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Plan of this talk
\A

1. Review
— Hidden symmetry of Kerr black holes -

2. Integrable systems in classical mechanics and
spacetime symmetries

3. Exactly solvable systems in quantum mechanics
and spacetime symmetries

4. Summary & Outlook



1. Review
— Hidden symmetry of Kerr black holes -




Geometry of Kerr spacetime

Kerr’s metric Kerr (1963)

ds® = — —(dt — asin «9d¢>
>

+ = (adt (r<+a )dqb) +Zdr + > do

where A =72 —-2Mr 4+ a° : > =724 a’cos’ 6

North axis —

- Two parameters
mass M, angular momentum J= Ma
- Two isometries &

/. outer horizon

inner horizon

______
...

time translation 0/0t

rotation 0/00
- Ring singularity at £=0, i.e., e
r=0, 0=m/2
- Two horizons at r=r s.t. A(ry)=0

South axis —»

ring singularity



Separation of variables in various equations

- Hamilton-Jacobi equation for geodesics
NS 4 g® 045 8,5 = 0

- Klein-Gordon equation
(V2 —m?)P =0 Carter (1968)

- Maxwell equation
- Linearized Einstein’s equation

0Guw =0 Teukolsky (1972)
- Neutrino equation
Y (Ou+ Ty =0 Teukolsky (1973), Unruh (1973)

- Dirac equation
(Y'Vyu+m)w =0 Chandrasekhar (1976), Page (1976)




Hidden symmetries

—

Generalizations of Killing symmetry has been studied
since 1970s in order to give an account of such
separabilities in the Kerr spacetime.

vector Killing vector conformal Killing vector

symmetric Killing-Stackel (KS) conformal Killing-Stackel (CKS)
Stackel (1895)

anti-symmetric Killing-Yano (KY) conformal Killing-Yano (CKY)
Yano (1952) Tachibana (1969), Kashiwada (1968)




Geodesic equations as Hamilton’s equations

“

Geodesic equation

dett  OH dpy OH

— = = - — L b
dr  Op, dr Oxh’ for H_Eg Paby -

F(x, p) : a constant of motion <

dF OF OH OF 0H
0 = = =: {F, H}p

dr dxHdp, Op,Orh
4 YEOPp IPp 9T bhicson’s bracket




Constants of motion and Killing tensors

Assume (' = K91-9n Pay---Pan, H = _gabpapb
{H,Cg}p=0

& VK2 g pay Py =0
= 0 ; Killing equation

Def. Killing-Stackel tensor (KS) is a rank-n symmetric
tensor K obeying the Killing equation. Stackel (1895)



Hamilton-Jacobi approach
\

For a D-dimensional manifold (MP, g), a local coordinate
system x?is called a separable coordinate systemif a
Hamilton-Jacobi equation in these coordinates

oS

a —_— J—
H(CIZ 7pa) — RQy, Pa — 833&

where K, is a constant, is completely integrable by
(additive) separation of variables, i.e.,

S = S1(zt,¢) + So(a?,¢) +--- + Sp(a, ¢)

where S_(x% c) depends only on the corresponding
coordinate x? and includes D constants c=(c,, ... , ¢p).



Benenti’s S -separability structure

Theor. A D-dimensional manifold (MP, g) admits separability of H-J
equation for geodesics if and only if

1. There exist r indep. commuting Killing vectors X :
[X(z')v X(])] = 0,
2. There exist D-r indep. rank-2 Killing tensors K, which satisfy
K Bl =0, 1XGy Kol = 0.
3. The Killing tensors K,y have in common D-r eigenvectors X, s.t.

[X () Xl =0 [Xgy, Xl 9(X @), X)) = 0.
Benenti-Francaviglia (1979)
Comments:

- Some examples which are not separable but integrable are
known. cf.) Gibbons-TH-Kubiznak-Warnick (2011)




Hidden symmetry of Kerr spacetime |

T —

Kerr spacetime admits a rank-2 irreducible Killing
tensor. Walker-Penrose (1970)

K., = K(ab) : V( ) =0

Comments:

- Kerr spacetime has 4 independent and mutually commuting
constants of geodesic motion, which are corresponding to 2
Killing vectors and 2 rank-2 Killing tensors.

(0)" : E = (0)"pa Jab * Ko = g"papy
(6¢)a T — (8¢)apa K. K = Kabpapb

- One also finds that this Killing tensor admits the Benenti’s S2-
separability structure of the H-J equation for geodesics.



Hidden symmetry of Kerr spacetime Il

\
The Killing tensor K can be written as the square of a '
rank-2 Killing-Yano tensor f. Penrose-Floyd (1973)

f st Kay = fafoer foa = —fabr Viafpye =0

t rank-2 KY equation

Comments:

- Killing-Yano tensor (KY) is a rank-p anti-symmetric
tensor f obeying v, f;, 4., = O- Yano (1952)

- Having a Killing-Yano tensor, one can always construct
the corresponding Killing tensor. On the other hand,
not every Killing tensor can be decomposed in terms of

a Killing-Yano tensor. Collinson (1976), Stephani (1978)



Hidden symmetry of Kerr spacetime Il

T ———

The Killing-Yano tensor f in the Kerr spacetime
generates two Kl”lng vectors. Hughston-Sommers (1973)

£ = (9)% = SV, (xf)be
N = —a?(9)" — a(9y)* = K%¢"

In the end, all the symmetries necessary for complete
integrability and separability of the H-J equation for
geodesics can be generated by a single rank-2 Killing-
Yano tensor.

Jab - fab ? Kab: facfbc \
3 n‘

—



Hidden symmetry of Kerr spacetime IV

Klein-Gordon equation ©: asym.op.

For the scalar Laplacian L for the Kerr metric,

ﬁ(j) — n(j)avm 1U) = VaK(j)abe,
are symmetry operators, i.e.,

[ﬁ(j)7 O] = [R(j), O] =0 Carter (1977)

Dirac equation

For the Dirac operator D, the operator

~ . . 1
f = iysy”® (fabvb — g’Yb’YCVCfa.b)

is @ symmetry operator whenever f is a Killing-Yano tensor.

Carter-McLenaghan (1979)




Hidden symmetry of Kerr spacetime V

_‘

The Killing-Yano tensor is derived from a 1-form
potential b, f = xdb Carter (1987)
Comments:

- Obviously, h = «f is closed 2-form.

- One finds that h is a conformal Killing-Yano tensor
(CKY) of rank-2, i.e., it follows

Vahpe + Vihae = 294p€c — gackp — Gbcla
where

1
a __ ba
& = gvbh Tachibana (1969)



Separability structures for Kerr black hole

"

Algebraic type of curvature is type-D. <

Geodesic motion is completely integrable. <

Carter (1968)
Hamilton-Jacobi equation is separable«
Klein-Gordon equation is separable.«< Carter{+)638)
K-G symmetry operators exist. < Carter{4977)

Dirac equation is separable. «——chandrasekhar{4p76)

Dirac symmetry operators exist.<
Carter-McLenaghan (1979)

A closed CKY 2-form exists. carter{1987)



Carter’s class

, . \
Kerr’s metric ————_

AN 2
ds® = — E(dt — asin? 9d¢>

sin2 6

_|_

2
(a dt — (r° + a,2)dq5) + %dﬂ + >dp?

where A =72 —-2Mr 4+ a° , > =724 a’cos’ 6

¢

‘ coord.trasf. p=acosl, T=t—ap, o= ——
a

g2 —_ (dr — p2do)? (Boyer’s coordinates)
r2 4 p2

P24 p2 o r24 g2
re + p? Q T
where Q =2 - 2Mr+a2, P = —p°+d° Carter (1968)

dp2

The “off-shell” metric with Q and P replaced by arbirary
functions Q(r) and P(p) is said to be of Carter’s class.



Spacetimes admitting a Killing-Yano tensor

\

Theor. A spacetime (M4, g) admits a rank-2 Killing-Yano tensor if
and only if the metric is of Carter’s class, i.e.,

Q(r)

2 25 3\2
P(p) 5 o TPHDP? 5 24P,
+r2+pz(d’f+?‘ do)? + o0 dr? + 50) dp

Dietz-Rudiger (1982), Taxiarchis (1985)



Carter’s metric in Einstein-Maxwell theory

‘\

The Carter’s metric
Q(r)

2 _ 22
ds® = T2+p2(dT pdo)

P(p) 5. TP 5 124 p?

Ml o Tos S oo W

obeys the Einstein-Maxwell equations provided that the metric

functions take the form
Q = —%r4+er2—2mr—l—k—l—e2+g2

P = —%p4—€p2+2np+k
and the vector potential is given by

1 [er(dT — p2 do) + gp(dt + r2 do)]

A= —
r2 4 p?

This metric has six independent parameters.



Plebanski-Demianski metric

The Plebanski-Demianski family is represented by the metric

Plebanski-Demianski (1976)
1

> _ B 25 N\2

ds _(1—pr)2{ ————————T2+p2(d7' p<do)
P TR o S T e b S
+———————T2+p2(d7'—|—fr do)< + 0 dr< + Iz dp}

This metric obeys the Einstein-Maxwell equations provided that
the metric functions take the form

Q = —(k—l—)\/3)fr4—2nr3+efr2 —2mr+k+e2+92
P=—(k+e*+ g%+ X\3)p*+2mp> —ep® +2np+ k

with seven parameters and the vector potential is given by

1 2 >
212 ler(dT — p©do) + gp(dT + r< do)]

A= —



TABLE 1

Known exact solutions of the Einstein and Einstein-Maxwell Eguations of type D

m+in,a+ib e+ ig, A

m+ina e+ g A m+in,a+ ib,e + ig m 4+ in b, e + ig, A
Plebanski [3] 1975 Kinnersley 2] 1975
m -+ in, a,ed m 4 ina. e + g m-im,a+ib,A  m-+im b, e A
Carter 11} 1968 Demianski, Newman [12]  Carter [1] Carter [11] 1968
m +in a, A m o imoa b m -t inm b, e
Frolov [22] 1973 Kinnersley[13)  Levi-Civita [4] 1918

1 969 Newman, Tamburino [3] 1 961
Robinson, Trautman [6] 19 62
Ehlers, Kundt (5] 1962

m,a, A m.a, e m 4 in,a m+ i e m+ in, A 1972
Demianski {14] Newman ev. Demianski [15) 1966 Brill [23) 1964 Demiangki [16)
1973 _ @-110] 1965 Kramer, Frolov [22]
Perjes [25] 19609 Neugebauer [24] 19068 1973

Ernst [26] 1068 Robinson, J. Robinson
9 Zund 127] 1969

m, A m, e m, e m 4 in o, b
Kottler [17) Reisner, Kerr [9) 1963 Newman, Bertotti (28] 1959
1918 Nordstrom [18]) Tamburino, Robinson [29] 1959
Taub [21] 1951
A o
de Sitter (30} 1917 Schwarzsohifd [20] 1916

TABLE I in Plebanski, Demianski, Annal. Phys. 98 (1976) 98-127



Exact solutions — vacuum sols for black holes

vacuum Einstein’s Eq.

Ric(g) = Ag
Four dimensions mass, NUT, rotation, A
Schwarzschild (1916) O
Kerr (1963) O O
Carter (1968) O O O O
Higher dimensions mass, NUTs, rotations, A
Tangherlini (1916) O
Myers-Perry (1986) O O
Gibbons-Lu-Page-Pope (2004) O O O
5-dim. Hawking, et al. (1998)
‘ Chen-Lu-Pope (2006) ‘ O O O O

,T The most general known solution of this calss
= higher-dimensional Kerr-NUT-(A)dS



D-dimensional Kerr-NUT-(A)dS metric

D=2n+¢€ (5:00r1)"

n—1 2
k C

where Chen-Lu-Pope (2006)

Qu=— Up = H (333 - 5171%) | Xp = X,u(flf'u)

=J

(k) _ 2 2 2 k) _ 2 2 2
AP = Y aBedeead, aW= Y Bl
1<v) <vp <<y <n 1< << < <n

Vi
AP =40 =1 ¢=const. .

k Y

This metric satisfies R, = —(D — 1)c¢n g4 provided that

n n _1yn
D=2n X.= > c%xftk + bup D=2n+1 X.= Y Czkx/%k + o+ ( xQ) -
k=0 k=1 7




How about higher dimensions?

A closed CKY 2-form exists. Kubiznak-Frolov (2007)

Geodesic motion is completely integrable.
Page-Kubiznak-Vasudevan-Krtous (2007)

Algebraic type of curvature is type-D.
Hamamoto-TH-Oota-Yasui (2007)
Hamilton-Jacobi equation is separable.

Klein-Gordon equation is separable.
Frolov-Krtous-Kubiznak (2007)

K-G symmetry operators exist. Sergyeyev, Krtous (2008)

Dirac equation is separable. Oota-Yasui (2008)

Dirac symmetry operators exist.
Benn-Charlton (1996), Wu (2009)



How about higher dimensions?

A closed CKY 2-form exists.

Geodesic motion is completely integrable. <

Algebraic type of curvature is type-D«

Hamilton-Jacobi equation is separable«
Klein-Gordon equation is separable.-<

TH-Oota-Yasui d2008)
K-G symmetry operators exist. <

Dirac equation is separable. <

Dirac symmetry operators exist.<
TH-Kubiznak-WarnickYasui (2010)




Manifolds admitting a CCKY 2-form

—_

Theor. Suppose a Riemannian manifold (MP, g) admits a

non-degenerate closed CKY 2-form h. Then the metric
takes the form

n dwﬁ n n—1 (k) . n (k) 2
g= > —F+ D Qu| D A dyy| +eS| > AWdy,|
'uz]_ Q,LL M:]_ k=0 k=0
where
X n

Qu:U—Mv U= ][] (xﬁ_xz%) , X = Xu(zp)| S:Afn) ; A/(LO):A(O)Zl :

K r=1

vFEu
k

A& ) — Z :1351:1352 e x,%k , AR) = Z x,%lx,%Q e xgk )

1<y <wp <<y <n 1<v1 << < <n

Vi

TH-Oota-Yasui (2007), Krtous-Frolov-Kubiznak (2008)



Recent developments

* Attempts to exact solutions in various theories

* Remarkably, conformal Killing-Yano symmetry in
the presence of torsion seems suitable for solutions
in supergravity theories.

* Applications to

[0 Exactly solvable systems in classical and quantum
mechanics.
(Key words: First integrals, symmetry and ladder operators)

O Special geometries
(Key words: Special holonomy)



2. Integrable systems in classical mechanics
and spacetime symmetries




Equations of motion in classical mechanics

\

Equations of motion
det  OH dpy OH

dr 8pu7 dt Oxh’
L . . .
H = 9" Duby : Geodesic Hamiltonian
1 : .
H = Eguvpupv +U ; Natural Hamiltonian

F(x, p) : a constant of motion

dF OF OH OF OH
0 = = =: {F,H}p

dr dxHdp, Op,oxt _ .
4 YEOPp PO baicson’s bracket




Polynomial first integrals and Killing tensors

Assume (' = K91-9n Pay---Pan, H = _gabpapb
{H,Cg}p=0

<:> v(alKa,Q-..an—l—l)palpaQ P pan+1 p— O
= 0 ; Killing equation

Def. Killing-Stackel tensor (KS) is a rank-n symmetric
tensor K obeying the Killing equation. Stackel (1895)



Geometrization

\
1 _ 1
H = ngpupv tU » H = EGWp”pv
* Maupertuis’ principle o g”vpupv
- 2(E-U)

 Canonical transformation
* Eisenhart lift

[ Eisenhart lift H = —g‘“’pﬂpv + Ups
O Eisenhart-Duval lift H = Eg‘“’pupv + Ups + peps

_ 1
O Generalized Eisenhart lift H = Eg”"pﬂpv + U(p2+pd)



Eisenhart-Duval lift
_‘

Original metric Bergmann metric

dz* = g,,dx*dx" dz* = —2Udt* + 2dtds + g, dx*dx"?

Hamilton’s equation with Hamilton’s equation with

1 1
H=-g"pupy+U & H=25g"pupy + Ups +pps
pt — O; pS -

AF s.t.{F, H}poisson = 0 3 F s.t.{F, H }poisson = 0

Polynomial first integrals can covert to each other



Several approaches to (non-)integrability

1 1 €
Ex. H =§(p,% +p32,) +Z(x4 + %) +§x2y2

e Poincare section

* Lyapunov exponent
5] =~ |5(0)]e*

%
&
XK
5

%
5
o

"

N

* Kowalevskaya’s singularity analysis
 Differential Galois theory

* Painleve analysis = nonintegrable except fore = 0,1, 3



Zipoy-Voorhees spacetime

E—

Zipoy-Voorhees metric  Zipoy (1966), Voorhees (1970)

, x—1\° x+1)°
ds =—( )dt +( )
x+1 x—1

2 _1\% 2 2
(xz—yz)(x — 1) ( . d_yy2>+(x2—1)(1—y2)dzz

* A static, axially symmetric vaccum solution .

* A static limit of the Tomimatsu-Sato solution

* Special cases: flat (§ = 0), Schwarzschild g singulry
(6 = 1), Curzon (§ — )

* Otherwise, naked singularity

* For§ = 2,3, > 4, degenerate Killing horizons

. . . : Kodama-Hikida (2003)
sharing ring singularity



Geodesics in the Zipoy-Voorhees spacetime

T

* Numerical investigations suggest that geodesics are
integrable (?) Sota-Suzuki-Maeda (1996), Brink (2008)

““We have found that for any bound orbit both in the ZV spacetime and in the Curzon spacetime, the
sectional curvature is always negative and no chaotic behavior of the orbit is seen at least from our
analysis by use of the Lyapunov exponent and the Poincare map.”

* Recently, signs of chaos were found numerically
Lukes-Gerakopoulos (2012)

* Non-existence of irreducible KS tensors yielding the Liouville
integrability with two Killing vectors, up to rank 11

Kruglikov-Matveev (2012), Vollmer (2016)

* Non-existence of irreducible KS tensors of rank 2



Structure of Killing vector equations

V[JEV — V[u‘fv]
ViVivsp) = —Rypu®$o



Structure of Killing vector equations




Structure of Killing vector equations

Vuéy =0 =

* Prolongation bundle E1 = A1(M) @ A*(M)
* Killing connection p &, =0
* Integrability conditions

R,,,"¢=0, (V,R,,,%)ép=0



\’

Tensor fields

| Symmetric Vi Kvlmvp) G vl(bvzmvp)

Conformal Killing-Stackel (CKS)

Symmetric C
Killing-Stackel (KS)C homothetic (SH) _
ViuKy vp) = 0 Symmetric affine (SA)
I Anti-symmetric V(ufvl)vz---vp = DPGupv, F- Vo Vp]

Conformal Killing-Yano (CKY)

Anti-symmetric ¢
Killing-Yano (KY) C homothetic (AH) B
Viu fvl)VZ...vp =0 Anti-symmetric affine

(G



Structure of Killing-Yano equations

\’

Vﬂfvl"‘vp — V[ﬂfvl'”vp]

VS viyvgv, =0 »
’ Vu(Vinf p1---pp]) = _R[vmluaf alpz--ppl

* Prolongation bundle EP = AP (M) @ AP*1(M)

n+1)

N = rank(EP) = (p T

* Killing connection D &, =0 Semmelmann 2002

e Curvature conditions TH-Yasui 2014
B _ B\ _
R[,wA EB — O) (VuRva )EB — O:



Our Mathematica package
o

INPUT: * Metric data

FUNCTIONS: ¢ Compute the Killing curvature

* Solve the integrability conditions

*available at the URL: http://www.research.kobe-u.ac.jp/fsci-
pacos/KY upperbound/



KY tensors in 4D type-D vacuum solutions

TH-Yasui 2014

p=1 p=2 p=3
Maximally symmetric 10 10 5
Case I 4 1 0
ex) Schwarzschild, Taub-NUT
Case II 2 1 0
ex) Kerr
Case III 2 0 0

ex) Plebanski-Demianski

Case IV 4 1 0




KY tensors in 4D spacetimes

TH-Yasui 2014

p=1 p=2 p=3
Maximally symmetric 10 10 5
Plebanski-Demianski 9 0 0
Kerr 2 1 0
Schwazschild 4 1 0
FLRW 6 4 1
Self-dual Taub-NUT 4 4 0

Eguchi-Hanson 4 3 0




KY tensors in 5D spacetimes

TH-Yasui 2014

p=1 p=2 p=3 p=4
Maximally symmetric 15 20 15 6
Myers-Perry 3 0 1 0
Emparan-Reall 3 0 0 0

Kerr string 3 1 0 1




Structure of Killing-Stackel equations

—_

A rank-s Killing-Stackel tensor < A parallel section of Es

— A __
V(.UKvl“'Vs) =0 DHO- =0

4 A
= [T e [T 1]




Young diagram
|:| / ———_
|:| ® |:| ™ ® TM T ab

|| | S2TM Tab — T(ab)

H AZTM Tab — T[ab]




Young symmetrizer

Tabcdef

|

Tladeef — T(abc)(de)f c[bla
l el|d
Tabcdef _ Tab[C|d|€f] f

2

|

abcdef _ palb|c|d]ef
T3 _ TZ

1



Dimension formula

Hooke length

- (m+2)(n+ Dn*(n-1)(n - 2)
o 5.32.13

4



Ex) Riemann tensor

Rabca = —Rpacd \abcd

Ra[bcd] =0 Rapca = Redab

n In+1 3 2

(n+Dn*(n—1) n*(n*-1)
3.22.1 B 12




Structure of Killing-Stackel equations

—_

A rank-s Killing-Stackel tensor < A parallel section of Es

— A __
V(.UKvl“'Vs) =0 DHO- =0

4 A
= [T e [T 1]




K || |

Prolongated variables of KS equations
(n +

N1=

2-1

\ v = @t D — 1)

2 312

* QPabca = V[aVI[bKC“d]

:H

_(m+Dn*(n—-1)
T 3.22.1




KS tensors in 4D spacetimes

rank-2
4D metrics KV KST KYT
Maximally symmetric 10 50 10
Schwarzschild 4 11 1
Kerr > 5 (1) 1
Reissner-Nordstrom 4 11 1
extreme- 4 1 1

Zipoy-Voorhees ( § =2~11) 2 4 0




3. Exactly solvable systems in quantum mechanics
and spacetime symmetries




S —

Classical

Hamilton’s equation

dxH 0H dp, _ 0OH
dt  dp,’ dr = 0xH
1 - —il
H = iguvpupv +U il 3

First integral

[{H,F}zo ]

Quantum

Schrodinger’s equation

Hy = E

1
H = _EgMVVHVV-I_U

Symmetry operator
[H,D]=0 |
Ladder operator
| [HD]=eD |




S —

Original metric Bergmann metric
dz* = g, dx*dx? dz* = —2Udt? + 2dtds + g,,dx"dx"
Schrodinger’s equation Laplace equation
HYy = EY . > Apd =0

where H = —%Ag + U where ® = e—iEt+imS¢(x)
Symmetry operator Symmetry operator
[H,D]=0 | | [4g D] x 4g |

Ladder operator

| [HD]=eD |

Ap® =0 = Ag(DP)=0




P ——

(QEeC™M))

Vugv — quv Vi =0 ]
Closed conformal Killing (CCKV) (Q € C®(M))

N V(ugv) — quv

A=0 Conformal Killing (CKV)
C I —

Killing (KV) < Homothetic (HV) [BV\Q 0]
e hhddddibitibd Ul Q=

Vusw) =0 Viusy) = A0y
(LER)




P —

(M, g,p) : Riem. mfd.
A = gV, 7, : the (scalar) Laplacian of g on M

E‘u : KV, i.e., V(va) =0
= (AL =0

For ¢,, s.t. Ap,, = E, ¢y,

A(Lgpn) = B, Le|pn + LeAdn = E(Le )






S —

(“ . CKV, i.e., V(,u(v) — quv

= [A L] = —-2)(THQ)V, + 2QA

If n=2 or Qisconstant, then

A, Ly | = 2QA
For ¢y s.t. Ay = 0,

A(L: o) = |A Le|po + LeAdg = 0



i) ¢# HV in n dim. !!’ !!I;

E 4

E, ®3,0 $31 ﬁz ﬁs




S —

«EH:KV = |4, Lg] =0

- 1 2
*(H:HV = [4,L;] = ~ Y
. . 2
*QHiCKVin2dim. = |4, L] == (7,5")4
* (¥ : CKV on scalar-flat spacetime in n dim.

= [4,D] == (7,")4
D=L;+

2n

(V)



P

Ex) Eisenhart-Duval lift of a 1-dim harmonic oscillator

2
( L d +Ew2x2)1/)=E1/J

- 2mdx? ' 2
Bergmann metric ds® = —w?x%dt* + 2dtds + dx?

*3-dim spacetime
*Laplace Eq. Ap® = 0 with & = e ELHMSy)(x)

:>( 1A+mzz) =8
om A T )Y =Ey

«Conformally flat = 10 CKVs (including 4 KVs)
*Scalar-flat = 10 symmetry operators



KV

KV

KV

KV

HV

%)
—=— =O‘

Cl Bs’ Ql ’

7] —
(2 =2 Q2=0, V(u(v) = quv

0 :
(3 =wz cos(wt)& - sm(wt)% ., Q3=0,
4 —wa:sm(wt)a +cos(wt)% QRs=0,
7] 7]

55—23£+33a—, Qs=1,
G = cos(wt) o+ 2% cos(2ut) o~ — swasin(2ut) o, Qs =~ sin(2ut)
6 = COs o Sw " cos(2wt) o 2w:1:sm W)z, 6 = — sin(2wt),

1 . 0 7, 1
(6= sinQ(wt)a . EwQa:Z cos(2wt)% — Pl sin(2wt)7 , Q= 2% sin(2wt) ,

(7 =sin(2wt)— 0 + wiz sm(Zwt)i + wz cos(2wt) 9 Q7 = wcos(2wt) ,
ot Js %)

T
¢ = cos(th)a% + w?a? cos(2wt )& — Wz sm(th)a2 Q- = —wsin(2wt) ,
C8=—%x2§t +(32—Zw2x4)%+sw%, Qs =s,
%) 1 7
(o = cos(wt)a + wx (§w$ cos(wt) — ssm(wt)) P
1 5. 0 :
— (§wx sin(wt) + scos(wt)) py Q9 = —wxsin(wt),

9 1 0
Co = sin(wt)a + wzx (§w$2 sin(wt) + s COS(“’”) s

+ (%wmz cos(wt) — ssin(wt)) i Q10 = wx cos(wt) ,

oz’



\

. 0 d
i — — priwt .
DIy ={,+i{3=c¢ (0 + iwx as)
1 1 0 0 i d 1
T — = +2iwt — ,F2iwt T 2 . T O o=
Dz_w(f +l(7)+ze e+ (xax+la)x as+w6t+2)
b = e(iEt_imS)l/J(X)
DI = e(iELw)t=ims) (i F mwx) P(x)
dx
= — a.
D = eli(E+2w)t=ims) (xi + mwx? + £ + 1) P(x)
2 dx “w 2
— bi



Ex) Eisenhart-Duval lift of a 1-dim harmonic osci”ah

Bergmann metric ~ ds® = —w?x*dt? + 2dtds + dx*

* Ladder operators 1

a _i$mwx lpn_)l/)n+1
i_dx En->Epp1 =Ep+w

* Ladder operators 2

by = x— F mwx* +

- ( 1) n 1 Un = Yy

n+s|+-
2/ 2 E, - E i, =E, 4+ 2w



"

Deformation for [adder operators and intertwining operators
with Kimura with Sakamoto, Tatsumi

Carter, Eastwood

Higher-order symmetries [AK] =0
K=V, ..V K"l st, [A K] o A
IAK] < K

Other lifts  Gibbons et al, Kleinert et al, Cariglia



[HD]=¢D

— H Dy, = (E, +¢)Dy,




|H,D(a) | = e(a)D(a) + Q(a)(H — A(a))
(En + g(an))D(an)lpn

where A(a,) = E,

= HD(an)n

with Kimura

D(a;)

D(a,)

D(ay)



H1 D — D Hz
= H, (Dlpz,n) — Ez,n (Dlpz,n)

[ ) [ )
[ ]
. .
Eln ¢1,n+2 l/J2 n+2
n+2 ’ E
= - - R
E Y1n+1 (2
ILEE W A B
E 1.bl,n 1/)2
- E 1n - v Ean
E,. _ 1/)1,11—1 1/)2,1’1—1
ANl h_ - _-_Ez_ﬂl_—_l_ -
[ ) [ ]
. .
H, H,



H@)D(W) = D) (H(f()) + ()

Ex) Radial part of 3D Coulomb potential
(€ +1
L+ g

)lIJ=E¢

Ladder operator

O =¢+1

= H@DWYn(FO)) = (Ea(FO)) + £)) D0 (f )

E

E3(v)

E,(v)

Ei(v) '

Eo(v)




T

H(wv)D(v,a) = D(v,a) (H(f(v, a)) + e(f(v,a), a))
+QO, @) (H(f(v,)) = A(f (v,), @)

= HW)D(v,an)Yy (f(V; an))
— (En (f(V: an)) + e(f (v, an), an) )D(V: an)Pn (f(v: an))

where A(f(v: an): an) =E,(f(v,ay))

with Sakamoto, Tatsumi



Ex) Radial part of 3D Coulomb potential
1 ( 1d ( 5 d)+£(1,”+1) g
r

r2dr

2m dr r2

Ladder operator

T
D(g,n) =7 J

flg,n) =

n

>1P=El/!

1/)2‘:(f(v0t az))

E¢1 (f(Vo» a1))

’ Wo(f (Vo ag))
NS R e

dr 2(n+1)

H(vo) H(f(vo,ap)) H(f(vo,a1)) H(f(vy, az))
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