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q1. Introduction

Motivation

1) BPS Solitons in Gauge-Higgs System

Gauge theories admit topological solitons.

Supersymmetry (SUSY))

= They preserve the 1/2 SUSY « BPS States
(satisfying 1st order BPS Eqgs. as well as 2nd order EOMs)

= 10 force between them

= |Moduli Space

codim.| m | Moduli Space |quotient
Instanton| 4 |3 ADHM ¢7s) HK
Monopole| 3 |mo Nahm (so) HK
Vortex 2 |71 | Hanany-Tong o3| Kahler
Wall 1 |mg| Our work wow) | Kahler

cf. They naturaly have (hyper-)Kéhler structures.
— unbroken SUSY



2) Brane World Scenario.

Realize our world on solitons.

3) D-branes as BPS solitons.

BPS Solitons can realized as D-branes.

= ADHM / Nahm conditions can be obtained
from the vacuum (D-, F-flatness) conditions.

Instanton
Monopole

Vortex
Wall

Dp-D(p+4)
D(p+1)-D(p+3)
NSH-D3-D1
kinky Dp-D(p+4)

Douglas/Witten
Green-Gutpele
Hanany-Tong

Our work

(It’s only available method to obtain the vortex moduli.)
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32. Review: SUSY, Walls, and BPS Walls.

Supersymmetry

Boson|| <« Fermion
Spin: 0,1,2  Spin: 1/2,3/2  (up to 2)

e Supercharges (fermionic generators) are “square
root” of the translation p,, of the space-time.

{QOM Qﬁ} ~ O-'up,LL'
e # of supercharges may be one, two .three, ...., 32

There exists the minumum # for each dim. d.
(e.g.; d = 4 — 4 supercharges)

e Three kinds of Supermultiplets

— Scalar multipltes > Scalar fields ¢
Spin: 0, 1/2

— Vector multiplets > Gauge fields A,
Spin: (0), 1/2, 1

— Gravity multiplets > Gravity g,
Spin: (0,1/2), 3/2, 2
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Nonlinear Sigma Models (NLoMs)

¢ MUY M and so on) — M
(M: the target manifold)

Bosons ¢!(x) = coordinates of the target manifolds

Fermions ' () = components of tangent vectors

e |2 Supercharges| < |Riemann

@' real € Real scalar multiplets

d=2.N=(1,1)—d=3N=1.

e |4 Supercharges| < |Kahler

¢": complex € Chiral multiplets

d=2,N=(2,2) —d=3N =2«
d=4,N =1

e |8 Supercharges| < |hyper-Kahler

$': quartet € Hypermultiplets

d=2,N =(4,4) —d=3N =4, —
d=4N=2«—d=5N=1—d=6,N=1.
(cf. Deligne and Freed, hep-th/9901094)
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Kahler NLoMs d =4, N =1;d=2,N = (2,2) etc

The bosonic Lagrangian 1S (Zumino, Wess-Bagger’s text)

P s« OW OW'™*
‘Cboson — _gz’j*a,u¢za'u¢ J — QZ] aéi a¢*j . (1)
2 *
gij*(¢, ¢*) = a@i;gbggfj >: the target Kahler metric.

K (¢, ") the Kéhler potential
W (¢): the superpotential

(Massive) Hyper-Kéhler NLoMs

d=4,N =2,d=2,N = (4,4) etc
(for mass to exist D < 5)

The bosonic Lagrangian is (AlvarezGaume and Freedman)
Lboson = —gz'j*@mbi@” ¢ — \M\29¢j*kik*‘j . (2)
gij*(¢, ¢™): the target HK metric (with isometry).
k'@, ¢*): a tri-holomorphic Killing vector.

The form of a potential is severely restrected !!



Domain Walls (D = 2 Kinks)




Remember Yang-Mills Instantons

1
S = §/d4aztrF/\>|<F
— /d4:z:tr(F—>|<F)2+/d4a:trF/\F

2/d4xtrF/\F (3)

The action is bounded below by the topological
charge () = fd4:1: tr '\ F.

The inequality is saturated
— The seltdual equation: /' = %},

Embedd thisto d =4+ 1 N =4 SUSY YM with
16 supercharges.

e The above bound is for energy density.
e The selfdual eq. = The BPS eq.

e [nstantons are 1/2 BPS states, preserving &
supercharges.

e The moduli space is naturally hyper-IKahler.



BPS Domain Walls in Massive HK NLoMs

Energy density for a wall (perpendicular to the y-axis):
(Abraham and Townsend)

b= / dylgij0yd'0yd™ +  plgipk'k™ ]

kinetic energy  potential energy
— [ dygig(0:0' ki) (@:0"T ~ i)

+/dy[ygij*kiﬁng*j+conjj.]

CI“OSSYGH’HS
— N[D}giiooo (4)

where k! = g% *@j*D (D: Killing potential).

y=00
y=—00

The Bogomol'nyi bound: | E > u|D]

... 'The right hand side is “topological”.
The BPS equation: 950" — uk' = 0.

.... This is a Ist-order equation.

Solutions preserve 1/2 SUSY — 1/2 BPS
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83. The Model / The BPS eq.

We consider BPS domain walls in gauge theories.

U(N¢) Gauge Theory with Np Hypermultiplets
(8SUSY: D=5, N=1lor D=4 N =2 ---)

(Bosonic) Field contents:

Hypermultiplets H™4 = (H rd g 2“4)
with masses m 4€ R
SU(2)g indices: 7 = 1,2
color indices: r,s =1,--- , N¢
flavor indices: A, B=1,---, Np
— N X Np matrices.

Vector multiplets (W, )
War: No x Nc gauge field,
>0 No x N¢ real adjoint scalar field

11



(Bosonic) Lagrangian

| |
L= 5T (FM Ny FMN ) + T (D oDM z)
T [DM HY(D MHZ’)T} v (5)

V= gZQTr [(HlH” ~H2HY A NC)2
+4H2H1TH1H2T}
Ty [(EHZ' — HM)(SH! — HiM)T} . (6)
with
DY = dyS + (W, 3.
Dy H' = (03 + iWy ) HY,
Fyn = 4Dy, Dy
= Oy Wn — ONWas + (W, Wil

Parameters are
(M)A5=m Aééz diagonal mass matrix,

g: gauge coupling,
c® = (0,0, c): Fayet-Iliopoulos parameters.

12



Vacua in the massless case: my =0

In the massless limit m 4 = 0, the Higgs branch of
vacua are obtained as a hyper-Kahler quotient, re-
sulting in the cotangent bundle over the Grassmann

manifold
MU= = TGy N

_ SU(NF)

SU(NF — NC) X SU(N0> X U(l) 7

(7)

(cf. No Coulomb branch because of the FI para.)
The moment maps:
pr = H'H' — H2H?T = 1y,
pe = H'H?T =0y,
(In mathematics, [ = H, J = H?T)

Simpler U(1) cases

Ne = 1. T*cpNr—1
Nc =1, Np = 2: T*CP': the Eguchi-Hanson.
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Vacua in the massive case: m 4 # 0
(Arai-Nitta-Sakai)

Turning on masses 1 4 # (), most points are lifted
leaving some discrete points as vacua.
We consider non-degenerate masees with ordering

My 2 MAL-

A Ay - Ay,
0---010---000---000---0
il 0...000...0?0...000... | color
0---000---000---010---0
— flavor (8)
HQTA:O
¥ =diag.(m,, ma,, -, mANC). (9)
We label this vacuum by
(Ap Ag -+ Apg). (10)

N
i (11)
Nc!(Np — Ng)!

# of vacua = N.Cpn,, =

14



The 1/2 BPS equations for walls

dgugy (fermions) = 0

0= —¢g’H?H, (13)

DyH* = SH* — H*M. (14)
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The BPS bound

Energy density:

€= Z IBPS eqs-‘Q T Ttopological (15)
The (multi-)BPS wall tension:

+00
Ty = / dy Ttopological

— 00

TrZ ZmAk ZmBk

y: the extra dimension perpendlcular to walls
y=+00: (A] Ay -+ An.)
y=—00:(B1 By -+ By.)
<A7" < BT) mAT > mBT) (17)

16



83. Construction of Walls / The Moduli Space

Taking strong gauge coupling limit, g — oo, the
model reduces to the nonlinear o model on the
Higgs branch 77 Gy

Np =2, No = 1 (the massive Eguchi-Hanson T*CP").
Single wall solution:

Two real zero modes 1 (translation) and g (U(1)
phase). The moduli space is R x S™.

N

17



(General Solution NEW

H' = 57 'HyeMy, H? =0 (19)
ST = C_lffoeﬂwy]{o]L (20)
S719,8 = ¥ + i, (21)

with Hy an No X Nf constant complex matrix.

18



The Moduli Space

There is an equivalence relation
Hy~VH,, V&GL(NgC) (22)

This is the [Kahler quotient;
Moduli space is the Grassmann manifold.

HO - GNF>NC
SU(Ny)

= SU(Nc) X SU(NF — Nc> X U(l) .(23)

This is a special Lagrangian submanifold of
massless Higgs branch.

19



NOTE
This moduli space is the Total Moduli Space
including all topological sectors:

(A1 A9 AN ) —(B1By-Bn.)
Mg N = 2 Mg N (24)

(cf. The total moduli space for instantons /
monopoles / vortices is infinite dimensional.)

Ex. 1) Np =2, No =1 (T*CP!, EH)
The single-wall moduli + 2 vacua ~ S? ~ CP!

N e
@

EEmy

“““

* S

3 <

\d *

". A
Sagpunt

= Natural compactification of the moduli space.

¢
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Ex. 2) Np =3, No =1 (T*CP?)

Qo
- ’.
HS
f >
H .,
[ .
3 o,
- ’, .
3 <,
i
N
it
H *
.
.0
’0
.
.
.

I
X

s S

The double wall moduli 4+ 2 single wall moduli + 3
vacua ~ CP? (toric diagram)

%
FEN - D
- * ,"
- .0 4
3 s,
it
H 3

>
Oe
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84. Properties of Walls / The Wall Algebra

Walls have codimension one.

4

Their positions become important.

There exist two types of property for each pair ot
walls, impenetrable or penetrable.

(cf. We can smoothly exchange positions of other
solitions like instantons.)

1. Impenetrable wall pair

1. Positions of two walls do not commute.

2. Taking two walls closer and closer, they
constitute a compressed wall in the limit.

3. All wall pairs in Abelian gauge theory are in this
type.

4. We can define a level of compressing.

22



2. Penetrable wall pair

1. Positions of two walls do commute.

2. Another vacuum appears between them when
we exchange their positions.

3. Characteristic in non-Abelian gauge theory.

23



Creation operator of walls

Moduli matrices for vacua are the same with H!:
A, Ay oo A

0---010---000---000---0
(Hyos — Q...QQQ...Q?Q...QOQ...Q | color
0---000---000---010---0
— flavor (25)
N x Np matrices a, - - - acting on the moduli

matrices from the right.

(Ho)vac. = (Ho)vac." = (Ho)1—wall

— (Ho)1—wan€” = (Ho)2—alls

— (Ho)o—wans” = (Ho)3—walls

B
Here a is a nilpotent element of G L(Np, C) with
the length Np — 1, a1l = 0.

(o*oo\
00 *0
000 % |’
\0000)

a; = Fj g1~ (26)

24



Wall Algebra

Two walls generated by a1 and a9 are

Penetrable < [a1,a9] =0
[npenetrable < |aq, as] # 0

Moreover the compressed wall is generated by
a1, as], a nilpotent operator with the lower length
by one !!

(00*0\

000 %

[aia CL]] ™~ (27)

0000

\oooo).

More  compressed wall 1s  generated by

[' " [&3, [&1,&2} o ]
Level of compressing < Length of nilpotent algebra.

25




Very interesting and complex phenomena can be
understood by the wall algebra.

26



36. D-Brane Construction for Non-Abelian Walls

Consider d = 2, N' = (4,4) (8 supercharges) SUSY
U(N¢) gauge theory with Ng hypermultiplets (by
dimensional reduction from d = 5).

D-brane Configuration for Massless hypermultiplets

Nc D1 01
Np D5 012345
C?/Zy ALE: 2345 (28)
NF D 5

yd
/NC D1

X1 o
X2,3,4,5
6,7,8,9 /
|LX ,,%Z/Z 2
Vacua = instantons (# = N¢) on U(Np) gauge

theory on the A1 ALE (Eguchi-Hanson) space.

The ADHM moduli (Hyper-Kéahler quotient)
= T"G N, N (Kronheimer-Nakajima)

27



Massive hypermultiplets

T T

x 1 I

The (T-dualized) S-rule:
At most one Dp-brane can be absorbed into one
D(p+4)-brane.

(Hori-Ouguri-Oz, Nakatsu-Ohta-Yokono-Yoshida)

Nyl
Nc!(Np — No)!

# of vacua = N.Cpn. = (29)

28




Kinky D-Branes as Non-Abelian Walls

s

ma2 mai

And Am

Vacua can be easily read from the D-brane picture.

Mmoo M8 IM7 Mme M5 M4 M3 M2 M1

As Aa A3 A2 A1
(12458.. )
(12658... )
scece
xi=y (13658.. )
‘ 6 (23658... )
(24658... )
Bs Bz B4 B2 B1

(looking like a braid group?)

29



[mpenetrable Walls (Compressing Walls)

Np =3, Nc =1 (Abelian)

Al A1

(—$’J (1) (1)
i

¢—$" (2) (,,——

ms3 mz2 mai

(3) (3)
B1i B1
The dual picture of Np =3, No = 2
A2 A1 A2 A1
(12) (12)

** (13) K ’t)

(23) (32)

B2 B1 B1 B2

Reconnection (Recombination) occurs in the gauge
theory. (K.Hashimoto)
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Penetrable Walls

Np = 4, Ng = 2
A2 A1l A2 A1
(13) / (13)
/ (14) (23)
/ (24) / (24)
B2 Bi B2 B1
Wall moduli space
ITINF IMINF-1 IMNE-2 (X X)) ma4 ma3 mz2 mi

o000 A3 A2 Al

A
e

Y+ X X

-
(t/ .
e

BNc BNc-1 BNc-2 ©e®e@

The dimension of wall moduli space is
dim M, = 2Nc(Np — N¢) = dim GNFaNC

31



The Index

V<A17A27”' 7ANC> -

[ 4

o®®

fi”ﬁ.. [

dim NF NFfF-1

The dimension of the topological sector.

NF-Nc+1

dim M

L 4

-
(1|

dim NF Nr-1

NF-Nc+1

ANc
00

<A17A27'" 7AN0><_<BLBQa'" 7BNc>

A2

- V<A17A27”' JANC> - V<BLBQ7”' JBNC>
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7. 1/4 BPS states

1/4 BPS equations admitting monopoles, vortices
and domain walls.

The Bogomol'nyi bound

E> Tiotal = Lwall T Lvortex + Tmonopole
Tyanl = Tr|05(cX))

Tvortex = _CTT[B 3]

1 1
_ ?Tr[ﬁa(ZBa)], Ba = SeabeFhe(W)

Tmonopole

A set of 1/4 BPS equations

0= (D3+X)H' + H'M (30)
0 = (D +iDy) H' (31)
0 = Fio(W) —D3¥ + L(c— Hia) (32)
0 = (W) —=D1X = Fy (W) — DX (33)

33



Eixact solutions

can be obtanined by promoting the moduli
parameters in H( for walls to fields depending on
the wall world-volume coordinate z

holomorphically.

34



“Blon” as an exact solution

0
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Amidakuji
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A monopole in the Higgs phase
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Wall-vortex junction with constant B

N
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A cat’s-cradle ( = Ayatori)

N
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Another set of new 1/4 BPS equations admitting
vortices and instantons has been discovered.

Massless gauge theories with M = 0.

The Bogomol'nyi bound

1 ~
£ 2 tr| ol + )+ 5P | (31
vortices ‘g ~ d
1nstantons

A set of 1/4 BPS equations

Flo = F34, F232= F14,
Fis + Foy — —% 1y, — HHT}

DH =0, D'H=0. (35)
o Settingc=0, H =0
= The self-dual eq. for instantons

e [ognoring 22, 2% dependence and Wo and Wy
= The BPS eq. for vortices in the (xl, xg)—plane

e [gnoring a!, 23 dependence and Wy and Wi
= The BPS eq. for vortices in the (xQ, :134)—plane
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§7. Conclusion / Discussion

1. We have given an elegant construction method
for exact solutions of BPS non-Abelian domain
walls in 8 SUSY gauge theories (in the strong
coupling limit ¢ — o00), which is comparable
with the ADHM / Nahm constructions.

2. The moduli space for non-Abelian walls is the
(deformed) Grassmann manifold G, n,, which
is a special Lagrangian submanifold of massless
Higgs branch vacua T"G n, N

3. The properties of walls can be understood by a
beautiful algebraic structure on the moduli
space, composed of creation / anihilation
operators of walls.

4. A brane construction is given by the kinky
D-branes, explaining properties of walls easily:.

5. We have generalized our method to
1) 1/4 BPS of walls, vortices and monopoles,

2) 1/4 BPS of vortices and instantons,
and determined their moduli spaces.
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Discussion

1. Relation with other soliton’s moduli space.

codim. | 7w | Moduli Space | quotient

Instanton| 4 |m3| ADHM HK
Monopole 9 Nahm HK

3
Vortex 2 | m | Hanany-Tong | Kahler
Wall 1 |mg| Our work | Kahler

Vortex moduli = % (Instanton moduli)

(1 Hanany-Tong)
Wall moduli = % (Monopole moduli) (?)

2. Relation with integrable systems like K 1DV?7.

3. 2nd Quntization of Walls <= Wall Algebra

4. Application to the Hori-Vafa’s mirror symmetry
between the sigma models and the sine-Gordon

models (Affine Toda).

5. Other gauge groups / matter contents.

We conjecture that the moduli of walls is always
a special Lagrangian submanifold of massless
Higgs branch.
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6. There exist two other sets of 1/4 BPS equations.
1. Vortex?
2. Wall®-Vortex

7. Classification of BPS equations.

There exist two kinds of 1/8 BPS equations in
five-dimensions, now in progress|.

1. Wall>-Vortex?-Monopole
2. VortexU-Instanton

8. Maybe there exist lots of application / extention
/ variation / ... like other BPS solitons.
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instanton in vortex
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Figure 1: Single instanton in the Higgs phase. The size of the vortex is given by L, ~ 1/g+/c.
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Figure 2: Energy density of the calorons in terms of the vortex theory.
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