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1. Introduction
• Non-Commutative (NC) spaces are defined by

noncommutativity of the coordinates:

This looks like CCR in QM:
( ``space-space uncertainty relation’’ )

Resolution of singulality
( New physical objects)

e.g. resolution of small instanton singularity
( U(1) instantons)
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NC gauge theories          Com. gauge theories
in background of 

(real physics) magnetic fields

(Ex.) Motion of a charged particle 
in background magnetic field
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Gauge theories are realized on D-branes
which are solitons in string theories

In this context, (NC) solitons are (lower-dim.) D-branes

Analysis of  NC solitons Analysis of D-branes
(easy to treat)

Various applications
e.g. confirmation of Sen’s conjecture on decay of D-branes

N Dp-branes G=U(N) (p+1)-dim. NC Gauge theory

pRR ,19,1 )( ⊃ D0-brane

NC Soliton !B-fields



Plan of this talk
1. Introduction
2. NC gauge theories
3. ADHM construction of (NC) instantons
4. Applications to D-brane dynamics

5. NC extension of soliton theories
6. NC Sato’s theories
7. Conservation Laws
8. Conclusion and Discussion



2. NC Gauge Theories
Here we discuss NC gauge theory of instantons.

(Ex.) 4-dim. (Euclidean) G=U(N)  Yang-Mills theory
• Action

• Eq. Of Motion:

• BPS eq. (=(A)SDYM eq.)
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(i) Star-product formalism
NC theories are obtained from commutative 
gauge theories by replacing products of fields 
with star-products:

• The star product:
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(Ex.) 4-dim. NC (Euclidean) G=U(N) 
Yang-Mills theory

(All products are star products)
• Action

• Eq. Of Motion:

• BPS eq. (=NC (A)SDYM eq.)
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Notes
• Noncommutativity violates Lorentz symmetry.
• U(1) part of gauge groups play important roles:

– It behaves as non-abelian
– SU(N) gauge theories are basically forbidden

• Star-products contain infinite derivatives
– Non-local ( Quantum treatment is hard)
– Impossible to solve??? (solvable !!!)
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Today’s discussions are all classical.



(ii) Operator formalism
• This time, we begin with noncommutativity of 

coords. and treat the coords.and functions 
as operators.

• For simplicity, let’s consider NC plane:

• Fields are also operators in the Fock space: 
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Equivalence of the two formalisms
Weyl trf.

Noncommutativity

Fields

Products

Differentiation

Integration

A projection
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4-dim. NC (Euclidean) G=U(N) Yang-Mills theory

EOM:

BPS eq.:

Noncommutativity:

Fields:
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3. ADHM construction of instantons
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ADHM construction of BPST instanton (N=2,k=1)

Final remark: matrices B and
coords. z always appear 
in pair: z-B 

ADHM eq. (G=``U(1)’’)
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ADHM construction of NC BPST instanton
(N=2,k=1)
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Comments on instanton moduli M
21 θθζ +∝

M

0 M

Resolution of
the singularity
U(1) instanton

Small instanton
singularity.

Commutative R  or
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ADHM construction of NC U(1) instanton w/     =0
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ADHM construction of NC U(1) instanton w/     =0
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4. Applications to D-brane Dynamics
• Solution Generating Technique (SGT)

based on an auto-Backlund transformation:

which leaves EOM as it is:
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• SGT is independent of the details of actions
• SGT generates non-trivial soliton solutions 

from trivial solutions.
• (Ex.) Confirmation of Sen’s conjecture on

decay of D-branes via tachyon condensation
Effective action of D25-brane in SFT:
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• SGT is independent of the details of actions
• SGT generates non-trivial soliton solutions 

from trivial solutions.
• (Ex.) Confirmation of Sen’s conjecture on

decay of D-branes via tachyon condensation
Effective action of D25-brane in SFT:
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1Sen’s conjecture:
The EOM has lower-dim.
D-brane solutions.
Solve it ! impossible???



• SGT is independent of the details of actions
• SGT generates non-trivial soliton solutions 

from trivial solutions.
• (Ex.) Confirmation of Sen’s conjecture on

decay of D-branes via tachyon condensation
Effective action of D25-brane in SFT:
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(complicated but gauge invariant !)
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(exact result !)
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5. NC Extension of Soliton Theories
Soliton equations in diverse dimensions

4 Anti-Self-Dual Yang-Mills eq.
(instantons)

2
(+1)

KP eq. BCS eq. 
DS eq. …

3 Bogomol’nyi eq.
(monopoles)

1
(+1)

KdV eq.  Boussinesq eq.
NLS eq.  Burgers eq. 
sine-Gordon eq. Sawada-Kotera eq

µνµν FF ~−=

Dim. of space

NC extension 
(Successful)

NC extension
(Successful)

NC extension
(This talk)

NC extension 
(This talk)



Ward’s observation:
Almost all integrable equations are 

reductions of the ASDYM eqs.
R.Ward, Phil.Trans.Roy.Soc.Lond.A315(’85)451

ASDYM eq.
Reductions

KP eq.   BCS eq. 
KdV eq.   Boussinesq eq.

NLS eq.  mKdV eq. 
sine-Gordon eq.   Burgers eq. …

(Almost all !  )
e.g. [Mason&Woodhouse]



NC Ward’s observation: Almost all 
NC integrable equations are 

reductions of the NC ASDYM eqs.
MH&K.Toda, PLA316(‘03)77[hep-th/0211148]

NC ASDYM eq.

NC KP eq.  NC BCS eq. 
NC KdV eq. NC Boussinesq eq.

NC NLS eq. NC mKdV eq. 
NC sine-Gordon eq.  NC Burgers eq. …

(Almost all !?)

Reductions

Successful

Successful?
Sato’s theory may answer



6. NC Sato’s Theories
• Sato’s Theory : one of the most beautiful 

theory of solitons
– Based on the exsitence of 

hierarchies and tau-functions
• Sato’s theory reveals essential

aspects of solitons:
– Construction of exact solutions
– Structure of solution spaces
– Infinite conserved quantities
– Hidden infinite-dim. Symmetry
Let’s discuss NC extension of Sato’s theory



NC (KP) Hierarchy:
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Negative powers of differential operators
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Closer look at NC (KP) hierarchy
For m=2
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(KP hierarchy) (various hierarchies.)
• (Ex.) KdV hierarchy

Reduction condition

gives rise to NC KdV hierarchy
which includes (1+1)-dim. NC KdV eq.:
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: 2-reduction

: dimensional reduction in      directions

l -reduction yields wide class of other NC hierarchies 
which include NC Boussinesq, coupled KdV, Sawada-
Kotera, mKdV hierarchies and so on.
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NC Burgers hierarchy
MH&K.Toda,JPA36(‘03)11981[hepth/0301213]

• NC (1+1)-dim. Burgers equation:
uuuu ′∗+′′= 2& : Non-linear &

Infinite order diff. eq. w.r.t. time ! (Integrable?)

NC Cole-Hopf transformation

)log( 01 τττ θ
xu ∂⎯⎯ →⎯′∗= →−

ττ ′′=& : Linear & first order diff. eq. w.r.t. time

(Integrable !)

(NC) Diffusion equation:

NC Burgers eq. can be derived from G=U(1) NC ASDYM eq. 
(One example of NC Ward’s observation)



NC Ward’s observation (NC NLS eq.)
• Reduced ASDYM eq.: ),( xtx →µ
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NC Ward’s observation (NC Burgers eq.)
),( xtx →µ MH&K.Toda, JPA

[hep-th/0301213]
• Reduced ASDYM eq.:

G=U(1) 
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A, B, C: 1 × 1
matrices (gauge fields)

should remain
Further
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uuuu ∗′+′′= 2&⇒)(ii : NC Burgers eq.

Note: Without the commutators [ , ], (ii) yields:
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symmetric



7. Conservation Laws
• We have obtained wide class of NC hierarchies 

and NC (soliton) equations.

• Are they integrable or special
from  viewpoints of soliton theories? YES !

Now we show the existence of infinite number 
of conserved quatities which suggests 
a hidden infinite-dimensional symmetry.



Conservation Laws
• Conservation laws:

Conservation laws for the hierarchies
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Main Results
Infinite conserved densities for NC 

hierarchy eqs. (n=1,2,…)
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8. Conclusion and Discussion
• In this talk, we discussed NC solitons and D-branes.
• We saw 

– Resolution of singularities New physical objects
– Equivalence between noncommutativity and magnetic fields
– Easy treatment Various applications to D-brane dynamics

• As a further direction, we proposed NC extension of 
soliton theories motivated by Ward’s conjecture,  
which is expected to pioneer new study area of 
integrable systems.

• We proved the existence of hierarchies and infinite 
conserved densities which would lead to integrabilities.

• Other applications would be possible:
e.g. QHE, quantum gravity, cosmology, etc.

Successful !

Fruitful !?

Welcome !
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• URL:http://www2.yukawa.kyoto-u.ac.jp/~hamanaka 

• このページの上の方に非可換関連、ソリトン理論
の文献リストをアップしております。

• 他にも何かと便利です：
–情報
–検索
– リンク
– …
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