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1. Introduction

NC extension of integrable systems
Matrix generalization

Quarternion-valued system

Moyal deformation (=extension to NC
spaces=presence of magnetic flux)

4-dim. Anti-Self-Dual Yang-Mills Eq.
plays important roles in QFT

a master eg. of (lower-dim) integrable
egs. (Ward’s conjecture)



NC ASDYM eqg. with G=GL(N)
ASDYM eq. (real rep.)
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NC ASDYM eqg. with G=GL(N)
ASDYM eq. (real rep.)
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NC ASDYM eqg. with G=GL(N)
ASDYM eq. (real rep.)
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Reduction to NC KdV from NC ASDYM

-

:ZW — O’

B ‘NC ASDYM eq.
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Reduction to NC NLS from NC ASDYM

-

:NC ASDYM eq.
G=GL(2)
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NC Ward’s conjecture: Many (perhaps all?) NC
Integrable eqgs are reductions of the NC' ASDYM eqgs.

In gauge theory,
NC <«» magnetic

Solutlon Generatlngl NC ASDYM I NC Twistor Theory,

fields

)

a®
a®
a®

'\IC Ward’s chira*

jmmar izedl in [MH NPB\741(06) 368]

‘NC (affine) Toda

‘chdv‘

gauge equiv.

NC NLS ‘

‘ NC Boussinesq \

‘NC mKdV‘ \ NC sine-Gordon
! gauge eq Iv.
‘ NC pKdV‘ NC Liouville

‘NCNwave ‘ NC Tzitzeica



Plan of this talk

1. Introduction

2. Quasi-determinants

3. Backlund Transforms for the NC
ASDYM egs. (and NC Atiyah-Ward
ansatz solutions in terms of
guasideterminants )

4. Origin of the Backlund trfs
from NC twistor theory

5. Conclusion and Discussion



[For a review, see

2. Quasi-determinants Gelfand et

math.QA/0208146]
Quasi-determinants are not just a NC

generalization of commutative determinants, but
rather related to inverse matrices.

[Defl] For an n by n matrix X =(X;) and the
inverse Y =(y;) of X, quasi-determinant of X is
directly defined by

|X|ij:yj_il £0 L deth XY : the matrix obtained

mmutative - get x from X deleting i-th
oroportional T8 the det. or ratio of dets.  row and j-th column

[Def2] (Iterative definition)
‘X‘ij = X _ini’((x ij)_1)i'j'Xj’j = X _ini’(‘x ij‘j,i,)_lxj’j
i ] i ]

NnN+1 >< n+1
n > n



A comment on Def 2

Formula for inverse matrix:

A B
X — :>
[C dj
Y=X*= (Al +A7B(d-CA™B)"CA™ -A"B(d —CAlB)1]

—(d-CA™'B)"CA™ (d-CA™B)™

A convenient notation:

‘X‘ij = A




Examples of quasi-determinants

n=1: |X| =X

X1 X15 -1 X11 X12 1
n=2: ‘X‘ﬂ: = Xy = Xpp - Xyp - Xy X‘12_ = Xpp = Xy1 - Ky - Xy,
Xo1 Xy Xo1 Xy
X1 X12 -1 X1 X15 1
‘X‘ﬂ: = Xo1 = Xpo  Xpp * Xqg X‘zz - = Xop = Xy - Xyg * Kpp s
Xo1| X2 Xo1 KXo
X11 X12 X13 -1
_3- X _ _ X9 X3 X1
n=o. ‘ ‘11 =X Xp Xoz| = Xy — (X12 1 X13)
X3o X33 X31
X31 X3 X33
= 1 - X, - (X Xon * Xom + X, ) F e X
—X11_X12'(X22_X23'X33'X32) "Xop T 13'( 32 7 33 "3 22) A1
1 -1 1 -1
— Xpo '(X23 — Xgp = X3, 'X33) " X3 — Xg3 '(X33 — X3 " Xy, 'X23) " X3
Note:
A B) oy A+ A'B(D-CA'B)'CA? —-A'B(D-CA’'B)™
—(D-CA'B)'CA? (D-CA™'B)™

((A-BD™C)* (C-DB*A)*
(B-AC'D)* (D-CA'B)?



Some identities of quasideterminants

Homological relation

A B C |[A B C|A B C
D f g=D f g(D f ¢
E [h] i| [E h [i]j0 [0] 1

e.g.
C-DB'A= = = (D-CA'B)(-BA)




Some identities of

guasideterminants

NC Jacobi’s identitiy

A B C

o el |A C| |A B

9% [i[ " [n
Eoh [Tl = =
“D-CA'B"

ABC A C/A B

6—0 . _
(i QW_|E i|D f||
E h 1

U >

A B
E h

A C
D g

A C|
D [g]

:(commutative)
Jacobi’s id.



3. Backlund transform for NC ASDYM eqs.

In this section, we give Backlund
transformations for the NC ASDYM equation.
The proof is made very simply by using
identities of quasideterminants.

The generated solutions are represented In
terms of quasideterminants, which contain
not only finite-action solutions (NC
Instantons) but also infinite-action solutions
(non-linear plane waves and so on.)




NC Yang’s form and Yang’s equation

ASDYM eq. can be rewritten as follows

' F,, =[D,,D,]=0, = 3h,D,h=0, D,h=0 (A = h‘letc)
<F-Z~W:[D~D] 0, = 3h,D,h=0, D;h=0 (A =-hh" etc)
F _[Dz’Dz] [DW’DW]_O
If we define Yang’s matrix: J:=h"h
then we obtain from the third eq.:
0,(J79,3)-0,(J70;J)=0  :NC Yang's eq.

l The solution J reproduce the gauge fields as

A=-hh? A =hh'A =-hh? A =hh



Backlund trf. for ASDYM eq. G=GL(2)
The J matrix can be reparametrized as

follows f_gble —gb*
J =
b'e b

Then the following two kind of trfs. leave
ASDYM eq. o,(3%0,3)-0,(J'9;J)=0 as It is:
(azenew _ _.|: _1gv~\,b_l, awenew _ _.|: _1g'z”b_l;
B4 0;9™" =-b7e,f7, 050" =—b7e, {7
anW:b_l, bneW: f—l

| .I:neW gneW 3 (b—ef —lg)—l (g . fe—lb)—l
7o - enew bnew (e_bg—lf)—l (f _ gb—le)—l




Both trfs. are involutive ( BeB=id, yyep, =id ),
but the combined trf. y,°8 Is non-trivial.)
Then we could generate various (non-
trivial) solutions of ASDYM eq. from a

(trivial) seed solution (so called, NC Atiyah-
Ward ansatz solutions)

a=ye°f a o
o Iy —— Iy —

o RN

' a'=foy ’ a'
J[l] . > \][2] > e

A seed solution:
_ _ _ . -1
Bro1 = Tro1 = €101 = Yo7 = A4

J =
0°A, = (8,0, —0,0,)A, =0 .

1 1
[ fig = 9Py — g[n]b[n]]
1 1
Orn1€ny by



Explicit Atiyah-Ward ansatz solutions

of

ASDYM eq. G=GL(2)

[Gilson-MH-Nimmao,
arXiv:0709.2069]

-1 2
Doy = Tro) = €0y = 9oy = Ao, 0°A; =0

-1

-1

oAl ALt A AL A, A A, AL
DA, Al T, (A T A, A, T TE) A
1 0 1 0 1 0 1 0
0,Ay =0;A,,0,A | =0;A,,0,A, =0;A,,0,A ; =0;A,
-1 -1
AO A—n A0 A—n
fry =1 : ; b =1 - ;
A A, AL A,
-1 -1
A, A _, A, A _,
€y = | ; Oy = | ¢ ;
An AO An AO
aAi _ aAi+l aA| _ aA|+l
01 OW  OW 07



Explicit Atlyah-Ward ansatz solutions
of ASDYM eq. G=GL(2) it

A0 A1—n AO A1—n
A N A A
An—l AO An—l A0
A_l A—n A1 A2—n
el =1 1 . i gl, =]
An—2 A—1 An Al
OA, A, OA, 0A,,
0z OW | oW 07 oe™=—f"g.b? 0,6 =-f"g,b™,

ﬂ : 6Zgnew — _b—lewf —l, awgnew — _b—leZ .l: —l,
f new _ b_l, bnew — .I: -1

e.g. by = fy=Ag e =A, 0 = A,
aZAO :awAl’azA—lzawAO’aon :aZAl’awA—lzaEAO



The proof is in fact very simple!

Proof iIs made simply by using only
special identities of quasideterminants.
(NC Jacobli’s identities and homological
relations, Gilson-Nimmo'’s derivative

formula etc.)

In other words, Backlund trfs are
identities of determinants.”

This I1s an analogue of the fact in lower-
dim. commutative theory: Backlund trfs
are identities of determinants.”



An example

Yo-transformation

-1 _ r / r -1
Oy = Ting = 9pmiPrny €
S
A0 A—n
A, Ay
A0 A1—n A1 A2—n E A1—n
An—1 E ‘An A1 An—1 A0

This is just the NC Jacobi identity!




Some exact solutions

We could generate various solutions of

ASDYM eq. from a simple seed
solution A, by using the previous
Backlund trf.

A seed solution:

1
27 — WW
A, = exp(linear of z,Z,w,w) Non-Linear plane-waves
(new solutions beyond ADHM)

A, =1+"

Instantons (special to NC spaces)



A compact formula of J-matrix

1 1
] __Lﬂm_gmﬁm@m "%mWﬂ)

" Orni€rn Orn
0] -1 0 - 0 0
1 A, A, AL, A,
O A1 AO A2—n A1—n
0 AL A, - A A
‘Q An An—1 Al | Ao

J:gauge-invariant = The Backlund trf. is not
just a gauge trf. but a non-trivial one!



4. Interpretation from NC twistor theory

In this section, we give an origin of all
Ingredients of the Backlund trfs. from the
viewpoint of NC twistor theory.

NC twistor theory has been developed by

[Kapustin-Kuznetsov-Orlov, Takasaki, Hannabuss,

Several aUthOrS Lechtenfeld-Popov, Brain-Majid...]

What we need here is NC Penrose-Ward
correspondence between ASD connections
and NC holomorphic vector bundle’” on NC
twistor space.

We can see some origin of the
guasideterminant solutions.



NC Penrose-Ward correspondence
Sol. of ASDYM “NC hol. vec. bdl.”

Ly =(D. —D.)w =0 | 11
{ y =D, —¢Dy =0, Patching matrix
My = (D, —¢D;)y =0.
C=1/¢ . . P(W+7Z,l2+wW,0)
L7=@,-Dy-0. Ll =gy
My =(¢D, -Dg)w =0.  [Takasaki] (%) =h(x)+0(<)
J o v (%£)=h(x)+0()
[L,M]=00r[L,M]=0

E(X) =y (x,¢=0),
h(X)=w(x ¢ =x)

~_ f-gb'e —gb™
R T

ASDYM eq. (Yang's form)
0,(J7'9,3)-0,(3%,3)=0



Origin of NC Atiyah-Ward (AW) ansatz sols.

he n-th AW ansatz for the Patching matrix
P[n]:[o 3 j A(X;$) = A(W+Z, 82+ W, &) =D A(x)¢!

¢" AKX ) |
The Birkoff factorization P=y v leads to:
e H R A
Ny =hy,| Dy thel N4 Dpnag ” h(X)+0O(¢) h(X)+0O(<)
h21 = h22 D[n+1] 1_ el I:;21 I:)[n+1] 1_1
~ —,1 ~ ,—1 Ao A—l A—(n—l)
I}Z - h12 D[n+1] nelndl Tl D[n+1] n+11 q _ Al A0 o A—(n—2)
hy, =hy, D[n+1] il,n 0 h,, I:)[n+1] ;11,1 ! E o
h12 :ﬁzl -0 Aml Amz Ao

Under agauge ( , _; —; ), this solution
coincides with the quasideterminants sols!

-1
-1 -1 ~ 1 g f 0
— _ _ - J = hth = [n] [N]
hy = b[n] = |Dinayg nelnal’ h, = f[n] - ‘D[nm‘n’ (r] [g_ b[n]J (em 1
h. —e. . =|D -1 h. — _ —‘D -1 OKI | fir = 9pPini€im — Iy
22 = €y T [Pl Me = Yy = [n+1] | ps1 1 bten, by




Origin of NC Atiyah-Ward (AW) ansatz sols.

he n-th AW ansatz for the Patching matrix
P[n]:[on o j A(X;$)=A(W+Z, G2+ W, &) =D A(x)¢"

g A(X_;C) _ _ _
The recursion relation tsderived from:
IA(X;¢) = (0, —¢0;)A =0,

MA(X:¢) = (8, - £04)A =0,

OA, A, OA, 0A,,
| — |+ ’ | — l—i— |
0z OW OW 07 OK!




Origin of the Backlund trfs

he Backlund trfs can be understood as the
adjoint actions for the Patching matrix:
. new __ -1 . new -1 O 1 _ O l
B:P™ =B'PB, y,:P™=C,'PC,, B (gl oj’ CO—(l oj
actually:

_n -n 0 —(n+1)
05:7/0016: P[n] = 0 é/ Hco_lB_l 0 é/ BCO = 1 é/ - I:)[n+1]
é/n A é/n A é/n+ A

‘he y,-trf. leads to 3™ =c;lic,= The previous r-trf!
‘he g-trf. I1s derived with a singular gauge

-1
trf- IB(// = (//new — S[// B’ S = 0 gb 1-2 Component
-1
| ¢ 50 — f 0 of Ly =(D, —¢D; )y =0

e (f“ew 0) ( bt o}: frew — !
- new - - new - - — I
e 1) \-f7%k, 1 0,™" =-0,(f k,)=1f"g;b™ OK!
w=h+k¢e +0(C?) The previous g-trf!



5. Conclusion and Discussion

NC integrable eqs (ASDYM) in higher-dim.
ADHM (OK)
Twistor (OK) Quasi-determinants are important !

Backlund trf (pK), Symmetry (Next)
Profound relation ?? (via Ward conjecture)
NC integrablel eqs (KdV) in lower-dims.

Hierarchy (OK) Very HOT
Infinite conserved quantities (OK)

Exact N-soliton solutions (OK)
Symmetry tau-fcn’’, Sato’s theory (Next)

Behavior of solitons... (Next)
Quasi-determinants are important !

>
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