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1. Introduction

Successful points in NC theories
Appearance of new physical objects
Description of real physics
Various successful applications
to D-brane dynamics etc.

NC Solitons play important roles
(Integrable!)

Final goal: NC extension of all soliton theories



Integrable equations in diverse dimensions

4 Anti-Self-Dual Yang-Mills eq.
(instantons)

2
(+1)

Kadomtsev-Petviashvili (KP) eq.  
Davey-Stewartson (DS) eq. …

3 Bogomol’nyi eq.
(monopoles)

1
(+1)

KdV eq.  Boussinesq eq.
NLS eq.  Burgers eq. 
sine-Gordon eq. (affine) Toda field eq. …

µνµν FF ~−=

Dim. of space

NC extension 
(Successful)

NC extension
(Successful)

NC extension
(This talk)

NC extension 
(This talk)



Ward’s conjecture: Many (perhaps all?) 
integrable equations are reductions of 

the ASDYM eqs.
R.Ward, Phil.Trans.Roy.Soc.Lond.A315(’85)451

ASDYM eq.

KP eq.  DS eq. Ward’s chiral model
KdV eq. Boussinesq eq.
NLS eq. Toda field eq. 

sine-Gordon eq.  Burgers eq.        
Painleve eqs.       Tops  …

Reductions

Almost confirmed by explicit examples !!!



NC Ward’s conjecture: Many (perhaps all?) 
NC integrable equations are reductions of 

the NC ASDYM eqs.

NC ASDYM eq.

Many (perhaps all?)
NC integrable eqs.

NC Reductions

Successful

Successful?

MH&K.Toda, PLA316(‘03)77[hep-th/0211148]

Reductions

・Existence of physical pictures 
・New physical objects
・Application to D-branes
・Classfication of NC integ. eqs.



Plan of this talk
1. Introduction
2. NC gauge theory in 4-dim. (ASDYM eq.) 
3. Reduction to 3-dim. (Bogomol’nyi eq.)
4. Reduction to (1+1)-dim. (KdV, NLS, Burgers)
5. Reduction to (2+1)-dim.  (KP, DS)
6. Conclusion and Discussion



2. NC Gauge Theory in 4-dimension
Here we discuss NC gauge theory of instantons.

(Ex.) 4-dim. (Euclidean) G=U(N)  Yang-Mills theory
Action

Eq. Of Motion:

BPS eq. (=(A)SDYM eq.)
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(Q) How we get NC version of the theories?
(A) They are obtained from ordinary commutative 

gauge theories by replacing products of fields 
with star-products:
The star product:
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Presence of 
background 
magnetic fields

In this way, we get NC-deformed theories
with infinite derivatives in NC directions. (integrable???)



(Ex.) 4-dim. NC (Euclidean) G=U(N) 
Yang-Mills theory

(All products are star products)
Action

Eq. Of Motion:

BPS eq. (=NC (A)SDYM eq.)
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A deformed theory
is obtained.



ADHM construction of (NC) instantons
Atiyah-Drinfeld-Hitchin-Manin, PLA65(’78)185

ADHM eq. (G=``U(k)’’): k × k matrix eq.
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ADHM construction of BPST instanton (N=2,k=1)

Final remark: matrices B and
coords. z always appear 
in pair: z-B 

ADHM eq. (G=``U(1)’’)
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ADHM construction of NC BPST instanton (N=2,k=1)
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Nekrasov&Schwarz,
CMP198(‘98)689
[hep-th/9802068]

ADHM eq. (G=``U(1)’’) 1 × 1 matrix eq.
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D-brane’s interpretation of ADHM construction
Douglas, Witten

ADHM eq. (G=``U(k)’’): k × k matrix eq.
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N D4-branes
ASD eq. (G=U(N), C2=-k): N × N PDE
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String theory is a treasure box of dualities



3. Reduction to 3-dimension
Let’s take a simple dimensional reduction of ASDYM 
to 3-dimension.
The reduced equation is known as Bogomol’yi eq.

Monopoles are also constructed from ADHM-like
procedure (=Nahm constraction)

Φ±= ii DB monopoles

jkijki FB ε=( :magnetic fields,       : Higgs field)

)0( 4 =∂

Φ



Nahm construction of (NC) monopoles

],[ kjijk
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d
dT ε
ξ
=

Nahm eq. (G=``U(k)’’): k × k ODE

BPS

D-brane’s
interpretation
Diaconescu

Nahm,  in ``Monopoles in QFT’’(1982)

k D1-branes

Bogomol’nyi eq. (G=U(N), k): N × N PDE

kkiT ×:Nahm data

Φ∂= iiB

monopoles

1:1

N D3-branes

BPS

A T-dualized configration
of the D0-D4 brane systems

NNAi ×Φ :,



Nahm construction of NC Dirac monopoles
Gross&Nekrasov, JHEP[hep-th/0005204]

Nahm eq. (G=``U(1)’’): 1 × 1 ODE a D1-brane
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Magnetic flux of Dirac monopoles

On commutative space On NC space (roughly)

3x 3x

21, xx 21, xx

Dirac string
(singular)

``Visible’’ Dirac string
(regular !) 

Solutions show interesting behaviors,
though the moduli space is the same as commutative one.
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4. Reduction to (1+1)-dimension
From now on, we discuss reductions of NC ASDYM 
on (2+2)-dimension, including KdV, NLS, Burgers...
Reduction steps are as follows:
(1) take a simple dimensional reduction 

with a gauge fixing.
(2) put further reduction conditions on gauge fields.
The reduced eqs. coincides with those obtained in 
the framework of NC KP or GD hierarchies,
which possess infinite conserved quantities and
exact multi-soliton solutions. (integrable-like)



Reduction to NC KdV eq.
(1) Reduced ASDYM eq.: ),( xtx →µ

(2) Further
Reduction:
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The NC KdV eq. has integrable-like properties:

possesses infinite conserved densities:

has exact N-soliton solutions: 
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Reduction to NC NLS eq.
),( xtx →µ Legare, 

[hep-th/0012077]
Reduced ASDYM eq.:
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Reduction to NC Burgers eq.
Reduced ASDYM eq.: ),( xtx →µ
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5. Reduction to (2+1)-dimension
From now on, we discuss reductions of NC ASDYM 
with infinite-dimensional gauge group,
including KP, DS, N-wave ...
This time, gauge fields value operators algebras s.t.:

Reduction steps are as  follows: 
(1) take a simple dimensional reduction 

with a gauge fixing.
(2) replace spectral parameters in linear systems

with derivatives of 
(3) put further reduction conditions on gauge fields.
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ASDYM from Linear systems
ASDYM can be derived from compatibility 
condition of linear systems:
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Reduction to DS eq.
The reduced ASDYM
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Reduction to KP eq.
The reduced ASDYM
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Infinite conserved densities for 
the NC KP hierarchy. (n=1,2,…, ∞)
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Exact N-soliton solutions of 
the NC KP hierarchy 
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6. Conclusion and Discussion
We derived many of NC integrable eqs. from NC 
ASDYM eqs. by reductions.
This result could be a strong evidence for NC 
Ward’s conjecture, which guarantees the existence 
of physical pictures.
The derived eqs. coincide with those from the 
framework of NC KP or GD hierarchies, 
which possess infinite conserved quantities and 
exact multi-soliton solutions.
Application to D-brane dynamics and description 
from NC twistor theory are expected.



NC Ward’s conjecture: Many (perhaps all?) 
NC integrable equations are reductions of 

the NC ASDYM eqs.
MH&K.Toda, PLA316(‘03)77[hep-th/0211148]

NC ASDYM eq.

NC KP eq.  NC DS eq. NC Ward’s chiral model
NC KdV eq. NC Boussinesq eq.
NC NLS eq. NC Toda field eq. 

NC sine-Gordon eq.  NC Burgers eq. …
(Many ! Perhaps all ?)

NC Reductions

Successful

Successful!!!

Reductions

In near future, almost confirmed by explicit examples !?
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