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Zero point energy

QFT vacuum to vacuum transition: 〈0|H|0〉
Spectrum, normal ordering (harm oscill):

H =

(
n+

1

2

)
λn an a

†
n

〈0|H|0〉 =
~ c

2

∑

n

λn =
1

2
tr H

gives ∞ physical meaning?

Regularization + Renormalization ( cut-off, dim, ζ )

Even then: Has the final value real sense ?
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Effects of the Quantum Vacuum

a) Negligible: Sonoluminiscence, Schwinger ̴10-5

b) Important:  Wetting He3 – alcali ̴30%

c) Incredibly big: Cosmological constant ̴10120
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Riemann Zeta Function



F Yndurain, A Slavnov
"As everybody knows ..."



Operator Zeta F’s in MΦ : Origins
The Riemann zeta function ζ(s) is a function of a complex variable, s. To define it, one
starts with the infinite series ∞∑

n=1

1

ns

which converges for all complex values of s with real Re s > 1, and then defines ζ(s) as
the analytic continuation, to the whole complex s−plane, of the function given, Re s > 1,
by the sum of the preceding series.

Leonhard Euler already considered the above series in 1740, but for positive integer
values of s, and later Chebyshev extended the definition to Re s > 1.

Godfrey H Hardy and John E Littlewood, “Contributions to the Theory of the Riemann
Zeta-Function and the Theory of the Distribution of Primes", Acta Math 41, 119 (1916)

Did much of the earlier work, by establishing the convergence and equivalence of series
regularized with the heat kernel and zeta function regularization methods

G H Hardy, Divergent Series (Clarendon Press, Oxford, 1949)

Srinivasa I Ramanujan had found for himself the functional equation of the zeta function

Torsten Carleman, “Propriétés asymptotiques des fonctions fondamentales des
membranes vibrantes" (French), 8. Skand Mat-Kongr, 34-44 (1935)

Zeta function encoding the eigenvalues of the Laplacian of a compact Riemannian
manifold for the case of a compact region of the plane

QFEXT 2011, CC Pedro Pascual, Benasque, Sep 18-24, 2011 – p. 4/27
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Robert T Seeley, “Complex powers of an elliptic operator. 1967
Singular Integrals" (Proc. Sympos. Pure Math., Chicago, Ill., 1966)
pp. 288-307, Amer. Math. Soc., Providence, R.I.

Extended this to elliptic pseudo-differential operators A on compact
Riemannian manifolds. So for such operators one can define the
determinant using zeta function regularization

D B Ray, Isadore M Singer, “R-torsion and the Laplacian on
Riemannian manifolds", Advances in Math 7, 145 (1971)

Used this to define the determinant of a positive self-adjoint operator
A (the Laplacian of a Riemannian manifold in their application) with
eigenvalues a1, a2, ...., and in this case the zeta function is formally
the trace

ζA(s) = Tr (A)−s

the method defines the possibly divergent infinite product
∞∏

n=1

an = exp[−ζA′(0)]

QFEXT 2011, CC Pedro Pascual, Benasque, Sep 18-24, 2011 – p. 5/27
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J. Stuart Dowker, Raymond Critchley

“Effective Lagrangian and energy-momentum tensor

in de Sitter space", Phys. Rev. D13, 3224 (1976)

Abstract

The effective Lagrangian and vacuum energy-momentum

tensor < Tµν > due to a scalar field in a de Sitter space

background are calculated using the dimensional-regularization

method. For generality the scalar field equation is chosen in the

form (�2 + ξR+m2)ϕ = 0. If ξ = 1/6 and m = 0, the

renormalized < Tµν > equals gµν(960π2a4)−1, where a is the

radius of de Sitter space. More formally, a general zeta-function

method is developed. It yields the renormalized effective

Lagrangian as the derivative of the zeta function on the curved

space. This method is shown to be virtually identical to a

method of dimensional regularization applicable to any

Riemann space.
QFEXT 2011, CC Pedro Pascual, Benasque, Sep 18-24, 2011 – p. 6/27
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Stephen W Hawking, “Zeta function regularization of path integrals
in curved spacetime", Commun Math Phys 55, 133 (1977)

This paper describes a technique for regularizing quadratic path
integrals on a curved background spacetime. One forms a
generalized zeta function from the eigenvalues of the differential
operator that appears in the action integral. The zeta function is a
meromorphic function and its gradient at the origin is defined to be the
determinant of the operator. This technique agrees with dimensional
regularization where one generalises to n dimensions by adding extra
flat dims. The generalized zeta function can be expressed as a Mellin
transform of the kernel of the heat equation which describes diffusion
over the four dimensional spacetime manifold in a fifth dimension of
parameter time. Using the asymptotic expansion for the heat kernel,
one can deduce the behaviour of the path integral under scale
transformations of the background metric. This suggests that there
may be a natural cut off in the integral over all black hole background
metrics. By functionally differentiating the path integral one obtains an
energy momentum tensor which is finite even on the horizon of a
black hole. This EM tensor has an anomalous trace.

QFEXT 2011, CC Pedro Pascual, Benasque, Sep 18-24, 2011 – p. 7/27
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Basic strategies
Jacobi’s identity for the θ−function

θ3(z, τ) := 1 + 2
∑∞

n=1 q
n2

cos(2nz), q := eiπτ , τ ∈ C

θ3(z, τ) = 1√
−iτ

ez2/iπτ θ3

(
z
τ
|−1

τ

)
equivalently:

∞∑

n=−∞
e−(n+z)2t =

√
π

t

∞∑

n=0

e−
π2n2

t cos(2πnz), z, t ∈ C, Ret > 0

Higher dimensions: Poisson summ formula (Riemann)
∑

~n∈Zp

f(~n) =
∑

~m∈Zp

f̃(~m)

f̃ Fourier transform
[Gelbart + Miller, BAMS ’03, Iwaniec, Morgan, ICM ’06]

Truncated sums −→ asymptotic series
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Existence ofζA for A a ΨDO
1. A a positive-definite elliptic ΨDO of positive order m ∈ R+

2. A acts on the space of smooth sections of

3. E, n-dim vector bundle over

4. M closed n-dim manifold

(a) The zeta function is defined as:
ζA(s) = tr A−s =

∑
j λ

−s
j , Re s > n

m := s0

{λj} ordered spect of A, s0 = dimM/ordA abscissa of converg of ζA(s)

(b) ζA(s) has a meromorphic continuation to the whole complex plane C

(regular at s = 0), provided the principal symbol of A, am(x, ξ), admits a
spectral cut: Lθ = {λ ∈ C;Argλ = θ, θ1 < θ < θ2}, SpecA ∩ Lθ = ∅
(the Agmon-Nirenberg condition)

(c) The definition of ζA(s) depends on the position of the cut Lθ

(d) The only possible singularities of ζA(s) are poles at
sj = (n− j)/m, j = 0, 1, 2, . . . , n− 1, n+ 1, . . .



Definition of Determinant
H ΨDO operator {ϕi, λi} spectral decomposition

∏
i∈I λi ?! ln

∏
i∈I λi =

∑
i∈I lnλi

Riemann zeta func: ζ(s) =
∑∞

n=1 n
−s, Re s > 1 (& analytic cont)

Def nition: zeta function of H ζH(s) =
∑

i∈I λ
−s
i = tr H−s

As Mellin transform: ζH(s) = 1
Γ(s)

∫ ∞
0 dt ts−1 tr e−tH , Res > s0

Derivative: ζ ′H(0) = −∑
i∈I lnλi

Determinant: Ray & Singer, ’67
detζ H = exp [−ζ ′H(0)]

Weierstrass def: subtract leading behavior of λi in i, as i→ ∞,
until series

∑
i∈I lnλi converges =⇒ non-local counterterms !!

C. Soulé et al, Lectures on Arakelov Geometry, CUP 1992; A. Voros,...
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Properties
The definition of the determinant detζ A only depends on the 
homotopy class of the cut

A zeta function (and corresponding determinant) with the same
meromorphic structure in the complex s-plane and extending the
ordinary definition to operators ofcomplex order m ∈ C\Z (they do not
admit spectral cuts), has been obtained [Kontsevich and Vishik]

Asymptotic expansion for the heat kernel:

tr e−tA =
∑′

λ∈Spec A e
−tλ

∼ αn(A) +
∑

n6=j≥0 αj(A)t−sj +
∑

k≥1 βk(A)tk ln t, t ↓ 0

αn(A) = ζA(0), αj(A) = Γ(sj)Ress=sj
ζA(s), sj /∈ −N

αj(A) = (−1)k

k! [PP ζA(−k) + ψ(k + 1)Ress=−k ζA(s)] ,

sj = −k, k ∈ N

βk(A) = (−1)k+1

k! Ress=−k ζA(s), k ∈ N\{0}

PP φ := lims→p

[
φ(s) − Ress=p φ(s)

s−p

]



“ Hi, Emilio.  This is a question I have been trying to solve for years.   
With a bit of luck you could maybe provide me with a hint or two.

• Imagine I’ve got a functional integral and I perform a point transformation (doesn’t involve
derivatives).  Its Jacobian is a kind of functional determinant, but of a non-elliptic operator
(it is simply infinite times multiplication by a function.)   Did anybody study this seriously?

• I do know, from at least one paper I did with Luis AG, that in some cases (T duality) one is
bound to define something like

• det f(x) ~ det [f(x) O] / det O where O es an elliptic operator (e.g. the Laplacian)

• This is what Schwarz and Tseytlin did in order to obtain the dilaton transformation
• And LAG and I did also proceed in a basically similar way
• As I know, Konsevitch, too, uses a related method involving the multiplicative anomaly

Tell me what you know about, please.  Thanks so much.- Hugs,  Enrique “
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Multipl or N-Comm Anomaly, or Defect
Given A, B, and AB ψDOs, even if ζA, ζB, and ζAB exist,
it turns out that, in general,

detζ(AB) 6= detζA detζB





Multipl or N-Comm Anomaly, or Defect
Given A, B, and AB ψDOs, even if ζA, ζB, and ζAB exist,
it turns out that, in general,

detζ(AB) 6= detζA detζB

The multiplicative (or noncommutative) anomaly (defect)
is def ned as

δ(A,B) = ln

[
detζ(AB)

detζ A detζ B

]
= −ζ ′AB(0) + ζ ′A(0) + ζ ′B(0)

Wodzicki formula

δ(A,B) =
res

{
[ln σ(A,B)]2

}

2 ordA ordB (ordA+ ordB)

where σ(A,B) = AordBB−ordA
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The Dixmier Trace
In order to write down an action in operator language one needs a
functional that replaces integration

For the Yang-Mills theory this is the Dixmier trace

It is the unique extension of the usual trace to the ideal L(1,∞) of the
compact operators T such that the partial sums of its spectrum
diverge logarithmically as the number of terms in the sum:

σN (T ) :=
∑N−1

j=0 µj = O(logN), µ0 ≥ µ1 ≥ · · ·

Definition of the Dixmier trace of T:
Dtr T = limN→∞

1
log N σN (T )

provided that the Cesaro meansM(σ)(N) of the sequence in N are
convergent as N → ∞ [remember: M(f)(λ) = 1

ln λ

∫ λ

1
f(u)du

u ]

The Hardy-Littlewood theorem can be stated in a way that connects
the Dixmier trace with the residue of the zeta function of the operator
T−1 at s = 1 [Connes] Dtr T = lims→1+(s− 1)ζT−1(s)
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The Wodzicki Residue
The Wodzicki (or noncommutative) residue is the only extension of the
Dixmier trace to ΨDOs which are not in L(1,∞)

Only trace one can define in the algebra of ΨDOs (up to multipl const)

Definition: res A = 2 Ress=0 tr(A∆−s), ∆ Laplacian

Satisfies the trace condition: res (AB) = res (BA)

Important!: it can be expressed as an integral (local form)

res A =
∫

S∗M
tr a−n(x, ξ) dξ

with S∗M ⊂ T ∗M the co-sphere bundle onM (some authors put a
coefficient in front of the integral: Adler-Manin residue)

If dimM = n = − ord A (M compact Riemann, A elliptic, n ∈ N)
it coincides with the Dixmier trace, and Ress=1ζA(s) = 1

n res A
−1

The Wodzicki residue makes sense for ΨDOs of arbitrary order.
Even if the symbols aj(x,ξ), j < m, are not coordinate invariant, 
the integral is, and defines a trace
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Consequences of the Multipl Anomaly
In the path integral formulation

∫
[dΦ] exp

{
−

∫
dDx

[
Φ†(x)

( )
Φ(x) + · · ·

]}

Gaussian integration: −→ det
( )±


 A1 A2

A3 A4


 −→


 A

B




det(AB) or detA · detB ?

In a situation where a superselection rule exists, AB has no
sense (much less its determinant): =⇒ detA · detB

But if diagonal form obtained after change of basis (diag.
process), the preserved quantity is: =⇒ det(AB)
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Recent Applications
arXiv:1707.03975
Effect of a magnetic field on Schwinger mechanism in de Sitter spacetime
Ehsan Bavarsad, Sang Pyo Kim, Clément Stahl, She-Sheng Xue
arXiv:1707.05485
Large gauge transformation, soft theorem, and infrared divergence in inflationary spacetime
Takahiro Tanaka, Yuko Urakawa
arXiv:1705.01525
A Laplace transform approach to linear equations with infinitely many derivatives and zeta-nonlocal field
equations
Alan Chavez, Humberto Prado, Enrique G. Reyes
arXiv:1608.03133
Do Black Holes exist in a finite Universe having the yopology of a flat 3-torus?
Frank Steiner
Self-sustained traversable wormholes 
Remo Garattini, Francisco S.N. Lobo. 2017. 25 pp. 
Fundam. Theor. Phys. 189 (2017) 111-135 
Can one hear the Riemann zeros in black hole ringing? 
Rodrigo Aros, Fabrizzio Bugini, Danilo E. Diaz. 2016. 3 pp. 
J. Phys. Conf. Ser. 720 (2016) no.1, 012009
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Recent Applications
arXiv:1708.02627

Casimir Effect in the Rainbow Einstein's Universe
V. B. Bezerra, H. F. Mota, C. R. Muniz

arXiv:1605.09175
Quantum magnetic flux lines, BPS vortex zero modes, and one-loop string tension shifts
A. Alonso-Izquierdo, J. Mateos Guilarte, M. de la Torre Mayado
Journal-ref: Phys. Rev. D 94, 045008 (2016)

arXiv:1505.03276
Local zeta regularization and the scalar Casimir effect IV. The case of a rectangular box
Davide Fermi (Universita' di Milano), Livio Pizzocchero (Universita' di Milano)

arXiv:1505.01044
Local zeta regularization and the scalar Casimir effect II. Some explicitly solvable cases
Davide Fermi (Universita' di Milano), Livio Pizzocchero (Universita' di Milano)

arXiv:1505.00711
Local zeta regularization and the scalar Casimir effect I. A general approach based on integral kernels
Davide Fermi (Universita' di Milano), Livio Pizzocchero (Universita' di Milano)

arXiv:1412.7463
Comments on the Casimir energy in supersymmetric field theories
Jakob Lorenzen, Dario Martelli
Journal-ref: JHEP 1507 (2015) 1

arXiv:1410.8010
Spectral zeta functions of graphs and the Riemann zeta function in the critical strip
Fabien Friedli, Anders Karlsson

https://arxiv.org/abs/1708.02627
https://arxiv.org/find/gr-qc/1/au:+Bezerra_V/0/1/0/all/0/1
https://arxiv.org/find/gr-qc/1/au:+Mota_H/0/1/0/all/0/1
https://arxiv.org/find/gr-qc/1/au:+Muniz_C/0/1/0/all/0/1
https://arxiv.org/abs/1605.09175
https://arxiv.org/find/hep-th/1/au:+Alonso_Izquierdo_A/0/1/0/all/0/1
https://arxiv.org/find/hep-th/1/au:+Guilarte_J/0/1/0/all/0/1
https://arxiv.org/find/hep-th/1/au:+Mayado_M/0/1/0/all/0/1
https://arxiv.org/abs/1505.03276
https://arxiv.org/find/math-ph/1/au:+Fermi_D/0/1/0/all/0/1
https://arxiv.org/find/math-ph/1/au:+Pizzocchero_L/0/1/0/all/0/1
https://arxiv.org/abs/1505.01044
https://arxiv.org/find/math-ph/1/au:+Fermi_D/0/1/0/all/0/1
https://arxiv.org/find/math-ph/1/au:+Pizzocchero_L/0/1/0/all/0/1
https://arxiv.org/abs/1505.00711
https://arxiv.org/find/math-ph/1/au:+Fermi_D/0/1/0/all/0/1
https://arxiv.org/find/math-ph/1/au:+Pizzocchero_L/0/1/0/all/0/1
https://arxiv.org/abs/1412.7463
https://arxiv.org/find/hep-th/1/au:+Lorenzen_J/0/1/0/all/0/1
https://arxiv.org/find/hep-th/1/au:+Martelli_D/0/1/0/all/0/1
https://arxiv.org/abs/1410.8010
https://arxiv.org/find/math/1/au:+Friedli_F/0/1/0/all/0/1
https://arxiv.org/find/math/1/au:+Karlsson_A/0/1/0/all/0/1
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arXiv:1412.0807

Equivalence of zeta function technique and Abel-Plana formula in regularizing the Casimir energy of 
hyper-rectangular cavities
Rui-hui Lin, Xiang-hua Zhai
Journal-ref: Mod. Phys. Lett. A29(2014)1450181

arXiv:1410.7798
Spherical Casimir effect for a massive scalar field on the three dimensional ball
Andrea Erdas
Journal-ref: J. Mod. Phys. 6, 1104 - 1112 (2015)

arXiv:1410.4519
Casimir Pistons with General Boundary Conditions
Guglielmo Fucci
Journal-ref: Nucl. Phys. B 891 (2015) 676-699

arXiv:1409.7572
Partition function of massless scalar field in Schwarzschild background
Abhik Kumar Sanyal
Quantum Stud.: Math. Found. (2014)

arXiv:1407.2413
A new regularization of loop integral, no divergence, no hierarchy problem
Wenyu Wang, Jian-Feng Wu, Si-Hong Zhou

arXiv:1403.0442
Zeta Function Regularization of Photon Polarization Tensor for a Magnetized Vacuum
Jingyi Chao, Lang Yu, Mei Huang Journal-ref: Phys. Rev. D 90, 045033 (2014)

https://arxiv.org/abs/1412.0807
https://arxiv.org/find/hep-th/1/au:+Lin_R/0/1/0/all/0/1
https://arxiv.org/find/hep-th/1/au:+Zhai_X/0/1/0/all/0/1
https://arxiv.org/abs/1410.7798
https://arxiv.org/find/hep-th/1/au:+Erdas_A/0/1/0/all/0/1
https://arxiv.org/abs/1410.4519
https://arxiv.org/find/hep-th/1/au:+Fucci_G/0/1/0/all/0/1
https://arxiv.org/abs/1409.7572
https://arxiv.org/find/hep-th/1/au:+Sanyal_A/0/1/0/all/0/1
https://arxiv.org/abs/1407.2413
https://arxiv.org/find/hep-th/1/au:+Wang_W/0/1/0/all/0/1
https://arxiv.org/find/hep-th/1/au:+Wu_J/0/1/0/all/0/1
https://arxiv.org/find/hep-th/1/au:+Zhou_S/0/1/0/all/0/1
https://arxiv.org/abs/1403.0442
https://arxiv.org/find/hep-th/1/au:+Chao_J/0/1/0/all/0/1
https://arxiv.org/find/hep-th/1/au:+Yu_L/0/1/0/all/0/1
https://arxiv.org/find/hep-th/1/au:+Huang_M/0/1/0/all/0/1
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Recent Applications
arXiv:1402.0703

Tunnel determinants from spectral zeta functions. Instanton effects in quantum mechanics
Alberto Alonso-Izquierdo, Juan Mateos Guilarte

arXiv:1401.3311
Strong dynamics behind the formation of the 125 GeV Higgs boson
M.A. Zubkov
Journal-ref: Phys. Rev. D 89 (2014), 075012

arXiv:1312.7716
Casimir Energy of an irregular membrane
B.Droguett, J.C. Rojas

arXiv:1312.1432
Finite temperature Casimir effect for massive scalars in a magnetic field
Andrea Erdas, Kevin P. Seltzer
Journal-ref: Int. J. Mod. Phys. A29, 1450091 (2014)

arXiv:1311.6681
Riemann zeta zeros and zero-point energy
J. G. Dueñas, N. F. Svaiter

arXiv:1311.0174
Spectral Functions for Regular Sturm-Liouville Problems
Guglielmo Fucci, Curtis Graham, Klaus Kirsten
Journal-ref: J. Math. Phys. 56 , 043503 (2015)

https://arxiv.org/abs/1402.0703
https://arxiv.org/find/hep-th/1/au:+Alonso_Izquierdo_A/0/1/0/all/0/1
https://arxiv.org/find/hep-th/1/au:+Guilarte_J/0/1/0/all/0/1
https://arxiv.org/abs/1401.3311
https://arxiv.org/find/hep-ph/1/au:+Zubkov_M/0/1/0/all/0/1
https://arxiv.org/abs/1312.7716
https://arxiv.org/find/hep-th/1/au:+Droguett_B/0/1/0/all/0/1
https://arxiv.org/find/hep-th/1/au:+Rojas_J/0/1/0/all/0/1
https://arxiv.org/abs/1312.1432
https://arxiv.org/find/hep-th/1/au:+Erdas_A/0/1/0/all/0/1
https://arxiv.org/find/hep-th/1/au:+Seltzer_K/0/1/0/all/0/1
https://arxiv.org/abs/1311.6681
https://arxiv.org/find/hep-th/1/au:+Duenas_J/0/1/0/all/0/1
https://arxiv.org/find/hep-th/1/au:+Svaiter_N/0/1/0/all/0/1
https://arxiv.org/abs/1311.0174
https://arxiv.org/find/math-ph/1/au:+Fucci_G/0/1/0/all/0/1
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The meaning of Big Bang 

There are too many misconceptions about the original meaning of the expression Big Bang. Going back to the origins 
of the origin of everything, it turns out that, contrary to what we find in so many places, Fred Hoyle was not the very 
first to pronounce these two words together –in a cosmological context– in his famous BBC lecture of the year 1949. 
Actually, since the discovery during the late 1920s of the fact that distant spiral nebulae were speeding away from us 
at very high velocities –proportional to their distances (Hubble’s law) – many cosmologists got convinced that, at 
some point back in the past, an explosion of some kind need have necessarily occurred. This would be responsible 
for having set out all those celestial objects in recession. 

Cambridge astronomers and theoreticians, and this included the famous Arthur Eddington, often used the 
expressions Bang and Big Bang during the 1930s, in order to designate that cosmic explosion. To repeat, these terms 
had, therefore, the meaning of an original thrust, or big thrust, produced by some kind of cosmic explosion or 
instantaneous force of unknown nature, which was necessary in order to explain the high recession speeds of the 
galaxies. Vesto Slipher had reported this recession in 1914 already, in the year’s meeting of the American 
Astronomical Society. Definitely, he was the first to discover that the beautiful model of the universe, eternal and 
static, was in serious trouble. This was a very remarkable observation and he was so convincing that his talk received 
from the audience, chronicles say, a long and standing applause. 

It is thus clear that Hoyle did not invent the term Big Bang, in his acclaimed popular talk on the BBC of March 28th, 
1949.  However, he did give to it a radically different meaning, with scientific roots embedded in the deepest 
principles of Einstein’s Theory of General Relativity. Even today, after 70 years, only specialists in this theory can 
actually understand the meaning of his extremely precise words. Thus spoke Hoyle: 

[Lemaître’s model implies that] “... all matter in the universe was created in one Big Bang at a particular time ...” 

He pronounced these words, reports say, with an intonation clearly meaning that this fact was completely 
impossible, utterly absurd. 

Fred Hoyle had been the first person to discover that all of us are stardust. This is, that most of the elements, of the 
atoms in our body could not have been formed in this initial stage of the cosmos, but only much later in its evolution, 
after galaxies appeared and stars evolved, in explosions of novae and supernovae (the now standard theory of stellar 
nucleosynthesis, which he pioneered) [Very recent work sets the formation of the first stars at about 180 million 
years and the first supernova explosions at about 80 million years later, in a colder than expected medium which 
seems to point to the presence of dark matter.] In his obituary “Stardust memories", written by John Gribbin and 
published in The Independent in 2005, there is a nice account of all that. 

With Gold and Bondi, Hoyle had proposed the Steady State Theory, in an attempt at recomposing the static model of 
the universe that had reigned without rival until the already mentioned discoveries. To keep the cosmic energy 
density constant, in spite of the recession of the galaxies, matter and energy had to be created in their model, what 
was done by means of a creation field, out of nothing. This happened in faraway regions of the cosmos, through 
expansions of the fabric of space, in small proportions (e.g., many little Bangs); just in order to accurately 
compensate the decrease of the matter/energy density. Such creation seemed perfectly reasonable using GR. What 
was completely crazy (for Hoyle) was to imagine that “all matter in the universe” could have been created in only 
“one Big Bang” in a short instant of time in the past. Only a crazy mind would imagine this possibility. Such is the 
precise meaning of Hoyle’s sentence, word by word (his particular intonation included). 

By now it should be clear to the reader that Hoyle gave to the term Big Bang a completely different meaning from 
which it had had in Cambridge until that date. Indeed, from being an ordinary explosion, which simply set in motion 
the pre-existing masses of the cosmos, he converted it into a creation push, and incredibly huge expansion of the 
fabric of space, an enormous instantaneous negative pressure, which would allow for the possibility of the creation 
of the formidable amount of positive mass and energy of the whole universe. And all this starting out of nothing, in a 
unique creation blow, one Big Bang. In fact, Einstein’s theory allows for this to happen (and many other things) 
without breaking at any stage the energy conservation principle (energy balance). However, the big question was, 
what precise mechanism could be invoked as responsible for such enormous blow up? No one, according to Hoyle. 
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But, alas, exactly thirty years later, an American PhD in theoretical physics appeared, with name Allan Guth, who was 
about to finish his last Post-Doc contract, and thus on the verge of being expelled from the American University 
system. Faced up with the imperious necessity to make some extraordinary discovery, and quickly, he managed to 
give birth to a brand new revolutionary theory, which he named Cosmic Inflation. With it, Guth was not just able to 
do what Hoyle considered as absolutely impossible, but, on top of it and in a single stroke, he solved all the endemic 
problems of the universe models with an origin, which had been accumulating during the preceding decades (like 
the horizon, causality, and absence of monopoles problems). The Physics upon which Guth grounded his theory was 
exactly the same that Hoyle and his colleagues had invoked in their Steady State Theory, namely (the reader will 
have surely guessed it by now) no other than General Relativity. 

Until his death, Hoyle strongly defended this similarity, proclaiming on many occasions that inflation had not much 
more in it than his old theory of many years ago. This is not true, by any means. What is indeed true is the fact that 
the deep roots, the fundamental principles on which both theories stand are exactly the same. However, inflationary 
models, which we now count by the dozens, are much more elaborated and predictive. 

Anyhow, the fact that there are so many models of inflation is not actually desirable.  Allow me a last reflection. 
When we compare this with the situation of one hundred years ago, with the extraordinary beauty of Einstein’s 
theory, we feel a bit disappointed. When he formulated it in 1915, General Relativity (as Special Relativity, before) 
was the result of pure human logic, with just the help of his ‘most happy thought’, namely the equivalence principle, 
and of the observational fact that the speed of light was constant. With the aid of a couple of extra (mathematical) 
considerations, the theory was unique, that is, the only possible theory for the universe, but for the simple addition 
(or subtraction) of a pure constant, the now so famous cosmological constant. He actually introduced it in 1917 in 
order to cope with the existing static model of the cosmos, discussed above.  

Now, in comparison, the situation is much darker (to say it in modern terms). Even more, if we take into account 
that, additionally, Einstein’s field equations have just one family of solutions describing a universe like ours, 
homogeneous and isotropic at large scale: the very famous Friedmann-Lemaître-Robertson-Walker model with cold 
dark matter and cosmological constant (this accounts for the dark energy component, which, as with dark matter, I 
have not discussed here). It is what we call nowadays the Standard Cosmological Model.  

It is this model that has to be supplemented with a theory of inflation. Now, the question is: with which one? 

Emilio Elizalde 

For more details: arXiv:1801.09550 [physics.hist-ph] 

 

For Misao Sasaki, 
on his retiring from YITP, 
with very best wishes 
for a long and happy life 
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Thank You

有難う御座います
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