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Morris- T horne Wormhole Morris and Thorne (1988).
e A static and spherically symmetric WH.

e [ wo infinities are linked by a throat.

e If we assume general relativity without A, exotic
matters (w = p/pe < —1) are needed to support the ,X
throat because of the violation of the null energy
condition (T, k*kY > 0).

(p: pressure, p.. energy density, k#:null vector.)

e Cosmological observations (CMB+BAO) imply that our universe
may be filled with exotic matter like a phantom scalar field
(w= —-1.1340.13 - 0.10, Planck Collaboration, arXiv:1303.5076).

e If we add some terms to the action, we can make wormhole so-
lutions without violation of the null energy condition.



Does our universe have throats? WH formation
is still an open question.

we will concentrate on methods to find wormholes
with gravitational lenses.

From gravitational lens observations, we gave the
upper bound of number density n of WH with
a throat radius a

n < 1079AU3 with a ~ 1cm:

Fermi Gamma-ray Burst Monitor (Yoo, Harada,
NT, 2013)

n < 10~%h3Mpc—3 with a ~ 101%pc:

Sloan Digital Sky  Survey Quasar Lens
Search(Takahashi and Asada, 2013).



Ellis wormhole Eliis 1973 and Bronikov 1973.
e [ he earliest and simplest example of Morris-Thorne class.

By solving the Einstein equations and the wave equation with respect
to a phantom scalar field x(r)

1 LN '
Ruv = 5B g = =2 (X = X x)pgr ) x (¥, =0

with the boundary condition lim,—o x(r) = 0, we obtain a static and
spherical wormhole solution as

ds? = ‘Ti i ai _ mz {—e_QmTX(T)dtQ —+ ezmTX(T) [er -+ (7“2 + a? — m2> dQﬂ} :
r a< —m

(r) ‘ " _arctan
x(r) = 5
\/a2_m2 2 \/az_mz




e AS r — o0, it is asymptotic to Schwarzschild spacetime with the
mass m.
Its gravitational lens effects under the weak-field approxi-
mation are same as Schwarzschild lens.

o AS r — —o0,
dme a mr \ 2 dr?
ds? = — (1 _ = ) d(e”at)” + — " + 12 (d6? + sin2 0d¢?) .
T 1 _ 2me a
T

It is asymptotic to Schwarzschild spacetime with a negative mass

mi

—me a . T his iIs an example of so-called natural wormhole.

e For m = 0, it becomes the so-called Ellis wormhole.

ds? = —dt? 4 dr? + (r? + a®)(d6? + sin? 0d¢?),



Ellis wormhole Elis 1973, Bronnikov 1973.

ds? = —dt + dr? + (r2 + a?) (d92 + sin? 9dq52> .
e A throat and a photon sphere are at »r = 0.

e [ he upper bound of number density n obtained as
n < 107%h3Mpc—3 with a ~ 101~*pc from Sloan Digital Sky Survey Quasar Lens
Search. (Takahashi and Asada, 2013)
n < 1072AU3 with a ~ 1lcm from lensing effect of the gamma-ray bursts.
(Yoo, Harada and NT, 2013)

® \We often see the wormhole metric without referring Ellis and Bronnikov papers
because of Morris and Thorne. James, Tunzelmann, Franklin, and Thorne
(2015) say "Fifteen years later, Morris and Thorne wrote down this same
metric, among others, and being unaware of Ellis's paper, failed to attribute
it to him, for which they apologize. Regretably, it is sometimes called the

Morris-Thorne wormhole metric.”



The Ellis wormhole is unstable but we may find stable
wormholes with the Ellis wormhole metric.

e Some known wormhole solutions have the Ellis wormhole metric
as the simplest case.

e Stability of a wormhole depends on the matter.

e Shatskii-Novikov-Kardashev wormhole has the Ellis wormhole met-
ric but with a perfect fluid with negative density and a source-free
radial electric or magnetic field is linearly stable under both spheri-
cally symmetric perturbations and axial perturbations. (Bronnikov
et al. 2013)

T/ = q?/(8xr*)diag(1,1,-1,-1) — 2¢/(8xr*)diag(1,0,0,0).

e It seems to be the first example of stable wormhole without thin
shells in General Relativity.



Large impact parameter case. Elis 1973

e Usual lens configuration and retro lens configuration.
(We will consider retro lens later.)




Critical immpact parameter case. Eiis 1973

e [ he throat is the photon sphere.
o MEIZHAEELFL




Small impact parameter case. Elis 1973

o MEIZEHL B
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Microlens with large impact parameter.Abe, 2010.

0o
Source
>
e A source go acCross near a lens

¢ object on the lens plane.
Lens e The light curves have charac-
teristic shapes.

Green :Mass lens
Red :Ellis WH
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Microlens with large impact parameter.Abe, 2010.

6o
O/. > e Ellis WH in or near our galaxy

can be found with its charac-
teristic demagnification.

e Light curve for Mass lens is al-
ways magnified.

¢

Lens

Green :Mass lens
Red :Ellis WH
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BOEEDT—LKR—ILDTA 27 0L X Cramer et al. (1995)
number density n < 1073(10~*)h3Mpc—3 with |M]| > 101°(1012) M
SDSS Quasar Lens Search, Takahashi and Asada, 2013.
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NT and Harada 2017. ‘ ‘ B
o SHENLOBMITIX, HEENLA, YU, EOM1RHDEF

A B 712\F T, U—Aﬂ‘\——}lzt 1TV 20,

o T—LR—VORRIZBEbLAEBHIEEZEZNIE, T—LF—
WDl v X% XHTEE06 LW,

o VT—LKR—ILVDRE->T? photon spherezffD& WS
BEERET, MWENGZEOTINEE, ARV ETA A VIE
RN, gD B, HIHSEf, | . .

o % 5 YEDIEE KR by using the exact lens equation
(See Perlick 2004).

o I NALV VY AFENTHSENTVWARWD T, Perlick
2004 ® exact lens equation %z BUEMIZAE L,

o fHiHi7: Ellis wormhole (2 ’)L\’Cﬁjq& ThEd, EOEED
WEITAIREZR T — A — U2 & 5 BA. 2 3 e AT RE.
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Wz 7% 1B 5 I & B EHEENT and Harada 2017.¢ .
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photon sphere
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ds® = —dt + dr® 4 (r* + a®) (d6? + sin? 0d¢?)

a = 2K (a/b) — w, Chetouani and Clement(1984)
where K (k) is the complete elliptic integral of the first kind,
/1 dx
0 /(1 —22)(1 - k222)

Using Higher Transcendental Functions edited by A. Erdelyi, Vol. II,
« in the strong deflection limit b — b = a IS given by

K(k) = (2)

a(b) = — log (bﬁ _ 1)+3 09 2—74+0((b—be) log(b—be)). NT PRD(2016)

C

Nandi et al. (2006) DFEHRE &b\,
1 b2
a(b) = — log 2" b—2—1 + 21092 — 7+ O((b — be)).

C
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Strong deflection limit b — b. Bozza 2002.
Deflection angle « is given by a following form:

a(b) = —dlog (bﬁ—1) Y540 (b b

C

e For Schwarzschild BH, a = 1, b = 10g[216(7 — 4/3)] — .

Darwin (1959)

e Bozza claimed that b of Reissner-Nordstrom BH cannot be ob-
tained analytically.
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Strong deflection limit b — b, Bozza 2002. NT 2016.
Deflection angle « is given by a following form:

a(b) = —alog (bﬁ — 1) +b54+ O((b=b:)log(b —be)).

C
e For Schwarzschild BH, a = 1, b = 10g[216(7 — 4/3)] — .
Darwin (1959)
—5+4/3/162(b — bc) log(b — be). Iyer and Petters (2007)

e Bozza claimed that b of Reissner-Nordstrom BH cannot be ob-
tained analytically. However, it can be obtained in a straight-
forward way. NT and Gong (2016)

Bozza’'s formalism does not work in ultrastatic spacetimes (g;+ =const).
Ellis wormhole ;&6 BozzaD Hikz D UEZ b LR TE, ZTEBHEDS
ERNANEEMS-GELE —H U T,
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a and b of RN BH NT and Gong (2016)

22(3M 1 — 4Q7)2 (2y/Mrm — @2 = \/3Mry — 4Q2)
Mrpm(Mrpm — Q2)
G =rm/\3Mrm —4Q2 . 1y = (3M +Jom2 — 8Q2> /2.

be = r%/ <\/r% — 2Mry, + QQ)

— Tr.

(e} — [\) w =~ Ot (@} ~
T T T T T T T

|
—

Q/M

Eiroa et al. (2002) & Bozza (2002) OHUEFHADFKE —EHT 3,
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Deflection angnle in the strong deflection limit b — b,
or ro — rm NT (2016)

a(b) = —alog (b3 — 1) 45+ 0((b —be) log (b — b)),

C

ds® = —A(r)dt® 4+ B(r)dr? + C(r)d$22, lim A(r), B(r) = 1,C(r) — r2.

a(rg) = I(rg) — , I(ro)EQ/r:OJ (AOCB dr.

ACy )C
I(rg) = Ip(rg) + Ir(ro0)

r m

m b m C;/n A”
o = o) + e (G- )

+O((b —bc) 10g(b — be)).

Conr2, (C,j; A;fn>

CQ(Tm) — 5B
m
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Deflection angnle in the strong deflection limit b — b,
or ro — rm NT (2016)

a(b) = —alog (bﬁ — 1) 45+ 0((b — be) log (b — b))

C

_ \/ 2BmAm
a — /! /!
C!" Am — Cm Al

(s
Cm  Am
Bozza (2002) & bR T, ultrastatic spaticetime ThgfE L %

W Tp(rm) ODEZH—IKICER, Reissner-Nordstrom BH
DizE O EETHIICKE 5,

b = alog

_I_ IR(T"ITL) - T,
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Deflection angnle in the strong deflection limit b — b,
or ro — rm NT (2016)

a(b) = —alog (bﬁ — 1) 45+ 0((b — be) log (b — b))

C

_ \/ 2BmAm
a — /! /!
C!" Am — Cm Al

(i
Cm  Am

Bozza (2002) & LER T, ultrastatic spaticetime THEHE L 72

Wo Ip(rm) OO —IREIICELE, Reissner-Nordstrom BH

DIGEHMMTICKRE %, HERFENSZ 5N/ ZIC, Bozza (2002)

PNT (2016) DIEFERAFES> DT, B TEA T, £EFKE
B4 ENKYTT,
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L O L > A Holz and Wheeler 2002, Bozza and Mancini 2004.
| — L 0

B =n—a(f)+0+0, a=oa—2nN
N 3HDESH, 8~ 0D,
b—(1+ 2N)7r>]

be
On = +
N D

OL a

1—|—exp<

The total magnification is

D2, p2e(b—(142N)m)/a 1+ 6(5—(1+2N)w>/a}
D2, raR?2

where Rs is the radius of Sun and we have regarded Sun as an uniform-
luminous disk.

pB'dp'd¢

LiotN = 2

Y

Disk sin(mw — 37)
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From the shape of the peak, we can esti-
mate 3,,;,-

e o = 10°m at Dp; = 1pc

e the orbital velocity of Sun.
21 T T T T T T T

B=
Observer /
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FIRDED > TWTE, photon sphrerelCHELE N 3
D IE %?ODﬁ/LBt’PDLELUMTL\%

) Wormhole
205 " " Black hole--------
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t[days]

be = 10°km and B, = 0 at Dy, = 1pc.
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a = 10'tkm, By =0, Dor, = 1pc. a = 1012km, Bn = 0,Dp; = 10pc.
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e Unknown parameters are B,,in, Doz, and a

[ lﬁo“?@ﬂé\ mN=0» MN=1, At = 27TCL,
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e HANL YV AMETY —LFR—INE2HETILNTE S,

o BT — R SEMBENDRHIEZDIFoNSG, HIZIX, ¥~1 2B L X TD
BT 5w 7R —NADHIEZ T — AR —ILADFIBIZFEZER S,

o J— LR —ILDOWIZIEHTAE T —LF—ILEMMORIKEXFITE A0 L
AN

e TUA V=D —ALE—I)LDOKEIZ photon sphere
e photon spherelZ#ELE N YD ME X, HlTWb X D7,

e photon spherelZHELENZHDEH L v AR OFHMZFANRSL Z & T, fi]
MERPDDBFEONEDNE LN,
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