron	
  stars	
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  to	
  lock

[Kesden+,	
  1002.2643]

Spin-­‐orbit resonance locking

portion of the three-dimensional parameter space
ð!1; !2;!"Þ through which generic BBH configurations
evolve. As gravitational radiation slowly extracts angular
momentum from the binary on the radiation time tGW, the
resonances sweep through a significant portion of the
ð!1; !2Þ plane. The angular separation !" of a generic
BBH is varying on the much shorter precession time tp,
and thus has a significant chance to closely approach the
resonant values !" ¼ 0$ or 180$ at some point during the
long inspiral. Such generic BBHs will be strongly influ-
enced or even captured by the spin-orbit resonances, as we
will see in detail in Sec. IV.

We show the dependence of the spin-orbit resonances on
r for maximally spinning BBHs in Figs. 1 and 2. Those
resonances with!" ¼ 0$ (shown in Fig. 2 of [25]) always
have !1 < !2, and thus appear below the diagonal cos!1 ¼
cos!2 in our Figs. 1 and 2. Those resonances with !" ¼
180$ (shown in Fig. 3 of [25]) have !1 > !2 and therefore
appear above the diagonal in our Figs. 1 and 2. We plot

ðcos!1; cos!2Þ rather than ð!1; !2Þ like [25] because iso-
tropically oriented spins should have a flat distribution in
these variables.
In the limit r ! 1, so that also jLNj ! 1, the resonant

configurations have either S1 or S2 aligned or antialigned
with LN (either !1 or !2 equals 0$ or 180$). This corre-
sponds to the four edges of the plot in Fig. 1. For smaller
fixed values of jLNj, the values ð!1; !2Þ for the one-
parameter families of resonant configurations approach
the diagonal !1 ¼ !2. BBHs in spin-orbit resonances at
large values of jLNj (large r) remain resonant as they
inspiral. As gravitational radiation carries away angular
momentum, r decreases and !1;2 for individual resonant
BBHs evolves toward this diagonal along the red long-
dashed curves in Fig. 1. For resonances with !" ¼ 0$

(those below the diagonal), this evolution aligns the two
spins with each other. Symmetry implies that aligning the
spins with each other will lead to larger final spins and
smaller recoil velocities [38,39].
The projection

S % L̂N ¼ S1 cos!1 þ S2 cos!2 (3.3)

of the total spin S ' S1 þ S2 parallel to the orbital angular
momentum is constant along the short-dashed blue lines in
Figs. 1 and 2. These blue lines have steeper slopes than the
red lines along which the resonant binaries inspiral. This

FIG. 1 (color online). Spin-orbit resonances for maximally
spinning BBHs with a mass ratio of q ¼ 9=11. The dotted black
diagonal indicates where !1 ¼ !2. Solid black curves below
(above) this diagonal show ð!1;!2Þ for the one-parameter fam-
ilies of equilibrium spin configurations with !" ¼ 0$ ð180$Þ at
different fixed binary separations. Approaching the diagonal
from below, these curves correspond to separations r ¼
1000M, 500M, 250M, 100M, 50M, 10M. The curves approach-
ing from above correspond to separations r ¼ 250M, 50M, 20M,
10M. The long-dashed red curves show how !1;2 evolve as
members of these resonant families inspiral from ri ¼ 1000M
to rf ¼ 10M. The projection S % L̂N of the total spin S onto the
orbital angular momentumLN is constant along the short-dashed
blue lines, while the projection S0 % L̂N of the EOB spin S0 is
constant along the dot-dashed green lines.

FIG. 2 (color online). Spin-orbit resonances for maximally
spinning BBHs with a mass ratio of q ¼ 1=3. Other than the
different mass ratio, this figure is very similar to Fig. 1. The solid
black curves approaching the diagonal from below correspond to
the families of resonant spin configurations at r ¼ 50M, 20M,
10M, 5M, while those approaching from above correspond to
separations r ¼ 20M, 10M, 5M.

FINAL SPINS FROM THE MERGER OF PRECESSING . . . PHYSICAL REVIEW D 81, 084054 (2010)
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To isolate the effects of spin orientation during the PN
inspiral of the BH binaries, we fix the final mass ratio to the
typical value q ¼ 0:8 [12]. To ensure that this final mass
ratio is obtained, the initial stellar masses of the binaries
must be fixed to ðM0

Si;M
00
SiÞ ¼ ð35M$; 16:75M$Þ in the

SMR scenario, or ð30M$; 24M$Þ in the RMR scenario.
Throughout the paper, we use a single prime to identify
the initially more massive stellar progenitor or ‘‘primary,’’
and a double prime to denote the initially less massive
progenitor or ‘‘secondary.’’ This choice of initial masses
also fixes the total mass of our BH binaries to M ¼
13:5M$, quite close to the expected peak of the distribution
for the total mass [12]. The mass of the stars is somewhat
smaller than expected for the progenitors of BHs of these
masses because we have neglected stellar winds, that lead
to considerable mass loss prior to BH formation. Table I
provides numerical values for the masses and radii of both
the primary and secondary throughout the evolution in both
the SMR and RMR scenarios. Appendix A 1 shows how
this choice of initial masses leads to BHs of the desired
final masses.

The initial main-sequence stage of the evolution is
shown as phase a in Fig. 3. Binaries are assumed to form

on circular3 orbits with initial semimajor axes a0 drawn
from the distribution described in Appendix A 2. We
assume that the spins of the primary S0 and secondary S00

are initially aligned4 with the orbital angular momentum
L. As the primary evolves, its envelope expands until it
fills its Roche lobe, initiating stable mass transfer to the
secondary (phase b in Fig. 3). The efficiency of mass
transfer is usually parametrized via a parameter
fa 2 ½0; 1&: cf. Eq. (A9) of Appendix A 3. We assume
this mass transfer continues until the primary has depleted
its hydrogen envelope, leaving behind a helium core of
mass M0

C ¼ 8:5M$ (M0
C ¼ 8M$) in the SMR (RMR)

scenario. Following [12], we assume semiconservative

FIG. 3. A schematic representation of our model for BH binary formation and spin evolution. Empty circles represent stars, filled
circles represent BHs. Phase (a) shows the initial main-sequence stellar binary. Mass transfer from the primary to the secondary (b)
leads to a possible mass-ratio reversal. The first SN kick tilts the angle between the spins and the orbital plane (c). Tidal interactions
can realign the stellar member of the binary (d). The second SN kick tilts the orbital plane again (e). Gravitational radiation shrinks and
circularizes the binary before our explicit PN evolution begins (f).

3The initial eccentricity has minimal effect. In fact we have
repeated our calculations using an initially thermal distribution
of eccentricities of the form fðeÞ ¼ 2e, and we observed no
significant difference in the final distribution of !" and !12.

4The alignment of stellar spins in eclipsing binaries can be
measured through the Rossiter-McLaughlin effect [34,35].
Although many systems have aligned spins [36–38], there are
notable exceptions [39]. We expect efficient tidal alignment in
the progenitors of merging BH binaries, due to their small initial
separations.

GEROSA et al. PHYSICAL REVIEW D 87, 104028 (2013)

104028-6
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3

Merging BH binary

Free precession
sin�� ' ±1 (pile-up)

No tides

Resonant plane locking
L · S1 ⇥ S2 ' 0

sin�� ' 0 (equilibrium) Resonant precession
�� ' ±180�

✓12 6= 0� (tail)

Standard mass ratio

Weakly precessing binaries
�� ' 0�
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rsed

mass ra
tio

E�cient
tides

FIG. 1. Predictions for the spin orientation of BH binary as they enter the LIGO/Virgo band.
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FIG. 2. Probability distribution of the angle between the
projections of the spins on the orbital plane ��. Under the
e↵ect of tides the PN evolution brings the spins in the same
plane (�� ! 0�,±180�), both in a reversed mass ratio (top)
and in a standard mass ratio (middle) scenario. When tidal
e↵ects are removed (bottom) the spins precess freely and pile
up at �� = ±90�.

the scope of our toy model. We combine Startrack pre-
dictions with our results in Sec. IV.

A. Black hole binary formation

We detail here our model of BH formation: a graphi-
cal representation is given in Fig. 4. The BH spin angle
distributions are obtained performing Monte Carlo sim-
ulation over the initial separation a0 and the kick veloc-
ities vk. Length scales are defined via Roche lobe over-
flow conditions. Given a binary system consisting of two
masses m↵ and m� at a separation a, we estimate the
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0.2

0.4

0 45 90 135 180

0

0.2

0.4

FIG. 3. Probability distribution of the angle between the two
spins ✓12. Under the e↵ect of tides both in a reversed mass
ratio (top) the spins end up almost completely aligned with
each other. In the standard mass ratio scenarion (middle) and
when tides are removed (bottom) a long tail at large values
of ✓12 is preserved. [DG: This figure is not interesting enough
for the introduction...]

Roche lobe radius of m↵ using [17]

RL(a,m↵,m�) = a
0.49q2/3

0.6q2/3 + ln
�
1 + q1/3

� , q =
m↵

m�
.

(8)

[DG: Change notation to q ?]
[MK: What is M 0? Pick either primes or ↵,�, confusing

to use both. Specify which star is overflowing its Roche
lobe.] [DG: Fixed]

a) Consider a binary star system of zero-age main
sequence masses M 0

Si > M 00
Si ⇠ 20M� on a circular orbit

(e0 = 0) of radius a0. At this stage, we assume both
the spins are completely aligned with the orbital angular

Inverse	
  problem:	
  binary evolution from	
  GW	
  observations
[Gerosa+,	
  1302.4442]
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Effective spin	
  conservation and	
  effective potential

Sþ and returns to S−: (1) ΔΦ begins at 0°, decreases to a
minimum −ΔΦ", returns to 0° at Sþ, increases to a
maximum þΔΦ", and then returns to 0° back at S−,
(2) ΔΦ begins at −180°, increases to 0° at Sþ, and
then continues to increase to þ180° back at S−,
and (3) ΔΦ begins at 180°, increases to a maximum
180°þ ΔΦ", returns to 180° at Sþ, decreases to a mini-
mum 180° − ΔΦ", and then returns to 180° back at S−.
These three possibilities (libration about ΔΦ ¼ 0°, circu-
lation, and libration about ΔΦ ¼ 180°) are shown in the
left, center, and right panels of Fig. 2. The libration
amplitude ΔΦ" depends on L, J, and ξ.
Equation (7) implies that BBHs with ξ ¼ ξmin are

trapped in the ΔΦ ¼ 0° resonance. Comparing the left
and center panels of Fig. 2, we see that the transition
between BBHs with ΔΦ ¼ 0° and those with ΔΦ ¼ $180°
at S− [ð1Þ → ð2Þ above] occurs at the value ξ≡ ξc0 at
which L is aligned with either S1 or −S2 at S−. This
transition is marked by the lower dashed line separating the
blue and green regions in Fig. 1. As ξ increases further, we

see by comparing the center and right panels of Fig. 2 that
we eventually reach a value ξ≡ ξc180 at which ΔΦ
transitions from 0° to 180° at Sþ [ð2Þ → ð3Þ above].
This transition occurs when L is aligned with either S2

or −S1 at Sþ and is marked by the upper dashed line
separating the green and red regions in Fig. 1. These
morphological transitions correspond to the quasistable
equilibria noted by Schnittman [30]. Finally, as ξ continues
to increase the amplitude of the oscillations in S decreases,
until the ΔΦ ¼ $180° resonance is reached at ξmax.
Although S parametrizes spin directions much like the

true anomaly parametrizes Keplerian orbits, one may also
want the time-dependent solutions SðtÞ. The spin-precession
equations [8,9,31,32] imply

dS
dt

¼ −
3ð1 − q2Þ

2q
S1S2
S

ðη2M3Þ3

L5

!
1 −

ηM2ξ
L

"

× sin θ1 sin θ2 sinΔΦ; ð8Þ

where again the right-hand side depends only on S when we
use Eq. (7). Oscillations in S have a precessional period
τðL; J; ξÞ ¼ 2

R Sþ
S−

dS=jdS=dtj. The basis vectors x̂ and ŷ
precess about ẑ at a rate

Ωz ¼
J
2

!
η2M3

L2

"
3
#
1þ 3

2η

!
1 −

ηM2ξ
L

"

−
3ð1þ qÞ
2qA2

1A
2
2

!
1 −

ηM2ξ
L

"
½4ð1 − qÞL2ðS21 − S22Þ

− ð1þ qÞðJ2 − L2 − S2Þ

× ðJ2 − L2 − S2 − 4ηM2LξÞ(
$
; ð9Þ

implying that they precess through an angle αðL; J; ξÞ ¼
2
R Sþ
S−
ðΩzdSÞ=jdS=dtj in each precessional period.

Gravitational inspiral.—Although L and J are con-
served on tpre, they vary on the longer radiation-reaction
time scale tRR. At lowest PN order, the orbit-averaged
angular momentum flux is given by the well-known
quadrupole formula [26] dJ=dt ¼ −ð32=5ÞðηM2=LÞ8
ðηL=MÞ, implying dL=dt ¼ L̂ · dJ=dt and dJ=dt ¼
Ĵ · dJ=dt. This expression for dL=dt is independent of
S, but that for dJ=dt is not. However, if the above
precession angle α ≠ 2πn for integer n, the average of
dJ=dt over many precession periods will be parallel to J.
Using the monotonically decreasing L to parametrize the
inspiral, we obtain the precession-averaged result

%
dJ
dL

&

pre
¼ 2

τ

Z
Sþ

S−

cos θLdS
jdS=dtj

¼ 1

2LJ

'
J2 þ L2 −

2

τ

Z
Sþ

S−

S2dS
jdS=dtj

(
; ð10Þ

FIG. 1 (color online). Effective potentials ξ$ðSÞ for the spin
precession of BBHs with maximal spins, mass ratio q ¼ 0.8, L ¼
0.781M2 (r ¼ 10M), and J ¼ 0.85M2. These two functions form
a loop enclosing the allowed values of S and ξ. Since ξ is con-
served during the inspiral, S oscillates between the two roots S$
of the equation ξ ¼ ξ$ðSÞ on the precession time. The two roots
are degenerate at ξmin and ξmax, implying that S is constant: these
configurations correspond, respectively, to the ΔΦ ¼ 0°ðΔΦ ¼
$180°Þ spin-orbit resonances of Schnittman [30]. The four dotted
curves are the contours cos θi ¼ $1 given by Eqs. (7a) and (7b);
transitions between BBHs for which ΔΦ circulates and those for
which it librates about 0° ($180°) occur where these curves are
tangent to the potentials ξ$ðSÞ, as indicated by the lower (upper)
dashed line ξ ¼ ξc0 (ξc180). The three dot-dashed lines correspond
to the three BBH systems shown in Fig. 2 as representative of
each morphology.
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constrained by ground-based GW detectors [13,25].
Hereafter, we use geometrical units G ¼ c ¼ 1.
Precessional solutions.—Consider the evolution of

BBHs with misaligned spins on a circular orbit [26] on
time scales tpre < t ≪ tRR. We choose ẑ parallel to the total
angular momentum J, x̂ parallel to the component of the
orbital angular momentum L perpendicular to J, and ŷ ¼
ẑ × x̂ to complete the orthonormal triad. Since S ¼ J −L,
it too must lie in the xz plane. Although J and ẑ are
conserved on the precession time tpre, x̂ and ŷ precess about
ẑ with a frequency Ωz. The angle θL between J and L is
given by

cos θL ¼ J2 þ L2 − S2

2JL
ð1Þ

and depends exclusively on S and the constants L and J.
We define a second orthonormal frame such that ẑ0 ¼ Ŝ,
ŷ0 ¼ ŷ, and x̂0 ¼ ŷ0 × ẑ0 completes the triad. S1 points in
the direction ðθ0;φ0Þ specified by traditional spherical
coordinates in this second frame, where

cos θ0 ¼ S2 þ S21 − S22
2SS1

ð2Þ

also depends only on S, because S1 and S2 are conserved.
Since S2 ¼ S − S1, the directions of all these angular
momenta are specified in our initial (unprimed) frame by
S and φ0.
The projected effective spin [27]

ξ≡M−2½ð1þ qÞS1 þ ð1þ q−1ÞS2& · L̂ ð3Þ

is conserved by 2PN spin precession [9]. Radiation reaction
(at 2.5PN) preserves the direction of L, and, thus, ξ is
further conserved on the radiation-reaction time tRR as seen
in our previous work [28]. Inserting expressions for L and
Si in terms of S and φ0 into Eq. (3) yields

ξðS;φ0Þ ¼ fðJ2 − L2 − S2Þ½S2ð1þ qÞ2

− ðS21 − S22Þð1 − q2Þ&
− ð1 − q2ÞA1A2A3A4 cosφ0g=ð4qM2S2LÞ; ð4Þ

where

A1 ≡ ½J2 − ðL − SÞ2&1=2; ð5aÞ

A2 ≡ ½ðLþ SÞ2 − J2&1=2; ð5bÞ

A3 ≡ ½S2 − ðS1 − S2Þ2&1=2; ð5cÞ

A4 ≡ ½ðS1 þ S2Þ2 − S2&1=2: ð5dÞ

The Ai’s are real in the allowed range Jmin ≤ J ≤ Jmax,
Smin ≤ S ≤ Smax, where

Jmin ¼ L − S1 − S2; ð6aÞ

Jmax ¼ Lþ S1 þ S2; ð6bÞ

Smin ¼ maxfjJ − Lj; jS1 − S2jg; ð6cÞ

Smax ¼ minfJ þ L; S1 þ S2g: ð6dÞ

Our approach needs to be modified for L ≤ S1 þ S2
(Jmin ≤ 0 above) [7,29], but this does not occur until r ≤
rmin ¼ ½ð1þ q2Þ=q&2rg for maximally spinning BBHs
(rmin ¼ 4rg for q ¼ 1). Equation (4) can be solved for
cosφ0 and then inserted into expressions for L and Si to
obtain the surprisingly simple relations

cos θ1 ¼
1

2ð1 − qÞS1

!
J2 − L2 − S2

L
−
2qM2ξ
1þ q

"
; ð7aÞ

cos θ2 ¼
q

2ð1 − qÞS2

!
−
J2 − L2 − S2

L
þ 2M2ξ
1þ q

"
; ð7bÞ

cos θ12 ¼
S2 − S21 − S22

2S1S2
; ð7cÞ

cosΔΦ ¼ cos θ12 − cos θ1 cos θ2
sin θ1 sin θ2

ð7dÞ

for cos θi ≡ L̂ · Ŝi, cos θ12 ≡ Ŝ1 · Ŝ2, and the angle ΔΦ
between the spin components in the orbital plane. Note that
S is the only variable in these expressions that evolves on tpre.
The evolution of S is also surprisingly simple. If we set

cosφ0 ¼ ∓1 in Eq. (4), we obtain two functions ξ'ðSÞ that
act like effective potentials for S. For given values of L and
J, one of the Ai’s vanishes at Smin and Smax, implying that
ξþðSminÞ ¼ ξ−ðSminÞ, ξþðSmaxÞ ¼ ξ−ðSmaxÞ. Thus, the two
curves ξ'ðSÞ form a closed loop in the Sξ plane, as shown
in Fig. 1. The equation ξ ¼ ξ'ðSÞ has two roots S'ðL; J; ξÞ
that determine the allowed range S− ≤ S ≤ Sþ. This is
entirely analogous to how two roots r'ðE; LÞ of the
equation E ¼ Vðr; LÞ, where V is the effective potential
for radial motion, determine pericenter and apocenter. The
two roots are degenerate (S− ¼ Sþ) at the maximum
ξmaxðL; JÞ of ξþðSÞ and minimum ξminðL; JÞ of ξ−ðSÞ,
implying that S ¼ S' remains constant—just as r remains
constant for values of E and L corresponding to circular
orbits, the minimum of the effective potential Vðr; LÞ.
These two configurations (ξ ¼ ξmin and ξ ¼ ξmax) are
precisely the ΔΦ ¼ 0∘ and ΔΦ ¼ '180° spin-orbit reso-
nances identified by Schnittman [30].
The BBH spins Si and orbital angular momentum L are

shown at S ¼ S' for three different values of ξ but the
same L and J in Fig. 2. These vectors are coplanar at S',
since these points lie on the curves ξ'ðSÞ defined such that
cosφ0 ¼ ∓1; we must, therefore, have ΔΦ ¼ 0∘ or 180∘ at
S'. There are three possibilities as S increases from S− to
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constrained by ground-based GW detectors [13,25].
Hereafter, we use geometrical units G ¼ c ¼ 1.
Precessional solutions.—Consider the evolution of

BBHs with misaligned spins on a circular orbit [26] on
time scales tpre < t ≪ tRR. We choose ẑ parallel to the total
angular momentum J, x̂ parallel to the component of the
orbital angular momentum L perpendicular to J, and ŷ ¼
ẑ × x̂ to complete the orthonormal triad. Since S ¼ J −L,
it too must lie in the xz plane. Although J and ẑ are
conserved on the precession time tpre, x̂ and ŷ precess about
ẑ with a frequency Ωz. The angle θL between J and L is
given by

cos θL ¼ J2 þ L2 − S2

2JL
ð1Þ

and depends exclusively on S and the constants L and J.
We define a second orthonormal frame such that ẑ0 ¼ Ŝ,
ŷ0 ¼ ŷ, and x̂0 ¼ ŷ0 × ẑ0 completes the triad. S1 points in
the direction ðθ0;φ0Þ specified by traditional spherical
coordinates in this second frame, where

cos θ0 ¼ S2 þ S21 − S22
2SS1

ð2Þ

also depends only on S, because S1 and S2 are conserved.
Since S2 ¼ S − S1, the directions of all these angular
momenta are specified in our initial (unprimed) frame by
S and φ0.
The projected effective spin [27]

ξ≡M−2½ð1þ qÞS1 þ ð1þ q−1ÞS2& · L̂ ð3Þ

is conserved by 2PN spin precession [9]. Radiation reaction
(at 2.5PN) preserves the direction of L, and, thus, ξ is
further conserved on the radiation-reaction time tRR as seen
in our previous work [28]. Inserting expressions for L and
Si in terms of S and φ0 into Eq. (3) yields

ξðS;φ0Þ ¼ fðJ2 − L2 − S2Þ½S2ð1þ qÞ2

− ðS21 − S22Þð1 − q2Þ&
− ð1 − q2ÞA1A2A3A4 cosφ0g=ð4qM2S2LÞ; ð4Þ

where

A1 ≡ ½J2 − ðL − SÞ2&1=2; ð5aÞ

A2 ≡ ½ðLþ SÞ2 − J2&1=2; ð5bÞ

A3 ≡ ½S2 − ðS1 − S2Þ2&1=2; ð5cÞ

A4 ≡ ½ðS1 þ S2Þ2 − S2&1=2: ð5dÞ

The Ai’s are real in the allowed range Jmin ≤ J ≤ Jmax,
Smin ≤ S ≤ Smax, where

Jmin ¼ L − S1 − S2; ð6aÞ

Jmax ¼ Lþ S1 þ S2; ð6bÞ

Smin ¼ maxfjJ − Lj; jS1 − S2jg; ð6cÞ

Smax ¼ minfJ þ L; S1 þ S2g: ð6dÞ

Our approach needs to be modified for L ≤ S1 þ S2
(Jmin ≤ 0 above) [7,29], but this does not occur until r ≤
rmin ¼ ½ð1þ q2Þ=q&2rg for maximally spinning BBHs
(rmin ¼ 4rg for q ¼ 1). Equation (4) can be solved for
cosφ0 and then inserted into expressions for L and Si to
obtain the surprisingly simple relations

cos θ1 ¼
1

2ð1 − qÞS1

!
J2 − L2 − S2

L
−
2qM2ξ
1þ q

"
; ð7aÞ

cos θ2 ¼
q

2ð1 − qÞS2

!
−
J2 − L2 − S2

L
þ 2M2ξ
1þ q

"
; ð7bÞ

cos θ12 ¼
S2 − S21 − S22

2S1S2
; ð7cÞ

cosΔΦ ¼ cos θ12 − cos θ1 cos θ2
sin θ1 sin θ2

ð7dÞ

for cos θi ≡ L̂ · Ŝi, cos θ12 ≡ Ŝ1 · Ŝ2, and the angle ΔΦ
between the spin components in the orbital plane. Note that
S is the only variable in these expressions that evolves on tpre.
The evolution of S is also surprisingly simple. If we set

cosφ0 ¼ ∓1 in Eq. (4), we obtain two functions ξ'ðSÞ that
act like effective potentials for S. For given values of L and
J, one of the Ai’s vanishes at Smin and Smax, implying that
ξþðSminÞ ¼ ξ−ðSminÞ, ξþðSmaxÞ ¼ ξ−ðSmaxÞ. Thus, the two
curves ξ'ðSÞ form a closed loop in the Sξ plane, as shown
in Fig. 1. The equation ξ ¼ ξ'ðSÞ has two roots S'ðL; J; ξÞ
that determine the allowed range S− ≤ S ≤ Sþ. This is
entirely analogous to how two roots r'ðE; LÞ of the
equation E ¼ Vðr; LÞ, where V is the effective potential
for radial motion, determine pericenter and apocenter. The
two roots are degenerate (S− ¼ Sþ) at the maximum
ξmaxðL; JÞ of ξþðSÞ and minimum ξminðL; JÞ of ξ−ðSÞ,
implying that S ¼ S' remains constant—just as r remains
constant for values of E and L corresponding to circular
orbits, the minimum of the effective potential Vðr; LÞ.
These two configurations (ξ ¼ ξmin and ξ ¼ ξmax) are
precisely the ΔΦ ¼ 0∘ and ΔΦ ¼ '180° spin-orbit reso-
nances identified by Schnittman [30].
The BBH spins Si and orbital angular momentum L are

shown at S ¼ S' for three different values of ξ but the
same L and J in Fig. 2. These vectors are coplanar at S',
since these points lie on the curves ξ'ðSÞ defined such that
cosφ0 ¼ ∓1; we must, therefore, have ΔΦ ¼ 0∘ or 180∘ at
S'. There are three possibilities as S increases from S− to
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ŷ0 ¼ ŷ, and x̂0 ¼ ŷ0 × ẑ0 completes the triad. S1 points in
the direction ðθ0;φ0Þ specified by traditional spherical
coordinates in this second frame, where

cos θ0 ¼ S2 þ S21 − S22
2SS1

ð2Þ

also depends only on S, because S1 and S2 are conserved.
Since S2 ¼ S − S1, the directions of all these angular
momenta are specified in our initial (unprimed) frame by
S and φ0.
The projected effective spin [27]

ξ≡M−2½ð1þ qÞS1 þ ð1þ q−1ÞS2& · L̂ ð3Þ

is conserved by 2PN spin precession [9]. Radiation reaction
(at 2.5PN) preserves the direction of L, and, thus, ξ is
further conserved on the radiation-reaction time tRR as seen
in our previous work [28]. Inserting expressions for L and
Si in terms of S and φ0 into Eq. (3) yields

ξðS;φ0Þ ¼ fðJ2 − L2 − S2Þ½S2ð1þ qÞ2

− ðS21 − S22Þð1 − q2Þ&
− ð1 − q2ÞA1A2A3A4 cosφ0g=ð4qM2S2LÞ; ð4Þ

where

A1 ≡ ½J2 − ðL − SÞ2&1=2; ð5aÞ

A2 ≡ ½ðLþ SÞ2 − J2&1=2; ð5bÞ

A3 ≡ ½S2 − ðS1 − S2Þ2&1=2; ð5cÞ

A4 ≡ ½ðS1 þ S2Þ2 − S2&1=2: ð5dÞ

The Ai’s are real in the allowed range Jmin ≤ J ≤ Jmax,
Smin ≤ S ≤ Smax, where

Jmin ¼ L − S1 − S2; ð6aÞ

Jmax ¼ Lþ S1 þ S2; ð6bÞ

Smin ¼ maxfjJ − Lj; jS1 − S2jg; ð6cÞ

Smax ¼ minfJ þ L; S1 þ S2g: ð6dÞ

Our approach needs to be modified for L ≤ S1 þ S2
(Jmin ≤ 0 above) [7,29], but this does not occur until r ≤
rmin ¼ ½ð1þ q2Þ=q&2rg for maximally spinning BBHs
(rmin ¼ 4rg for q ¼ 1). Equation (4) can be solved for
cosφ0 and then inserted into expressions for L and Si to
obtain the surprisingly simple relations

cos θ1 ¼
1

2ð1 − qÞS1

!
J2 − L2 − S2

L
−
2qM2ξ
1þ q

"
; ð7aÞ

cos θ2 ¼
q

2ð1 − qÞS2

!
−
J2 − L2 − S2

L
þ 2M2ξ
1þ q

"
; ð7bÞ

cos θ12 ¼
S2 − S21 − S22

2S1S2
; ð7cÞ

cosΔΦ ¼ cos θ12 − cos θ1 cos θ2
sin θ1 sin θ2

ð7dÞ
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FIG. 1: The multi-band GW astronomy concept. The violet lines are the total sensitivity curves (assuming two Michelson) of
three eLISA configurations; from top to bottom N2A1, N2A2, N2A5 (from [11]). The orange lines are the current (dashed) and
design (solid) aLIGO sensitivity curves. The lines in di↵erent blue flavours represent characteristic amplitude tracks of BHB
sources for a realization of the flat population model (see main text) seen with S/N> 1 in the N2A2 configuration (highlighted
as the thick eLISA middle curve), integrated assuming a five year mission lifetime. The light turquoise lines clustering around
0.01Hz are sources seen in eLISA with S/N< 5 (for clarity, we down-sampled them by a factor of 20 and we removed sources
extending to the aLIGO band); the light and dark blue curves crossing to the aLIGO band are sources with S/N> 5 and
S/N> 8 respectively in eLISA; the dark blue marks in the upper left corner are other sources with S/N> 8 in eLISA but
not crossing to the aLIGO band within the mission lifetime. For comparison, the characteristic amplitude track completed by
GW150914 is shown as a black solid line, and the chart at the top of the figure indicates the frequency progression of this
particular source in the last 10 years before coalescence. The shaded area at the bottom left marks the expected confusion
noise level produced by the same population model (median, 68% and 95% intervals are shown). The waveforms shown are
second order post-Newtonian inspirals phenomenologically adjusted with a Lorentzian function to describe the ringdown.

0.73) [12], and dtr/dfr describes the temporal evolution
of the source due to GW emission assuming circular or-
bits:

dtr
dfr

=
5c5

96⇡8/3
(GMr)

�5/3f�11/3
r . (3)

As mentioned above, for both the flat and salp models,
probability distributions of the intrinsic rate R are given
in [3] (see their figure 5). We make 200 Monte Carlo
draws from each of those, use equation (2) to numeri-
cally construct the cosmological distribution of emitting
sources as a function of mass redshift and frequency, and
make a further Monte Carlo draw from the latter. For
each BHB mass model, the process yields 200 di↵erent
realizations of the instantaneous BHB population emit-
ting GWs in the Universe. We limit our investigation
to 0 < z < 2 and fr > 10�4Hz, su�cient to cover all
the relevant sources emitting in the eLISA and aLIGO
bands.

Signal-to-noise ratio computation. An in-depth study

of possible eLISA baselines in under investigation [11],
and the novel piece of information we provide here might
prove critical in the selection of the final design. There-
fore, following [11], we consider six baselines featuring
one two or five million km arm-length (A1, A2, A5) and
two possible low frequency noises – namely the LISA
Pathfinder goal (N1) and the original LISA requirement
(N2)–. We assume a two Michelson (six laser links) con-
figuration, commenting on the e↵ect of dropping one arm
(going to four links) on the results. We assume a five year
mission duration.

In the detector frame, each source is characterized
by its redshifted quantities M = Mr(1 + z) and f =
fr/(1 + z). During the five years of eLISA observations,
the binary emits GWs shifting upwards in frequency from
an initial value fi, to an ff that can be computed by in-
tegrating equation (3) for a time tr = 5yr/(1 + z). The
sky and polarization averaged S/N in the eLISA detector
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2 A. Nishizawa et al.

the field and cluster scenarios. However, Sesana (2016) showed that,
depending on the intrinsic rates (which are only loosely constrained
by current detections) and on the detector baseline, the evolved
Laser Interferometer Space Antenna (eLISA) will observe few to
few thousands BHBs (see also Kyutoku & Seto 2016). Because of
the much lower frequency band, eLISA will detect these systems
before circularization, and in many cases it will be able to measure
their eccentricity (Nishizawa et al. 2016).

In this Letter we use Bayesian model selection to demonstrate
how eLISA eccentricity measurement can conclusively distinguish
between di�erent BHB formation channels. In Section II we con-
sider three models for BHB formation, and discuss the eccentricity
distributions predicted by these models in the eLISA band1. In Sec-
tion III we simulate and analyse eLISA observations using various
models and detector baselines. In Section IV we present our main
results, and in Section V we discuss their implications. We assume
a concordance ⇤CDM cosmology with h = 0.679, ⌦M = 0.306
and ⌦⇤ = 0.694 (Planck Collaboration et al. 2015).

2 ASTROPHYSICAL MODELS AND ECCENTRICITY
DISTRIBUTIONS

We consider a BHB population merging at a rate R, character-
ized by a chirp mass probability distribution p(Mr ) – where
Mr ⌘ (M1,r M2,r )3/5/(M1,r +M2,r )1/5, and a subscript r denotes
quantities in the rest frame of the source – and by an eccentricity
probability distribution p(e⇤) at some reference frequency f⇤ close
to coalescence (we set f⇤ = 10Hz). If p(e⇤) depends only on the
BHB formation route, but not on chirp mass and redshift, the merger
rate density per unit mass and eccentricity is given by

d3n
dMr dtr de⇤

= p(Mr ) p(e⇤) R . (1)

Equation (1) can be then converted into a number of sources emitting
per unit mass, redshift and frequency at any time via

d4N
dMr dzd fr de⇤

=
d3n

dMr dtr de⇤
dV
dz

dtr
dfr

(e(e⇤, f )), (2)

where dV/dz is the standard volume shell per unit redshift, and

dtr
dfr

(e(e⇤, f )) =
5c5

96⇡8/3 (GMr )�5/3 f �11/3
r

1
F (e(e⇤, f ))

. (3)

Here

F (e(e⇤, f )) = (1 � e2)�7/2
 
1 + 73

24
e2 +

37
96

e4
!
, (4)

and e(e⇤, f ) is computed by finding the root of

f
f⇤
=

2666664
1 � e2⇤
1 � e2

 
e
e⇤

!12/19 *
,

1 + 121
304 e2

1 + 121
304 e2⇤

+
-
870/22993777775

�3/2

. (5)

We can construct a population of systems potentially observable by
eLISA by Monte Carlo sampling from the distribution in equation
(2) using appropriate distribution functions for p(Mr ) and p(e⇤).
For the mass distribution we employ the “flat” mass function of
Abbott et al. (2016f), i.e., we assume that the two BH masses are
independently drawn from a log-flat distribution in the range 5M� <
M1,2,r < 100M� , restricting the total BHB mass to the be less than

1 For a detailed astrophysical comparison of BHBs formed in galactic fields
and globular clusters observable by eLISA, see Breivik et al. (2016).

Figure 1. Eccentricity distributions predicted by the field (orange), cluster
(turquoise) and MBH (purple) scenarios. The top panel show the distribu-
tion at the reference frequency f⇤ = 10Hz, while the bottom panel is the
observable distribution p(e0) evolved “back in time” to f0 = 0.01Hz.

100M� . For the eccentricity distribution we consider, as a proof of
concept, three popular BHB formation scenarios:

(i) Model field: this is the default BHB field formation scenario
of Kowalska et al. (2011), taken to be representative of BHBs
resulting from stellar evolution.

(ii) Model cluster: globular clusters e�ciently form BHBs via
dynamical capture. Most of these BHBs are ejected in the field and
evolve in isolation until they eventually merge. Because of their
dynamical nature, BHBs typically form with a thermal eccentric-
ity distribution. A comprehensive study of this scenario has been
performed by Rodriguez et al. (2016c).

(iii) Model MBH. BHs and BHBs are expected to cluster in galac-
tic nuclei because of strong mass segregation. In this case, binaries
within the sphere of influence of the central MBH undergo Kozai-
Lidov resonances, forming triplets in which the external perturber
is the MBH itself. This scenario has been investigated in Antonini
& Perets (2012), and it results in high BHB eccentricities.

The eccentricity distributions at f⇤ = 10Hz, as predicted by
these models, are shown in the top panel of Figure 1. In the bottom
panel we propagate these distributions “back in time” to obtain
p(e0) at frequency f0 = 0.01Hz, where most eLISA detections are
expected to occur. In this calculation we must take into account the
fact that highly eccentric binaries evolve more quickly – by a factor
F (e) – than circular ones, so that only a few highly eccentric binaries
will be observable in the eLISA band for a given coalescence rate.

3 SIMULATIONS AND ANALYSIS TOOLS

We consider two eLISA baselines, N2A2 and N2A5 in the notation
of Klein et al. (2016). We adopt the noise level (N2) recently demon-
strated by LISA Pathfinder (LPF, Armano et al. 2016) and, follow-
ing the recommendations of the GOAT committee2, we choose
armlengths of two (A2) and five (A5) million kilometers. We also
explore two nominal mission lifetimes (2 and 5 years) for a total of
four mission baselines: N2A2-2y, N2A2-5y, N2A5-2y, N2A5-5y.

2
http://www.cosmos.esa.int/web/goat

MNRAS 000, 1–5 (2016)
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of the sources having e < 10−5. The classic results by
Peters and Mathews [79] imply that, so long as e ≪ 1,
e ∼ f−19/18 ≈ f−1 (see e.g. Fig. 1 of [80]). Here we focus
on sources emitting at f > f0 = 10−2 Hz in the eLISA
band. Their typical eccentricity at frequency f ∼ f0
is thus e ∼ 10−3, with most sources having e <∼ 10−2.
Almost all relevant eLISA sources (both resolvable and
unresolvable) are at f > 10−3 Hz, and their expected
eccentricity is e <∼ 0.1. These numbers are large enough
to require eccentric templates for matched filtering, but
the amplitude and phasing of the signal for binaries with
e <∼ 0.1 can be treated in a small-eccentricity approx-
imation. To summarize: extrapolating the results in
Ref. [70] to lower frequencies, we expect dynamically
formed BH binaries to have small but non-negligible ec-
centricities e <∼ 0.1 in the eLISA band, and therefore
a small-eccentricity approximation is adequate to study
this problem.

B. Executive summary

Consider a binary system with component masses (in
the source frame) m1 and m2, total mass M = m1 +m2,
symmetric mass ratio η = m1m2/M2 and chirp mass
M = η3/5M . Assume that the binary is located at red-
shift z – or equivalently, for a given cosmological model,
at luminosity distance DL = DL(z) – so that the red-
shifted chirp mass Mz = (1 + z)M, the redshifted total
massMz = (1+z)M , and similarly for the other mass pa-
rameters. Two angles (θ̄S, φ̄S) specify the direction of the
source in the solar barycenter frame, and for convenience
we introduce R = 1AU. Let tc be the coalescence time,
φc the coalescence phase, L the binary’s orbital angular
momentum vector (with L̂ = L/|L| the corresponding
unit vector), and N̂ a unit vector pointing in the source
direction as measured in the solar barycenter frame. Fur-
thermore, let χ = f/f0 be the frequency normalized to
a reference frequency – here chosen to be f0 = 10−2Hz
– where the eccentricity is e(f0) = e0, and introduce the
standard post-Newtonian parameter x = (πMzf)2/3.
We model eLISA as two independent interferometers

with non-orthogonal arms. The sky-averaged noise power
spectral density for each of the two interferometers is de-
noted by NiAj, as in [81]; here i = 1, 2 refers to different
acceleration noise baselines, and j = 1, 5 denotes differ-
ent armlengths (1 or 5 Gm). The observation time Tobs is
chosen to be either 5 or 2 years. This choice significantly
affects the signal-to-noise ratio (SNR): if, following [7],
we adopt a fiducial 5-year observation time and assume
that the binary merges at the end of the observation, the
initial frequency of the binary will be

fmin = 0.015

(

30M⊙

Mz

)5/8 ( 5 yr

Tobs

)3/8

Hz , (1)

where we scaled the result by the estimated redshifted
chirp mass of GW150914. Our SNR and Fisher ma-
trix calculations are truncated at a maximum frequency
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Figure 1. Parameter estimation errors on the eccentricity e0
at frequency f0 = 10−2 Hz using “full eccentric” waveforms
for nonspinning binaries. DIfferent panels refer to catalogs
with e0 = 0.1, 0.01 and 0.001 (from top to bottom). The
various linestyles refer to different noise curves and observa-
tion times: N2A5 and Tobs = 5yrs (solid black), N2A1 and
Tobs = 5 yrs (dashed red), N2A5 and Tobs = 2 yrs (dotted
green), N2A1 and Tobs = 2yrs (dash-dotted blue).

fmax = 1Hz, beyond which the eLISA noise is not ex-
pected to be under control.

Our main results on eccentricity measurements are
summarized in Figs. 1 and 2. Their behavior can be
understood, at least qualitatively, using simple scaling
arguments. Neglecting correlations between parameters,
in a Fisher matrix approximation the error on e0 is

∆e0 ∼

[

f
|∂e0 h̃|2

Sh

]−1/2

, (2)

where h̃ denotes the Fourier transform of the GW ampli-
tude and Sh(f) is the noise power spectral density of the
detector. To leading order in a small-eccentricity expan-
sion (what we call the “restricted eccentric waveform” in
Section III A below) and in the stationary phase approx-
imation, corrections due to the eccentricity enter only in
the GW phase through the term proportional to e20 in

Eq. (8) below, and therefore ∂e0 h̃ = M−5/6
z f−89/18e0.

Let us approximate the frequency dependence of the
noise power spectral density by a power law, Sh ∼ f2α.
Since the dominant contribution to the Fisher matrix

[Nishizawa+,1603.04075]
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3� 5�
eLISA base Nobs N50 N90 N50 N90

N2A2-2y 11-78 35 >100 95 >100
N2A5-2y 85-595 34 95 80 >100
N2A2-5y 45-310 25 60 61 100
N2A5-5y 330-2350 25 62 60 100

Table 1. Expected number of sources (column 2) for each eLISA baseline
(column 1), compared with the number of observations needed to distinguish
between models field and cluster at a given confidence threshold in 50%
(N50) and 90% (N90) of the cases (columns 3-6).

5 DISCUSSION AND OUTLOOK

For the log-flat distribution assumed here, the Advanced LIGO
observations imply a 90% credible interval for the merger rate of
R = [10, 70] yr�1Gpc�3 (Abbott et al. 2016b). The resulting range
in Nobs is reported in Table 1 for the di�erent baselines, and it
should be compared to the number of events needed to discriminate
among di�erent models at a desired confidence threshold. Model
MBH can be identified by all the configurations with just a few BHB
observations, therefore it is not reported in the table. Discriminating
between the cluster and field scenarios requires tens of events, and
only the baseline N2A5-5y can guarantee a 5� confidence with
90% probability. Baselines N2A2-5y and N2A5-2y can distinguish
among these models at the 3� level, but this may not be possible
should the event rate lean toward the lower limit of the allowed
range. The N2A2-2y baseline performs relatively poorly, and it may
not deliver enough detections to pin down the formation mechanism.

These results highlight the importance of aiming for a five-year
mission with the longest possible armlength. However, we should
bear in mind some limitations of our proof-of-principle analysis.
First of all, we selected three representative models from the lit-
erature: this does not fully capture all of the relevant physics af-
fecting the eccentricity distribution of BHBs. For example, several
variations of the “fiducial” model of Kowalska et al. (2011) re-
sult in slightly di�erent eccentricity distributions. Our analysis can
be applied systematically to any such variation, assessing to what
extent the underlying physics can be constrained. Secondly, we as-
sumed the eccentricity distribution to be independent of masses
and redshifts. In practice, di�erent formation channels will result
in di�erent mass-eccentricity (and possibly redshift-eccentricity,
or spin-eccentricity) correlations, that can be exploited in a multi-
dimensional analysis to enhance the discriminating power of the
observations. Finally, it is very likely that several di�erent forma-
tion channels operate at the same time in the Universe. In the context
of massive BHB observations, Sesana et al. (2011) studied whether
eLISA could identify a superposition of distinct formation channels
from the statistical properties of the observed population. A similar
analysis in the present context is an interesting topic for future work.
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FIG. 1. Cartoon sketch of the three possible scenarios for the merger of two BHs. First generation (1g) BHs resulting from
stellar collapse can form second generation (2g) BHs via mergers. Imprints of these formation channels are left in the statistical
distribution of masses, spins and redshift of the detected events.

(i) 2g BHs should be more massive than BHs born
from stellar collapse;

(ii) quite independently of the distribution of spin mag-
nitudes following core collapse (which is highly un-
certain [39]), the spin magnitudes of 2g BHs should
cluster (on average) around the dimensionless spin
⇠ 0.7 resulting from the merger of nonspinning
BHs [40];

(iii) statistically, the merger of BH binaries including
2g components should occur later (i.e., at smaller
redshift or luminosity distance from GW detectors)
because of the delay time between BH formation
and merger.

In this paper we make these arguments more quantita-
tive and rigorous by developing a simple but physically
motivated model to describe the bulk theoretical prop-
erties of 1g and 2g binary BH mergers (Sec. II). Then
we consider a set of present and future GW detectors,
and we simulate observable distributions by selecting de-
tectable binaries and estimating the expected measure-
ment errors on their parameters (Sec. III). Finally we set
up a Bayesian model selection framework (Sec. IV) to ad-
dress what can be done with current observations, and to
quantify the capabilities of future detectors to distinguish
between di↵erent models (Sec. V). We conclude by sum-
marizing our results and pointing out possible extensions
(Sec. VI).

II. THEORETICAL DISTRIBUTIONS

Our goal in this section is to develop a simple prescrip-
tion to build populations of binary BHs. Our greatly
oversimplified model is not meant to capture the com-
plexity of binary evolution in an astrophysical setting,
but just the main features distinguishing 1g and 2g BHs.

As illustrated by the cartoon in Fig. 1, we con-
struct three theoretical distributions, labeled by “1g+1g,”
“1g+2g” and “2g+2g”. In this context, “1g” means that
one of the binary components is a first-generation BH
produced by stellar collapse, whereas “2g” means that
it is a second-generation BH produced by a previous
merger.

A. The 1g+1g population

Following the LIGO-Virgo Scientific Collaboration [3],
for the 1g+1g population, we adopt three di↵erent pre-
scriptions for the distribution of source-frame masses:

(i) Model “flat”: we assume uniformly distributed
source-frame masses m1 and m2 in the range mi 2
[5M�, 50M�] (i = 1, 2), where hereafter m1 > m2.

(ii) Model “log”: we take the logarithm of the source-
frame masses to be uniformly distributed in the

[Gerosa+EB,1703.06223;;  Fishbach+,  1703.06869]
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FIG. 2. Theoretical distribution of the observable parameters u = {M, q, z, �
e↵

} for 1g+1g (blue), 1g+2g (green) and 2g+2g
(red) populations, assuming the “flat” (top), “log” (middle), and “power law” (bottom) mass distributions.

redshift z of a 1g+2g merger is then given by the numer-
ical solution of the equation

tL(z̃) � tL(z) = tD . (5)

Finally, for the 2g+2g population we extract two val-
ues z̃1, z̃2 from the 1g+1g distribution. The redshift z
of a 2g+2g merger follows again from a numerical so-
lution of Eq. (5), with the di↵erence that now we set
z̃ = min(z̃1, z̃2).

In Sec. V D we will discuss how time delay prescriptions
a↵ect our results.

E. Measurable parameters

For concreteness and simplicity, we will characterize
each binary by its total mass M = m1 + m2, mass ratio
q = m2/m1  1, redshift z and “e↵ective spin” [66]

�e↵ =
1

M

✓
S1

m1
+

S2

m2

◆
· ˆL . (6)

The e↵ective spin (a mass-weighted sum of the projection
of the spins Si = m2

i�i
ˆ

Si along the orbital angular mo-
mentum L) is a constant of the motion in post-Newtonian

evolutions, at least at 2PN order [52, 67]. It is also the
easiest spin parameter to measure [66, 68].

Let us introduce a vector u whose components are the
observable variables to use in our statistical analysis, i.e.

u = {M, q, z, �e↵} . (7)

The components of this vector will be labeled by an in-
dex j = 1, ..., J such that u1 = M , u2 = q, etcetera; a
capital Latin index J will denote the dimensionality of
the vector u, i.e. the number of observables considered
in the analysis. Each binary in our catalog is character-
ized by a specific set of observable properties ū(i), where
the superscript index (i = 1, ..., I) labels entries in our
synthetic catalog.

The theoretical distributions of measurable source pa-
rameters u = {M, q, z, �e↵} for 1g+1g, 1g+2g and
2g+2g events are compared in Fig. 2. Each row cor-
responds to one of the three mass distributions described
in Sec. II A.

The mass distributions have some noteworthy features.
First of all, and quite obviously, 2g BHs have higher
component masses. Therefore the total mass is higher
when 2g BHs are present (for any given assumption on
the mass distribution), and this e↵ect is most notable
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FIG. 3. Spin magnitude distributions for primary (�
1

), secondary (�
2

), and postmerger (�
f

) BH spins in each of the various
models used in this paper. On average, mergers tend to produce BH spins clustered around ⇠ 0.7, quite independently of the
progenitor parameters (cf. Fig. 3 and the left panels in Figs. 4 and 5 of Ref. [40]).

for the 2g+2g distributions. Mergers also tend to in-
crease the number of comparable-mass binaries, in part
because of the fixed mass range for the component masses
(mi 2 [5, 50]M�). For the “power law” mass function,
the mass ratio of the 1g+2g population peaks at q = 0.5.
This is because the mass distribution of the primary BH
is strongly peaked at the low end of the range (i.e., at
⇠ 5M�), so many 2g binaries are nearly equal mass, with
component masses close to 5M�.

Redshift distributions also follow the expected trend:
most 1g+1g events occur at large redshift, whereas merg-
ers involving one or two 2g BHs occur (on average) at
smaller redshift, because there is a time delay between
the formation of 1g BHs via core collapse and their sub-
sequent merger.

The most striking di↵erences are found in the distribu-

tions of individual spins. To better illustrate this point,
in Fig. 3 we show the distribution of the individual BH
spins (�1, �2), as well as the distribution of the spin of
the remnant �f . As discussed in [40], from a statistical
point of view the e↵ect of mergers is to “cluster” BH
spins around �f ⇠ 0.7, quite independently of the pro-
genitor parameters. While the 1g+1g spin magnitudes
are uniform in the range [0, 1] by construction, spin dis-
tributions become peaked at ⇠ 0.7 when 2g BHs are in-
volved. This clustering is evident in the distribution of
primary spins �1 for the 1g+2g and 2g+2g cases, and
in the distribution of secondary spins �2 for the 2g+2g
case. For the 1g+2g population, the peak at �2 ⇠ 0.7 is
less pronounced. This is because the lower-mass BH is
most likely 1g, and the spin distribution of 1g BHs is by
construction uniform in [0, 1].
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1g+1g vs. 2g+2g 1g+1g vs. 1g+2g 1g+2g vs. 2g+2g

O1 LIGO flat 12.7 (15.8) 2.0 (2.0) 6.4 (7.6)

log 3.3 (3.5) 0.9 (0.9) 3.5 (3.8)

power law 0.7 (1.0) 1.3 (1.6) 0.6 (0.6)

Ad. LIGO (design) flat 30.2 (37.8) 1.4 (3.7) 21.9 (10.11)

log 4.3 (7.0) 0.6 (1.4) 6.9 (5.1)

power law 0.6 (1.7) 1.0 (3.8) 0.6 (0.5)

TABLE I. Odds ratios from the three O1 observations (GW150914, GW151226 and LVT151012) and from hypothetical ob-
servations of the same events at Advanced LIGO design sensitivity. Odds ratios in parentheses were computed omitting all
redshift information, i.e. considering the 3-dimensional vector of observables u = {M, q, �

e↵

}.

and consequently the marginalized likelihood is

p̃(d|�) =

 
Y

k

(r̃k(�))dke�r̃k(�)

dk!

!
X

N

⇣
N

P
k dke�N

⌘
.

(22)

Note that the term
P

N

�
N

P
k nke�N

�
is a multiplicative

coe�cient that only depends on the data d, and not on
the model �. This term can be ignored because, as we
will see below, we are only interested in likelihood ratios,
not in the likelihoods themselves.

From now on, to simplify notation, we will drop
the tilde on p and assume that likelihoods are always
marginalized over the total number of events.

B. Model selection

Let us first look at model comparison between pure

models, so that � is a discrete variable. Given models
� = A and � = B, their odds ratio is defined as

OAB =
p(d|A)⇡(A)

p(d|B)⇡(B)
, (23)

where ⇡ is the prior probability assigned to each of the
two models. The simplest assumption on the priors is
⇡(A) = ⇡(B) = 1/2, such that the odds ratio reduces to
the likelihood ratio. If OAB � 1 (OAB ⌧ 1) the data
favors model A (B). The probability of model A is

pA =
OAB

1 + OAB
=

p(d|A)

p(d|A) + p(d|B)
, (24)

and the probability of model B is pB = 1�pA. Sometimes
�-levels are used to quantify the significance of a discrete
model comparison, in analogy with Gaussian measure-
ments. The expression relating the odds ratio O and �
is

O =
1

1 � 2 erf(�)
. (25)

We can also assume that the data are represented by
a mixture of two or more models, and assess whether

the data themselves are informative about the underly-
ing model mixing fractions. Each pure model m enters
the mixed model with a weight fm, such that

P
fm = 1.

Model comparison is equivalent to Bayesian inference on
the parameters � = {f1, f2, . . .}, as described by the pos-
terior distribution

p(�|d) =
p(d|�)⇡(�)´
p(d|�)⇡(�)d�

. (26)

As before, ⇡(�) is the prior assigned to each mixed model.
We choose ⇡(�) to be uniformly distributed on the sur-
face

P
fm = 1.4 From a computational point of view,

we first draw values of � from the uniform prior, and
then we produce a statistical sample distributed accord-
ing to p(d|�) using a standard Monte Carlo hit-or-miss
algorithm.

V. RESULTS

So far we have outlined a procedure to build a set
of “synthetic” GW observations of merging BH bina-
ries (along with their associated errors) from simple as-
trophysical considerations. We now wish to understand
whether these observations can be used to distinguish be-
tween di↵erent populations using Bayesian model selec-
tion (see e.g. [89–93] for previous studies of this problem
in di↵erent contexts).

A. LIGO O1 data

We first apply our model comparison tool to the three
LIGO O1 observations. The data set d consists of the
maximum likelihood values provided in Ref. [3]:

• GW150914:

M = 65.3M�, q = 0.81, z = 0.090, �e↵ = �0.06.

4 For instance, for a mixture of three models � = {f
1

, f
2

, f
3

} the
equation

P
fm = 1 describes a 2-dimensional surface S of areap

3/2. The uniform prior on S is given by ⇡(f
1

, f
2

, f
3

) = 2/
p
3,

so that
˜

S ⇡ dS = 1.
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after switching to the tortoise coordinate (14) and introduc-
ing! ¼ ðr2 þ a2Þ1=2R the radial Eq. (12) takes the form of
the Schrödinger equation

d2!

dr2%
& V! ¼ 0 (20)

with the potential

V ¼ &!2 þ 4rgram!& a2m2

ðr2 þ a2Þ2

þ "

r2 þ a2

!
!2

a þ
lðlþ 1Þ þ k2a2

r2 þ a2

þ 3r2 & 4rgrþ a2

ðr2 þ a2Þ2 & 3"r2

ðr2 þ a2Þ3
"
: (21)

We include the ð&!2Þ term in the definition of the poten-
tial, because even if wewere to separate it, there would be a
residual dependence on!. We present the qualitative shape
of the potential V for a typical choice of parameters in
Fig. 7. One can clearly see the potential well where the
bound Keplerian orbits are localized and a barrier separat-
ing this region from the near-horizon region where super-
radiant amplification takes place.

Consequently, the axion wave function at the horizon
r ¼ rþ (corresponding to r% ¼ &1) is suppressed relative
to the wave function in the vicinity of the Keplerian orbit
by a tunneling exponent,

jRðrþÞj ’ jRðrcÞje&I;

where the tunneling integral I is

I ¼
Z r%ðr2Þ

r%ðr1Þ
dr%

ffiffiffiffi
V

p
¼

Z r2

r1

dr

ffiffiffiffi
V

p
ðr2 þ a2Þ
"

; (22)

with r1;2 being the boundaries of the classically forbidden
region. We will only follow the leading exponential depen-
dence on e&I and do not aim at calculating the normaliza-
tion prefactor in front of the exponent.

To relate the tunneling exponent with the rate of super-
radiance instability let us consider again the energy flow
Eq. (6). Integrating it over the horizon we obtain

dE
dt

¼ !ðmwþ &!Þ
Z
horizon

jYð"ÞRðrþÞj2; (23)

where E is the energy in the axion cloud. The energy is
maximum in the Keplerian region, so that in the limit
where we only keep track of the dependence on the ex-
ponent e&I we can write

E / jRðrcÞj2 ’ e2IjRðrþÞj2;
and, consequently, to rewrite (23) as

dE
dt

¼ const ' ðmwþ &!Þe&2IE: (24)

In other words, the WKB approximation for the super-
radiance rate gives1

# ¼ #ðmwþ &!Þe&2I; (25)

where the normalization prefactor is determined mainly by
the spread of the wave function in the classically allowed
region. We will limit ourself by calculating the exponential
part #. We leave the technical details for the Appendix, and
present only the final result here. Namely, the final answer
for the tunneling integral in the extremal Kerr geometry
takes the form

I ¼ $
!
2%&

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2%ð%& 1Þ

p "
; (26)

which translates in the following superradiant rate,

#WKB ( 10&7r&1
g e&2$%ð2&

ffiffi
2

p
Þ ( 10&7r&1

g e&3:7%; (27)

where we took the large % limit in (26) and chose the
prefactor to match the low % results of Sec. II B (this value
also agrees with that of [19,32]). As we already said, the
exponent in (27) is larger than that in [19] by a factor of two.
As explained in the Appendix, the rate (27) provides an
upper envelope for superradiance rates at different l in the
large % limit. We have presented (27) by a dotted line in
Fig. 5; it agrees reasonably well with the previous%=l ) 1
results.

III. DYNAMICS OF SUPERRADIANCE

Let us turn now to discussing the dynamical consequen-
ces of the superradiant instability. One important property
of the rates calculated in Sec. II is that the time scale for the
development of the instability is quite slow compared to
the natural dynamical scale rg close to the black hole
horizon, #&1

sr > 107rg. Consequently, in many cases non-
linear effects, both gravitational, and due to axion self-
interactions, become important in the regime where the
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FIG. 7 (color online). The shape of the radial Schroedinger
potential for the eigenvalue problem in the rotating black hole
background. Superradiant modes are localized in a potential well
region created by the mass ‘‘mirror’’ from the spatial infinity on
the right, and by the centrifugal barrier from the ergo-region and
horizon on the left. 1Note, that at this stage we still agree with [19].
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the presence of a second mode in the waveform, if ρ > ρcrit we can resolve either the frequency or the damping time, and if
ρ > ρboth we can resolve both. Mode “1” is assumed to be the fundamental mode with l = m = 2; mode “2” is either the
fundamental mode with l = m = 3 (solid lines) or the fundamental mode with l = m = 4 (dashed lines).

V. CONCLUSIONS

In this paper we analyze the detectability of ringdown waves by Earth-based interferometers. Confirming and
extending previous analyses, we show that Advanced LIGO and EGO could detect intermediate-mass black holes of
mass up to ∼ 103 M⊙ out to a luminosity distance of a few Gpc.

Using recent results for the multipolar energy distribution from numerical relativity simulations of non-spinning
binary black hole mergers [10] to estimate the relative amplitude of the dominant multipolar components, we point
out that the single-mode templates presently used for ringdown searches in the LIGO data stream could produce
a significant event loss (> 10% in a large interval of black hole masses). A similar event loss should affect also
next-generation Earth-based detectors, as well as the planned space-based interferometer LISA.

Single-mode templates are useful for detection of low-mass systems, but they produce large errors in the estimated
values of the parameters (and especially of the quality factor). We estimate that, unfortunately, more than ∼ 106

templates would be needed for a single-stage multi-mode search. For this reason we recommend a “two stage” search
to save on computational costs: a single-mode template could be used to detect the signal, and a multi-mode template
(or even better, Prony methods [32]) could be used to estimate parameters once a detection has been made.

In Appendix B we introduce a criterion to decide for the presence of more than one mode in a ringdown signal.
By updating estimates of the critical signal-to-noise ratio required to resolve the frequencies of different QNMs using
results from numerical relativity, we show that second-generation Earth-based detectors and LISA both have the
potential to perform tests of the Kerr nature of astrophysical black holes.

In the future we plan to use numerical waveforms (possibly including spin effects) to refine our estimates. We also
plan to carry out Monte Carlo simulations to study the information that can be extracted on the source position and
orientation using a network of Earth-based detectors. The possibility to constrain the black hole spin’s direction from
the multipolar distribution of the merger-ringdown radiation should be particularly interesting (eg. for coincident
electromagnetic observations of jets that could be emitted along the black hole spin’s axis).
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eLISA PSDs with pessimistic (N1) and optimistic (N2) acceleration noise and armlength L = k Gm (cf. [18]). In the high-
frequency regime, we show noise PSDs for (top to bottom): the first AdLIGO observing run (O1); the expected sensitivity for
the second observing run (O2) and the Advanced LIGO design sensitivity (AdLIGO) [19]; the pessimistic and optimistic ranges
of AdLIGO designs with squeezing (A+, A++) [20] ; Vrt and Voyager [21]; Cosmic Explorer (CE1), basically A+ in a 40-km
facility [22]; CE2 wide and CE2 narrow, i.e. 40-km detectors with Voyager-type technology but di↵erent signal extraction
tuning [23]; and two possible Einstein Telescope designs, namely ET-B [24] and ET-D in the “xylophone” configuration [25].

noise PSD Sn(f), and we have used the approximation
4Qlmn � 1. The ringdown e�ciency for nonspinning
binaries is well approximated by the matched-filtering
estimate of Eq. (4.17) in [11]: ✏

rd

= 0.44⌘2. When us-
ing the best-fit parameters inferred for GW150914 [3],
Eq. (1) yields a ringdown SNR ⇢ ' 7.7 in O1 (in agree-
ment with [2]) and ⇢ ' 16.2 in AdLIGO.

Due to the orbital hang-up e↵ect, spinning binaries
with aligned (antialigned) spins radiate more (less) than
their nonspinning counterparts. The dominant spin-
induced correction to the radiated energy is proportional
to the sum of the components of the binary spins along
the orbital angular momentum [26, 30, 31]. We es-
timate this correction by rescaling the radiated energy
by the factor E

rad

(m
1

, m
2

, j
1

, j
2

)/E
rad

(m
1

, m
2

, 0, 0),
where the total energy radiated in the merger E

rad

is
computed using Eq. (18) of [26]. We find that spin-
dependent corrections change ⇢ by at most 50%.

It is now easy to understand why Einstein Telescope-
class detectors are needed to match the SNR of eLISA-
like detectors and to perform BH spectroscopy. The
quantity Flmn(j) is a number of order unity [12, 14].
The physical frequency is flmn ⇠ 1/Mz: for example,
an equal-mass merger of nonspinning BHs produces a
remnant with j ' 0.6864 and fundamental ringdown fre-
quency f

220

' 170.2(102 M�/Mz) Hz. So Earth-based
detectors are most sensitive to the ringdown of BHs with
Mz ⇠ 102M�, while space-based detectors are most sens-
itive to the ringdown of BHs with Mz ⇠ 106M�. The cru-
cial point is that, according to Eq. (1), ⇢ ⇠ M3/2 at fixed
redshift and noise PSD. As shown in Fig. 1, the “bucket”

of the N2A5 eLISA detector is at S1/2
N2A5

⇠ 10�21 Hz�1/2.
This noise level is ⇠ 102 (103, 104) times larger than
the best sensitivity of AdLIGO (Voyager, Einstein Tele-
scope), respectively. However eLISA BHs are ⇠ 104 times
more massive, yielding SNRs that are larger by a factor
⇠ 106. Astrophysical rate calculations are very di↵er-
ent in the two frequency regimes, but these qualitative
arguments explain why only Einstein Telescope-class de-
tectors will achieve SNRs nearly comparable to eLISA.

Astrophysical models. We estimate ringdown de-
tection rates for Earth-based interferometers (detection
rates for the full inspiral-merger-ringdown signal are
higher) using three population synthesis models com-
puted with the Startrack code: models M1, M3 and
M10. Models M1 and M3 are the “standard” and “pess-
imistic” models described in [8]. The “standard model”
M1 and model M10 predict very similar rates for Ad-
LIGO at design sensitivity. In both of these models,
compact objects receive natal kicks that decrease with
the compact object mass, with the most massive BHs
receiving no natal kicks. This decreases the probability
of massive BHs being ejected from the binary, increasing
merger rates. Model M1 allows for BH masses as high
as ⇠ 100 M�. On the contrary, model M10 includes the
e↵ect of pair-instability mass loss, which sets an upper
limit of ⇠ 50M� on the mass of stellar origin BHs [32].
In model M3, all compact objects (including BHs) ex-
perience high natal kicks drawn from a Maxwellian with
� = 265km s�1 based on the natal kick distribution
measured for single pulsars in our Galaxy [33]. The as-
sumption of large natal kicks leads to a severe reduction

Earth	
  vs.	
  space-­‐based interferometers
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We estimate the potential of present and future interferometric gravitational-wave detectors to
test the Kerr nature of black holes through “gravitational spectroscopy,” i.e. the measurement of
multiple quasinormal mode frequencies from the remnant of a black hole merger. Using population
synthesis models of the formation and evolution of stellar-mass black hole binaries, we find that
Voyager-class interferometers will be necessary to perform these tests. Gravitational spectroscopy
in the local Universe may become routine with the Einstein Telescope, but a 40-km facility like
Cosmic Explorer is necessary to go beyond z ⇠ 3. In contrast, eLISA-like detectors should carry out
a few – or even hundreds – of these tests every year, depending on uncertainties in massive black
hole formation models. Many space-based spectroscopical measurements will occur at high redshift,
testing the strong gravity dynamics of Kerr black holes in domains where cosmological corrections
to general relativity (if they occur in nature) must be significant.

Introduction. The first binary black hole (BH) mer-
ger signal detected by the LIGO Scientific Collaboration,
GW150914 [1], had a surprisingly high combined signal-
to-noise ratio (SNR) of 24 in the Hanford and Livingston
detectors. The quasinormal mode signal (“ringdown”)
from the merger remnant is consistent with the predic-
tions of general relativity (GR) for a Kerr BH, but it was
observed with a relatively low SNR ⇢ ⇠ 7 [2]. The large
masses of the binary components [3] have interesting im-
plications for the astrophysics of binary BH formation [4],
and the detection placed some constraints on the merger
rates of BH binaries in the Universe [5–8].

LISA Pathfinder was successfully launched in Decem-
ber 2015, paving the way for a space-based detector such
as eLISA [9, 10], which will observe mergers of massive
BHs throughout the Universe with very large SNRs and
test the Kerr nature of the merger remnants. The basic
idea is that the dominant ` = m = 2 resonant frequency
and damping time can be used to determine the rem-
nant’s mass M and dimensionless spin j = J/M2 (we
adopt geometrical units G = c = 1 throughout this Let-
ter.) In GR, all subdominant mode frequencies (e.g. the
modes with ` = m = 3 and ` = m = 4 [11]) are then
uniquely determined by M and j. The detection of sub-
dominant modes requires high SNR, but each mode will
provide one (or more) tests of the Kerr nature of the rem-
nant [12]. As first pointed out by Detweiler in 1980, grav-
itational waves allow us to do BH spectroscopy: “After
the advent of gravitational wave astronomy, the observa-
tion of these resonant frequencies might finally provide
direct evidence of BHs with the same certainty as, say,
the 21 cm line identifies interstellar hydrogen” [13].

Such high SNRs are known to be achievable with an
eLISA-like detector [14]. The surprisingly high SNR of

GW150914 raised the question whether current detect-
ors at design sensitivity should routinely observe ring-
down signals loud enough to perform gravitational spec-
troscopy. Leaving aside conceptual issues about ruling
out exotic alternatives [15–17], here we use our current
best understanding of the astrophysics of stellar-mass
and supermassive BHs to compute the rates of events
that would allow us to carry out spectroscopical tests.

Below we provide the details of our analysis, but the
main conclusions can be understood relying on the noise
power spectral densities (PSDs) Sn(f) of present and fu-
ture detectors, as shown and briefly reviewed in Fig. 1,
and simple back-of-the-envelope estimates.
Ringdown SNR. Consider the merger of two BHs with
source-frame masses (m

1

, m
2

), spins (j
1

, j
2

), total mass
M

tot

= m
1

+ m
2

, mass ratio q ⌘ m
1

/m
2

� 1 and sym-
metric mass ratio ⌘ = m

1

m
2

/M2

tot

. The remnant mass
and dimensionless spin, M and j = J/M2, can be com-
puted using the fitting formulas in [26] and [27], respect-
ively (see also [28, 29]). The ringdown SNR ⇢ can be es-
timated by following [14]. Including redshift factors and
substituting the Euclidean distance r by the luminosity
distance DL as appropriate, Eq. (3.16) of [14] implies
that ⇢ is well approximated by

⇢ =
�
eq

D
L

Flmn


8

5

M3

z ✏
rd

Sn(flmn)

�
1/2

, (1)

where Mz = M(1 + z). Fits of the mass-independent di-
mensionless frequency Flmn(j) ⌘ 2⇡Mzflmn and quality
factor Qlmn(j) are given in Eqs. (E1) and (E2) of [14].
The geometrical factor �

eq

= 1 for Michelson interfero-
meters with orthogonal arms, while �

eq

=
p

3/2 for an
eLISA-like detector (where the angle between the arms
is 60�). This expression involves the non sky-averaged

[EB+, 1605.09286]
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year for 6-link (solid) and 4-link (dashed) eLISA configurations with varying armlength and acceleration noise.

of BH-BH merger rates, and therefore model M3 should
be regarded as pessimistic [8]. In all of these models we
set the BH spins to zero, an assumption consistent with
estimates from GW150914 [4]. Even in the unrealistic
scenario where all BHs in the Universe were maximally
spinning, rates would increase by a factor . 3 (see Table
2 of [5]). Massive binaries with ringdowns detectable by
Earth-based interferometers could also be produced by
other mechanisms (see e.g. [34–37]), and therefore our
rates should be seen as lower bounds.

To estimate ringdown rates from massive BH mergers
detectable by eLISA we consider the same three models
(PopIII, Q3nod and Q3d) used in [18] and produced with
the semi-analytical approach of [38] (with incremental
improvements described in [39–41]). These models were
chosen to span the major sources of uncertainty a↵ect-
ing eLISA rates, namely (i) the nature of primordial BH
seeds (light seeds coming from the collapse of Pop III
stars in model PopIII; heavy seeds originating from pro-
togalactic disks in models Q3d and Q3nod), and (ii) the
delay between galaxy mergers and the merger of the BHs
at galactic centers (model Q3d includes this delay; model
Q3nod does not, and therefore yields higher detection
rates). In all three models the BH spin evolution is fol-
lowed self-consistently [38, 39]. For each event in the
catalog we compute ⇢ from Eq. (1), where ✏

rd

is rescaled
by a spin-dependent factor as necessary.

Detection rates. The ringdown detection rates (events
per year with ⇢ > 8 in a single detector) predicted by
models M1, M3, M10 (for stellar-mass BH binaries) and
PopIII, Q3d, Q3nod (for supermassive BH binaries) are
shown in Fig. 2 with filled symbols. For example, models

M1 (M10, M3) predict 3.0 (2.5, 0.57) events per year
with detectable ringdown in O1; 7.0 (5.8, 1.1) in O2; and
40 (35, 5.2) in AdLIGO. Model Q3d (Q3nod, PopIII)
predicts 38 (533, 13) events for a 6-link N2A5 eLISA
mission lasting 5 years, but in the plot we divided these
numbers by 5 to facilitate a more fair comparison in terms
of events per year.
BH spectroscopy. Suppose that we know that a signal
contains two (or possibly more) ringdown modes. We
expect the weaker mode to be hard to resolve if its amp-
litude is low and/or if the detector’s noise is large. The
critical SNR for the second mode to be resolvable can
be computed using the generalized likelihood ratio test
(GLRT) [42] under the following assumptions: (i) using
other criteria, we have already decided in favor of the
presence of one ringdown signal; (ii) the ringdown fre-
quencies and damping times, as well as the amplitude
of the dominant mode, are known. Then the critical
SNR ⇢

GLRT

to resolve a mode with either ` = m = 3
or ` = m = 4 from the dominant mode with ` = m = 2
is well fitted, for nonspinning binary BH mergers, by

⇢2, 3
GLRT

= 17.687 +
15.4597

q � 1
� 1.65242

q
, (2)

⇢2, 4
GLRT

= 37.9181 +
83.5778

q
+

44.1125

q2
+

50.1316

q3
.(3)

These fits reproduce the numerical results in Fig. 9 of
[42] within 0.3% when q 2 [1.01 � 100]. Spectroscopical
tests of the Kerr metric can be performed whenever either
mode is resolvable, i.e. ⇢ > ⇢

GLRT

⌘ min(⇢2, 3
GLRT

, ⇢2, 4
GLRT

).
The ` = m = 3 mode is usually easier to resolve than the
` = m = 4 mode, but the situation is reversed in the
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of BH-BH merger rates, and therefore model M3 should
be regarded as pessimistic [8]. In all of these models we
set the BH spins to zero, an assumption consistent with
estimates from GW150914 [4]. Even in the unrealistic
scenario where all BHs in the Universe were maximally
spinning, rates would increase by a factor . 3 (see Table
2 of [5]). Massive binaries with ringdowns detectable by
Earth-based interferometers could also be produced by
other mechanisms (see e.g. [34–37]), and therefore our
rates should be seen as lower bounds.

To estimate ringdown rates from massive BH mergers
detectable by eLISA we consider the same three models
(PopIII, Q3nod and Q3d) used in [18] and produced with
the semi-analytical approach of [38] (with incremental
improvements described in [39–41]). These models were
chosen to span the major sources of uncertainty a↵ect-
ing eLISA rates, namely (i) the nature of primordial BH
seeds (light seeds coming from the collapse of Pop III
stars in model PopIII; heavy seeds originating from pro-
togalactic disks in models Q3d and Q3nod), and (ii) the
delay between galaxy mergers and the merger of the BHs
at galactic centers (model Q3d includes this delay; model
Q3nod does not, and therefore yields higher detection
rates). In all three models the BH spin evolution is fol-
lowed self-consistently [38, 39]. For each event in the
catalog we compute ⇢ from Eq. (1), where ✏

rd

is rescaled
by a spin-dependent factor as necessary.

Detection rates. The ringdown detection rates (events
per year with ⇢ > 8 in a single detector) predicted by
models M1, M3, M10 (for stellar-mass BH binaries) and
PopIII, Q3d, Q3nod (for supermassive BH binaries) are
shown in Fig. 2 with filled symbols. For example, models

M1 (M10, M3) predict 3.0 (2.5, 0.57) events per year
with detectable ringdown in O1; 7.0 (5.8, 1.1) in O2; and
40 (35, 5.2) in AdLIGO. Model Q3d (Q3nod, PopIII)
predicts 38 (533, 13) events for a 6-link N2A5 eLISA
mission lasting 5 years, but in the plot we divided these
numbers by 5 to facilitate a more fair comparison in terms
of events per year.
BH spectroscopy. Suppose that we know that a signal
contains two (or possibly more) ringdown modes. We
expect the weaker mode to be hard to resolve if its amp-
litude is low and/or if the detector’s noise is large. The
critical SNR for the second mode to be resolvable can
be computed using the generalized likelihood ratio test
(GLRT) [42] under the following assumptions: (i) using
other criteria, we have already decided in favor of the
presence of one ringdown signal; (ii) the ringdown fre-
quencies and damping times, as well as the amplitude
of the dominant mode, are known. Then the critical
SNR ⇢

GLRT

to resolve a mode with either ` = m = 3
or ` = m = 4 from the dominant mode with ` = m = 2
is well fitted, for nonspinning binary BH mergers, by

⇢2, 3
GLRT

= 17.687 +
15.4597

q � 1
� 1.65242

q
, (2)

⇢2, 4
GLRT

= 37.9181 +
83.5778

q
+

44.1125

q2
+

50.1316

q3
.(3)

These fits reproduce the numerical results in Fig. 9 of
[42] within 0.3% when q 2 [1.01 � 100]. Spectroscopical
tests of the Kerr metric can be performed whenever either
mode is resolvable, i.e. ⇢ > ⇢

GLRT

⌘ min(⇢2, 3
GLRT

, ⇢2, 4
GLRT

).
The ` = m = 3 mode is usually easier to resolve than the
` = m = 4 mode, but the situation is reversed in the
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comparable-mass limit q ! 1, where the amplitude of
odd-m modes is suppressed [11, 43]. Extreme mass-ratio
calculations [44] and a preliminary analysis of numerical
waveforms show that the ratio of mode amplitudes is, to
a good accuracy, spin-independent, therefore this SNR
threshold is adequate for our present purpose.

The rates of events with ⇢ > ⇢
GLRT

are shown in
Fig. 2 by curves with hollow symbols. The key obser-
vation here is that, although ringdown detections should
be routine already in AdLIGO, high-SNR events are ex-
ceedingly rare: reaching the threshold of ⇠ 1 event/year
requires Voyager-class detectors, while sensitivities com-
parable to Einstein Telescope are needed to carry out
such tests routinely. This is not the case for space-based
interferometers: typical ringdown detections have such
high SNR that ⇡ 50% or more of them can be used to
do BH spectroscopy. The total number of eLISA detec-
tions and spectroscopic tests depends on the underlying
BH formation model, but it is remarkably independent of
detector design (although the N1A1 design would sens-
ibly reduce rates in the most optimistic models).

Perhaps the most striking di↵erence between Earth-
and space-based detectors is that a very large fraction
of the “spectroscopically significant” events will occur at
cosmological redshift in eLISA, but not in Einstein tele-
scope. This is shown very clearly in Fig. 3, where we
plot redshift histograms of detected events (top panel)
and of events that allow for spectroscopy (bottom panel).
eLISA can do spectroscopy out to z ⇡ 5 (10, or even 20!)
for PopIII (Q3d, Q3nod) models, while even the Einstein
Telescope is limited to z . 3. Only 40-km detectors with
cosmological reach, such as Cosmic Explorer [22, 23],

would be able to do spectroscopy at z ⇡ 10.

Conclusions. Using our best understanding of the
formation of field binaries, we predict that AdLIGO at
design sensitivity should observe several ringdown events
per year. However routine spectroscopical tests of the
dynamics of Kerr BHs will require the construction and
operation of detectors such as the Einstein Telescope [45–
47], and 40-km detectors [22, 23] will be necessary to
reach cosmological distances. Many of the mergers for
which eLISA can do BH spectroscopy will be located at
z � 1. These systems will test GR in qualitatively dif-
ferent regimes than any low-z observation by AdLIGO:
BH spectroscopy with eLISA will test whether gravity
behaves locally like GR even at the very early epochs of
our Universe, possibly placing constraints on proposed
extensions of Einstein’s theory [48].

Given the time lines for the construction and operation
of these detectors, it is likely that the first instances of
BH spectroscopy will come from a space-based detector.
This conclusion is based on the simple GLRT criterion
introduced in [42], and it is possible that better data
analysis techniques (such as the Bayesian methods ad-
vocated in [46, 47]) could improve our prospects for grav-
itational spectroscopy with Earth-based interferometers.
We hope that our work will stimulate the development
of these techniques and their use on actual data.

As shown in Fig. 2, di↵erences in rates between models
M1 and M10 become large enough to be detectable in
A+. We estimate 34 (29) ringdown events per year for
M1 (M10) in A+, and 89 (66) events per year in A++.
Rate di↵erences are even larger when we consider the
complete signal. Therefore, while the implementation

Earth	
  vs.	
  space-­‐based:	
  redshift distribution



Earth	
  vs.	
  space-­‐based:	
  redshift distribution

4

10�1

100

101

102
dN

/d
z

Tobs = 5 years
� > 8

0 5 10 15 20
z

10�1

100

101

102

dN
/d

z

� > �GLRT

PopIII, N2A5

PopIII, N2A2

PopIII, N2A1

Q3d, N2A5

Q3d, N2A2

Q3d, N2A1

Q3nod, N2A5

Q3nod, N2A2

Q3nod, N2A1

Figure 3. Left: redshift distribution of events with ⇢ > 8 (top) and ⇢ > ⇢GLRT (bottom) for model M1 and Earth-based
detectors. In the bottom-left panel, the estimated AdLIGO rate (⇡ 2.6⇥ 10�2 events/year) is too low to display. Right: same
for models Q3nod, Q3d and PopIII. Di↵erent eLISA design choices have an almost irrelevant impact on the distributions.

comparable-mass limit q ! 1, where the amplitude of
odd-m modes is suppressed [11, 43]. Extreme mass-ratio
calculations [44] and a preliminary analysis of numerical
waveforms show that the ratio of mode amplitudes is, to
a good accuracy, spin-independent, therefore this SNR
threshold is adequate for our present purpose.

The rates of events with ⇢ > ⇢
GLRT

are shown in
Fig. 2 by curves with hollow symbols. The key obser-
vation here is that, although ringdown detections should
be routine already in AdLIGO, high-SNR events are ex-
ceedingly rare: reaching the threshold of ⇠ 1 event/year
requires Voyager-class detectors, while sensitivities com-
parable to Einstein Telescope are needed to carry out
such tests routinely. This is not the case for space-based
interferometers: typical ringdown detections have such
high SNR that ⇡ 50% or more of them can be used to
do BH spectroscopy. The total number of eLISA detec-
tions and spectroscopic tests depends on the underlying
BH formation model, but it is remarkably independent of
detector design (although the N1A1 design would sens-
ibly reduce rates in the most optimistic models).

Perhaps the most striking di↵erence between Earth-
and space-based detectors is that a very large fraction
of the “spectroscopically significant” events will occur at
cosmological redshift in eLISA, but not in Einstein tele-
scope. This is shown very clearly in Fig. 3, where we
plot redshift histograms of detected events (top panel)
and of events that allow for spectroscopy (bottom panel).
eLISA can do spectroscopy out to z ⇡ 5 (10, or even 20!)
for PopIII (Q3d, Q3nod) models, while even the Einstein
Telescope is limited to z . 3. Only 40-km detectors with
cosmological reach, such as Cosmic Explorer [22, 23],

would be able to do spectroscopy at z ⇡ 10.

Conclusions. Using our best understanding of the
formation of field binaries, we predict that AdLIGO at
design sensitivity should observe several ringdown events
per year. However routine spectroscopical tests of the
dynamics of Kerr BHs will require the construction and
operation of detectors such as the Einstein Telescope [45–
47], and 40-km detectors [22, 23] will be necessary to
reach cosmological distances. Many of the mergers for
which eLISA can do BH spectroscopy will be located at
z � 1. These systems will test GR in qualitatively dif-
ferent regimes than any low-z observation by AdLIGO:
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This conclusion is based on the simple GLRT criterion
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We hope that our work will stimulate the development
of these techniques and their use on actual data.
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FIG. 1. Fractional errors �!r/!r (thick lines) and �!i/!i (thin lines) between the fundamental ` = m = 2 QNM frequencies computed
from BH perturbation theory and those obtained by fitting N overtones to numerical waveforms according to method (i) (see text). Left: SXS
waveforms, q = 1; middle: SXS waveforms, q = 3; right: point-particle waveforms. Here t22peak is the time at which the amplitude of the
l = m = 2 mode is maximum, and time is measured in units of c3/(GM).

FIG. 2. Error in the spin �af (thick lines) and fractional error in the mass �Mf/Mf (thin lines) estimated by fitting N QNMs with ` = m = 2
according to method (ii) (see text). Left: SXS waveforms, q = 1; middle: SXS waveforms, q = 3; right: point-particle waveforms. Here t22peak
is the time at which the amplitude of the l = m = 2 mode is maximum, and time is measured in units of c3/(GM).

overtones.
The results in Figs. 1 and 2 disprove the claim of [26] that

large-SNR detections cannot be used to perform BH spec-
troscopy, but they also show that the relative error between
quantities computed in BH perturbation theory and those ex-
tracted from numerical simulations currently saturates at ⇠
10

�3. This “saturation effect” is less problematic for the qua-
sicircular inspiral of point particles into Schwarzschild BHs,
where relative errors can be reduced by approximately one or-
der of magnitude (we get worse agreement for point particles
falling into rotating BHs, where spherical-spheroidal mode
mixing [41, 47–49] must be taken into account).

This observation has an important implication: further nu-
merical or theoretical work is required to reduce systematic
errors for comparable-mass binary BH mergers in the LISA
band, that may have SNRs ⇠ 10

3 or higher [50, 51].
The saturation discussed above may be related to an unde-

sired feature of SXS waveforms. It was already noted in [28]
that the ` = m = 2 component of  4 in the SXS simulations
contains a spurious decaying mode corresponding to the fun-
damental ` = m = 4 QNMs for q = 1. We confirm their
finding. Furthermore, as we show in Fig. 3, a multi-mode fit
of unequal-mass waveforms shows the presence of a spurious
frequency that matches quite well the fundamental QNM with
` = m = 3.

These spurious modes seem to be present only in the SXS
simulations. We did not find them in the public catalog of
waveforms from the Georgia Tech group [52], nor in our
own point-particle waveforms. Understanding the origin of
these modes is beyond the scope of this work. We speculate
that they may be gauge or wave extraction artifacts, but they
are unlikely to come from spherical-spheroidal mode mixing,
which only mixes components with the same m and different
`’s [41, 47–49]. Whatever their origin, these spurious modes
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fully algebraic expression in terms of M , a and leading-
order metric deviations from Kerr evaluated at the Kerr
light ring. The derivation of a similar algebraic result
for a general non-Kerr spacetime is not possible, for the
simple reason that the radial location of the light ring
comes as a solution of a transcendental equation.
The proposed parametrization is a simple null test :

δσ = 0 if and only if the spacetime is exactly described by
the Kerr metric. This scheme fails in the special (and pre-
sumably highly unlikely!) case of a non-Kerr metric with
a Kerr light ring. It is also obvious that, if present, the
measured deviation from Kerr will carry some amount of
inaccuracy due to the use of the Kerr offset βK.

B. The post-Kerr QNM toolkit summarized

This section collects the key elements of the post-Kerr
formalism in the form of a “toolkit” that can be used in
the construction of parametrized QNM templates. The
detailed calculations leading to these results are pre-
sented in subsequent sections. A remark about notation:
the label “ph” identifies Kerr parameters evaluated at
the Kerr circular photon orbit rph while Kerr functions
at an arbitrary radius are labelled by a “K”. Non-Kerr
parameters are identified by a subscript “0”.
The main idea is to work with a simple, perturba-

tive post-Kerr metric correction hµν , such that a general
axisymmetric-stationary metric is expressed in the form

gµν = gKµν(r) + ϵhµν(r) +O(ϵ2), (5)

where gKµν is the Kerr metric and we only keep leading-
order terms in the perturbative parameter ϵ. Also, the
θ-dependence has been suppressed, as we are considering
equatorial orbits.
This expansion can be used to find modifications to the

Kerr light ring radius (the upper/lower sign corresponds
to prograde/retrograde motion)

rph = 2M

{

1 + cos

[

2

3
cos−1

(

∓
a

M

)

]}

, (6)

and to the Kerr light ring angular frequency

Ωph = ±
M1/2

r3/2ph ± aM1/2
. (7)

The result is

r0 = rph + ϵδr +O(ϵ2), (8)

Ω0 = Ωph + ϵδΩ0 +O(ϵ2), (9)

where the shifts δr and δΩ0 can be computed by expand-
ing the light ring equation. The explicit forms of these
post-Kerr modifications are

δr = −
1

6
h′
ϕϕ +

(rph −M)−1

6rph

{

Ctth
′
tt ± 4

(

Ctϕh
′
tϕ

+Dtϕhtϕ) + 4M
[

(3r2ph + a2)htt + hϕϕ

]

}

(10)

and

δΩ0 = ∓
(

M

rph

)1/2
[

hϕϕ ±
(rph
M

)1/2
(rph + 3M)htϕ

+ (3r2ph + a2)htt

]

/
[

(rph −M)(3r2ph + a2)
]

, (11)

where

Dtϕ = (Mrph)
1/2(rph + 3M), (12)

Ctt = −(a2 + 63M2)r2ph + (135M2 − 11a2)Mrph

− 60M2a2, (13)

Ctϕ = (Mrph)
1/2(3Mrph − 2r2ph − a2). (14)

In these expressions a prime stands for d/dr and hµν and
its derivatives are to be evaluated at rph.
Apart from the light ring frequency shift, the formal-

ism makes contact with the local divergence rate of pho-
ton orbits grazing the light ring. These orbits can be
approximated near the light ring as,

r(t) ≈ r0
(

1 + Ce±γ0t
)

, (15)

where C is a constant. The divergence rate of photon
orbits grazing the light ring γ0 (which is essentially the
Lyapunov exponent for these orbits) is also modified with
respect to its Kerr value:

γ0 = γph + ϵδγ0 +O(ϵ2). (16)

The Kerr expression for this parameter is [22, 52]

γph = 2
√
3M

∆phΩph

r3/2ph (rph −M)
, (17)

where ∆ph = r2ph − 2Mrph + a2.
For the post-Kerr shift we find the rather complicated

result

δγ0 = ∓
4M2

√
3

{

(rph + 3M)
[

Gtth
′′
tt +Gϕϕh

′′
ϕϕ + 2Ztth

′
tt

+2Zϕϕh
′
ϕϕ ± (M/rph)

1/2
(

Gtϕh
′′
tϕ + 4Ztϕh

′
tϕ

)

+6Errhrr ] + 2M (Stthtt + Sϕϕhϕϕ

±Stϕhtϕ) } /[∆phr
5
ph(rph + 3M)2(rph −M)3], (18)

where the various coefficients are listed in Appendix C.
The eikonal-limit formulae for the QNM frequency σ =

σR + iσI associated with the light ring are

σR = mΩ0, σI = −
1

2
|γ0|. (19)

Their post-Kerr approximation is the principal result of
this paper:

σR = m (Ωph + ϵδΩ0) , (20)

σI = −
1

2
|γph + ϵδγ0|. (21)

Both quantities are functions of the Kerr parametersM,a
and of the post-Kerr metric correction hµν evaluated at
the Kerr light ring rph. The imaginary part σI in addition
depends on the first and second derivatives of hµν .
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A. The eikonal post-Kerr parametrization scheme

The post-Kerr scheme of this paper is based on the use
of eikonal limit formulae for a QNM’s real and imaginary
parts. This approach is dictated more by necessity than
by choice. Computing QNMs in generic non-GR theo-
ries is unrealistic, because black hole perturbation theory
should be developed (in principle) for any given choice of
the field equations. There have been attempts to build
such a formalism for specific classes of theories, such as
Horndeski gravity. However these attempts are usually
limited to spherical symmetry, and they often lead to the
conclusion that large classes of black hole solutions are
unstable [27, 28]. As far as we know, QNM frequencies
in modified gravity were computed only in a handful of
cases, specifically in Einstein-dilaton-Gauss-Bonnet [29–
31] and dynamical Chern-Simons [32, 33] theories, and
even then only for spherically symmetric black hole solu-
tions. These calculations are therefore of limited utility
in data analysis applications, both because they must be
developed on a case-by-case basis, and because the rem-
nant of a binary black hole merger is almost inevitably a
rotating black hole1.
Relying on the eikonal limit/QNM link is a reason-

able alternative strategy, reinforced by the fact that it is
known to perform surprisingly well in the case of the Kerr
spacetime as long as one is interested in approximating
the fundamental QNM for a given (ℓ, m) multipole [23–
26]. This is the mode associated with the spacetime’s
circular null geodesics and with the peak of the radial
potential that determines the properties of wave scatter-
ing after separating angular variables in the perturbation
equations (see e.g. [36]).
The light ring/QNM correspondence should be broadly

valid in modified theories of gravity that can be used as
tests of GR provided that (i) gravitational waves propa-
gate with the speed of light (e.g. Lorentz-violating theo-
ries likely fall short of this requirement [6]) and (ii) devia-
tions from the Einstein field equations (and deviations of
the corresponding black hole solutions from Kerr) can be
parametrized by some small perturbative parameter [37].
Our post-Kerr formalism implicitly assumes a “Kerr-

like” situation, in the sense that the non-Kerr spacetime
should admit a single geodesic light ring structure that
can be physically connected to the observed QNM signal.
In fact, these fundamental QNMs are known to dominate
the spacetime’s perturbative dynamics as it happens, for
example, in the case of general relativistic Kerr black
holes and ultracompact stars [19, 20].
This restriction aside, the post-Kerr scheme can han-

dle equally well “bumpy Kerr metrics” (i.e. makeshift
deformed Kerr metrics that are not consistent solutions

1 Producing a Schwarzschild remnant requires an astrophysically
unrealistic fine-tuning of the parameters of the merging binary,
such that the individual black hole spins exactly cancel the or-
bital angular momentum at merger [34, 35].

of any gravitational field equations, see e.g. [37, 38] for
reviews) and known black hole spacetime solutions pro-
duced by modified theories of gravity (but for which the
QNM perturbation calculation is often very complicated
or impractical) [6, 37].
As an illustrative application, in this paper we study

the JP “bumpy Kerr” metric [39] (see Section IV below).
There is an abundance of “bumpy” black hole metrics
that could be considered for data analysis applications,
such as those proposed in Refs. [40–42].
Besides focusing on the fundamental QNMs, in this

paper we exclusively study the ℓ = |m| angular multi-
poles. There is good reason for this choice, since these
modes are considered to be the most powerful emit-
ters of gravitational waves, and as a consequence the
most easily detectable by gravitational wave observato-
ries [10–12, 14, 43–51]. At the same time they are the
easiest to model with the eikonal approximation, since
they are associated with equatorial photon orbits (more
specifically, a positive/negative m corresponds to pro-
grade/retrograde orbital motion).
In order to facilitate the comparison between Kerr and

non-Kerr QNMs we need to express the former in an
eikonal form. To this end we introduce the “offset” func-
tion βK(a) defined by

ωK = σK + βK, (1)

where ωK is the exact Kerr QNM frequency and σK is the
analytically known, eikonal-limit formula [22, 52]. The
offset function βK(a) can be obtained via numerical fits
to tabulated Kerr QNM data [10, 20]. These fits and
their accuracy are discussed in Appendix A.
An eikonal QNM frequency σ can be obtained from

the properties of the equatorial light ring of a given non-
Kerr spacetime. Then, an observed QNM frequency ωobs,
gleaned from gravitational wave data, is match-filtered
by the complex-valued “template”,

ωobs = σ + βK. (2)

A genuine Kerr QNM signal obviously implies σ = σK.
On the other hand, the combination of a non-Kerr space-
time and a non-Kerr light ring structure is bound to lead
to a mismatch

ωobs − ωK = σ − σK ̸= 0. (3)

In practice (and taking into account the recent gravi-
tational wave observations of merging black holes) we
would expect to face situations where the deviation from
Kerr is small. This means that it makes sense to employ
a simpler post-Kerr form σ = σK + δσ and get

δσ = ωobs − ωK, (4)

with δσ encoding the deviation from the Kerr metric.
A large portion of this paper is devoted to the explicit
calculation of this parameter; the final outcome will be a
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Binary black hole 
tests of 

modified gravity

with Silva, Sakstein, Gualtieri, Sotiriou…



No-­‐hair theorems
Black	
  holes	
  in	
  GR	
  are	
  uniquely	
  described	
  by	
  only	
  
two	
  parameters	
  – mass	
  and	
  spin
[Carter,	
  Israel,	
  Hawking,	
  Robinson,	
  1970s]

“In	
  my	
  entire	
  scientific	
  life,	
  extending	
  over	
  forty-­‐five	
  years,	
  
the	
  most	
  shattering	
  experience has	
  been	
  the	
  realization	
  that	
  
an	
  exact	
  solution	
  of	
  Einstein's	
  equations	
  of	
  general	
  relativity,	
  
discovered	
  by	
  the	
  New	
  Zealand	
  mathematician,	
  Roy	
  Kerr,	
  
provides	
  the	
  absolutely	
  exact	
  representation	
  of	
  untold	
  numbers	
  
of	
  massive	
  black	
  holes	
  that	
  populate	
  the	
  universe.”
(S.	
  Chandrasekhar)

Similar “no hair” theorems apply to modified gravity
ü Brans-­‐Dicke [Hawking, Thorne & Dykla, Chase, Bekenstein]
ü Multiple scalars [Heusler, gr-­‐qc/9503053]
ü Bergmann-­‐Wagoner, f(R) [Sotiriou & Faraoni, 1109.6324]
ü Horndeski [Hui-­‐Nicolis, 1202.1296; Sotiriou-­‐Zhou; Maselli+]
ü Higher-­‐order curvature [Psaltis+, 0710.4564]

…but beware:
same metric does not mean same dynamics!



“Dynamical”	
  no-­‐hair in	
  scalar-­‐tensor theories

Orbital	
  period	
  derivative:

resonant, superradiant effects induced by light, massive
scalars may produce ‘‘floating orbits’’ when small compact
objects inspiral into rotating black holes, leaving a distinct
signature in gravitational waves [12,13].

A commonly held belief is that only mixed binaries
(i.e., binaries whose members have different gravitational
binding energy) can produce significant amounts of scalar
gravitational radiation. There are two reasons for this. The
first is that, under standard assumptions, dipole radiation is
produced due to violations of the strong equivalence
principle when the binary members have unequal
‘‘sensitivities’’: s1 ! s2. These sensitivities are defined in
Eq. (11), and they are related to the gravitational binding
energy of each binary member. In other words, dipole
radiation is produced when the system’s center of mass is
offset with respect to the center of inertia (see e.g. [3]), so
that mixed binaries and eccentric binaries would be the best
target to constrain scalar-tensor theories. The second reason
is the black hole no-hair theorem, i.e. the fact that black hole
solutions in scalar-tensor theories are the same as inGR (see
[14] and references therein). Building on earlier work by
Jacobson [15], Horbatsch and Burgess recently pointed out
that slowly varying scalar fields may violate the no-hair
theorem, so that even black hole-black hole binaries may
produce dipole radiation [16]. They also developed a for-
malism to test generic scalar-tensor theories using binary
pulsars [17].

For all these reasons, a study of gravitational radiation in
massive scalar-tensor theories is quite timely. In this paper
we derive the period derivative due to scalar and tensor
radiation in theories with a massive scalar field. For sim-
plicity we focus on circular binaries, but (as we will see
below) the generalization of our results to eccentric bi-
naries would be of great observational interest.1

For the reader’s convenience, here we give an executive
summary of our main results. Consider a compact binary in
circular orbit with component masses mi and sensitivities
si (i ¼ 1, 2). Then the period derivative due to the emission
of scalar and tensor gravitational waves in the massive
Brans-Dicke (BD) theory is
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where " is the Heaviside function, r is the separation
of the binary members, ms is the mass of the scalar field,

m ¼ m1 þm2 and! ¼ m1m2=m are the total and reduced
masses of the system, S & s2 " s1 and furthermore

# ¼ 1

2þ!BD
;
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! ¼ 1" 2
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m
:

Note that scalar dipole radiation is emitted only when the
binary’s orbital frequency !>ms and the difference in
sensitivities S ! 0, while scalar quadrupole/monopole ra-
diation is emitted only when 2!>ms and it also vanishes
for two black holes (since in that case s1 ¼ s2 ¼ 1=2 and
! ¼ 0). This result is only strictly valid in the limit of a
very massive (msr ' 1) or very light (msr ( 1) scalar.
However corrections due to an intermediate mass scalar
always enter with at least a factor of the small parameter #,
so this should be a relatively good approximation for the
full range of scalar masses.
In addition to deriving the orbital period derivative due

to gravitational radiation, we also revisit the calculations of
the Shapiro time delay and of the Nordtvedt effect in the
massive Brans-Dicke theory. As we will see, the presence
of the massive scalar does not allow a straightforward
implementation of the parametrized post-Newtonian
(PPN) formalism. By comparing our results for the orbital
period derivative, Shapiro time delay and Nordtvedt pa-
rameter against recent observational data, we put con-
straints on the parameters of the theory: the scalar mass
ms and the Brans-Dicke coupling parameter !BD. Our
bounds are summarized in Fig. 1.
We find that the most stringent bounds come from the

observations of the Shapiro time delay in the Solar System
provided by the Cassini mission (these bounds were al-
ready studied by Perivolaropoulos, although he used a
slightly different notation [18]). From the Cassini obser-
vations we obtain!BD > 40 000 forms < 2:5) 10"20 eV,
to 95% confidence. Observations of the Nordtvedt effect
using the lunar laser ranging experiment yield a slightly
weaker bound of !BD > 1000 for ms < 2:5) 10"20 eV.
Observations of the orbital period derivative of the circular
white-dwarf-neutron-star (WD-NS) binary system PSR
J1012þ 5307 yields !BD > 1250 for ms < 10"20 eV.
The limiting factor here is our ability to obtain precise
measurements of the masses of the component stars as well
as of the orbital period derivative, once kinematic correc-
tions have been accounted for. However, there is consid-
erably more promise in the eccentric binary system PSR
J1141" 6545. This system has allowed for remarkably
precise measurements of the orbital period derivative, of
the component star masses, and of the periastron shift,
making it a promising candidate for constraining alterna-
tive theories of gravity. Unfortunately the system has
non-negligible eccentricity. Generalizing our result for

1We will be working in units ℏ ¼ c ¼ G ¼ 1 throughout the
paper. Greek indices will span both spatial and time components
0, 1, 2, 3. Roman indices run over the spatial components 1, 2, 3
only. We will adopt the metric signature ð";þ;þ;þÞ.
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resonant, superradiant effects induced by light, massive
scalars may produce ‘‘floating orbits’’ when small compact
objects inspiral into rotating black holes, leaving a distinct
signature in gravitational waves [12,13].

A commonly held belief is that only mixed binaries
(i.e., binaries whose members have different gravitational
binding energy) can produce significant amounts of scalar
gravitational radiation. There are two reasons for this. The
first is that, under standard assumptions, dipole radiation is
produced due to violations of the strong equivalence
principle when the binary members have unequal
‘‘sensitivities’’: s1 ! s2. These sensitivities are defined in
Eq. (11), and they are related to the gravitational binding
energy of each binary member. In other words, dipole
radiation is produced when the system’s center of mass is
offset with respect to the center of inertia (see e.g. [3]), so
that mixed binaries and eccentric binaries would be the best
target to constrain scalar-tensor theories. The second reason
is the black hole no-hair theorem, i.e. the fact that black hole
solutions in scalar-tensor theories are the same as inGR (see
[14] and references therein). Building on earlier work by
Jacobson [15], Horbatsch and Burgess recently pointed out
that slowly varying scalar fields may violate the no-hair
theorem, so that even black hole-black hole binaries may
produce dipole radiation [16]. They also developed a for-
malism to test generic scalar-tensor theories using binary
pulsars [17].

For all these reasons, a study of gravitational radiation in
massive scalar-tensor theories is quite timely. In this paper
we derive the period derivative due to scalar and tensor
radiation in theories with a massive scalar field. For sim-
plicity we focus on circular binaries, but (as we will see
below) the generalization of our results to eccentric bi-
naries would be of great observational interest.1

For the reader’s convenience, here we give an executive
summary of our main results. Consider a compact binary in
circular orbit with component masses mi and sensitivities
si (i ¼ 1, 2). Then the period derivative due to the emission
of scalar and tensor gravitational waves in the massive
Brans-Dicke (BD) theory is

_P

P
¼ " 8

5

!m2

r4
"1 "

!m

r3
"DS2; (1)

where

"1¼G2

!
12"6#þ#!2

"
4!2"m2

s

4!2

#
2
"ð2!"msÞ

$
;

"D¼2G#
!2"m2

s

!2 "ð!"msÞ;
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where " is the Heaviside function, r is the separation
of the binary members, ms is the mass of the scalar field,

m ¼ m1 þm2 and! ¼ m1m2=m are the total and reduced
masses of the system, S & s2 " s1 and furthermore

# ¼ 1

2þ!BD
;

G ¼ 1" #ðs1 þ s2 " 2s1s2Þ;

! ¼ 1" 2
s1m2 þm1s2

m
:

Note that scalar dipole radiation is emitted only when the
binary’s orbital frequency !>ms and the difference in
sensitivities S ! 0, while scalar quadrupole/monopole ra-
diation is emitted only when 2!>ms and it also vanishes
for two black holes (since in that case s1 ¼ s2 ¼ 1=2 and
! ¼ 0). This result is only strictly valid in the limit of a
very massive (msr ' 1) or very light (msr ( 1) scalar.
However corrections due to an intermediate mass scalar
always enter with at least a factor of the small parameter #,
so this should be a relatively good approximation for the
full range of scalar masses.
In addition to deriving the orbital period derivative due

to gravitational radiation, we also revisit the calculations of
the Shapiro time delay and of the Nordtvedt effect in the
massive Brans-Dicke theory. As we will see, the presence
of the massive scalar does not allow a straightforward
implementation of the parametrized post-Newtonian
(PPN) formalism. By comparing our results for the orbital
period derivative, Shapiro time delay and Nordtvedt pa-
rameter against recent observational data, we put con-
straints on the parameters of the theory: the scalar mass
ms and the Brans-Dicke coupling parameter !BD. Our
bounds are summarized in Fig. 1.
We find that the most stringent bounds come from the

observations of the Shapiro time delay in the Solar System
provided by the Cassini mission (these bounds were al-
ready studied by Perivolaropoulos, although he used a
slightly different notation [18]). From the Cassini obser-
vations we obtain!BD > 40 000 forms < 2:5) 10"20 eV,
to 95% confidence. Observations of the Nordtvedt effect
using the lunar laser ranging experiment yield a slightly
weaker bound of !BD > 1000 for ms < 2:5) 10"20 eV.
Observations of the orbital period derivative of the circular
white-dwarf-neutron-star (WD-NS) binary system PSR
J1012þ 5307 yields !BD > 1250 for ms < 10"20 eV.
The limiting factor here is our ability to obtain precise
measurements of the masses of the component stars as well
as of the orbital period derivative, once kinematic correc-
tions have been accounted for. However, there is consid-
erably more promise in the eccentric binary system PSR
J1141" 6545. This system has allowed for remarkably
precise measurements of the orbital period derivative, of
the component star masses, and of the periastron shift,
making it a promising candidate for constraining alterna-
tive theories of gravity. Unfortunately the system has
non-negligible eccentricity. Generalizing our result for

1We will be working in units ℏ ¼ c ¼ G ¼ 1 throughout the
paper. Greek indices will span both spatial and time components
0, 1, 2, 3. Roman indices run over the spatial components 1, 2, 3
only. We will adopt the metric signature ð";þ;þ;þÞ.
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such that hð!Þ ! !. These two redefinitions recast the
action into the form

S ¼ 1

16"

Z !
!R$!ð!Þ

!
g#$!;#!;$ þMð!Þ

"
ð$gÞ1=2d4x

þ
Z

LMðg#$;!Þd4x; (6)

which has the additional advantage that the resulting weak-
field equations for g#$ and ! decouple from one another.
The generic theory now contains two undetermined func-
tions: the cosmological function Mð!Þ and the coupling
function !ð!Þ (in the language of [20]). The effect of the
coupling function on compact binary dynamics has been
studied extensively, and it can lead to interesting conse-
quences if ‘‘spontaneous scalarization’’ occurs [11,21–24].
Here we focus on the cosmological function, which has
three major effects in the generic theory. First, in the
resulting field equations for g#$ it plays the role of a
cosmological constant. Second, it endows the scalar with
mass: this manifests itself most clearly in the fact that
solutions for ! for isolated systems contain Yukawa-like
terms e$msr=r, where ms is the mass of the scalar field,
which in turn gives the field a characteristic range
‘& 1=ms [20]. Finally, the cosmological function may
introduce nonlinearities in the dynamics of the scalar
field.

B. The matter action and the field equations

Let us now turn to the matter action. Throughout this
paper we will make the assumption that all bodies in our
system can be treated as point masses. Einstein, Infeld, and
Hoffmann (EIH) [25] developed a method for obtaining the
equations of motion for a system of gravitating pointlike
masses. In their approach, one begins by obtaining the
local gravitational field of a single body (in a comoving
frame), under the assumption that the body is small and
nearly spherical. One then proceeds to match the interbody
gravitational fields onto the obtained local field of the
single body under inspection; imposing self-consistency
yields the EIH equations of motion. The same equations of
motion can be obtained with significantly less effort, albeit
at the sacrifice of some rigor, by taking the stress-energy
tensor to be a distribution of delta functions and neglecting
any infinite self-energy terms as they arise [20]. In scalar-
tensor theory, however, we must deal with the additional
complication that the inertial mass and internal structure of
a gravitating body will depend on the local value of the
scalar field (i.e. the local value of the effective gravitational
‘‘constant’’). Variations in internal structure may act back
on the motion of the body, leading to violations of the
(weak) equivalence principle. Eardley [26] showed that
these effects could be accounted for by simply supposing
that the masses of the bodies are in general functions of the

scalar field, such that the matter action for a system of
pointlike masses can be written as

SM ¼ $
X

a

Z
mað!Þd%a; (7)

where the particles (labeled by a) have inertial masses
mað!Þ, and %a is the proper time of particle a measured
along its worldline x&a . The distributional stress-energy
tensor T#$ and its trace T hence take the form

T#$ðx&Þ ¼ ð$gÞ$1=2
X

a

mað!Þ u
#u$

u0
'4ðx& $ x&aÞ; (8)

T ¼ g#$T
#$ ¼ $ð$gÞ$1=2

X

a

mað!Þ
u0

'4ðx& $ x&aÞ: (9)

Far from the system, the scalar will take on its cosmolog-
ically imposed value, denoted by !0. The relationship
between the effective gravitational constant, G, and
the scalar field ! is therefore (in our chosen system of
units) G ¼ !0=!. In the post-Newtonian limit, we
expand ! about its asymptotic value and define the
small perturbation ’ such that ! ¼ !0 þ ’. In this
case, we can write the variation of the inertial masses
ma with ! as

mað!Þ ¼ maðlnGÞ

¼ mað!0Þ
!
1þ sa

#
’

!0

$
$ 1

2
ðs0a $ s2a þ saÞ

#
’

!0

$
2

þO
##

’

!0

$
3
$"

; (10)

where we have defined the ‘‘first and second sensitivities’’
sa and s0a to be2

sa ¼ $@ðlnmaÞ
@ðlnGÞ

%%%%%%%%!0

; s0a ¼ $ @2ðlnmaÞ
@ðlnGÞ2

%%%%%%%%!0

: (11)

The full action is now given by

S ¼ 1

16"

Z !
!R$!ð!Þ

!
g#$!;#!;$ þMð!Þ

"
ð$gÞ1=2d4x

$
X

a

Z
mað!Þd%a: (12)

By varying the action (12) with respect to the tensor and
scalar fields, respectively, we obtain the full field equations
of the generic theory described above:

2White dwarfs typically have sensitivities sa & 10$4, neutron
stars have sensitivities sa & 0:2, and black holes have sa ¼ 1=2:
see [27] for detailed calculations.
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Since the publication of [1] we have discovered an error
in the calculation of the period decay due to gravitational
radiation in compact circular binaries in the massive vari-
ant of Brans-Dicke theory considered in that paper. Here
we give a brief description of the error and the key steps
in the corrected calculation.

The period decay of a compact binary due to gravi-
tational radiation (equations 1-2 in [1]) was derived as-
suming the energy loss due to scalar radiation took the
following form (c.f. equation 81 in [1]):

Ė = � 1

32⇡
��1
0 (4!BD + 6)

I
h',0',0iR2d⌦, (1)

However, this form only holds for amassless scalar. More
generally, the energy loss due to scalar radiation is given
by (working from the t0i component of the stress-energy
pseudotensor):

Ė =
1

32⇡
��1
0 (4!BD + 6)

I
h',0',in

iiR2d⌦. (2)

For a massless scalar, ' will have radiative solutions of
the form ' = f(t � R)/R and hence (2) reduces to (1)
in this case (keeping only the dominant term in the limit
of large R). In our case, since the scalar field is massive
we should rather proceed from (2). This correction in-
troduces a couple of modifications in derived energy flux
from scalar radiation. Before outlining the key steps in
the new calculation, we give the final corrected result.
The period derivative due to scalar and tensor radiation

(c.f. equations 1-2 in [1]) is given by:

Ṗ

P
= �8

5

µm2

r4
1 �

µm

r3
DS2 , (3)

where
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D = 2G⇠
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s
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The corrected calculation proceeds as follows. Starting
from equations 86-87 of [1] we can write the scalar field
as

' = 2↵R�1µ


�

6
L3[Q̈ij ]n

inj � 2SL2[ṙi]n
i

�
, (5)

dropping time-independent terms for a circular orbit and
defining Qij = 3rirj � r2�ij and Ln[f(t)] = f(t � R) �
In[f(t)]. Substituting this into (2) (keeping only the
dominant term in the limit of large R) and performing
the integral over solid angle we obtain:

Ė =
2

3
⇠µ2S2hL2[ṙi],RL2[ṙ

i],0i

+
1

15 · 36⇠µ
2�2hL3[Q̈ij ],RL3[Q̈

ji],0i. (6)

Note that the equivalent step in the original calculation is
almost identical, but with the radial derivatives in each
term replaced with time derivatives and an additional
overall minus sign. Substituting the components of r
and v for a circular orbit into (6) we find
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imentally probe for the presence of corrections to GR.
These BHs provide the strictest limits on the applicability
of the weak-coupling expansion. Present rotating BH
solutions in dCS are all in the slow-rotation limit [12–
15], so here we extend to rapid rotation by constructing
numerical solutions. This is similar to what has been
done in Ref. [16], who did not study the validity of the
weak-coupling expansion, and in Ref. [17] for EdGB.

The plan for this paper is as follows. In Sec. II we
specify the action, lay out the equations of motion for
dCS, and develop the equations in the decoupling limit.
We pay special attention to the trace of the metric defor-
mation, which is simpler than the full problem, yet allows
us to determine the validity of the perturbation scheme.
In Sec. III we specialize to the Kerr background geom-
etry and rescale our functions of interest to make the `

dependence explicit. In Sec. IV we describe our numerical
scheme and the properties of the solutions. Finally in
Sec. V we interpret the solutions, determining the regime
of validity, and report what present BH observations can
say about `.

II. ACTION, EQUATIONS OF MOTION,
AND DECOUPLING LIMIT

We work in units where c = 1 = ~ so that [M ] =

[L]

�1, metric signature (�1,+1,+1,+1), and the sign
conventions of Wald [18]. We take as our action

S =

Z
d

4

x

p�g[LEH + L

#

+ Lint] (1)

with

LEH =

m

2

pl

2

R , L

#

=

�1

2

(@#)

2

, Lint =
mpl

8

`

2

#

⇤
RR .

(2)

Here R is the Ricci scalar of the metric g

ab

, with de-
terminant g, and the reduced Planck mass satisfies
m

2

pl = (8⇡G)

�1. The axionic field # has been canoni-
cally normalized and so has dimensions [#] = [L]

�1. In
the interaction term we see the Pontryagin-Chern density

⇤
RR = �⇤

R

abcd

R

abcd

= �1

2

✏

abef

R

ef

cd

R

abcd

(3)

which is the lowest-order parity-odd curvature invariant,
constructed from the Riemann tensor R

abcd

and the Levi-
Civita tensor ✏

abcd. ⇤
RR is also a topological invariant,

i.e. the integral
R ⇤

RR

p�gd

4

x depends only on the topol-
ogy of the manifold. Finally we also have the length scale
` which relates to the length at which this non-minimal
interaction term becomes important. ` can be thought of
as a dimensional coupling coefficient. In the limit ` ! 0,
general relativity is recovered. It is this length scale `

which in principle could be observationally constrained.
Variation of this action with respect to # leads to the

scalar equation of motion

⇤# = �mpl

8

`

2 ⇤
RR , (4)

where ⇤ = rar
a

and r
a

is the covariant derivative com-
patible with the metric. Variation of the action with
respect to the inverse metric g

ab leads to the metric equa-
tion of motion

m

2

plGab

+mpl`
2

C

ab

= T

(m)

ab

+ T

(#)

ab

. (5)

Here we have the stress-energy tensor of any matter fields,
T

(m)

ab

, and the stress-energy tensor of the canonical scalar
with flat potential,

T

(#)

ab

= r
a

#r
b

#� 1

2

g

ab

rc

#r
c

# . (6)

We also have the C-tensor, with the convention [10] (hence
the factor of 1

8

in the action)

C

ab
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d
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The C-tensor is trace-free, gabC
ab

= 0, and it satisfies the
divergence identity
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�mpl`
2

C

ab

⌘
=

⇣
⇤#+

mpl

8

`

2⇤
RR

⌘
r
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(8)
Thus we have ordinary conservation of matter stress-
energy, ra

T

(m)

ab

= 0. In this paper we will not consider
any matter sources, T (m)

ab

= 0.
We now take the decoupling limit, where we assume

that the corrections due to the interaction term are “small.”
This allows us to perform a controlled, perturbative ex-
pansion of all the fields in terms of the coupling strength
`. We will introduce a formal order-counting parameter
" to keep track of the perturbation scheme, which can
be set to 1 later, which counts the order in `

2. That is,
we take `

2 ! "`

2 and expand both the metric and scalar
in powers of ": # =

P1
k=0

"

k

#

(k)

/k! and similarly for the
metric. In order to recover the GR solution in the limit
" ! 0, we have that #

(0)

= 0, and g

(0)

ab

= g

GR
ab

for some
known solution.

From Eq. (4), we can see that the leading order solution
for # is #

(1), which satisfies

⇤(0)

#

(1)

= �mpl

8

`

2 ⇤
RR

(0)

. (9)

From here forward we will drop the superscript (0) when
it is unambiguous. Now analyze Eq. (5) with `

2 ! "`

2,
and recall that C

ab

is linear in #, while T

(#)

ab

is quadratic
in #. This shows that h

(1)

ab

has vanishing source term,
and the leading order metric deformation away from GR
enters at "2: g

ab

= g

GR
ab

+ "

2
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/2 +O("
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). We label this
as h
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, which satisfies
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where G

(1)

ab

[h

cd

] is the linearized Einstein operator acting
on the metric perturbation h

cd

.
Our main concern in this paper is the regime of valid-

ity of the decoupling limit via this perturbation scheme.
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We identify a class of scalar-tensor theories with coupling between the scalar and the Gauss–Bonnet invariant
that exhibit spontaneous scalarization for both black holes and compact stars. In particular, these theories
formally admit all of the stationary solutions of general relativity, but these are not dynamically preferred if
certain conditions are satisfied. Remarkably, black holes exhibit scalarization if their mass lies within one of
many narrow bands. We find evidence that scalarization can occur in neutron stars as well.

Introduction. Gravitational wave observations [1–7] allow
us to probe the structure of black holes (BHs) with unprece-
dented accuracy. Hence, they can reveal the existence of new
fundamental scalar fields [8, 9], provided that they leave an
imprint on BHs. However, no-hair theorems (see [10, 11] for
reviews) dictate that conventional scalar-tensor theories will
have the same stationary, asymptotically flat BH solutions as
general relativity (GR) [12–14]. In spherical symmetry [15]
and slow rotation [16, 17], this result extends to generalized
scalar-tensor theories, i.e. theories that exhibit derivative self-
interactions and derivative couplings between the scalar and
curvature invariants, provided that the scalar respects shift
symmetry.

One could still detect scalars in these theories through the
imprint they leave when they are excited [18, 19]. One can
also circumvent no-hair theorems by violating some of their
assumptions [20–23]. No-hair theorems also help single out
particularly interesting theories that have hairy BHs. A well-
studied example is the action

S =
1

2

∫

d4x
√
−g

[

R −
1

2
∇αϕ∇αϕ + f (ϕ)G

]

+ Sm[gµν,ψ] ,

(1)

where G ≡ RµνρσRµνρσ − 4RµνRµν
+ R2 is the Gauss-Bonnet

invariant. We use geometrical units with c = 8πG = 1 and
the mostly plus metric signature. The scalar field ϕ is coupled
to G , which has dimensions of length−4 (≡ L−4), through a
function f (ϕ), with dimensions L2. The matter fields ψ are
minimally coupled to the metric gµν through the action Sm.
We will refer to this class of theories as scalar-Gauss-Bonnet
(sGB) gravity. When f is exponential the theory is well-known
to admit hairy BHs [24], whereas a linear f yields the only
shift-symmetric theory with second-order field equations that
exhibits BH hair [16, 17] (despite the no-hair theorem of [15]).

The main purpose of this paper is to demonstrate that a new
subclass of theories, contained in (1), exhibits a particularly
interesting phenomenon: BH spontaneous scalarization. As
we demonstrate below, this subclass of theories generically
admits solutions where the scalar field is constant and the

metric satisfies Einstein’s equations. However, under certain
conditions these solutions are unstable, and solutions where
the scalar field in nontrivial are dynamically preferred. This
leads to hairy BHs only when the BH mass lies within certain
ranges. Compact stars in these theories also exhibit sponta-
neous scalarization. The mechanism resembles that proposed
by Damour and Esposito-Farèse [25], where there is a cou-
pling between ϕ and the trace of the stress-energy tensor, T .
However, there are important differences – most notably the
fact that the effect is present for BHs as well.

A no-hair theorem in sGB and how to evade it. We start by
identifying the class of theories in question. Varying (1) with
respect to ϕ and gµν yields
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−(2/√−g)(δSm/δgµν), plus a contribution coming from the
variation of the ϕ-dependent part of the action with respect to
the metric (see e.g. [24]).

Eq. (2a) does not admit ϕ = constant solutions, unless

f,ϕ(ϕ0) = 0 , (3)

for some constant ϕ0. We consider Eq. (3) as an existence
condition for GR solutions and focus on theories that satisfy
it. This excludes the widely studied class of dilatonic theories
where f ∼ exp(ϕ) and the shift-symmetric f ∼ ϕ theory
discussed above [16, 17, 24].

Focus now on BH solutions that are asymptotically flat and
stationary. These admit a Killing vector ξµ that is timelike at
infinity and acts as a generator of the event horizon. Assuming
that ϕ respects stationarity, ξµ∇µϕ = 0. Multiplying Eq. (2a)
by f,ϕ and integrating over a volume V yields
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Introduction. Gravitational wave observations [1–7] allow
us to probe the structure of black holes (BHs) with unprece-
dented accuracy. Hence, they can reveal the existence of new
fundamental scalar fields [8, 9], provided that they leave an
imprint on BHs. However, no-hair theorems (see [10, 11] for
reviews) dictate that conventional scalar-tensor theories will
have the same stationary, asymptotically flat BH solutions as
general relativity (GR) [12–14]. In spherical symmetry [15]
and slow rotation [16, 17], this result extends to generalized
scalar-tensor theories, i.e. theories that exhibit derivative self-
interactions and derivative couplings between the scalar and
curvature invariants, provided that the scalar respects shift
symmetry.

One could still detect scalars in these theories through the
imprint they leave when they are excited [18, 19]. One can
also circumvent no-hair theorems by violating some of their
assumptions [20–23]. No-hair theorems also help single out
particularly interesting theories that have hairy BHs. A well-
studied example is the action

S =
1

2

∫

d4x
√
−g

[

R −
1

2
∇αϕ∇αϕ + f (ϕ)G

]

+ Sm[gµν,ψ] ,

(1)

where G ≡ RµνρσRµνρσ − 4RµνRµν
+ R2 is the Gauss-Bonnet

invariant. We use geometrical units with c = 8πG = 1 and
the mostly plus metric signature. The scalar field ϕ is coupled
to G , which has dimensions of length−4 (≡ L−4), through a
function f (ϕ), with dimensions L2. The matter fields ψ are
minimally coupled to the metric gµν through the action Sm.
We will refer to this class of theories as scalar-Gauss-Bonnet
(sGB) gravity. When f is exponential the theory is well-known
to admit hairy BHs [24], whereas a linear f yields the only
shift-symmetric theory with second-order field equations that
exhibits BH hair [16, 17] (despite the no-hair theorem of [15]).

The main purpose of this paper is to demonstrate that a new
subclass of theories, contained in (1), exhibits a particularly
interesting phenomenon: BH spontaneous scalarization. As
we demonstrate below, this subclass of theories generically
admits solutions where the scalar field is constant and the

metric satisfies Einstein’s equations. However, under certain
conditions these solutions are unstable, and solutions where
the scalar field in nontrivial are dynamically preferred. This
leads to hairy BHs only when the BH mass lies within certain
ranges. Compact stars in these theories also exhibit sponta-
neous scalarization. The mechanism resembles that proposed
by Damour and Esposito-Farèse [25], where there is a cou-
pling between ϕ and the trace of the stress-energy tensor, T .
However, there are important differences – most notably the
fact that the effect is present for BHs as well.

A no-hair theorem in sGB and how to evade it. We start by
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Integrating by parts and using the divergence theorem, we
obtain

∫

V

d4x
√
−g

[

f,ϕϕ∇µϕ∇µϕ − f 2
,ϕ(ϕ)G

]

=

∫

∂V

d3x
√

|h| f,ϕnµ∇µϕ , (5)

where ∂V is the boundary of V and nµ is the normal to the
boundary. We choose V such that it is bounded by the BH
horizon, two partial Cauchy surfaces, and spatial infinity. The
contribution of the boundary term on the right-hand side van-
ishes. The horizon contribution vanishes by symmetry, as
the normal to the horizon is ξµ and the stationarity condition
holds; the contribution of the boundary at infinity vanishes be-
cause of asymptotic flatness. The contributions of the Cauchy
surfaces exactly cancel each other, as they can be generated by
an isometry. Hence the integral in the first line of Eq. (5) must
vanish as well. With our signature, ∇µϕ∇µϕ is positive in the
BH exterior. Indeed, whenever

f,ϕϕ G < 0 (6)

the whole integrand is sign-definite and must vanish at every
point in V . The same conditions imply that the two terms
of the integrand have the same sign and hence must vanish
separately. This can only be achieved if ϕ = ϕ0.

The above can be considered as a no-hair theorem for sta-
tionary, asymptotically flat BHs in theories that satisfy the
conditions of Eqs. (3) and (6). The former is clearly an exis-
tence condition for GR solutions. To understand the latter, it
is helpful to linearize Eq. (2a) around ϕ = ϕ0:

[

! + f,ϕϕ(ϕ0)G
]

δϕ = 0 . (7)

The term − f,ϕϕ G acts as an effective mass m2
eff

for the pertur-
bations δϕ. Theories for which this effective mass is negative
can evade the theorem above. There is a direct analogy be-
tween the proof presented here and the no-hair theorem proof
of [14] for scalar-tensor theories with self-interactions.

This no-hair theorem identifies theories that can lead to in-
teresting phenomenology in the strong-field regime: they must
satisfy condition (3) but violate condition (6). A negative ef-
fective mass is expected to trigger a tachyonic instability,which
can lead to the development of scalar hair. This is analogous
to spontaneous scalarization for neutron stars (NSs) in standard
scalar-tensor theories [25]. Scalarization was also shown to
be possible for BHs if they are surrounded by matter [20, 21].

Quadratic scalar-Gauss-Bonnet gravity. The simplest cou-
pling function which satisfies Eq. (3) and can violate Eq. (6)
is

f = ηϕ2/8 , (8)

where η is a parameter with dimensions L2. Hereafter
we will focus on this theory, and we will call it quadratic
sGB (qsGB) gravity. If f satisfies the condition (3) and
is well behaved around ϕ0, then it admits the expansion

f (ϕ) = f (ϕ0) + f,ϕϕ(ϕ0)(ϕ − ϕ0)2/2 + . . . The first term in
this expansion does not contribute to the field equations be-
cause G is a total divergence. Moreover, the kinetic term of the
action is shift-symmetric. So, the field redefinition ϕ → ϕ−ϕ0

can reduce the quadratic expansion of any theory to qsGB.
qsGB gravity has several other interesting features. It leads

to a field equation for ϕ that is linear in ϕ. This will be partic-
ularly convenient when studying the zero-backreaction limit
below. Additionally, the theory exhibits ϕ → −ϕ symmetry.
This is important in a field theory context. It prevents the
term ϕG , which inevitably leads to BH hair [16, 17], from
appearing in the action. Note also that ϕ does not need to play
any role in late-time cosmology, hence current weak-field and
gravitational wave constraints are very weak [26–29].

We focus on spherically symmetric solutions that describe
either BHs or compact stars and demonstrate that spontaneous
scalarization can take place. We first consider the scalar on a
GR background and show that there is an instability associated
to spontaneous scalarization. We then verify our results by
looking at non-perturbative solutions. We call the solution
with a non-trivial scalar configuration the scalarized solution.
We focus on solutions that share the same asymptotics with
the GR solution, including the asymptotic value of ϕ, ϕ∞.
For simplicity, we impose ϕ∞ = 0, but this choice does not
crucially affect our results.

Tachyonic instability: a zero-backreaction analysis. We
first consider the limit where backreaction from the metric can
be neglected, i.e. we focus on the scalar field equation, Eq. (7),
on a fixed background. The effective mass of the perturbation
δϕ is m2

eff
= − fϕϕG = −η G /4, therefore tachyonic instability

should be possible for η > 0. On a static, spherically symmet-
ric background spacetime ds2

= −a(r)dt2
+ b(r)dr2

+ r2dΩ,
Eq. (7) can be written as

−
∂2σ

∂t2
+
∂2σ

∂r2
∗
= Veff σ , (9)

where δϕ = σ(t, r)Yℓm(θ, φ)/r, Yℓm are standard spherical har-
monics, dr/dr∗ ≡

√

a/b and the effective potential Veff is:

Veff ≡ a

[

ℓ(ℓ + 1)
r2

+
1

2ra

d(ab−1)
dr

−
η G

4

]

. (10)

In order to find whether scalarized solutions of the decou-
pled field equation (9) exist, we have performed a numer-
ical integration, assuming a Schwarzschild background and
monopolar perturbations. We have found that the equation ad-
mits a non-trivial solution with ϕ∞ = 0 for a discrete spectrum
of values of the coupling parameter (η/M2

= 2.902, 19.50,
50.93, . . . ). These results are summarized in Fig. 1, where we
show the quantity dσ/dr computed at some extraction radius
rmax ≫ M (namely rmax = 200 M), as a function of η/M2.
For r ≫ M, δϕ ∼ δϕ∞ +O(r−1), thus δϕ∞ ∼ dσ/dr(r → ∞).
The scalarized solutions correspond to the cusps in the top
panel of Fig. 1. These solutions can be characterized by an
order number n = 0, 1, . . . , which is also the number of nodes
of the radial profile of δϕ(r) (bottom-right panel of Fig. 1).
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first consider the limit where backreaction from the metric can
be neglected, i.e. we focus on the scalar field equation, Eq. (7),
on a fixed background. The effective mass of the perturbation
δϕ is m2

eff
= − fϕϕG = −η G /4, therefore tachyonic instability

should be possible for η > 0. On a static, spherically symmet-
ric background spacetime ds2

= −a(r)dt2
+ b(r)dr2

+ r2dΩ,
Eq. (7) can be written as

−
∂2σ

∂t2
+
∂2σ

∂r2
∗
= Veff σ , (9)

where δϕ = σ(t, r)Yℓm(θ, φ)/r, Yℓm are standard spherical har-
monics, dr/dr∗ ≡

√

a/b and the effective potential Veff is:

Veff ≡ a

[

ℓ(ℓ + 1)
r2

+
1

2ra

d(ab−1)
dr

−
η G

4

]

. (10)

In order to find whether scalarized solutions of the decou-
pled field equation (9) exist, we have performed a numer-
ical integration, assuming a Schwarzschild background and
monopolar perturbations. We have found that the equation ad-
mits a non-trivial solution with ϕ∞ = 0 for a discrete spectrum
of values of the coupling parameter (η/M2

= 2.902, 19.50,
50.93, . . . ). These results are summarized in Fig. 1, where we
show the quantity dσ/dr computed at some extraction radius
rmax ≫ M (namely rmax = 200 M), as a function of η/M2.
For r ≫ M, δϕ ∼ δϕ∞ +O(r−1), thus δϕ∞ ∼ dσ/dr(r → ∞).
The scalarized solutions correspond to the cusps in the top
panel of Fig. 1. These solutions can be characterized by an
order number n = 0, 1, . . . , which is also the number of nodes
of the radial profile of δϕ(r) (bottom-right panel of Fig. 1).
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Integrating by parts and using the divergence theorem, we
obtain

∫

V

d4x
√
−g

[

f,ϕϕ∇µϕ∇µϕ − f 2
,ϕ(ϕ)G

]

=

∫

∂V

d3x
√

|h| f,ϕnµ∇µϕ , (5)

where ∂V is the boundary of V and nµ is the normal to the
boundary. We choose V such that it is bounded by the BH
horizon, two partial Cauchy surfaces, and spatial infinity. The
contribution of the boundary term on the right-hand side van-
ishes. The horizon contribution vanishes by symmetry, as
the normal to the horizon is ξµ and the stationarity condition
holds; the contribution of the boundary at infinity vanishes be-
cause of asymptotic flatness. The contributions of the Cauchy
surfaces exactly cancel each other, as they can be generated by
an isometry. Hence the integral in the first line of Eq. (5) must
vanish as well. With our signature, ∇µϕ∇µϕ is positive in the
BH exterior. Indeed, whenever

f,ϕϕ G < 0 (6)

the whole integrand is sign-definite and must vanish at every
point in V . The same conditions imply that the two terms
of the integrand have the same sign and hence must vanish
separately. This can only be achieved if ϕ = ϕ0.

The above can be considered as a no-hair theorem for sta-
tionary, asymptotically flat BHs in theories that satisfy the
conditions of Eqs. (3) and (6). The former is clearly an exis-
tence condition for GR solutions. To understand the latter, it
is helpful to linearize Eq. (2a) around ϕ = ϕ0:

[

! + f,ϕϕ(ϕ0)G
]

δϕ = 0 . (7)

The term − f,ϕϕ G acts as an effective mass m2
eff

for the pertur-
bations δϕ. Theories for which this effective mass is negative
can evade the theorem above. There is a direct analogy be-
tween the proof presented here and the no-hair theorem proof
of [14] for scalar-tensor theories with self-interactions.

This no-hair theorem identifies theories that can lead to in-
teresting phenomenology in the strong-field regime: they must
satisfy condition (3) but violate condition (6). A negative ef-
fective mass is expected to trigger a tachyonic instability,which
can lead to the development of scalar hair. This is analogous
to spontaneous scalarization for neutron stars (NSs) in standard
scalar-tensor theories [25]. Scalarization was also shown to
be possible for BHs if they are surrounded by matter [20, 21].

Quadratic scalar-Gauss-Bonnet gravity. The simplest cou-
pling function which satisfies Eq. (3) and can violate Eq. (6)
is

f = ηϕ2/8 , (8)

where η is a parameter with dimensions L2. Hereafter
we will focus on this theory, and we will call it quadratic
sGB (qsGB) gravity. If f satisfies the condition (3) and
is well behaved around ϕ0, then it admits the expansion

f (ϕ) = f (ϕ0) + f,ϕϕ(ϕ0)(ϕ − ϕ0)2/2 + . . . The first term in
this expansion does not contribute to the field equations be-
cause G is a total divergence. Moreover, the kinetic term of the
action is shift-symmetric. So, the field redefinition ϕ → ϕ−ϕ0

can reduce the quadratic expansion of any theory to qsGB.
qsGB gravity has several other interesting features. It leads

to a field equation for ϕ that is linear in ϕ. This will be partic-
ularly convenient when studying the zero-backreaction limit
below. Additionally, the theory exhibits ϕ → −ϕ symmetry.
This is important in a field theory context. It prevents the
term ϕG , which inevitably leads to BH hair [16, 17], from
appearing in the action. Note also that ϕ does not need to play
any role in late-time cosmology, hence current weak-field and
gravitational wave constraints are very weak [26–29].

We focus on spherically symmetric solutions that describe
either BHs or compact stars and demonstrate that spontaneous
scalarization can take place. We first consider the scalar on a
GR background and show that there is an instability associated
to spontaneous scalarization. We then verify our results by
looking at non-perturbative solutions. We call the solution
with a non-trivial scalar configuration the scalarized solution.
We focus on solutions that share the same asymptotics with
the GR solution, including the asymptotic value of ϕ, ϕ∞.
For simplicity, we impose ϕ∞ = 0, but this choice does not
crucially affect our results.

Tachyonic instability: a zero-backreaction analysis. We
first consider the limit where backreaction from the metric can
be neglected, i.e. we focus on the scalar field equation, Eq. (7),
on a fixed background. The effective mass of the perturbation
δϕ is m2

eff
= − fϕϕG = −η G /4, therefore tachyonic instability

should be possible for η > 0. On a static, spherically symmet-
ric background spacetime ds2

= −a(r)dt2
+ b(r)dr2

+ r2dΩ,
Eq. (7) can be written as

−
∂2σ

∂t2
+
∂2σ

∂r2
∗
= Veff σ , (9)

where δϕ = σ(t, r)Yℓm(θ, φ)/r, Yℓm are standard spherical har-
monics, dr/dr∗ ≡

√

a/b and the effective potential Veff is:

Veff ≡ a

[

ℓ(ℓ + 1)
r2

+
1

2ra

d(ab−1)
dr

−
η G

4

]

. (10)

In order to find whether scalarized solutions of the decou-
pled field equation (9) exist, we have performed a numer-
ical integration, assuming a Schwarzschild background and
monopolar perturbations. We have found that the equation ad-
mits a non-trivial solution with ϕ∞ = 0 for a discrete spectrum
of values of the coupling parameter (η/M2

= 2.902, 19.50,
50.93, . . . ). These results are summarized in Fig. 1, where we
show the quantity dσ/dr computed at some extraction radius
rmax ≫ M (namely rmax = 200 M), as a function of η/M2.
For r ≫ M, δϕ ∼ δϕ∞ +O(r−1), thus δϕ∞ ∼ dσ/dr(r → ∞).
The scalarized solutions correspond to the cusps in the top
panel of Fig. 1. These solutions can be characterized by an
order number n = 0, 1, . . . , which is also the number of nodes
of the radial profile of δϕ(r) (bottom-right panel of Fig. 1).
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FIG. 1. Scalar field in the decoupling limit. Results of the numerical
integration of the decoupled scalar field equation (9), assuming ℓ = 0
and a Schwarzschild background. Top panel: asymptotic value of the
scalar field as a function of η/M2. Cusps correspond to scalarized
solutions. Bottom-left panel: effective potential Veff for η/M2

= 0
and 5. In the latter case Veff develops a negative region and it can
support bound states. Bottom-right panel: radial profiles of δϕ for
the first three scalarized solutions, corresponding to η/M2

= 2.902,
19.50 and 50.93. These profiles have 0, 1 and 2 nodes, respectively.

Scalarized black holes in qsGB gravity. We now consider
BH solutions obtained by integrating the full set of equa-
tions (2a) and (2b). We search for static, spherically sym-
metric solutions, i.e. a = a(r), b = b(r), ϕ = ϕ(r). We define
Γ = log a, Λ = log b, as in [24]. The field equations can be
cast as three coupled ordinary differential equations for Γ, Λ
and ϕ. Since these equations are not particularly illuminating,
we do not present them here.

The equation for Λ can be integrated algebraically [16, 17,
24]:

eΛ =
−A + δ

√
A2 − 4B

2
, δ = ±1 , (11)

where A = (1/4)r2ϕ′2−(r+ηϕϕ′/2)Γ′−1 and B = (3/2)Γ′ϕ′ϕ.
In BH solutions exp(−Λ), exp(Γ) → ∞ at the event horizon
rh, and this implies δ = 1 [24]. Replacing Eq. (11) in the
remaining equations,we are left with two differential equations
for Γ and ϕ. A near-horizon expansion of the field equations
shows that ϕ′′

h
= ϕ′′(r = rh) is finite if

ϕ′h =
rh

ηϕh

(

−1 + ξ
√

1 − 6η2ϕ2
h
/r4

h

)

, (12)

where ξ = ±1. The ξ = −1 branch does not result in a BH
solution, as discussed in [24] for the exponential coupling.
Therefore, regularity on the horizon requires

r4
h − 6η2ϕ2

h ≥ 0 . (13)

Eq. (13) defines a region in the (rh, ϕh)–plane within which BH
solutions with a regular (real) scalar field configuration exist.

The value of the scalar field at the horizon is bound in
the range 0 ≤ ϕh ≤ ϕmax

h
= r2

h
/(
√

6η). We do not consider

FIG. 2. Spontaneous scalarization of black holes. Left: the regions
in the η − M (in solar mass units) space where scalarized BHs exist.
The solutions belonging to each band are characterized by the number
of nodes of the scalar field radial profile. We only show the first three
scalarization regions, but our numerical analysis suggests an infinite
number of them. Top-right: the scalar field profiles for sample BH
solutions in each of the first three bands. Bottom-right: normalized
scalar charge Q/M as a function of η/M2. The most charged BHs
belong to the n = 0 band.

solutions with ϕh < 0 because qsGB gravity is invariant under
ϕ → −ϕ. The field equations are invariant under the rescalings
rh → rh/l, M → M/l, η → η/l2, corresponding to a freedom
in choosing length units. BH solutions are then characterized
by dimensionless quantities such as η/M2 and η/r2

h
.

For each value of η/M2 we have numerically solved the
field equations, with ϕh in the range [0, ϕmax] and the other
boundary conditions fixed from the requirement of regularity
at the horizon. We have then extracted the scalar quantities
characterizing the solution – the mass M, the scalar charge
Q, and the asymptotic value of the scalar field ϕ∞ – from the
asymptotic expansions [17, 24, 30]:

eΓ = 1 − 2M/r + Q2M/(12r2) , (14)

ϕ = ϕ0 +Q/r +QM/r2
+ (32QM2 − Q3)/(24r3) . (15)

While the Schwarzschild solution (ϕh = 0, ϕ0 = 0) is allowed
for any value of η, a solution with ϕh ! 0, ϕ∞ = 0 only ex-
ists when η/M2 belongs to a set of scalarization bands, i.e.
[2.53, 2.89], [17.86,19.50], [47.90, 50.92], etc. The right-end
values of these bands correspond to the eigenvalues of η/M2

found by solving the linear equation of the scalar field on a
fixed background. The scalarization bands in η/M2 corre-
spond to regions bounded by parabolas in the η − M plane
(shadowed regions in the left panel of Fig. 2). The scalar field
profiles of these solutions have n = 0, 1, . . . nodes (top-right
panel of Fig. 2), corresponding to the order number of the
scalarization band. A similar ladder of excited states was ob-
served for scalarized NSs in scalar-tensor theory [31, 32]. The
normalized scalar charge1 Q/M of these solutions is shown in

1 In other theories with a Gauss–Bonnet coupling the scalar charge and the
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and 5. In the latter case Veff develops a negative region and it can
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= 2.902,
19.50 and 50.93. These profiles have 0, 1 and 2 nodes, respectively.

Scalarized black holes in qsGB gravity. We now consider
BH solutions obtained by integrating the full set of equa-
tions (2a) and (2b). We search for static, spherically sym-
metric solutions, i.e. a = a(r), b = b(r), ϕ = ϕ(r). We define
Γ = log a, Λ = log b, as in [24]. The field equations can be
cast as three coupled ordinary differential equations for Γ, Λ
and ϕ. Since these equations are not particularly illuminating,
we do not present them here.

The equation for Λ can be integrated algebraically [16, 17,
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remaining equations,we are left with two differential equations
for Γ and ϕ. A near-horizon expansion of the field equations
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Therefore, regularity on the horizon requires

r4
h − 6η2ϕ2

h ≥ 0 . (13)

Eq. (13) defines a region in the (rh, ϕh)–plane within which BH
solutions with a regular (real) scalar field configuration exist.

The value of the scalar field at the horizon is bound in
the range 0 ≤ ϕh ≤ ϕmax

h
= r2

h
/(
√

6η). We do not consider

FIG. 2. Spontaneous scalarization of black holes. Left: the regions
in the η − M (in solar mass units) space where scalarized BHs exist.
The solutions belonging to each band are characterized by the number
of nodes of the scalar field radial profile. We only show the first three
scalarization regions, but our numerical analysis suggests an infinite
number of them. Top-right: the scalar field profiles for sample BH
solutions in each of the first three bands. Bottom-right: normalized
scalar charge Q/M as a function of η/M2. The most charged BHs
belong to the n = 0 band.

solutions with ϕh < 0 because qsGB gravity is invariant under
ϕ → −ϕ. The field equations are invariant under the rescalings
rh → rh/l, M → M/l, η → η/l2, corresponding to a freedom
in choosing length units. BH solutions are then characterized
by dimensionless quantities such as η/M2 and η/r2

h
.

For each value of η/M2 we have numerically solved the
field equations, with ϕh in the range [0, ϕmax] and the other
boundary conditions fixed from the requirement of regularity
at the horizon. We have then extracted the scalar quantities
characterizing the solution – the mass M, the scalar charge
Q, and the asymptotic value of the scalar field ϕ∞ – from the
asymptotic expansions [17, 24, 30]:

eΓ = 1 − 2M/r + Q2M/(12r2) , (14)

ϕ = ϕ0 +Q/r +QM/r2
+ (32QM2 − Q3)/(24r3) . (15)

While the Schwarzschild solution (ϕh = 0, ϕ0 = 0) is allowed
for any value of η, a solution with ϕh ! 0, ϕ∞ = 0 only ex-
ists when η/M2 belongs to a set of scalarization bands, i.e.
[2.53, 2.89], [17.86,19.50], [47.90, 50.92], etc. The right-end
values of these bands correspond to the eigenvalues of η/M2

found by solving the linear equation of the scalar field on a
fixed background. The scalarization bands in η/M2 corre-
spond to regions bounded by parabolas in the η − M plane
(shadowed regions in the left panel of Fig. 2). The scalar field
profiles of these solutions have n = 0, 1, . . . nodes (top-right
panel of Fig. 2), corresponding to the order number of the
scalarization band. A similar ladder of excited states was ob-
served for scalarized NSs in scalar-tensor theory [31, 32]. The
normalized scalar charge1 Q/M of these solutions is shown in

1 In other theories with a Gauss–Bonnet coupling the scalar charge and the
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Stochastic and resolvable gravitational waves from ultralight bosons
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Ultralight scalar fields around spinning black holes can trigger superradiant instabilities, forming a long-lived
bosonic condensate outside the horizon. We use numerical solutions of the perturbed field equations and astro-
physical models of massive and stellar-mass black hole populations to compute, for the first time, the stochastic
gravitational-wave background from these sources. The background is observable by Advanced LIGO and
LISA for field masses ms in the range [2 ⇥ 10�13, 10�12] eV and [5 ⇥ 10�19, 5 ⇥ 10�16] eV, respectively,
and it can affect the detectability of resolvable sources. Our estimates suggest that current constraints on the
stochastic background from LIGO O1 may already exclude masses in the range [0.2, 1] ⇥ 10�12 eV. Semi-
coherent searches with Advanced LIGO and LISA should detect ⇠ 5 to 50 resolvable sources for scalar field
masses ⇠ 10�12 (10�17) eV. LISA measurements of massive BH spins could either rule out bosons in the range
[4.5⇥ 10�19, 7.1⇥ 10�13] eV, or measure ms with percent accuracy in the range [10�17, 10�13] eV.

Introduction. The historical LIGO gravitational wave (GW)
detections [1, 2] provides the strongest evidence to date
that astrophysical black holes (BHs) exist and merge [3–5].
Besides probing the nature of compact objects and testing
general relativity [6–9], LIGO and the space-based detector
LISA [10] may revolutionize our understanding of particle
physics and dark matter. Ultralight bosons, which could be
a significant component of dark matter [11–14], interact very
weakly (if at all) with baryonic matter, but the equivalence
principle implies that their gravitational interaction should be
universal. Low-energy bosons near spinning BHs can trigger
a superradiant instability whenever the boson frequency !R

satisfies the superradiant condition !R < m⌦H, where ⌦H is
the horizon angular velocity and m is an azimuthal quantum
number, with possible astrophysical implications [15–18].

Despite extensive work on massive spin-0 [16, 19–21],
spin-1 [22–27] and spin-2 fields [28], the evolution and the
end-state of the instability are not fully understood [29–32].
Recent numerical simulations [26] support the conclusions of
perturbative studies [18, 27, 33–37]: the BH spins down trans-
ferring energy and angular momentum to a mostly dipolar bo-
son condensate until !R ⇠ m⌦H . The energy scale is set by
the boson mass ms ⌘ µ~, which implies that !R ⇠ µ and that
the instability saturates at µ ⇠ m⌦H (in units G = c = 1).
The condensate is then dissipated through the emission of
mostly quadrupolar GWs, with frequency set by µ. The mech-
anism is most effective when the boson’s Compton wave-
length is comparable to the BH’s gravitational radius: detailed
calculations show that the maximum instability rate for scalar
fields corresponds to Mµ ' 0.42 [21]. Therefore, the insta-
bility window corresponds to masses ms ⇠ 10�14–10�10 eV
and ms ⇠ 10�19–10�15 eV for LIGO and LISA sources, re-
spectively [18]. In this work and in a companion paper [38]

we argue that GW detectors can discover new particles beyond
the Standard Model or impose constraints on their masses.
GWs from scalar condensates around BHs. The instability
occurs in two stages [34]. In the first (linear) phase the con-
densate grows on a timescale ⌧inst ⇠ M8µ9 until the superra-
diant condition is nearly saturated. In the second (nonlinear)
phase GW emission governs the evolution of the condensate,
which is dissipated over a timescale ⌧GW that depends on its
mass MS and on the GW emission rate. These two timescales
can be computed analytically when Mµ ⌧ 1 [38]. For small
dimensionless BH spins � ⌘ J/M2 ⌧ 1, they read

⌧inst ⇠ 0.07��1

✓
M

10M�

◆✓
0.1

Mµ

◆9

yr , (1)

⌧GW ⇠ 6⇥ 104 ��1

✓
M

10M�

◆✓
0.1

Mµ

◆15

yr . (2)

These relations (valid for any BH mass) are a good approxi-
mation even when Mµ and � are ⇠ 1 [38]. Since ⌧GW �
⌧inst � M , the condensate has enough time to grow, and the
evolution of the system can be studied in a quasi-adiabatic ap-
proximation [34] using Teukolsky’s formalism [39, 40]. The
field’s stress-energy tensor is typically small, thus its backre-
action is negligible [26, 34].

Over the emission timescale (which in most cases is much
longer that the observation time Tobs), the GWs are nearly
monochromatic, with frequency fs = !R/⇡ ⇠ µ/⇡. As
such, BH-boson condensates are continuous sources, like pul-
sars for LIGO or verification binaries for LISA. We conser-
vatively assume that GWs are produced after saturation of the
instability, which leads the BH from an initial state (Mi, Ji)
to a final state (M, J), and we thus compute the root-mean-
square strain amplitude h using the final BH parameters. By
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GWs from bosonic condensates around BHs. The evolution
of the condensate occurs on two different time scales [30].
First the condensate grows on the instability time scale ⌧inst ⌘
1/!I until the superradiant condition is saturated; then it is
dissipated through GW emission over a time scale ⌧GW that
depends on the mass MS of the final condensate and on the
GW emission rate. These time scales can be computed ana-
lytically when Mµ ⌧ 1, with the result [34]

⌧inst ⇠ 105yr
�
M8

6µ
9
17�

��1
, (1)

⌧GW ⇠ 5⇥ 1011yr
�
M14

6 µ15
17�

��1
, (2)

where M6 = M/(106M�), µ17 = ms/(10
�17eV), and

� ⌘ J/M2 is the dimensionless spin parameter. These rela-
tions are a reasonably good approximation even when Mµ be-
comes of order unity [34]. Since ⌧GW � ⌧inst � M , the ax-
ion condensate has enough time to grow, and the evolution of
the BH-condensate system can be studied in a quasi-adiabatic
approximation [30] using Teukolsky’s formalism [35, 36].
The field stress-energy tensor is typically small compared to
the BH energy density, so the boson field can be considered
almost stationary and its backreaction can be neglected [30].

Over the observation time Tobs ⌧ ⌧inst ⌧ ⌧GW the GW
signal can be considered almost monochromatic, with fre-
quency f0 = 2⇡(2!R) ⇠ 4⇡µ, and in this sense it is simi-
lar to continuous sources, such as LIGO pulsars or LISA ver-
ification binaries. The signal-to-noise ratio (SNR) for con-
tinuous signals is given by (see e.g. [37]) SNR ' h

p
T
obsp

Sh(f0)
,

where h is the signal’s root-mean-square (rms) strain ampli-
tude, Tobs is the observation time, and Sh(f0) is the noise
power spectral density (PSD) at f0. Coherent all-sky searches
where the location the sources is typically unknown are com-
putationally expensive. One can resort to semicoherent meth-
ods (e.g. [38]), dividing the signal in N coherent segments
with time length Tcoh. Then the typical sensitivity threshold is
hthr ' 25

N 1/4

q
Sh(f0)
T
coh

, where hthr is the minimum rms strain
amplitude detectable over the observation time N ⇥ Tcoh. In
our estimate below we consider both full coherent and semi-
coherent searches.

We compute h numerically within BH perturbation the-
ory [36] in the entire (a/M, µM) plane (see [34] for details).
Our results are much more accurate than the analytical ap-
proximations made in Refs. [29, 30]. The GW amplitude, av-
eraged over source and detector orientations, reads

h =
GM

c2r

✓
MS

M

◆ p
2Ap

5⇡(2⇡f0M)2
, (3)

where r is the distance to the source, MS is the mass of the
scalar condensate, and the dimensionless constant A (related
to the GW energy flux) is computed from BH perturbation
theory [34]. We take into account correction factors due to the
geometry of the detector and we sky-average the signal [39].
To take into account cosmological effects it is sufficient to
multiply source masses by redshift factors (1 + z), and to re-
place r by the luminosity distance DL. We conservatively

assume that the observed GWs are entirely produced after the
instability has saturated, leading the BH from an initial state
(Mi, Ji) to a final state (Mf , Jf ), and we compute h using
the final BH parameters. It can be shown that MS scales lin-
early with Ji [34], so the GW strain h also grows with Ji.
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FIG. 1. GW strain produced by boson condensates compared to Ad-
vanced LIGO and LISA PSDs (black thick curves), assuming an
observation time of T

obs

= 4yr in both cases. Near-vertical lines
are computed for BHs with initial spin �i = 0.9 and for fixed ms

(as indicated). Each line corresponds to a single source at redshift
z 2 (0.001, 3.001) (from right to left, in steps of �z = 0.2); recall
that GW detectors measure frequencies f = fs/(1 + z), where fs
is the source-frame frequency. The strain increases along a nearly
straight vertical line as we increase the BH mass, so that Mµ spans
the range 2 (0, 0.43). Thin lines correspond to the stochastic back-
ground produced by the whole population of astrophysical BHs, as-
suming that the boson has mass ms. The PSD of DECIGO [40]
(dashed line) is also shown for reference.

In Fig. 1 we compare the GW strain of Eq. (3) with the
PSD for Advanced LIGO and LISA. Each near-vertical line
corresponds to a BH with �i = Ji/M

2
i = 0.9 at redshift

z, for bosons with mass ms. The GW strain increases along
a nearly vertical line as we vary Mµ in the range (0, 0.43).
Thin continuous curves correspond to the stochastic back-
ground produced by the whole population of astrophysical
BHs, assuming that the boson has mass ms. Note that the
stochastic background becomes itself a source of noise when
ms ⇡ 10�17 eV, complicating the detection of individual
sources. Figure 1 suggests that axion-like particles in the mass
range 10�19 eV . ms . 10�11 eV (with a small gap around
f ⇠ 1 Hz which might be filled by DECIGO [40]) could
in principle be detectable with LIGO and LISA, at least for
highly spinning BHs. Below we quantify this expectation.
BH population models. An assessment of the detectability
of GWs from superradiant instabilities requires astrophysical
models for BH populations. [Paolo: I think we will have to cut
this part even further, but let’s see after we finish the writing]

For massive BHs we adopt the same astrophysical models
as in [41]. The main assumptions concern (cf. [34]):
(i) Mass and spin distribution of isolated massive BHs.
We adopt an optimistic model where the redshift-dependent
BH number density d2n/(d log10 Mda) is computed using

Vertical	
  lines:	
  a/M=0.9,	
  z=0.01-­‐3.01 (right	
  to	
  left),	
  µM grows along vertical lines
[Brito+,	
  1706.05097]
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Planck scale	
  structures near the	
  horizon and	
  echoes
On the other hand, when the Schwarzschild horizon is

replaced by a surface (as, e.g., in the gravastar case) or by a
throat (as in the wormhole case), the potential also develops
a minimum (i.e., an innermost stable PS) which can trap
low-frequency modes [12,15,28–30] (cf. Fig. 1). This inner
PS can also be thought of as being caused by the centrifugal
barrier, and it may become nonlinearly unstable [12]. These
modes make their way to the waveforms in Fig. 2 in the
form of “echoes” of the initial PS modes after they leak
through the potential barrier: the radiation pulse generated
at the potential barrier peak (the PS modes) is then trapped
in a semipermeable cavity bounded between the two PSs.
Indeed, the time delay between two consecutive echoes is
roughly the time that light takes for a round trip between the
potential barrier. In general, this delay time reads

Δt ∼ 2

Z
3M

rmin

drffiffiffiffiffiffiffi
FB

p ; ð5Þ

where rmin is the location of the minimum of the potential
shown in Fig. 1. If we consider a microscopic correction at
the horizon scale (l ≪ M), then the main contribution to
the time delay comes near the radius of the star and
therefore,

Δt ∼ −nM log
"
l
M

#
; l ≪ M; ð6Þ

where n is a factor of order unity that takes into account the
structure of the objects. For wormholes, n ¼ 8 to account
for the fact that the signal is reflected by the two maxima in
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FIG. 2. Left: A dipolar (l ¼ 1, m ¼ 0) scalar wave packet scattered off a Schwarzschild BH and off different ECOs with l ¼ 10−6M
(r0 ¼ 2.000001M). The right panel shows the late-time behavior of the waveform. The result for a wormhole, a gravastar, and a simple
empty shell of matter are qualitatively similar and display a series of “echoes” which are modulated in amplitude and distorted in
frequency. For this compactness, the delay time in Eq. (6) reads Δt ≈ 110M for wormholes, Δt ≈ 82M for gravastars, and Δt ≈ 55M for
empty shells, respectively.
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FIG. 1. Qualitative features of the effective potential felt by
perturbations of a Schwarzschild BH compared to the case of
wormholes [12] and of starlike ECOs with a regular center [22].
The precise location of the center of the star is model dependent
and was chosen for visual clarity. The maximum and minimum of
the potential corresponds approximately to the location of the
unstable and stable PS, and the correspondence is exact in the
eikonal limit of large angular number l. In the wormhole case,
modes can be trapped between the PSs in the two “universes.” In
the starlike case, modes are trapped between the PS and the
centrifugal barrier near the center of the star [28–30]. In all cases
the potential is of finite height, and the modes leak away, with
higher-frequency modes leaking on shorter timescales.
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  between	
  echoes:

r0 ! 2M

�t
echoes

⇠ 2M log

⇣ r
0

2M
� 1

⌘

Signatures of	
  quantum	
  corrections near the	
  horizon?



[Cunha+,	
  1708.04211;	
  Keir,	
  1404.7036]

Light-­‐ring	
  instability of	
  ultracompact objects is generic



ü Astrophysics
Rates: probably	
  multiple	
  channels
(field,	
  clusters,	
  triples,	
  Pop	
  III,	
  primordial	
  BHs…)	
  
Masses: clusters	
  cannot	
  explain	
  low-­‐mass	
  events
Spins: small	
  effective	
  spin	
  compatible	
  with	
  different	
  explanations

morphology	
  and	
  “black	
  hole	
  binary	
  archaeology”
Eccentricity: LISA	
  could	
  distinguish	
  between	
  channels
Statistics in	
  LIGO/Virgo:	
  collapse	
  or	
  multiple	
  mergers?

ü Strong	
  gravity
Black	
  hole	
  spectroscopy: AdLIGO needs	
  coherent	
  stacking	
  
Third	
  generation	
  detectors,	
  eLISA:	
  high-­‐SNR	
  tests	
  at	
  larger	
  redshift
Modified	
  gravity constraints	
  via	
  black	
  hole	
  binary	
  mergers?

Maybe…	
  (case	
  study:	
  scalar-­‐Gauss-­‐Bonnet	
  gravity)

ü Beyond	
  Standard	
  Model	
  physics
Light	
  bosons (10-­‐12eV/10-­‐17eV	
  in	
  LIGO/LISA)	
  via	
  superradiant instabilities
Exotica and	
  “echoes”:	
  Planck	
  structure	
  at	
  the	
  horizon?

Summary


