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研究背景

最内安定円軌道(ISCO)



inspiralling phaseからmerging phaseになるLast circular orbit
はISCOと考えられている。 
[L. Blanchet, Living Rev. Relativ. 9, 4 (2006);  
S. Isoyama, L. Barack, S. R. Dolan, A. Le Tiec, H. Nakano, A. G. Shah, T. Tanaka, and N. 
Warburton, Phys. Rev. Lett. 113, 161101 (2014). ]

研究背景

marginal stable circular orbit (MSCO)： 
ISCOの様な安定円軌道と不安円軌道の境界となる円軌道

LIGO観測データでは、フィッテング模型にISCO。 
→今後の重力波観測で、ISCO半径近傍の観測される可能性がある。



定常・軸対称時空のMSCO方程式は導出済み 
[M. Stute & M. Camenzind, MNRAS 336, 831 (2002)]
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so b( j) also has to be symmetric with respect to the rotation direc-
tion. As we wanted to fit the parameter b in the whole range [−1, 1]
for j we had to include the Schwarzschild limiting case for j = 0.
The solution of Manko et al. (2000) reduces to Kerr by setting

b =
√

a2 − m2 (32)

and to Schwarzschild with b = im. Therefore, we were especially
interested in imaginary values of b. This poses no problem as b is
not a physical observable. Moreover, it can be shown that the equa-
tion of the marginally stable orbit (next section) has solutions for
small j only with imaginary b.

4.2 The marginally stable orbit – an independent test

The radius of the marginally stable orbit is another quantity given
in the tables of Cook et al. (1994). This provides the possibility to
perform an independent test of the fits done above. The following
calculation gives the analytic expression for this radius. Consider a
particle moving in the equatorial plane. With the three constants of
motion E, L and K = 1 related to the energy, the angular momentum
and the mass of the particle, the equations of motion are fully inte-
grable. The equation of the radial coordinate ρ can be interpreted
as an energy equation with an effective potential

V (ρ) = e2γ

f
ρ̇2 = E2

f
− f
ρ2

(L − Ew)2 − 1. (33)

For circular orbits the conditions

V (ρ) = E2

f
− f
ρ2

(L − Ew)2 − 1 = 0, (34)

dV (ρ)
dρ

= 2 f (L − Ew)2

ρ3
− (L − Ew)2 f,ρ

ρ2

− E2 f,ρ
f 2

+ 2E f (L − Ew)w,ρ

ρ2
= 0,

(35)

have to hold, from which one can calculate

E =
√

f
√

1 − f 2X 2/ρ2
, (36)

L = E(w + X ), (37)

X =
ρ
[

− w,ρ f 2 −
√

w2
,ρ f 4 + f,ρρ(2 f − f,ρρ)

]

f (2 f − f,ρρ)
. (38)

With the condition for a marginally stable circular orbit

d2V (ρ)
dρ2

= −6 f (L − Ew)2

ρ4
+ 4(L − Ew)2 f,ρ

ρ3

− 8E f (L − Ew)w,ρ

ρ3
+ 4E(L − Ew) f,ρw,ρ

ρ2

+
2E2 f 2

,ρ

f 3
−

2E2 f w2
,ρ

ρ2
− E2 f,ρρ

f 2

− (L − Ew)2 f,ρρ
ρ2

+ 2E f (L − Ew)w,ρρ

ρ2
= 0, (39)

and with (36), (37) and (38), the equation for the radius of the
marginally stable orbit is

Table 2. Dimensionless fitting parameters of the fitting

Ansatz b =
√

#1a2 − m2 +#2
a4

m2 +#3
a6

m4 .

EOS (Seq.) #1 #2 #3

A (NS) −7.97743 −0.09978 −2.62792
A (MM) −2.98207 −12.02850 −14.27300
A (SM) 0.51654 −25.66350 30.50040
AU (NS) −8.35758 −7.59210 11.33570
AU (MM) −2.10796 −7.94790 8.71811
AU (SM) 0.83801 −18.47420 19.58550
FPS (NS) −8.06897 −20.34330 40.12250
FPS (MM) −3.94624 −6.15936 3.74551
FPS (SM) −0.44467 −21.45520 25.25300
L (NS) −19.75040 6.10370 −6.68697
L (MM) −3.59342 −7.91550 7.25291
L (SM) −0.10791 −20.44890 22.08320
M (NS) −23.07410 20.14150 −37.30740
M (MM) −6.50839 −47.76620 87.45900
M (SM) 11.14010 −144.35100 221.00000
Kerr 1 0 0

Table 3. Fitting parameters in units of solar masses of the fitting
Ansatz m( j) = m0 + m1 j2 + m2 j4 + m3 j6.

EOS (Seq.) m0 m1 m2 m3

A (NS) 1.39999 0.08294 −0.01655 −0.00135
A (MM) 1.65510 0.14606 −0.02487 −0.00866
A (SM) 1.73043 0.20082 −0.08822 0.03529
AU (NS) 1.40004 0.07455 −0.01832 0.00962
AU (MM) 2.13344 0.21933 0.03005 −0.03461
AU (SM) 2.21414 0.32712 −0.12039 0.07834
FPS (NS) 1.40003 0.07255 −0.02813 0.02114
FPS (MM) 1.79945 0.16119 −0.04416 0.01113
FPS (SM) 1.87636 0.21989 −0.11459 0.05728
L (NS) 1.40000 0.04002 −0.00943 0.00292
L (MM) 2.69993 0.23158 0.00001 −0.03842
L (SM) 2.84355 0.36050 −0.19396 0.11556
M (NS) 1.39999 0.03695 −0.01482 0.00563
M (MM) 1.80458 0.14357 −0.27871 0.31632
M (SM) 1.87629 0.38213 −0.91656 0.89839
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Again, one has to set z = Q = µ = 0, then a function of m, r, j and
b remains. To test the fitted parameters we used the m and b values
of Tables 2 and 3 and made implicit plots in the (r, j) plane.

5 T H E F I T S A N D T H E T E S T S

Fitting the numerically calculated masses in Cook et al. (1994) with

m( j) = m0 + m1 j2 + m2 j4 + m3 j6 (41)

and choosing the Ansatz

C⃝ 2002 RAS, MNRAS 336, 831–840
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Introduction

Radial stability

　赤道面

ds2 = f(dt� wd�)2 � f�1[e2�(d⇢2 + dz2) + ⇢2d�2]線素 :

MSCO方程式 :

• nonradial stabilityについて議論していない



Marginal stable circular orbits

• 定常軸対称時空におけるテスト粒子の円軌道の radial perturbation 
だけでなくnonradial perturbation に対する安定性 

• 新たに、Nonradial stability criterion を定式化した。 

Radial stability nonradial stability New

赤道面

 T. Ono et al., PRD 94, 064042 (2016)
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Marginal stable circular orbits

ds2 =�A(r, ✓)dt2 � 2H(r, ✓)dtd�+B(r, ✓)dr2

+ C(r, ✓)d✓2 +D(r, ✓)d�2

ds2 =gµ⌫dx
µdx⌫

=�A(yp, yq)dt2 � 2H(yp, yq)dtd�

+ F (yp, yq)(�pqdy
pdyq) +D(yp, yq)d�2

定常軸対称時空の計量  [T. Lewis, Proc. Roy. Soc. A, 136, 176 (1932)]

ここでは極座標を採用する。

計量       は                        を満たす。gµ⌫

（例: 　　　  で反転対称な時空　）
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Marginal stable circular orbits
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Marginal stable circular orbits (radial stability)
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Marginal stable circular orbits (radial stability)

Taylor展開する。
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Marginal stable circular orbits (radial stability)

　 の０次と１次の式をまとめる�r

M. Stute and M. Camenzind, Mon. Not. R. Soc. 336, 831 
(2002). の結果と同等

MSCO方程式 :



Marginal stable circular orbits（nonradial stability）
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Johannsen and Psaltis’s model 

⌃ = r2 + a2 cos2 ✓, � = r2 � 2Mr + a2,

h(r, ✓) = ✏3
M3r

⌃

2

ds2 =� [1 + h(r, ✓)]

✓
1� 2Mr

⌃

◆
dt2 � 4aMr sin2 ✓

⌃
⇥ [1 + h(r, ✓)]dtd�

+
⌃[1 + h(r, ✓)]

�+ a2 sin2 ✓h(r, ✓)
dr2 + ⌃d✓2 +


sin2 ✓

✓
r2 + a2 +

2a2Mr sin2 ✓

⌃

◆
+ h(r, ✓)

a2(⌃+ 2Mr) sin4 ✓

⌃

�
d�2

Johannsen and Psaltis’s modified Kerr 計量  
[Johannsen T. and Psaltis D., Phys. Rev. D, 83 (2011) 124015.]

ブラックホール近傍でKerrとは異なる効果 
→ISCOに大きく影響

　  はこれまでの一般相対性理論の観測からは 
制限されないパラメータ
✏3
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まとめ

先行研究では議論されていなかった定常軸対称時空に 
おけるテスト粒子のMSCOの nonradial stability について 
議論し、安定性の条件を定式化した。
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c
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Kerr時空とJohannsen&Psaltisのモデルおけるテスト粒子
のMSCOの nonradial stabilityを考察した。

Johannsen&Psaltisのモデルにおいて、 
Last circular orbitはISCOよりも大きくなる場合がある。



今後の課題

Nonradial perturbationに対して不安定な円軌道が 
その後どのような軌道になるか？

軌道面を赤道面に限定しない場合への拡張。

Kerr-de Sitter時空、Kerr-Newman時空の 
MSCO方程式、nonradial stabilityの計算


