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1 Introduction
«�¬^­�®�¬b¯±°7²�³N´%µN¬^¶e·r¸

, ¹Nºe»F¼7½�¾�¿ ¸ º�À , Á ­
ÂWÃ'ÄJÅ0ÆW­ Á ­ÇÂWÃ'ÄJÅ'¯ÈÊÉbË�Ì�Í Åb¬rÎ�Ï�Ð ¿ Í » .
¯r°C²±³Ê´rÎ2ÑÓÒ »FÔ7Õ ¸ ,

Å3Ö�×*Ð7Ø±ÙCÚeÛ7Ú ¿eÜ±»%Ý , ¼3½É ¸%ÞN¬�ßdà Ébá3â�ã Ú »åä
• æ]ç ¬3èCé�®J¬Cê]ë ¾
• ì «îí3¬ Á ­J¬^ï�ð
ñ3ò ¬ ÔCÕ ¸ á�ó Þ�¬*ô�õ ¿NÜr» . æ�ç ¬3öC÷W®�¸ùøhúWûÓü:ý]þeÿ É���� Ä��ÇÃ À ê]ë ¾ ãÚ
, æ]ç «J¸���è É��	� Ä�
 ã Ú » .

­W®J¬7è3é ¾ ¸ ,
« É ¯±°7²�� Î�
	��� »�� Â É ºe» ¬ ¿ ,�	� É æCç Î^è7é ¾ � » Â ,

�±è Ý ¯±°%²�� Î���à ÂtÑÓÒ��fÚ » .
Ùr¬����îÎ����]ý3þ�Â Í � ¬

¸^¯±°7²±ý3þ ¿ ¸ º	! × � ! ,
� º�" Ö , æ]ç ¬3è3é]®J¸^¯±°7²�³N´rÎ:ÑÓÒ »�� Â ¿ ��Ã À êCë

¾ ã Ú » ¬ ¿ ¸ º Í ! ,
Â Í#�%$ Â � × ¿eÜ±» . &(' , æ]ç ¬CèCé�®�¬�)�* ç�+�, Â.- " ÚÊÄ Í

»0/ ­�® É ¸ , 1 ³Ê¬%¯r°3²�� Ý Ã�2îÃ�243�5 º46Ê¿87 Ú » [86].9 ò ¬ ÔCÕ ¸ , ì «�í3¬8:�ú<;^­W® Ý ¯r°3²r³�´�=e¬8:rú>;2­W® (NC
:�ú�;2­W®

)2
Â.?�@ ¿

Ür» Â ÍA�.B & É �(C À Å%¬ ¿NÜr» . � ÚJ¸ ì « í3¬EDWé�F ºHG ¬ 7�& ¬	I�J	K ¿ ö ÀL! �NM

1 OLP�QSRUT�VXW�Y[Z]\.^_\_^a`Hb.cNd_eafa^[gih.f (E-mail: hamanaka@math.nagoya-u.ac.jp; Home Page:
http://www2.yukawa.kyoto-u.ac.jp/̃ hamanaka)

2 jlk]m[nUoUpiq e_r�s�tvu�wSt , oUpiqyx�z Non-abelian ( k]m[n ) { oUpiq e_r|t~}��������]QN� , � Q��0����i� � t ����� .
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�5ÚÊÄ � õ
[95],

è]é��3ú�K����rµÊ¬��
	 Å���Ð ¿eÜ ��$ . ( 
 Ò	2 [8, 28, 77].)3 � ¬E?�@�� Ý
/ ­W®J¬������ ¿ Å]� õ��]à � Â Ý ,

)��
Seiberg&Witten4 [126]

? É�� õ�� � ! ÉÓã Ú ,
¯r°

²�­W®�¬�������� � Ý"!�# �4$ . � ¬��$��� ¿ ¸^¯r°7²&%Jø
'@ü7¸ D-brane
Ùr¬JÅ%¬ É�( ��Ã

,

D-brane
¬2ï±ð Ý ¯±°7²&%Jø)'@ü*¬:ïWð ! �*�îÒ » �<��É º �%$ .

9 ò ¬:ïWðJ¬"+ Ý , 1 É-, õ.�Í Ý ¯ ÈÊÉ0/�1ÓÉ ºe» $�2 , 3543º �)	 Ý ° 6 É º �4$ ¬ ¿eÜr» .¯r°7²±³Ê´	=e¬b«J¬^­W®�¬ æ�7Êº�8:9 Â�Ã,Ä±¸

• 8�;)< ¬2ï�=

Ý?>�@ �5Ú » . A)B�¿ C"D � É � Ú�ÎFEG��Ã �<� .¯r°7²±³Ê´±¸FH�IKJ:ÆML�Ne¬�OÓ¬%¯e°7²|� ¿?8$9�PRQ �5Ú »�ä

[xi, xj] = iθij. (1.1)

���^¿ , θij
¸-S (�T º�& ê7Æ ¿eÜ õ ,

¯e°3²�UWV�X�úZYrÂ\[�2%Ú » 5. � ¬�J0]ÊëJ¸ ,
èCé ç ÿ¬?^�_:`C²GJ0]

[q, p] = ih̄ (1.2)

ÉFa:b Ã,Ä � õ
, c ³Ê´�¬?d�eNê8�MJ0]RfrÎ4
 À . � ¬ � Â ! �5¯r°7²±³�´8= ¿ ¸ , g é�¬0h�ij�k:lKm0npo�q�r�s\t�u�v0w

, x qzy�tG{�|?} ~&�0�)� . �)����� , ���M�"����� u)j��$����|� ������� t , �)�?������� u�jF�
�Z���pq�s��Z��r
s�t?�prM����q .
} ~ � y�t�� �"  j"¡$¢

√
|θij| m�£$¤¥� , ���G�"���?¦��-§R¨ θij → 0

u ��� © t"ª�«
¬Mq .

θ∼

     NC SpaceCommutative Space

θ0

­
1: ���)�
� ���

�����5®R¯)°\± m�²���³R´ , ����� �
�)t�µ�¶Km��5rM� , ���R� �:· m j?¸W¹�� � �$º5»\� �
� ��¼�½�¾?¬ .

¤5¿�À
, �)���WÁ ±?ÂMÃ�±5°z± u�j , (

k�Ä�ÅÆ�Ç��|
) Á ±?ÂKÃ�±5°\±ÉÈËÊ�Ì)Í�Î

Á����������)� t µ ¶pm0���Ï� [112, 113], ��� u � � U(1) Á$±"ÂpÃ�±Ð°z± �Ð��Ñ�¢)ÒRmFÓ�Ô¬Mq�r
s\t�u�v�q
[115].6

3 Õ�Ö , ×ÙØÛÚÝÜzÞ�ß*àÇáÙâ�ã\äæåÇç\è*é�ê*ëÙì-íïî�ð$ñóò\ôÝõ�ö . ( ÷�ø�ù [130, 121].)
4 ú*û , Seiberg-Witten üÇð:ýÇþÿô���� ú , N = 2 ������	�ß�
æü�ðFä
�����0ä��$ý�������� .
5 �������! �" ß$# θij �&%�'�(�)0í*����þ , +�,�-0ø/. ò$0 .
6[115] ,&132 ñ òÛö&�/�
435�	�ß�
�6Fý
7 ö�)*8zä��-í:9<;0þ , ( =$>@?*A�×�B�C ) DÛõ�E$0GFÛõH6
IJ0 . K�äJL

ý
6�M�N$þ , O/0zý�L�P � 4�5 ú �0ä
1�2�QJ6SR�T�þÿöÇäÙè�U�V�W [32, 33] ,�X�0 .
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� |
, ���R� � ����� j���� Ó
	G�z��|"w�� ±�
�� u�j x q�t , ��� m j������&¿ � ��|)o �

���)� u�jF��� ������� ¹������Ý�pq .
r���t ���?����� u:j �! m � � , "
#�� ���$��� � ¹%�& �('
) tR´F|&¹ �Ý�pq � u x q . Gopakumar-Minwalla-Strominger (GMS) ®M¯)°\± s+*�À�5q�´ � [37]

j
, �)��,�-R� ¤Ru x q .7r �/.�0 u�j , NC 1�2�Ì(3�4���5�6 ��7�8Æ��| x s , ���?�ZÁ�±�ÂMÃ?±K°\± , ���?��Ê:9(;�2

��� Ó�ÔM� Atiyah-Drinfeld-Hitchin-Manin (ADHM)
Ó)Ô�<

, Nahm
Ó�Ô�<Rm>=G�æÑ:¢�Ò)m@?��

.

����� mM�Û|Rr�s�u�¼BAÛ| ����� �
�Ws � �Gm(C¥�EDÆ���GF 3 Ò ��� m-����³�HÆ��I$J 4 ¬Gq .

,�K m ,
l ®G¯
°F±@3�4R�"�
��� ÅÆsÛ� �ML
NPO �Q
SR�TGÎ�U m����)³G´+V��5q .

2 NC(=Non-Commutative) Gauge Theories

NC 1�2�Ì�3�4���.�W mQX�Y�m[Z � ��\ <
t x � , ] � O �����R��.�W s ·�^�_ ³ ·
`�a � 3� �b\ <)t x q .
r�� ¹cX

, d ���"� Euclid ����ez� u�X , Weyl f$� ²g=ch Seiberg-Witten i:j

 mk=${-³ 1 � 1

m �Q'�lkm ¹Ý�5qon

(i) ÂpÃ@2Gp � ) �Gq .�W
(

θij→0−→ ������������� �
��3�4
)

↑
〈 �)����q 〉 Weyl f$�

↓
(ii) r/sut+2&Ã@2!v
w���.�W

↑
Seiberg-Witten ixj+


↓
〈 ����q 〉 (iii) y
z µ % B

�
( {|] � )

O � DBI }�) mk=$q .�W

Seiberg
s

Witten
t
~Ð¹ � mp�z| � X (i)

s
(iii) �G����© u x q .

r ��� u�X � w ÂpÃ(2�p �
) �Gq .�W (i)

m�=�{-³
NC 1
2�Ìb3�4 ���!� � , � � � ¹ Weyl f�� sÛ� � f$� � ) ��³ rbs

t�2&Ãc2!v
w���.�W (ii)
m(�Ðq

.
� ������t ">#R��.�W (ii)

u������&�b�Go
,
%:& �b���>� ¹*�� ���R¿�q

.r ��.�0 u
X , NC G = U(N) 4
a��

Yang-Mills 3�4 s NC G = U(N) (3 + 1)
a��

8 Yang-

Mills-Higgs 3�4 �-Ñ�¢$¤Æs��\³�J 4 �|Lpo
q .
� w ���������
��3�4 �/���
¬Mq .

G = U(N) 4
a��

Yang-Mills 3�4
G = U(N) 4

a��
Yang-Mills 3�4R�G}�) X

IYM = − 1

2g2
YM

∫
d4x TrFµνF

µν, (2.1)

7 �������@��� ,�� Derrick ä��*ü [18] ([39, 70] í|� ���<X�� ) è�2�����ö ú õ�ö+� , ��� úc�( c¡�¢ èE£�¤�þ¥ 0�,�X3Pb¦ , ý õQ¦ÿäÙèE§�¨�ä�?ª©�,/��X�7æö .
8(3 + 1) «ª¬ ýS� �@� 3 «­¬ ( ®�¯x° x1, x2, x3), ± � 1 «�¬ ( ®ª¯x° x0) ý õQ¦�²c³�,�X�0 .
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u x q .
| � �

, Fµν := ∂µAν − ∂νAµ + [Aµ, Aν ], Dµ := ∂µ + Aµ, µ, ν = 1, 2, 3, 4
u x q . ���

\��>w ,9 BPS \��>w 10
X � ����� a w�� =��Fm � qon

• ����\��>w (Yang-Mills \��>w )

[Dν , [Dν ,Dµ]] = 0,

(
⇔ δIYM

δAµ
= 0

)
(2.2)

• BPS \��>w ((Anti-)Self-Dual Yang-Mills \��>w )

Fµν ∓ ∗Fµν = 0. (2.3)

r�r�u
, ∗ X Hodge ���
}�)
	 u x q (∗Fµν := (1/2)εµνρσF

ρσ). �
� X ��� t Self-Dual

(SD), ��� t Anti-Self-Dual (ASD) � ��· ����¬ ( ��K�� % ). Á�±?Â&Ã ±&°�± X 4
a��

Euclid ��� ��� Yang-Mills 3
4G������\���wR� , ��¨Q}�) ���M¿)q��k��� s)�\³��Q�Æ��5q
.

BPS \���w X }�) I
������� _ q�´ � s���³ a � =��Fm � � ��| n

IYM = − 1

4g2
YM

∫
d4x Tr (FµνF

µν + ∗Fµν ∗ F µν)

= − 1

4g2
YM

∫
d4x Tr [(Fµν ∓ ∗Fµν︸ ︷︷ ︸

=0 ⇔ BPS

)2 ± 2Fµν ∗ F µν]. (2.4)

2
?"! �$# 2 % X Á ±�ÂpÃ�±p°z±'& ( �
( Ò�) f�* )

m �Q' � ,
� �,+�->fQv u$) f m/.M|�5q

.
��|�tR{-³

2
?0! # 1 %R��1!\�2 Ô
��} � ¹ }�)���§43�576 t�� � �5q � u x q .

� ² ASD \��>w X a � =��Fm �
	 ��8Mm,9 m qon

Fz1z̄1 + Fz2 z̄2 = 0, Fz1z2 = 0. (2.5)

G = U(N) (3 + 1)
a��

Yang-Mills-Higgs 3�4
Ê 9b;!2Q� 11

X
(3 + 1)

a��
: �)�
� Yang-Mills-Higgs 3
4R� BPS ®M¯
°z± s���³�;�� , �m
G = U(1) � ��· � ´ � � Dirac Ê 9b;Q2!� sÛ� � .

}�) IYMH

X a �G� �[n 12

IYMH = − 1

4g2
YM

∫
d4x Tr (FmnF

mn + 2DmΦDmΦ) . (2.6)

r�r?u
, Φ
X 1>2GÌ=< G ��> C���;@?$A
¬CB Higgs

�@DFE �
, d4x := dx0dx1dx2dx3, m, n =

0, 1, 2, 3
D
E B

. ����\���w , BPS \��>w X aFG =���? � Bon
9 H çFäJILK'MH6&-0ø�0:)zäONQP�äJRFö*IQSUTLV , I úUW'X δI/δO = 0 (O �  JY/ �¢ 
LZ ¢ í\[^] ò$0:) ) ä

L�ý�,�X�� , U`_baOcª§<6\dfe�I/0 . cª§fSUTLV\ä
�-í��hgUi+� ú (non-BPS ú ) �!�j[^] ò$0 .
10 H çzälkfm<6
-Fø�0on'a ú )\älNQP0äJR\ö*IOSUTpV�äJLÛý�,�X�� , nUq:þÿöhi+� úsr 6tdfe�I/0 . ?Qu-í BPS
SQTpV�ä��/�hv�í\c­§USQTpV�ä���í ú 0 . ú*û , BPS � Bogomol’nyi, Prasad, Sommerfield ä 3 w\ä\xfyfz/6Fý�7
ö/� ä .

11 L ähdp{�,l|
¦~}=�J��ß*à/�l�\ô BPS },�J��ß*à ú ä�, , “BPS” ��?Q�U����þÿôÝõ/0 .
12 �p� ¢O��� àp���t������� .
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• ����\��>w (Yang-Mills-Higgs \��>w )

[Dn, [Dn,Dm]] + [Φ, [Φ, Dm]] = 0,

(
⇔ δIYMH

δAm
= 0

)

[Dm, [Dm,Φ]] = 0.

(
⇔ δIYMH

δΦ
= 0

) (2.7)

• BPS \��>w (Bogomol’nyi \��>w )

Bi = ±[Di,Φ]. (2.8)

��� D
, Bi := −(i/2)εijkF

jk (i, j, k = 1, 2, 3)
X ]�� D�E B . BPS \���w X������
	�� EG �
����������� G��������
G �"!$#&%�'�( � )

E =
1

2g2
YM

∫
d3x Tr

[
1

2
FijF

ij +DiΦD
iΦ
]

=
1

2g2
YM

∫
d3x Tr [(Bi ∓DiΦ︸ ︷︷ ︸

=0 ⇔ BPS

)2 ± ∂i(εijkF jkΦ)]. (2.9)

2 *,+ G.- 2 /"021�3 ( 4�5�6�798�: )
#2;=<>�

, �@?BA�C�8=D@EF7�8 #�G � (
H .
� ��I�J�

2 *K+ - 1 / ?=L=M�N�O
P�Q 'SRUT�V ?BW
X�Y�Z I %�'[(�H ?9E�\ H .

Bogomol’nyi M�]�^S� � ? �"!$#$_a`9b�c
#Bd�e@H )

B3 = ±[D3,Φ], Bz = ±[Dz,Φ] (2.10)

��f � Dz := (1/2)(D1 − iD2), Bz := (1/2)(B1 − iB2).

(i) g
h �[i � VajkH�l�m ( 89Da:9n9o [91, 13]
#��9HBp ^�o )

g
h �[i 0Fq�r@?=s�t�u�v&w ( x )
#&;>����p=y{z|(�H i ?�}�~�Ea\ H 13 )

f ? g(x) := exp
(
i

2
θij∂

(x′)
i ∂

(x′′)
j

)
f(x′)g(x′′)

∣∣∣
x′=x′′=x

= f(x)g(x) +
i

2
θij∂if(x)∂jg(x) +O(θ2) (2.11)

g
h �Fi 0 � ?[���@u2���
�$��~ )

• ����� IFO�����~ ) f ? (g ? h) = (f ? g) ? h

• ����v&wk���a?[��s�t�� (1.1) �B��� ) [xi, xj]? := xi ? xj − xj ? xi = iθij

• θij → 0 E[q�r@? i #B��H .

13 ���B� ���B����� ��� ��¡£¢�¤�¥ �§¦�¨�©«ª.¬ �®­U¯�° ¬§± ( ²F³�´ [102]), µ µ®¯L�,¶¸·º¹�» Euclid ¼�½U¾
­�¿�À�Á�ÂÃ­U¯ , µÄ­�Å$ÂÇÆ®È Éº¥§ÊÌË (Moyal � [111] ¡ÇÍº´ ª.¬ ) ¯®Ê�ÎÃÏ .
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NC
� ������� 0 , q�r�?�s�t���	�
�? � ������� # � (�H x �[�
? i �
� � g�h �Fi #����

t�� H��a� E�� R�(�H .14
� ��I�J � , NC G = U(N) Yang-Mills(-Higgs)

��� ? T9V , ���9M9]
^ , � ��� BPS M�]�^"0 , ^ (2.1), (2.2), (2.3), (2.6), (2.7), (2.8)

# � j
� x����a? i I�� � g
h �[i #���� t �@J2���.? #�!{�Ìj .

T�V
#�" ��# ?�$
Q@I�%�J �9j�H I 15, x�0.q�r@?�s�tku
v2wku9?�E , ����M�]�^ , BPS M�]�^k� %'& � H=# 0 , s=t�uBx�� � �)(+*-,��
.0/21 �2j ?�E
\ H . (cf. (2.14).) u�� ��3 �54 0.q�r U(N) E-60� H 16.7 ?�8 j:9 ~ ' ?[���@uB���k��;�<a� H .= �|j 8�w z := x+ vt, z̄ := x− vt E�^ (2.11) � d�� t>� H �

f(z, z̄) ? g(z, z̄) = eivθ(∂z̄′∂z′′−∂z′∂z̄′′ )f(z′, z̄′)g(z′′, z̄′′)
∣∣∣ z′ = z′′ = z
z̄′ = z̄′′ = z̄,

(2.12)

� u H .
� ��I�J � ,

f(z) ? g(z) = f(z)g(z), f(z̄) ? g(z̄) = f(z̄)g(z̄). (2.13)

�au��@? (1 + 1)
��A ��s=tCBD��
�?FEHG'ICJLKNM ( \ HBj 0�O�P2Q�]S�SR�T�u j2U �0G�I@J�K

M ) 0�s�tV�W	�? �F? � � 9 �>(��.? � u H .

T�� , � ! }�~����@u&��� ����� ,
∫
dDxf(x) ? g(x) =

∫
dDxf(x)g(x), (2.14)

I�\ H . ��f � i Q"0�� � ?.�
sFt�M'X # ~ j���Y * � � .
��(�#a� � �
s�t"?Bx9� � , BPS M

]�^@? % & (2.4), (2.9) ?�L=M�N�O�P�Q ' R T�V2ZV[ ?FY�Z I %�'[(SH ?�Ea\ H .17

(ii) \�]_^ 3 h 3 D
^@? l�m (Connes ` [16] ? p ^9o )

a�b 0 , ����?[�@s�t�� (1.1)
' R�&5c �$�

NC
�C3 ���@� � p�y � H . dWe@?�� /B�@s9tf ��A L@g ([x1, x2] = iθ) ��6)� H .

= ��j 8�w � â := (1/
√

2θ)ẑ, â† := (1/
√

2θ)ˆ̄z ( ��f �

ẑ := x̂1 + ix̂2)
������p=y � H � , [x̂1, x̂2] = iθ

� � ,

[â, â†] = 1 (2.15)

I[Q '"H .
��( � � , â†, â 0 7 (Ch=(�iVj2k ��n ?�l�O , m-n@o�p�n � MVq E �
H .

��( R I TV � H Fock �'	a� H �ºdr9.� , H = ⊕∞n=0C|n〉 E�\
H

.
��� E , |n〉 :=

{
(â†)n/

√
n!
}
|0〉, (n =

0, 1, . . .) 0�sNt9w b�c ?�u�v"E�\ � , â†â|n〉 = n|n〉, â|0〉 = 0 w
x�y�� .
14 �&����� �{z�| ».³ ¬{} , ·�~��H��­{��� ±����
��� ¡ Æ ¬®± , �Ì�S�{���$­��+�����Ì�S������Æ ÊÌËBÀ��Ì­��� ·|¹§»��S� ª ´ºÅ�� . µ ª ¯��H���+�º­�� �N�� �¡�¢ ��£ ��¤��+�ºÆ��+� ±¦¥�§ ªB¬ . Ï�¨FÎ©�|����  ± U(1)
¯º°º�¦¤2�ª�Ì�S�{��­¬«�»�­�®�¯ [Aµ, Aν ] À±°�Î²¤§·º¹�»+��Î�Æ+³ ª ´ Æ § Æ¬� .

15 µÄ­UÏN´ ·º¹§»Ì¼�½�µ�­{��­¦����� , ¢�¤ � ·H¶¬·+¸BÀ�¹�º , � Ï�»D¼±½�¾ÇÀª¿ ¬Ä± ( ·º¹�»�»�À�ÁÇ�.� θij ­Â¬Ã ± ° §²Ä|�SÅ �ÇÆ{È�ÉªÊ�Ë+¸&À²¿F��¤�� ¬ µº¡²Ì § �Í¯SÌ ¬ ), ¢�Î�Ï���Ð�­¦Ñ��NÒ�¡©Ó�Ô$¯Ì°�Õ , ÖS×|­ Æ¬�����¡Í��Â Ä ³�¯H�UÆ¬� . Ø�Î¦Ù ¢¬Î�Ï���Ð�­{Ñ��$­�Ú�Û ��ÜSÝ�£ �Ä­&¡©Þ+ß�Îà¤�� ¬ . Æ¬áBµ ­�Å�ÂÇÆ¦��­¦���
¥�âLãº­¦ä+��å�æ9¡|Î²¤ [27, 131] ± ° ¬ .

16 � ± �&�Ç�§�2Æ�­U¯ g1, g2 ∈ G ¯�°Ì� ÏF¡|Îà¤2� , g1 ? g2 ∈ G ¡���� § Æ¬� . ².³�´ G = SU(N) ¨[¡èç�éÌË± 1 ¡à��Âèê�ë�Ì § ��¿Sì.Î²¤[Î � Â .
17 íNî �H��ï�­�®�¯��ÄÊSã��H¯ � Æ ¬ ­U¯�¹�»Ì¼�½.¡�ð¦Î � Á
Â®µ�¡ ± ¯ |Ì¬ . (∂i ∼ O(r−1) Å�Õñ�S��ò$¯S�
�&���§���{ó�ô�­ � �{õB¬ ¡÷ö&³ § ª.¬ .)
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x f̂
�
x̂ ?�v&w E�\ H�� R , Fock �W	 H � T�V��kH o�p�n��$u � , sNt9w b�c E	��

?���


� b{z���H��

f̂(x̂1, x̂2) =
∞∑

m,n=0

fmn|m〉〈n|. (2.16)

� �2x@I x1-x2 L�g�E����������9�>w$�a~�x�� (
� u��C? (x̂1)2 + (x̂2)2 ∼ â†â �ºs=t�uBx�� ),

f̂ =
∞∑

n=0

fn|n〉〈n|. (2.17)

����
������� �;!�$u HV� ��I[Q �"H 18.

$�Q ��" �#��
$� p�y{z%��H&�

∂if̂ := [∂̂i, f̂ ] := [−i(θ−1)ij x̂
j, f̂ ]. (2.18)

�'� � Y)(
Leibniz �*�

∂ix̂
j = [−i(θ−1)ikx̂

k, x̂j ] = δ j
i , (2.19)

wLx�y � . o�p�n ∂̂i = −i(θ−1)ij x̂
j
� $aQ�o�p�n��,+@1 ��H .-/. $
Q � ,

��3 ��4 ��u�0 b ����1 �32 x φ, 4�5 b ����1 �#2 x Φ �6��7'8 7 �@h�� " �
��
$�:9�� R��;2&�

DiΦ̂
adj. := [D̂i, Φ̂] := [∂̂i + Âi, Φ̂],

Diφ̂
fund. := [∂̂i, φ̂] + Âiφ̂. (2.20)

o�p�n D̂i = ∂̂i + Âi
� -�. $�Q�o�p�n��'+@1 �;2 .i Q=< Fock �W	 H �.~ j 8�� JÇ^ 3 g=��7'8 p�y{z>�;2&�

∫
dx1dx2 f̂(x̂1, x̂2) := 2πθTrHf̂ . (2.21)

(i) � (ii) � !�? � 19

(i) � (ii)
� @ ��s�t Euclid �W		ACB � !	? u l�m B�\ � , Weyl

. t�� j 
 . t3�D�	E$8��GFH eSRI�;2
. (i) � l�m ��� eJ2 x f(x1, x2)

�
,
" ^KB p=y{z>�;2 Weyl

. tL�K��EM8 , (ii) � lm ��� eJ2 x f̂(x̂1, x̂2) �;
U~ z>�=2&�

f̂(x̂1, x̂2) :=
1

(2π)2

∫
dk1dk2 f̃(k1, k2)e

−i(k1x̂1+k2x̂2). (2.22)

y�fN7 ,

f̃(k1, k2) :=
∫
dx1dx2 f(x1, x2)ei(k1x1+k2x2). (2.23)

18|m〉〈n| À Weyl ��»�¯PO>Q (ii) � Â £ Î²¤¬ö&³�¤2�à�+Ú�¯ |Ì¬ ( �IRº�S� Ê%SUT ).
19 V Î�W � [58] ÆMX ÀYSUT .
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x f(x1, x2) w2} b Fourier
. t 7�yK<6��w ,

7 �-T-T � Fourier
. t �J2$( , exp ���D���9� x1, x2

w�\�] ^ 3 h 3 x̂1, x̂2 � �0� t>�C8 . t*7Sy#��
�uJ<:��Ba\ 2&�

f(x1, x2)

↙ |
f̃(k1, k2) Weyl

. t
↘ ↓

f̂(x̂1, x̂2).

Weyl
. t � g
h 3 i w� �;�� i � 
U~ � �

̂f ? g = f̂ · ĝ. (2.24)

Weyl
. t#� � . t ����� � �

f(x1, x2) =
∫
dk2 e

−ik2x2
〈
x1 +

k2

2

∣∣∣f̂(x̂1, x̂2)
∣∣∣x1 − k2

2

〉
(2.25)

� d�eJ2 . Weyl
. tL�K��� , x��
	 e p@f e B
u 9 , $�� ,

i �N< E � E����/F 7 , (i) � (ii) �l�m � !/? ��u 2 . �	F
v�
 � ��
)�[r � �

(i) g
h 3 i w�� j32�l�m (ii) \�]F^ 3 h 3���� ������ ��� ����� ��� "����!  �"
f(x1, x2) f̂(x̂1, x̂2) =

∞∑

m,n=0

fmn|m〉〈n|
# $&%(')#  �"#� #

( ̂f ? g = f̂ ĝ) *�+
, � f ? (g ? h) = (f ? g) ? h *�+
, � f̂(ĝĥ) = (f̂ ĝ)ĥ ( -�. )/�0�1
2
[xi, xj ]? := xi ? xj − xj ? xi = iθij [x̂i, x̂j ] = iθij3 � ∂if ≡ [−i(θ−1)ijx

j, f ] ∂if̂ := [−i(θ−1)ij x̂
j

︸ ︷︷ ︸
=: ∂̂i

, f̂ ]

465
∂ix

j = δ j
i

465
∂ix̂

j = −i(θ−1)ik[x̂
k, x̂j] = δ j

i# �
∫
dx1dx2 f(x1, x2) 2πθTrHf̂(x̂1, x̂2)798

Fij = ∂iAj − ∂jAi + [Ai, Aj]? F̂ij = ∂iÂj − ∂jÂi + [Âi, Âj ]

= [D̂i, D̂j ]− i(θ−1)ij
( :�;=< D̂i := ∂̂i + Âi)

(ii) >�?@"�A�B
√
n!

m!

(
2r2/θ

)m−n
2 ei(m−n)ϕ× |n〉〈m|

2(−1)nLm−nn (2r2/θ)e−
r2

θ

| | |(
x1-x2 C�D
E�F�G�H
I

) (
ϕ
5�JLKNM�O
⇔ m = n

) (
(x̂1)2 + (x̂2)2 ∼ â†â P 0Q1

⇔ m = n

)

↓ ↓ ↓R�S(T
U�V
2(−1)nLn(2r

2/θ)e−
r2

θ |n〉〈n|
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��� E
, (r, ϕ) ������� , Lαn(x) �
	 � E��
����� S Laguerre ��� � E R�S��

Lαn(x) :=
x−αex

n!

(
d

dx

)n
(e−xxn+α). (2.26)

(
4&5

Ln(x) := L0
n(x).)

M��
, ����� ' %�' � � > 7 8 > � E , [D̂i, D̂j] P�� S P , [∂̂i, ∂̂j ](=

i(θ−1)ij) ���! #" S :#$Q> � �%� −i(θ−1)ij &(' � S .� � 5#)+* ���,� ' %(' �@� > ��� E > BPS
 �- � �
. �0/
� 	 > )21�5�3 ��� S��

• ASD
 !-54

(4 	 � Yang-Mills-Higgs 6�7 )

(−F̂z1z̄1 − F̂z2z̄2 =) [D̂z1 , D̂
†
z1

] + [D̂z2, D̂
†
z2

] +
1

2

(
1

θ1

+
1

θ2

)
= 0,

(F̂z1z2 =) [D̂z1 , D̂z2] = 0. (2.27)

:�; < ,
/�0�1
2 �8	 > )91�5
:+; : �

θµν =




0 θ1 0 0

−θ1 0 0 0

0 0 0 θ2

0 0 −θ2 0



. (2.28)

< : & ;=< /�0Q1,> 	 ��?9@
A > � � /�0�1CB 	 � C�D A > � >%D0E�FHG # 3 ' P MI* ,J�K0L 5 	 > )21�5M3 ��� S��

f̂(x̂µ) =
∞∑

m1,m2,n1,n2=0

fm1,m2,n1,n2|m1〉〈n1| ⊗ |m2〉〈n2|

=:
∞∑

m1,m2,n1,n2=0

fm1,m2,n1,n2|m1, m2〉〈n1, n2|. (2.29)

ASD
 �-54 5 � �%� &ONQP � <!O S >�� ,

A � > �R* E R S .

• Bogomol’nyi
 !-54

((3 + 1) 	 � Yang-Mills-Higgs 6�7 )

(B̂3 =) 2[D̂z, D̂
†
z] +

1

θ
= ±[D̂3, Φ̂],

(B̂z =) [D̂3, D̂z] = ±[D̂z, Φ̂]. (2.30)

B̂3

5 � �!� &MN9P � <�O S >!� ,
A ��> �S* E R�S .

/�0 1�2 �O	@> )01 5 ?5@ ��� x1, x2

5�T!U < : � 20

[x̂1, x̂2] = iθ, (θ > 0), . �5VXW >����ZY([ � [xµ, xν ] = 0. (2.31)

V8\
, ] >�^�_ >M`�79�Ha < �b�I� ' % '
c 4 >9�Q� E ? O , ] > 2�d �fe�g SHh 5 � ,

$6% '
# �Mi O S ��� 5Oj S � P 5 " S .

� >�k E � Fock
?l@ 5Om i%" Sbn!o
V 5 ��pIq%rs�Htvu!:

& ,
V�\
w9x " S . P : ,

V�\
Self-Dual

E M�y
, Anti-Self-Dual

M�� +Z�OzZ{ S .
20 |~}����=���f���O�����H��|~}��f�b���s�����8������� . �~���f������ �¡�¢O�¤£¤¥ ��¦�§!�©¨s� ��ª , «~¬��­¤®°¯H±�²¤³�´°µ~¶�·~¸�¹~º¼»�½¾��¿fÀs�
Á�Âs� ��ª � ¡©¢ ��Ã
Ä�� . Á � �H�©��Å�Æs²�Çs}©��� ��È �©�~��������É� , �f���~Ê8Ë�Ì�Í=¹ �ÉÎ ��Ï~Ð�²�Ñ~Ò�ÓH±sÔ ª , �~� Ë�Õ~ÖÉ²É×�ØH±bÔf�ÉÙ ¬ , ÇH} 2 Ú�Û �����f����Ü��Ý°�s�H� � ²OÞàßM¨ � ±~Ôf� .
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3 ADHM/Nahm Construction of Exact BPS Solitons

ADHM/Nahm ^�_ � 21 PM� , ��� >��XE $ % E rHEf] / ���
	 ' G�]6> /�� 5�
�� M ^�_ �
>���� E R * , ��� M
� i & R@S .

� � � , �XE $ % E rHE / ���
	 ' G >�] ?9@ (4 	 � /3 	 �
-��
� H  �-04 >�] ?9@ ) P ADHM/Nahm

 �-04 >�] ?9@ P�> 1
H

1
H �

( � H 2 ) ���0i <
:�� > E R * , . � K >=] ?9@�� 1 <��  Dirac

 �-04 >"!#� '�$&% �&'L< < H �)( u K � S ./�0�1 �XE $ % E r�E / ���*	 ' G!]+� � >  � E ^%_0" S � P & E#, , -�. >�/�0�]+� ( ���
� ' %('
c 4 E � ) 1 5 � >  � E32 $ K � : . ( t54 A 6�7 .)

��� E �8�!E $ % E rME , ���
	 ' G > ADHM/Nahm ^�_ � � J�K5L 5 ? O , ]6> 20d59 4;:=< >O]�>v�&? < y `�75" S .

3.1 ADHM Construction of Instantons

ADHM ^�_ ��@ KBA h 5 � PDC�P M �
E $ % EZrbE >*/E0!] � 2 $ S � P & E#, S . ]6>=^
_ � � J�K5L 5 �
	 >GF * E R�S .

• H�I (i)
�

ADHM
 !-54

(µR :=) [B1, B
†
1] + [B2, B

†
2] + II† − J †J = −2(θ1 + θ2) =: ζ,

(µC :=) [B1, B2] + IJ = 0. (3.1)

�b] y .
��� E

, B1, B2 � k × k ?@" , I, J† � k × N ?�" E R S . J;K > �ML � , ��� >N 1 V −[z1, z̄1] − [z2, z̄2]
@ KPORQ :��)> E ,

0Q1 ?9@ E �8�ES=T3U5V�W E R�S . �%� zi

� ADHM X ' % Bi P � 5 H 5QM%;�< ' � S :5$ ,
� > )l1 M ��� > N 1 V &8' � S > ER�S

.

• H�I (ii)
�  ZY°	�[ Dirac

 !-04 %

∇†V :=

(
I z2 −B2 z1 −B1

J† −(z̄1 −B†1) z̄2 −B†2

)



u

v1

v2


 = 0. (3.2)

�&\;]5^=_E` V †V = 1 PBa!a 2 _5` V V † = 1−∇(∇†∇)−1∇† >Eb , ] y .

• H�I (iii)
�  ZY¤	�[ Dirac

 �-54 %
(3.2) >"\�]5^ 0Ec ] ( !#� '�$ ) V �Oi O%< , d 'feg � Aµ = V †∂µV P�< < ^%_0" S .
� � � -Bh L 5 ASD

 �-54 ��i :
" .

/@0�1 ?#@(A E >&-
�
� H  �-%4 (2.27) PPjMk!g �)l , ADHM
 !-54 P
-
�&� H  �-04 P Em < y H � < <!O S � P &=n ypo @ S .��� E

, �XE $6% EZrfErqs� eEtMu � ?#@ M 5 � O�<)v;w EZrÉ" S . �(E $ % E+rbExqy� e5tu � ?v@ M � , ADHM z -#4 >�J=K > �ML={ 59)�;�<�| P S . (M = Mζ .) ADHM z -#4
21 }�~���������Í(��Á�� [49, 24] �fÔf� .
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(3.1) > � 1
4 >*J�K > ��L ζ & �(E&V W E R �)l 22, ( a��;^ ��� : ) �
E����(EZrsERq � e�t5u

� ?#@ > 4�:;< & ]�>�" S � P & . K � <QO S [112, 113]. < : & ;�< ]#> ��� : 4�:;< >�� o5 H � " S ,
0�1 ?l@ 5 � MQO �XE��	�XE rHE~] &�

� " S � P 5QM S .

� � & U(1) ��E��	�
E rHE E R * 23,

A h 5 /�0�1
R4
A E / 4;: M ]LP�< < ^�_ ��� : [115, 32].

M M

µ   = 0 µ   =  ζ  ∼ θ + θR R

   small instanton
      singularity

    resolution of 
   the singularity

pt. S
2

1 2

�
2: �XE����
E rHE q � e�t=u � ?l@ M

��� E � � K >"z -#4 Pf.�>G� H 2 > D-brane ]�� [25, 142] ����'0" S . ��� P M S�� � k� > D0-brane P N � > D4-brane >��
� � E R�S (
�

3 6;7 ).
� > � ��� ��E , Supersymmetry

(SUSY) ��� o�L 5 � � (BPS
E R
S

)
� P & . K � <�O S .

� : � <)O S SUSY � 4 	E[ N = 2

>8� >&P"! < O .

k D0 BPS condition = D-flatness condition = ADHM equation

N D4 BPS condition = (A)SD equation

0-0 strings B  , B

0-4 strings  I , J

1 2

�
3: ADHM ^%_ � > D-brane ]��

� > � � B � > : M0; :$# g @ K&%(' < )l1 . P�) D4-brane
@ K j S .

� > P ,�* { l d(+e + �9> SUSY ,.- > 4 @ K , (4 	�[ ) /*�
� H z -54 & � > BPS
� � %�' " S � > P�< <�0

22 �f����Ê
Ë�Ì¼Í�¹ θ � Þ2143�Ò¤ÜM�65~Í 728 � Þ2193�Ò°Ü��2:�;&<>=@?BA��M�C8>D�² ζ = 0 �¼¨s� . E��GF>H¨JIBK��©Ò>Lb���¼�f���NM¤ÕGOO¹¤Õ�P¼ÕRQ��JSUT~�~²�ÔO� ±GV�ÁXW�¯s��� .
236 Y ÍZ7�± , NC 5sÍZ7G[�¯�±f²\5sÍZ7J]O� SU(N) ±s²2^�_¼±�Å~Æ U(N) �¼�O� , �&`fÌ�Õ�P°Á � � , �b�

U(N) (' SU(N)× U(1)) � U(1) ÊsÍaP ��Â « ���f���~Çb} FBbH�6cBd ¨4eUf��©´ � � � ±�Ôf� .
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K �
, D0-brane �D�XEN���
E rHE P � <�%�' ��� S . �Ez D0

@ K j S P SUSY � � ��_E`+�
D-flatness _3` P � <�0 K � S . D-flatness _�`Q��� , b8"��(� , D0-brane

A��
Super Yang-Mills

6�7 � ! d�� �	� u + g ��
 ;=<
��� u�� l ��������� ,
� ��� 0-0 �������� @ ��!#" � �

(k× k $&% ) ')(#* ( +-,/.a+10�2�3 � ) 24 0-4 �4���5�6 17 �8!/"&9 � (k×N $&% )
�;:	"

.
�

� �5<>= ��?�� B1,2 ')(�* I, J † @BA �DC , D-flatness E�F < ��G�H�I @ , J)K�L1M ADHM N1OP �5QR� � " . M6J � � N�O P 9>S)TVU1W�XY<#Z	[ I "&96\^]�:�" 7 � , _�`�a \>b�c�d �fehg]�:�"
. ,���i)j^�k�#�mlon�p�q�r&, \�s&t � 4Nk

]�:�"�� @ ��u�� � C ��"�� ,
�>\

D0-D4

BPS
X�]

D0-brane
\^vm! e�w�x <6y)z�" @ ,

� � 9 g � 7 ];:;" . {&| 4
s�t

N = 2 Super

Yang-Mills
W�}�\

Higgs ~�r���� \�� `�� Hyper-Kähler
]�:	"1� @ �5u�� � C '�� , _�`�a S>�\

Hyper-Kähler isometry
9 e�g ]�:�" . � ��� `;a <������
�f� |��1��� ADHM �&��� =�\9�\�\5�����&] e�� ��� � ">� , ��N D-brane _&�87 ��y�z	" @ , B � \ �1� � Fayet-Iliopoulos

(FI) .�r��h��j @ � C D-flatness E1F P �6� �8| @ W _ ] G " . �	� � `8a <5���^�f�k� |��
� @�� � <�� �8|��	� �� ¡!¢S � \�9�\ @ � C � � C ��" .£¥¤ s	t

Dirac N	O P;¦ <�§ w � C�¨ ��p5� < ���;I "6©^ª @ � C � , � \�X�< T «�¬&­ �� C
D5-D9-brane

X��#®f¯ C $)G , °�±��	~ @ � C \ D1-brane 7 �VZ	[ I " N	� ��u4� � C �"
[142, 26].

²�³�´�µ	¶ _ <6·�¸;� ��� � C � (�L .

BPST _ (G = SU(2), k = 1, dimMBPST
2,1 = 5)

� \ _
�6¹ 9�º�»�¼ 7�½12	¾ ´ ,��>ifj����h�/_ ]�:�">� , ADHM �&��� � ( ¯ C>¿)À�C ²³ � �	�4�Á� " .

•
©^ª

(i) Â ADHM N1O P � k × k $�% \ N1O P ]�:;" 7 � , Ã \ �	Ä (k = 1) �^��Å�Æ�Ç� _fÈ " . É ��ÊY\�Ë�Ì ��Í
J "�\1] , $�% B1, B2 �5Î�Ï \>Ð�Ñ^Ò @ I���Ó�( ! , I, J
�

½ � C 9 ²�³ �>Ô { " . Õ	��� s8\�Ö ��Â

B1 = α1, B2 = α2, I = (ρ, 0), J =

(
0

ρ

)
, α1,2 ∈ C, ρ ∈ R. (3.3)

α
\�·�Ë

, × Ë)< α1 = b2 + ib1, α2 = b4 + ib3

\ (YL � bµ
] A I .

•
©^ª

(ii) Â £Ø¤ s&t Dirac N1O P�¦ �

∇†V =




ρ 0

0 ρ
ēµ(xµ − bµ)


V = 0 (3.4)

24 Ù/Ú5ÛÝÜBÞ�ßáàÁâ�ã Higgs ä5åBæèçDéëê6ìèí ß .
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@ ´ � ( | ��� ē = (iσ, 1)),
=�\ _f�

V =
1√
φ




ēµ(xµ − bµ)

−ρ 0

0 −ρ



, φ = |x− b|2 + ρ2 (3.5)

@ ���^Å�Æ�Ç �>Ô { " . ������� Ê φ ��������E�F V †V = 1 7 �
	 { ¯ | .

•
©^ª

(iii) Â ¨ �8p6��')(�*���
Y� V 7 �����
����� ��� " Â

Aµ = V †∂µV =
i(x− b)νη(−)

µν

(x− b)2 + ρ2
, (3.6)

Fµν =
2iρ2

(|x− b|2 + ρ2)2
η(−)
µν . (3.7)

�	� ] , η(−)
µν � ’t Hooft

\ ,���� j������6Ç @�� Ó�� " ASD �����#Ç ]�: � , � 
 �"! e# «�¬ ];:8" � @ ��Ì 7 " . n�p;q�r�,�`Ya \^s�t 5 � , 1 ,	��ikj�� ��� \ $&% bµ (4

½ ) @(' ,�) 25 ρ (1 ½ )
\ e>w�x � ¬�*YI " . �,+ � , ADHM -&��j B1,2

\ ¬/.1� Ì8� ,
��i)j^�k�h� \0$1%f< A � , ADHM -&��j I, J � ,���i
j^���#� \ ' ,0) \�2�3f<�465 .

ADHM -&� j B1,2 7�8/9 z1,2
@(: � ¬ � ´ ¯ C � �<; W w�=Y�&� �	: ; .

�	� ] ' , ) l?>)± ¿�@ <�Ak¯ C �CB L . � \ @ G Fµν =�J�K�L1MD-�Ç�j�E Ò/F�\�G/H ´"I$k��JLKNM � @ 7 Ì 76; . ,�O�ifj,OCPQO�=SRST �UB ��VXWh7 ´ E Ò�] ´ È"�YÓ ´ W ´SY \1] ,

' , ) l?>)± \ ,�O�i)j,OZPQO,=�[L\ � ´,Y . �]��=�J�K�L�M�,�O�ifj,O<PQO¡l n�p�q�r&,h`
a \�G/H�^ ( i^n&�^Ç lë,�O�ifj,OZP_O G�H�^ )

� ¬�*8I`; .
����� `8a ] =8� \"G/H/^ 7 _6a�

, b � YCc r6i \ ,�O�ifj�OZP_O 7 � �<; . ( d 4 egf .)

���^�
BPST ,�O�ifj�OZP_OD_ (G = U(2), k = 1)

���^� `;a,h \ G = U(2) ASD 1 ,�O�ifj,OCP_OD_ (
���^�

BPST _ )
9

ADHM �&��� �6B
� S if�6Ô À Wj�Z; . �]� <"k�z ; ����� ADHM N1O P (3.1)

\ _ @ � C =

B1 = α1, B2 = α2, I = (
√
ρ2 + ζ, 0), J =

(
0

ρ

)
(3.8)

( lLm�e#g5_ )
<�A ��Ó B Y . (ζ > 0 @ � | .)

��� `8a \ �&Ä @on�p ; @ I \�q 7"r ��H ´ ;�|À
, � ¯ G @ S0i)� ρ < >)± ��9�¯ C Y ¯ C 9 I =�>)± � ´ W�s , ' ,�)�t @ \>��G/H ´ ,,O�i
j,OZP_O 7,u G_vw; . �]� 7 · = U(1) ,LO�ifj,OZPQO ]�: � , i^n&��Ç l ,�O�i)j,OZP_O G�H^ 7 _1a-���8|�� @ �1B�¯ C u T |�b � Y ,,O�i
j,OCP_O/_ �Qxzy Iz; . U(1) ,�O�i
j,OCPQO
= $U%
< A I1n�p�q�r�, l .�r��#��j � 7 ® |�s , { 7 � \ ' , )1=���R ( | ¶ √ζ }`W Y )

]
: ; . ( d 5 e1f .)
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 ρ

ρ

0

       small instanton singularity

 α

 α

i

i

d 4: ,�O�i)j,OZP_O¡l n�p�q�r&,�`Ya M0
@ BPST ,�O�ifj,OZP_O

ρ

0

             resolved singularity

 α

 α

i

i

∼   ρ  + ζ

∼   ζ

2

U(1) instanton

d 5: ,LO�ifj,OZPQOml nYp�q�r&,h`8a Mζ
@ ���^� BPST ,�O�i)j,OZP_O

�^� `8a @ ���^� `;a \ BPST ,LO�ifj,OZPQO � ½ Y C ,
� H \ A � { @ À | .

BPST ,�O�i)j,OZP_O ���^�
BPST ,�O�i)j,OZP_O

µR = 0, µC = 0 ADHM N1O P µR = ζ, µC = 0

B1,2 = α1,2, ADHM -&��j B1,2 = α1,2,

I = (ρ, 0), J t = (0, ρ) I = (
√
ρ2 + ζ, 0), J t = (0, ρ)� � Å������^Ç�� C2/Z2 n�p�q�r&,�`8a Eguchi-Hanson ˜C2/Z2

(singular) (regular)

Fµν → -�Ç�j�E Ò >k± ' , ) ¿�@ Fµν → U(1) ,,O�ifj,OZP_O
(singular) (regular)

� \ U(1) ,�O�i)j,OZP_O <UB �	� �&M�
 p C �zB L .
25 �
����� æ�����æ��áæ���� ����� ã , Fµν � ��!#"#� �#�$�&%Dß .
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���^�
ASD U(1) ,LO�i)j,OZP_OD_ (k = 1, θ : SD)

{"s ¨ �8p6� @ ���^� .�r��h��j \ e # «	¬ d 7 � \ �	Ä <6y
z ; .
²�³ \ | À k = 1 @ � ,

{1|
,,O�ifj�OZP_O \Q$U%f<��U^Y� @ ; .26

{"s ADHM N1O P < _�7 ´ È���Ó ´ W ´�Y 7 ,
¨ �Yp�� 7 U(1)

\ @ G�= I 7 J 7�� � ´ ;
� @ 7 u Wj� C Y ; [113].

� | 7 ¯ C ADHM N1O P = P��^Å�Æ�Ç � _�È6;mÂ
B1,2 = 0, I =

√
ζ, J = 0. (3.9)

	�
 = Dirac � n�� � ]�� ; .
£Ø¤ s	t

Dirac N	O P�¦ = sY\�B L � ´ ;mÂ

∇̂†V̂ =

( √
ζ ẑ2 ẑ1

0 −ˆ̄z1 ˆ̄z2

)
V̂ = 0. (3.10)

� \ _ @ � C = , ������� Ê�
�� Y C s8\��>\ 7 eB� �"A �Z;mÂ

V̂1 =




ẑ1ˆ̄z1 + ẑ2ˆ̄z2

−√ζ ˆ̄z2

−√ζ ˆ̄z1


 , ∇̂†V̂1 = 0. (3.11)

����� �(�&= ����� ��j \ Ï�� ] ���L��E�F 
�� |)� ´SY . V̂1 7�� n	� � |0, 0〉 
�® J , �����
� Ê�
�Ô À ; ¸ V̂ †1 V̂1

\ ��� � 

H
\�!�]�Ô À ;�� @ 7 ] G ´,Y � W ]"� ; .

� | 7 ¯ C V̂



������I`; ¸ =Y� \,^8��# Ï�I`;%$�¾ 7 � ; .&"'�( = [32]
�*) Y +

,
  + \�,	}�


H1 := H− |0, 0〉〈0, 0|
��- @ I,�YÓ , V̂1 7�. � Y e # «

¬ ¨ �8p�� 
�k�z ;&�"/ 
�0R� | . ��W � � �CP21 �1Ê�
43 Y5+ , H1

��- @ ���;| ,	}�
 H �
­ ��� ( r�6	Ç 
QK È�­ z ), H

] �����R�o�Y| V̂

6Ô À | [33] Â

V̂ = V̂1β̂1Û
†
1 , V̂ †V̂ = 1 (3.12)

�	� ]�� �8| Û1 =/���CP71 �	Ê / � Ó��<; �>\1]�s P 
%� |�8 ��\ / � + R,TR�o�C;¡Â
ÛkÛ

†
k = 1, Û †kÛk = 1− P̂k, (3.13)

| � � , P̂k =�rLO c k \�9;: 1 �	ÊY]�� ; . � \�9;: 1 �	Ê P̂k /0���ZP71 �	Ê Ûk 7 ����� `
a ] =�<	¾ ´�= > 
 �8| � , ���gP_O Ò /@?BA � EDC ¯ + M ; .27

µ	¶ ¼;� =�E z Ó s8\&BGF ´�>\ 7 A �Z;mÂ
Ûk =

∞∑

n1=1,n2=0

|n1, n2〉〈n1, n2|+
∞∑

n2=0

|0, n2〉〈0, n2 + k|,

P̂k =
k−1∑

m=0

|0,m〉〈0, m|. (3.14)

26 � æ�����æ��áæ��IH�J �LK%M�N/å �LOQP�ÛSRUTWV4X , %��$�@YLZ\[^]�O_Z�Û@X%`ëÞ . aLb@c�dLe^f%gLh �/ãSYZ\[^]�ã2i^j MWkle �&%Dß .
27 m%n �porq\s ã Atiyah-Bott-Shapiro (ABS) t^u [5] O c^dSe �7vrw�éIxryDí ß �#� �Lzr{�| é_tUuDí ß �#�} ��~/ß [62].
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���L��� Ê β̂ = µ	¶ ¼8�

β̂1 = (1− P̂1)(V̂
†

1 V̂1)
− 1

2 (1− P̂1)

=
∑

(n1,n2)6=(0,0)

1√
(n1 + n2)(n1 + n2 + ζ)

|n1, n2〉〈n1, n2| (3.15)

/ Ô À W
�C; . � � � � V̂ �6� �;| 9D: (1− P̂1) 7 H1 � � - @ 
��R� , ���ZP21 �1Ê Û1 7 H1� W H � � ­ � 
��4� +SY ; . � � 2 ½ ���	��
 B
� .�� Y � � � � 7 Ô À W �z; (“Furuuchi’s

Method”). � � � � � � � W�� G/H����������")CB��
��� 7��! #"�$ , % �'& O)(+*�OZPQO-,
= −1 / �/.10 /-2)3 ��. .

9;: 1  !4 P̂1
�6587�9 2/:+; F!< &=7 ('* 7?>�7 , 
�@6A +8B . .

�1C=D ASD U(1)
&E7 (?* 7F>�7HG (k = 1, θ : ASD)

I	J
K ������� /L�/C=DNM 5/O � * �FP�QSR�TEU 2=V 
�W � B �	X?Y�Z+A1[ F .
0 �F\^]_&

7 (
* 7+>-7a` � �Eb 5N&dc/e K ( � ��f `g&=7 ('* 7+>�7-hEi	j 2^k=l1m . .
�N�/��n �

U(1)

M � > K 0	0 
�T8o m . 2 ,
0 ��G Y�pNq �-r8s [�t .u)v

ADHM w!x1y�z G K^{!| 
}>=~=�)� f \ �_.��

B1,2 = 0, I = J = 0. (3.16)

0 z � ADHM �#� 9��'5E�	7���� zE� �����N� Dirac w	x1y � Y G 0�t . I = J = 0 �	�a�Ly
(3.2) ��� û K^� u � � B .

0 z \^] K��	�+��{!| U��	� V̂ V̂ † = 1− ∇̂(∇̂†∇̂)−1∇̂† �a���_���� w�2 [ B .
{!| U��E� z� N¡�2 u)v �! ¢"L$ . z!£ , % 0 ��� v̂1 = |0, 0〉〈0, 0|, v̂2 = 0 2 � u.

. % $ Y�¤	¥!¦ �E� ��§N¨ m . \ ûû† = 1, û†û = 1− P̂1 m �!© : û = Û1 ( ª�« >­¬  N4 ® )
2 � u � ,

0 $ 2 Dirac w	x1y°¯d± � m �

V̂ =




û

v̂1

v̂2


 =




Û1

|0, 0〉〈0, 0|
0


 , (3.17)

ª_« >²¬  	4 Û1 2 PL³ ��´ $ � z!2=µ°¶ B .28

0 $ ��� ������� ( · . B/K V	¸=¹13
ºS»#¼ � * )
Y �! m . \ ��z [�t � ��.��

D̂zi = V̂ †∂̂ziV̂ = û†∂̂zi û+ v̂†∂̂zi v̂ = Û †1 ∂̂ziÛ1 − |0, 0〉〈0, 0|
ˆ̄zi
2θi
|0, 0〉〈0, 0|

= Û †1 ∂̂ziÛ1. (3.18)

0 $ K u " � Solution Generating Technique z)½�¾1¿=ÀN3 Y�Á°A r B . . Solution Generating

Technique
\ K �	y_£EÂ=Ã "�$ . ¸!D6z 0 \ £1· .��

D̂zi → Û †kD̂ziÛk (3.19)

28Furuuchi’s Method Ä�Å�Å²ÆdÄ­ÇÉÈ-ÊdËÍÌ .
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� \�� <L�	�/� ¸8D�z [_t ��� A	. 2 , Ûk 2�ª/« >²¬  E4 £N· . ( ���'* ~Í¬  !4 £ � B )
���

,	 7F>=~E�)� f+� ¸ED \ �_. .
0 z�¸!D K�

�F����� w!x/y Y�� ¸ ����� [61]

���
, � c8G \B�� � P��SG �°� ,

B \ ¯�� � �"! P��$# ( % ~1>�7 )
G 2 p	q "L$ . .29

0 z"� c�G �°�'& q "
$ . G Y “Localized % ~�>H7 ”

\�(�) 0 \ 2�· . 2 ,

��
�

Solution Generating Technique £*&q "L$ . G K ¸8D$+_z�,.- G \ “Localized % ~1>-7 ”
\ z"/ X.0 \�# . . � � 2 � r “Localized

% ~/>�7 ”
K

Solution Generating Technique z)½1¾_£�· � , 1
26z�3.4 K “Localized
&E7 (?*7F>�7

” 2 ADHM
pNq.5 �a� PL³ ��´ $ � \ B t)0 \ Y�6 � r B . .

1*2�z G z ��� K � � � �! m .�0 \ 2	£ ]

F12 = −F34 = i
1

θ
|0, 0〉〈0, 0| (3.20)

z [_t ��7
8 4 z�9 \�# . .
&�7 (
* 7+>H7 , K P̂k z 5=7	9 � W ��: , −1 £/· .	0 \ 2�3/� . .

" � � 0 z G K�;=< # Seiberg-Witten >��@? [126, 117]
� [ � r C=D=A � t � m 0 \ 2EC
B

£/· . . D0-brane
<�J
K

JD0(x) =
2

θ2
+ δ(4)(x). (3.21)

\C# .
[69].  �¡�D 2 E�2�F j � Localize � � D0-brane ( m # © : &=7 ('* 7F>�7 )

Y�G � rIH�
, J.K�z�L�M K h	i £1· .N0 \ 2)3_� . .

0 $ K ¯�:=N ��O�P b 5	&Hc_e z h	i�U YSZ'A	. \Q ³ z�3.46£/· . .
# H  �¡ D 
 E K B R'z kEl � [?�TS�UWV z D0-brane 2*X
Y � r 
*Z ¦[]\ r D4-brane

Y 9 q � r B_^ ` \ Y�G � r
H � , a.b
c�d [7, 78] z G e \ ¯ 
�f � r B_^ .` z 0 K ¯ \ z�g T=h!Uji � � \ � u!u B R i�k ¨ [l\ � R X ��m Q � , n�oNº 7 K�p$q � rB # B
. r \ i ζ = 0

�^´ \ r Bj^ z!£/· ^ .s$t P R \ ! C�D	M 5NO t n�z PSQ�R	T8U z�u s X�©�v i ASD-SD zWR X \ ASD-ASD z�RX z U(1) w 7Wx n 7F>�7 �W��B r , y1��z G � u \ �=� .

ASD-SD U(1) w 7Wx n 7F>�7 ASD-ASD U(1) w 7Wx n 7°>�7
µR = ζ, µC = 0 ADHM w!x1y µR = 0, µC = 0

B1 = B2 = 0, I =
√
ζ, J = 0 ADHM z t n B1 = B2 = 0, I = 0, J = 0

Eguchi-Hanson ˜C2/Z2
O{P b 5 w c�e º t � «�| t f � C2/Z2

(regular) (singular)

D̂µ = Û1M∂̂µM
†Û †1

s�t P R D̂µ = Û †1 ∂̂µÛ1

V � , ª_« > º�»�¼ t nSz^k8l i w 7�x n 7?>�7@} Y & s�~ � r B�^ i , ª_« > z)w�� K���B��� £/· ^ . U(1) w 7�x n 7F>�7 z_w 7�x n 7F>�7�} z��
� ���1B r K ,
[ u_��u #����{i #

[]\ r Bj^ [34, 81, 122, 135].

29Solution Generating Technique Ä��C���C���]�������
��� , �T�]�@���]�������¡ ]¢@£-Ë D-brane Ê"���¡¤Ì¦¥]§�� D-brane �©¨'ªC«"¬C­ Ì
® Sen �T¯'° [127] Ê�±l²'�]����³'´�µ-Æ·¶'¸W�©¹lº
����» [61]. ( ¼¦½T¾�¿
­ÀÂÁ
[46, 59] Ë�Ã Ê@Ä@¬ .)
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3.2 Nahm Construction of Monopoles

G = U(1), U(2)
O 	 � t f z Nahm

p�q ¯�� Z £_· ^ .
` zW2���£ K�� ��� �.� K
	�� m^

. 30

• 
�� (i)
�
Nahm w!x1y

dTi
dξ
− i

2
εijk[Tj, Tk] = −θδi3 (3.22)

Y�� : .31  N¡6z=Â }�� −(1/2)[z, z̄] �a� ´ \ � .

• 
�� (ii)
�
Nahm w	x/y�z � Ti z6¯ \ , ��� �	� Dirac w	x1y � Y�� : .

• 
�� (iii)
� ��� �N� Dirac wNx1y � z � v

Y�� � r w�� x n�������z \^]'\ � ZF� , Ai =
∫
dξv†∂iv, Φ =

∫
dξv†ξv z [_t � � r Higgs R ,

s=t P R Y-pEq m ^ .
` \ �

Bogomol’nyi

w!x/y
[Di,Φ]− i

2
εijk[Dj ,Dk] = −1

θ
δi3 (3.23)

Y P � ¿ � ± � m .
`$` £
¯ R�T�� �_i�!�" ��� r�# \ ^ .

O�P b%$ w c�e ��� � r 
�&('%) �*�Ím ^ . Nahm w!x1y (3.22)
� H � r T ′i := Ti + δi3θξ +

Â=Ã1m ^ + , Nahm wEx/y (3.22) z^ N¡6z=Â }ji�,.- []\ , T ′i
i ± � m ¹0/Ew!x1y � , 1�2%3 e

1/z Nahm w	x/y4+ | :5��6 � # ^ . � � i � r , G = U(1), U(2)
! 1�2 O 	 � t f z O�P07$ w83 e9� 1�2 # R;:4+�¸ © � # � [42].

U(1), k = 1 Dirac
O 	 � t f<�

1.293 e 11z 1-Dirac
O 	 � t f�� �

Nahm
p	q�5 �0= � �_z = t �
> � � \ ^ (Nahm w!x

y (3.22) z � +N� r � Ti = 0 ( ? � � ) @ # \�A = � . k = 1 z�R;: � ` \ £CB%D �	� ¯É± � [\ ^
.)
�

Φ = − 1

2r
, Ar = Aϑ = 0, Aφ =

1

2r

1 + cosϑ

sinϑ
. (3.24)

� ��� (r, ϑ, φ)
��E9F z�G�H9I'£1· ^ .

s�t P R � ϑ = 0 £�J�K#� r*H � , r \ ���ML<N ['\ ^O Ra¯ ϑ = 0, m # ©QP x3 R z�S�z)À;/ � z�T n ��} d
zVU%W�X�@ Y � ` + i /�� ^ .
` z x3

R z�S_z)À</ �CZj� � x � ~ � ��[]\ U;W9^ \
_a`cb @ Dirac
x �.d��Ce�+ (*) . Dirac

x ��d
��e � S{UVf \.g @ Y(h�i�j�k�l�w%m%+ � eanQo ,

s.t]p�q 2 n r \Cr � i q�s�^ t<u%vQw�xy n0z ^ 32. x3 R \ S \�{ /.y�| n%� O9} �

Bi = −∂iΦ = − xi

2r3
(3.25)

+5L<Nc~5� , �<� [�\ /���@��8����� . ( � 6 �0��� .)

18



∼    θ
x

  x , x 1 2

3

1 2

3x

 x , x

� 6: Dirac
� l ��� T \ O9} /�� ( 1�2%3���� ( � ) V.S.

t 1�2�3���� ( � ))

U(1), k = 1
t 1�2 Dirac

� l ��� T	�
t 1.2 1-Dirac

� l �
� T \���
 ��� [42]
n

Nahm ������� = b >���� �0i (
t 1V2 Nahm

r
���

(3.22)
\ ���9�8��� Ti = −δi3θξ ( ?���� ) @! ���"$#
� .) %

Φ =
∞∑

n=0

Φn|n〉〈n| = ±
{ ∞∑

n=1

(
ξ2
n − ξ2

n−1

)
|n〉〈n|+

(
ξ2

0 +
x3

θ

)
|0〉〈0|

}
,

Az =
1√
2θ

∞∑

n=0

(
1− ξn

ξn+1

)
a†|n〉〈n|, A3 = 0. (3.26)

&�& n
ζn :=

∫ ∞

0
dp pne−θp

2+2px3

, ξn :=

√
nζn−1

2θζn
. (3.27)

& �$�
'a��� &�( t U;W�)*� n�z � . +-,/. \/0 �210� (rn + x3 →∞, rn :=
√

(x3)2 + 2θn) �3 \ #�4*�5) � 33 %

Φn ∼





±x
3

θ
: n = 0, x3 → +∞

± 1

2rn
= ± 1

2
√

(x3)2 + 2θn
%76��98�| (3.28)

(B3)n ∼





1

θ
: n = 0, x3 → +∞

− x3

2(rn)3
%:6���8�| (3.29)

& ��; �=< ;%�>#94?� , Higgs
}9@ #BA/C } �$�/D/� n = 0, x3 →∞, E9) s�F x3 G \/H9\�{ < n

IKJ ) 0 �L19�9M*EQ� . 34 ( N 6 ����� .) x3 G \�H;\ { < \/O/P )2C } (B3(x
3 → +∞))0|0〉〈0| � ,

Weyl
qRQ n�S-T ��U MBV;�0�XW	Y-��Z �9� ,

F�[ 4R\ Gauss ]-^ < � (2/θ) exp {−((x1)2 + (x2)2)/θ}
30 _2`2a?bdc*e , f�gihkj [49, 45, 46, 47, 48] l [114] mondpBqKrts .
31 rBuwvwxByLz|{*}�~k�2� a?b .
32 �K������� v|��� bd�>� sR����� �R�k�t�i�!��� [39, 58] } a?b .
33 �2�|� � ζn g��B��m��|� �t� .
34 � n m��L  1-2 ¡k¢X£2g�¤ �B¥ u¦g�§X¨�g 2 © �«ª!¬�� s b ((x1)2 + (x2)2 ∼ 2θn).
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�5) b , 6�^ g � ��� √θ n0z � . �8i���hC��� Q�� ���
	$^���, θ → 0
n

,
& ��� F [ 45\�
� T���� ]�^ < � �	) b , D-��^ I�� ) Dirac

S�� d��Ce������ ~ ��� . 8�� ^ & ��; � , x3 G
^ H ^ { < ^/C���� Dirac

S�� d��Ve�� t � Q�� ^<i � �� �"!�# i � , 6 ^�$ { ^/C } �%�
�Qi�D!^ n�z'& , � (3.26) � Dirac

S���( ��)�* o ^ Dirac
� l �R� � ^ t � Q
+ n�z � , 35 �

DL��,��%- n�z � .
� p�.�/�01� �
�%� Q�� � �3254 n�z ��� D � s �76 , � � & ^$#�4���8:9

� 0 �21Q�$MKE�� .

• Relation to Integrable Systems

t � Q 1-Dirac
� l ��� � ^/� (3.26) �%� U <<; ^�=?>�; � D"@?ACB ��D M��8���a� , E

) s-F Yang D � ( E:F�" [105] ) \ ��� )
n�GIH & �"� nQo � [42] %

Φ = ξ−1∂3ξ, Az = ξ−1[∂̂z, ξ], (3.30)

i # � ξ :=
∞∑

n=0

ξn(x3)|n〉〈n|. (3.31)

& ^ & �*� t � Q�� ��� n DJ� U <<; ^�K�L M!E��
^���M
N �"O�� & �!MJP<Q4�����a� .R�S E:F�" t � Q Bogomol’nyi
r � �

(2.30) � 1
3�T�U +-,�V:W1X�Y ( E:F	" [133] �0� )

^ � � G[Z Q F � �*� [42] %
d2qn
dt2

+ eqn−1−qn − eqn−qn+1 = 0, (n = 0, 1, 2, . . .) (3.32)

\ # � qn(t) :=





log


e

t2

2

n!
ξ2
n

(
t

2

)
 , t := 2x3 n ≥ 0

−∞ n = −1.

(3.33)

Yang ]�^ ξ ^�_�^ ξn � (3.27) `�a%b4~ � �<���9D/^�`<c�� . d�e?fK�<g����<� \ ^
��@
ACB]� .

4 Conclusion and Discussion

8	� , h�� Q
� �K��^�i ��j3k L �L6�^ ��
 ���ml;���Jn�oc� \ . h�� Qp0 � S�T � � � , h��Q �'q �R� � ^���� � @ �9� ,
� � MJh�� Q ��� \ & �r`�st4 \ I�� >K�vu ^�w�x � # & ,

P5y
)�z � �|{ k f�}
~���8:9�� ��� �C���*� & �r� < ;�� \ . � \ & ^/W��<`��3�v� � \ � , h<�Q�� �R� ^|i �vjmk L�� , � k L�^�c�� D-brane �%� ��}�� � , D-brane �<�-^�����` � ��� M� � \

. 6�^���x , h<� Q ^|��F"���<�5�$�|�C��Y�L$^�� H ^ <�� �3��� MJ����� , �0���� -�¡ �C��¢�£ � \ .

35x3 ¤ g¦¥?g¨§X�ogª©¬« e ¤ � vª­7®?� b ©�«2g¨¯�°ovª± �"² , ³X�L�3´=s 2 µ·¶¹¸k¢k��º ¬w� ©¬» m½¼?¢i�k�� b2�¿¾�À v¹Á b . �rÁ�Â1ÃÄ©·Å�} ¾�À2� Á%Æ �/�������5�we¨Ç/� Á�s1Â·È|� a?b } , ÉËÊmÁ¨»�Ì�v Dirac Í
ÎËÏÐ¦Ñ mÓÒ�ÆÕÔXs �¨Ö�× g �ÄØªÙ v , Ú=gÓ©¬«�mÛÔXs � ¼2¢��B�B� b�� −1 � s ×ÕÜ"ÝK� sÛÞ*}¦ß�uÕà b [42].
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� U <<; ^ � >�; � M���D ,
&�� � ^���x���h��
	�@?ACB�� . ADHM 
����?�|h�� Q��
� 	����� �

,
0 � S T � � ����^�
������ ��� ^�
<g?�����o;�	5)?� \ #�� `9) H ,

R � Twistork L 	-#"!�a"#%$ Dm�
-�`�c�! [85, 57, 132].
&&� � , ASD Yang-Mills �('�#v�%h<� Q<��� `

DJ� U <
� M&) ���%��!�*�� 4,+�*/MmP.-��%��! .O � , / &10 3�T ^32 (?� �"�('�# , � U <<; *�-4� , Korteweg-de Vries (KdV) ��'�# [92],

Kadomtsev-Petviashvili (KP) �('�# [84] *�� � \ D/^
�%� ��5 � � ���3! . + � �2^�h�� Q $
	�l�����D ,

I�� >�^6��u�;��87.-��|{ k f�}
~v�|� � !�+�*&��9 <%:"; � � !�� , 6�^ � ; f<
= ��+ � ��`�>
�,?�@v`�c�� \ . h<� Q��3�BA ^�C�^C�"'�#D*��FE2^��,@�G(H�I�J��"'�#?`K�L � �
, M �
N � � !�*��DE8O�P��RQF-�S6TBUV	XW���Y�`�c�! .

*Z+BS N + � ��Y�23[�\4]"�%'�# , ^Z_�J
�"'�#
�,`�� 4 a�b�Y ASD Yang-Mills �"'�#�Y,a
bRc(b�	�/��4� ( >�*�d e8f�� ) g.� � !(+�* N 5 � � �B��! (Ward hZi [139]) [1, 2, 3, 82, 105].

+ � * ASD Yang-Mills j"'�#
YZk�^�l"$mY���n oqp�r�s�!�* , KdV j"'�# , KP j"'�#D*�� tu 2�[�\&]4j('�#
Y,k�^Bl($wv�k��
	ZxVy&� v�YV* :(z �|{ ! .

4 a�b ASD Yang-Mills j�'�#�},~����
��� Lax ����YZ�3������� . � u N t���a�b�c�bm�� t��,g�� { u j(���3}R�R���%} Lax �(��Y��3�B�
�
� . Lax ����oq����j����
YB����}B^Z_
J"� NR� z.� { � u
� , �ZY��
� N Ward hBi Y� ���Y�¡�¢V�%£�t��(�m� . 4 a(b�k�^�l ASD

Yang-Mills j(����v�¤ u , ~��B���(� Lax �(�3Y����R�
�
� . � u N tX� , Lax �(��oq���%k�^
l�¥
¦R§�Y�j(���
Y�¨(© N , ^Z_�J�ª�Y,k�^Bl"«�¬�YZ­� %®¯�q£F°±g�� .² },³V´4µ� "¶D�¸·�¹%� , k�^Bl�¥�¦B§�Y Lax j"��� (Lax ���Voq����j"��� ) YBº�©�»moq¼½ � , ¾V¿B£�ÀÁ�Â��k�^Bl Lax j���� oZÃ�Ä�� u [136, 54]. � { �qY�j(����}XÅ�Æ�YZk�^�l�^
_�J%j%���D�XÇ�ÈBÉ%e| %ÊD� , ^Z_�J�ª�Y�k�^Rl%«mYZ �����o&��Ë¯�����3� . k�^Rl Burgers j
������������}XÌ(Í(« , ÎRÏ"¨�Ð
YXÑmÒ��
v�©�n.� u . Ó�£"r�Ç�^Z_�J3£"Y"��Ô�� [55].

²�Õ }
Ward h�i Y,k�^Bl(Ö���Ô u �6a�YRh�i�o6¼ ½ � u ×ÙØ k�^%l Lax j(����}R^R_�J3��Ôw° , 4 a
b"k�^Rl ASD Yang-Mills j"���
YZa�b%c�b�� � t��Zg�� { �,��Ô�SmÉ . ( Ú 7) Û

� { }�^R_�J�ªZÜ�Ý�Y�ÀÞ���%ß�àmoqáâ°|ã��8^%ä%��oXå � �%�m� . æ%ç�è , é�ê�ë ìqí�ç�è
�4Y(îBrF°qv�k�ï��6ð���ñ�� . ��Y � É�£�a"bBc�b N e4Y � É�£�ò%ó%��o�ôVtq�%��� , M { }�a
b�c�b��,g.� { u j%����YR^Z_�J%��o�õ3ö��,Y��X÷"ø�£"Y%ù , ¤ u%ú { } , e&Y � É�£ D-braneûBü ù��ýç�Ñ � { �ZY"ù , þ ¿ , k�ï
�,�Á��Y6Ü�Ý�ÿZí�� ��� ¤ { ����� . ��YXÜ
Ý
}R^,_�ø�ª
Y Ø θ �%��ÛRY6Ü�Ý���Ô��
�,v�� ö(� . q �%�m�	�	
(Ó�����
 £���� � ~ � t6�%�3�B������£R� .������� }R§�ÚR�
Y��%f%Ñ Ò"��Ô�� .
��� Ó���� , k�^�l��BÌ�Í�«�» , k�^,l! #"(çBè��!$R���&Ü�Ý �&% dB�B��� . k�^�l Burgers j
�(��Y6Ì%ÍB«3} Cole-Hopf ��l u = ∂x log τ [15, 74] Y�k�^,lB«�YX©�nF�ýþ!'���Ô�� . k�^,l���Ì
Í�«3} , ~�´��Bl u = ∂2

x log τ Y [71] k�^Zl�«
��Ô����)(mö�� { , Ñ+*3}�,�¦�Y�-�.���Ô+/3É . Ó
����021�ø+3�4653o74�� u ÎRÏ%¨�Ð986Ñ Ò [56], :9;�<=8Xô6>#?+@A8�B�Ä [52] £DC , E(øGF	H+I�7J � { �	K.° , L�MVöq÷Bø���Ô�� . k6NRl	 �"(ç%è98��B©�� � ° , Ñ�¥�¦ (  �" Grassmannian)
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4-dim. ASD YM eqs.

(Integrable)

      Lax equations

(Integrable)

Reductions

NC 4-dim. ASD YM eqs.

       (Integrable)

NC Lax equations

 (Integrable)

   Reductions

 NC Ward conjecture      Ward conjecture

NC

NC

 Our
works

e.g  KdV, KP, NLS, ... e.g  NC KdV, NC KP, ...

Ú 7: kGNBl Ward hRi

� k�NBl 8 � I3� C�8 � Éq���%� � { ,
ú 8Zò(ó"� � C&8 � É6�"£��,ù � Ò��4ù��%£��R��Ô�/

É .
ú �R��kGN�l�¥3¦����=8��(ç9F�ò���	(¾V¿B£7M�4Vo � z �4�%� � . � { ¤�����Æ.� { �"�

� , <�¿!8,kGNBlGN�
�ø(j"��� [9, 12, 20, 21, 22, 30, 31, 40, 41, 54, 55, 75, 76, 96, 98, 99, 101,

104, 119, 116, 136, 137, 138, 144, 146] ��ò��4��v , �� 6F
��è � N"äm�%£
�Z��Ô6/ É .
�#� 8

Ü
Ý�©�I�o Appendix C �%¤V� � �%��� .
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A Known NC BPS Solitons

Å�Æ=8�f N
gFê�hZë ì�hiD%h , jEk�lBí&m"ÑEn�o S68,� �"¤V� ��p . q�4�è�r 36 8�s���tWu� �����(� �1v	8�w , ADHM/Nahm ¨�©�»[n74yx p v�8��
Ô�� . ¤ p , SD, ASD w ú�z�{�z

Self-Dual, Anti-Self-Dual 8&|��
Ô�� . “•�” 8�Ñ}w “Solution Generating Technique” 8 BPS Ö

36 ~��=���%�����%�"���B���U���P� .
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[53, 63]
� º�© � z �%f�N
g�¥�¦����98 BPS ���WD6h � Ô�� 37.

�
(ii) ���	�Âí�ì4í����98���
 (i) ë�ì4í�
in&4 x��M��
 (iii) ��
� �¾ B 9��!8

DBI 324������M��

• U(1), U(2) ASD Ñ (θ

×
SD) • U(1) k = 1 ASD Ñ

(k = 1, 2, · · ·) × �;� · · · (B
×
SD)
×����

S [134]

Nekrasov-Schwarz [115]∗, • U(1) k = 1 ASD Ñ���
[32]∗, ��� [140]∗, (B

×! #"
) $&%�' [110]

Chu-Khoze-Travaglini [14]∗(
(k $  #" ) $

h )�* +-,/. +10 � [80]∗,2
Lechtenfeld-Popov [97]∗3 • U(1) k = 1 ASD 4

h (θ $  #" ) $ Nekrasov [114]

D • U(2) k = 1 SD 4
h (θ $ SD) $ ��� [35]∗

•� SD Localized 4
(θ $ SD, k $  5" ) $ • 〈 687�9�r 〉 $
Aganagic et al. [4], Mariño et al. [103],: � [50]∗ Kraus-Shigemori [93], · · ·
• U(1) k = 1 $ • U(1) k = 1 • U(1) k = 1

j Gross-Nekrasov [42]∗ (θ 1 ; ) $=<�] K +->�' [67] (Higgs 9 ) $&%�' [109]

k • U(2) k = 1 $ • U(2) k = 1 (Gauge 9 ) $
l Gross-Nekrasov [44]∗ (θ 1 ; ) $ Bak [6]∗, <�] K +?>@'A+!%�' [68]

| •� Fluxon 4 (k $  #" ) $ <�] K +!B +!%C' [66]

m Gross-Nekrasov [43], (θ 2 ; ) $ED/F +!B [38] • 〈 6�7�9�r 〉 $
Polychronakos [120], <�] A +&<�] K [65],: � [50]∗ <�] K [64], · · ·

(i) 8�4 w	N
g�GIH/JG8K4 (θ = 0 8�9�L 8�4 ) 8��NM � θ !IOQPSRUT�VXW z R�x�� .
( h 2 3 hiD%h/��6�PYR�w , (i) Z�4 wU[�\��]T�VXW z ��^�A�_ z �a` , (i) ^ (iii) ^bZac/d}w

jEkJlfe�m�gihkj#9ml z R(x5n�x . j kJl�e
mi��6QPSR1w , (i), (iii) Zo9�r w (i) ^ (iii) ^bZoc
d��8p�x�R vSqrP�stj�9rPYR�x��oZ � , (i), (iii) Z8u�
�Z�H�Z]v#w�x w�y�z � w�n
x .

B A List of Reviews of NC Theories

• {�L�|�} $ 2001 ~ 2 �IZa�/���I����Z��@�U�oe��m���o� [79],
:X�

[51]

• �@Za��9��o��� $ Douglas and Nekrasov [27], Szabo [131]

37“•�” ����� U(2) k = 1 SD ���������8�t�t�K���� �¡�¢¤£¦¥¤§ , ¨�©8ª Seiberg-Witten «f¬®­ [117] ¯±°Y£
¥ (iii) ��²´³b�µ�·¶¹¸·º]»½¼Y¥�£K¾ [69].
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• � � ^ 3���� �����
	IZ�d�� $ Harvey [59]

• 
������¹e�� 2 ( ^������
� ) $ Konechny and Schwarz [89]

• � � ^�
��������! Ue�" $ Nekrasov [114]

• � � ^�
���� ( � 2 3 �#�b� $ Konechny and Schwarz [90]

• � � ^ ( 
���� ) ADHM/Nahm $�%
& $ :X� [49], '�( [140]

• )�*,+��o��� ( �- ��/.�01" +3254be6.�nih ) $87:9 [34], Harvey [60], ;�< ( = ) [107]

C Towards NC Sato’s Theory

0�F���9 [123] > , KP ?�@,A�BDCFEHG ^¦[�I , J5K:�b�b��9�Z�LNMPO�Q���RfpTS PVUf��9r^
PSRXW	WZY , [�\�]�^��
_HC`�,U�R�aTA�b	l-Y�I . c8Z8��96RQW , d�e�JDK��·�oZ!fTg�4�Zh$
%i�j,k�l Z`m
n
o#ZXp:q�r�s�t�n s , 45G�H�Z!$
u i , v�DDwTx
I j,k ;Ty�Z8c�z�{�n�hS`�|IR
yCWPR,w�l}Y#I . ��9�Z/~:> , �/��?T@�A (

j6kXl Z Lax ?T@,A�Z�B�� ) Z1n�� ^ τ 6h��ZXnT�
t,x�I .

cTcht
> , 0�F���9�ZX
��/�Tb�w]p�U�R1����C��,�:w]|�}�[5I . �5w��Cs�L����rW�Y:� ,
j�k

l Z!m
n�o6wap
U�R8j��5[�I .

C.1 NC Hierarchies

��� [T\
]�^���_DCha/�#[DI . N �#Z ( �,�����an ) [�\
]�^���_ A >!���aZ`\
]�^���_5CP�
�

, �IZH�6�YnX^��
_,t,x�I �

A = ∂Nx + aN−1∂
N−1
x + · · · + a0 + a−1∂

−1
x + a−2∂

−2
x + · · · . (C.1)

c�cht1�IZH�H�Yn]u,¡6C!pT¢¤£P¥�¦ sa^�§�¨Dt,x�I �

A≥r := ∂Nx + aN−1∂
N−1
x + · · · + ar∂

r
x, (C.2)

A≤r := A− A≥r+1 = ar∂
r
x + ar−1∂

r−1
x + · · · , (C.3)

resrA := ar. (C.4)

�5w res−1A >`[�\�]�^T�
_ A ZX©�� ^Pª�«�Y#I .

�¬�aZ!\�] ∂nx Z�­DsX®�^T�
_ f 	IZ1^��H> , Leibniz ¯�Z/°�±�br^�£P¥�²H³�WZY#I �

∂nx · f :=
∑

i≥0

(
n

i

)
(∂ixf)∂n−ix , (C.5)
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c�cht ����� �5>X�IZ6�6�`wXa��ml-Y�I �
(
n

i

)
:=

n(n− 1) · · · (n− i + 1)

i(i− 1) · · · 1 . (C.6)

c8Z ����� ��Z�a�� (C.6) > , ��Z n tDM�a��	l-Y�IX��V , A (C.5) >!���UZ!\�]�^T��_�Z/^T�
C�a�V/¥�UDI . �#³�« ,

∂−1
x · f = f∂−1

x − f ′∂−2
x + f ′′∂−3

x − · · · ,
∂−2
x · f = f∂−2

x − 2f ′∂−3
x + 3f ′′∂−4

x − · · · ,
∂−3
x · f = f∂−3

x − 3f ′∂−4
x + 6f ′′∂−5

x − · · · , (C.7)

��r¬£ f ′ := ∂f/∂x, f ′′ := ∂2f/∂x2. ����Z ∂−1
x >	�h��w]c £�¥�
�]
^���_ ∫ x dx ^
£F¥�^��

[5I .

[T\
]�^���_5Z
�T%H> , �fu�ZX^���RCW�� £Is a/� l�Y , [�\
]�^���_�|	�:>�^���_5Z�����C
%5[ . ( q £�s�> [108, 10, 94, 118] ��C���� .)

�HwF[�\
]�^���_DC`��U
�1

�����1� ( ?�@�A ) Z�a���C][5I .
�X�

1 �#Zh[�\
]�^T��_ L C
p�¢¤£X�6� �

L = ∂x + u2∂
−1
x + u3∂

−2
x + u4∂

−3
x + · · · . (C.8)

� � � uk (k = 2, 3, . . .) > j6k1l Z �������T��� (x1, x2, . . .) w
 ,n5[�I!���Dt6x,I . ( �
r £
x1 ≡ x. cf. (C.16).)

uk = uk(x
1, x2, . . .). (C.9)

c8Z j�kXl Z"���@Z/°$#�` , ��� , %&��Z�'	(�w�c/d�[5I . £P��`*)!¥1
�����{5>:c8Z j,kXl Z
�+���"���,� (x1, x2, . . .) w�c £P¥�p�¢ml-Y#I .


��/���/�5>X��A�t�a��	l-Y#I �

∂mL = [Bm, L]? , m = 1, 2, . . . , (C.10)

cTc!th\
] ∂m Z L w�c#[DI�^��6> , ∂mL := [∂m, L] x�IhU�> ∂m∂
k
x = 0 ZD�:�Fw ∂kx Z

� �
	�Z
^T�m^�£P¥�a��ml-Y#I .

� ��^T�
_ Bm > , \�]
^T�
_,t,x.- ,

Bm := (L ? · · · ? L︸ ︷︷ ︸
m /

)≥0 =: (Lm)≥0, (C.11)

t�a�� l-Y#I . �#³�«

B1 = ∂x,

B2 = ∂2
x + 2u2,

B3 = ∂3
x + 3u2∂x + 3(u3 + u′2),

B4 = · · · . (C.12)
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,���6��� (C.10) > � m wop,U�¥ , ∂1−k
x Z � � �DR W ��� I j6k1l Zh\�]�?�@,A�CF����tTU

I . £P��`�)h¥ , m C��:R��
	 , �
�Inh���!\�]T?�@�A�`X����Y#I . cPY�C`
���������?T@�A�	
ª�� . 
����,�1��?�@
A����	�5> , (C.10) � - ∂muk ����w/n�I���t , xm ?���� �+���������f`
a ����Y#I .

l��`w6c��1
���� (KP) ��� (C.10) w"!$#�n�%�&('�)�C+*�³
I 	 , ,.-fnX
���������//p:R
Y#I . �5w0%�&
'�)

Ll = Bl (C.13)

>�
���� KP ���1� l K325�o�54·��	Pª,«�Y , 
���� KdV ��� , 
���� Boussinesq ����	PU )
� j�k�l �X
,�����/� ��B���C �76 q�� . c��8	"9 , |6¥�� N, k w0: £P¥

∂uk
∂xNl

= 0, (C.14)

��n�;
< , xNl ?��X	��/��y�=
y5CX²D³1¥�UDI�c�	3/1]:R6I . >"?�>8�
dLl

dxNl
= [BNl, L

l]? = [(Ll)N , Ll]? = 0. (C.15)

c+�Y��� , %@&A'�) Ll = Bl / ,
j�k�B@C �·�(D0E
wV�#y�> � � A,CF²�³ ,

j�k�B@C �·� ul+1, ul+2, ul+3, . . .

/ (l − 1)
B�C �a� u2, u3, . . . , ul t@FHG-Y#I .I �!��C�JLK(�5I �

• 
���� KP �/�
�X�

, *�MM%A&L'A)�CM*¬³N>/U1

�/�,�1� (C.10) /1
��/� KP ?T@
ADCP�1��t�UHI�c(	!C
O � . 
��/���1� (C.10) w1¦�s�IV[T\
]�^���_(� �7P 9A� � � / ,

j�k�l ��

�/� �Q�(�
?T@,A ��C�²D³�I . �R>�;(< , m = 1 w0:¤£P¥ ,

∂1−k
x ) ∂1uk = u′k, k = 2, 3, . . . ⇒ x1 ≡ x, (C.16)

m = 2 w0:¤£P¥ ,

∂−1
x ) ∂2u2 = u′′2 + 2u′3,

∂−2
x ) ∂2u3 = u′′3 + 2u′4 + 2u2 ? u

′
2 + 2[u2, u3]?,

∂−3
x ) ∂2u4 = u′′4 + 2u′5 + 4u3 ? u

′
2 − 2u2 ? u

′′
2 + 2[u2, u4]?,

∂−4
x ) ∂2u5 = · · · , (C.17)

m = 3 w0:¤£P¥ ,

∂−1
x ) ∂3u2 = u′′′2 + 3u′′3 + 3u′4 + 3u′2 ? u2 + 3u2 ? u

′
2,

∂−2
x ) ∂3u3 = u′′′3 + 3u′′4 + 3u′5 + 6u2 ? u

′
3 + 3u′2 ? u3 + 3u3 ? u

′
2 + 3[u2, u4]?,

∂−3
x ) ∂3u4 = u′′′4 + 3u′′5 + 3u′6 + 3u′2 ? u4 + 3u2 ? u

′
4 + 6u4 ? u

′
2

−3u2 ? u
′′
3 − 3u3 ? u

′′
2 + 6u3 ? u

′
3 + 3[u2, u5]? + 3[u3, u4]?,

∂−4
x ) ∂3u5 = · · · . (C.18)
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e�~R>Hc(	F> , x2 ?���� �+������� �A�/A (C.17) R � ,
j�k@B�C �]� u3, u4, u5, . . . / �

B
C ��� 2u2 ≡ u t"F GZY
¥#£ � �!c�	Vt
xTI . cVY:>��X���`n���'�)�t�x - , 
��X� % ��t
M��6��G�Y,¥1U:I�c7	M/h]
R�I [56]. c0���,�PwD£-¥h
���� � ������M
	,aA�HI . A (C.17)

��L��1��

�R�/A5C!��U
¥ , A (C.18) �1L����/A�R
� , u3, u4 C�������I1	 , (2 + 1) ��y
�X
,��� KP ?T@,A [119, 94] /X� �ZY#I ( ��r¬£ 2u2 ≡ u, x2 ≡ y, x3 ≡ t, ∂−1

x =
∫ x dx):

∂u

∂t
=

1

4

∂3u

∂x3
+

3

4

∂(u ? u)

∂x
+

3

4
∂−1
x

∂2u

∂y2
− 3

4

[
u, ∂−1

x

∂u

∂y

]

?

. (C.19)

£P�7/*)h¥1
����:�/� (C.10) �HcR	�C`
���� KP �/��	PªA� .

• 
���� KdV �/� ( 
���� KP �/�1��
�K32D�a�54·� )

%�&
'�) L2 = B2 =: ∂2
x + u C!
���� KP �/��w��(�
	 , 
���� KdV �/� /1���ZY#I . c

�8�	� , 
������/�
∂u

∂xm
=
[
Bm, L

2
]
?
, (C.20)

/���� m ��
,��� KdV ?�@�A�C �76 qN� . �R>7;(< , (C.20) >h[�\,]�^T��_�� �#� , �
� 	�M�wF� � >�U . �#³�« , m = 3 �.	�9 , x3 ≡ t 	M�5I 	 (1 + 1) ��yT
,��� KdV ?�@
A [22]

u̇ =
1

4
u′′′ +

3

4
(u ? u)′, (C.21)

/X� �ZY , m = 5 �8	"9 , x5 ≡ t 	M�5I 	 , (1 + 1) ��y 5 �T
,��� KdV ?T@�A [136]

u̇ =
1

16
u′′′′′ +

5

16
(u ? u′′′ + u′′′ ? u) +

5

8
(u′ ? u′ + u ? u ? u)′, (C.22)

/X� �ZY#I . ��r¬£ u̇ := ∂u/∂t.

• 
���� Boussinesq ��� ( 
���� KP �/�1����K 2D�a�.4K� )

��K32H�8�.4Y� L3 = B3 w�� - , 
���� Boussinesq �/� /X� ��Y�I . ��YH> , (1 + 1) ��y

���� Boussinesq(-like) ?�@�A [136] C�����tTUDI �

ü =
1

3
u′′′′ + (u ? u)′′ + ([u, ∂−1

x u̇]?)
′, (C.23)

��r�£ with t ≡ x2, ü := ∂2u/∂t2.

• 
���� Sawada-Kotera ��� ( 
���� BKP �/�1����K 2D�a�54·� )

BKP �/�5> KP ����w , Bm (m = 1, 3, 5, . . .) ��a/� #�]�/���³�I 	VU � '�)�C��(��c�	
t��H� Y�I [83]. c"�h

�1��b6>:M@<����/����t , �����/K 26�]� 4¤��R8� 

�1� Sawada-

Kotera �/� [52] /1����Y#I . �
� � w (1 + 1) ��y�
,�/� Sawada-Kotera ?T@�A(/!� � Y
¥�U5I �

u̇+
1

9
u′′′′′ +

5

9
u′′′ ? u+

5

9
u′′ ? u′ +

5

9
u ? u′ ? u = 0, (C.24)

��r�£ , t ≡ x5, u ≡ 3u2.
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D ,DwD£ ¥ , 

�1� �A� KdV �/� , 
��1� Burgers �/��> ��� U5�����L�h
��1�
�X�R/h��� Y
I . Ablowitz-Kaup-Newell-Segur (AKNS) �X� 	�U$)������1�(��M+�!	L����� i , Bogoyavlenskii-

Calogero-Schiff (BCS) ���
	��	�
��M , D0,�wX� �:t,x�I .

C.2 Infinite Conserved Quantities

c"�H�6�Fw�£�¥ , ,8-�>�
����,�/�1/����ZY�I
cR	+/X]:R,)h� . �
� � w�> 	DR,w , cPY � t
w`W ��Y�¥�UHIP

�/����

]�?�@�A#M-� � Y,¥�UHI . c�c!t���
,x
I��T> , c��6�:�FwD£V¥����
Y:���1� /	�$#�wX�"

]�B 	�£P¥,x - /T��U�M��7>L�TR � �VR.	PUN�Xc(	�t,x,I .


��/��bD> , 
��1�T?1��w j,k ����\
]5C`p/¢
�DI . cPY6>X� 

]
B�������R.��>h
���w�� �

£�� >��5c(	�t , ���5s��
��� � 6 /	!#":¥�£ � � .
� � , (1 + 1) ��y���%	��t�a/�HG$"%�'&)(*�+�,

, -/.�0 1%2"� ��&1��354�¢#687���2F� � , ����3 ����¥�9�:�;���<�= & ( * 	+>�)`¥�£
� � . >'" +�, , ."
/= 1 , ¦ ��? , �)@#ACB�D ��E��
� �GF £H� >�)�¥�£JI¬� .

>)> +�,�K�L ��
GM�3 �/��NPO�Q(�R� [52] S

• 9
:�TVU WYX/Z5[�\
]�U�.�0#1

• 9
:�TVU5^/_/`
U	_�a
b�c ,

∂m∂nu = ∂n∂mu (C.25)

d	e N)U m,n 3�����N	fhg�i��8jk�8l�>
j +�m � . >PU�nHo , .�0qp�r)s [141] jut5vRp#U + ,

>)> +�,uwHx�y � [52]. -/.�0 Zakharov-Shabat &)( *

∂mBn − ∂nBm − [Bm, Bn]? = 0. (C.26)

U	nHo d�z j�p
� .

>)> +�,	{ c 3P|��/NPO�Q y � . 9
:	TCU�^/_/`�U	_#a , .�}�= 1CU�E ~�j��'N������V�P�
"���"
N �C�/�PU)U��#| + , >'"R2u� y >�j ,5�%� N�� z +�m � [3, 29, 72, 106, 145].

I	� , ^/_ ��j�^/_/`�U�����2������ ��l . ^/_ ��jk��l'U , , ��UV�VlJp)�u� * UV>�j +

∂σ(t, xi)

∂t
= ∂iJ

i(t, xi), (C.27)

σ(t, xi)
, ^/_��/� , J i(t, xi)

, ��"q3������' �¡)¢�jJ£/¤P"¥� . >PU¦j�§J^/_��/�VU�¨�Z5}�=

Q(t) =
∫

space
dDxσ(t, xi), (C.28)

d ^/_�`V2P©qª�� .
y p#«�¬

dQ

dt
=

∂

∂t

∫

space
dDxσ(t, xi) =

∫

space
dDx∂iJi(t, x

i) =
∫

spatial
infinity

dSiJi(t, x
i) = 0, (C.29)
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 )��� , Ji(t, x
i) U ��� }/= ,�� ª��/�	U¥j y � . � z pC>
j , , >PU�O/Q , -�.�0�¨�Z + � e

�$t�v%3�f g�i�|¦>
j +�m � . ���	��}¥3�� ��

� +�, , �
� , ��� , .�0�¨HZ)UH�PU¥j e � t� +�m g , </= , }�=�� e �$t5v +�m � . 9
:��CU��¦�����R� , ∂i ∼ O(r−1)
+�m ��>�jJ?�� , -

.�0V3q�kNV����«¥�Jp��C>�j d @����$"%� .  )�¦��� �! q3V�Jp �P"H¤ p%�Jp���U , , "�U#�$�d X/Z#�
� + , %PU&�
� d ¨HZ&�
�qp#U#?�2�oP���Jp#��"V¤)p¥��p���jk�8l	>
j +/m � .

>)> + ;!'R3)(%� . * L g +
m � d , Ln U�+��¥3P|���N-,%ª�� . >J" , .�0/¨�Z)U¥j�§�U G.

Wilson UPO�Q [141]
+
m � .

∂mres−1L
n = res−1(∂mL

n) = res−1[Bm, L
n]?. (C.30)

>)> +�K/L UC>
j53�.0/����Hl S

res−1[f∂
p
x, g∂

q
x]? =

(
p

p+ q + 1

)
f ? g(p+q+1) −

(
q

p+ q + 1

)
g ? f (p+q+1) (C.31)

=

(
p

p+ q + 1

) (
f ? g(p+q+1) − (−1)p+q+1g ? f (p+q+1)

)

=

(
p

p+ q + 1

)


(p+q∑

k=0

(−1)kf (k) ? g(p+q−k)

)′
+ (−1)p+q[g, f (p+q+1)]?



 ,

 )��� f (N) := ∂Nf/∂xN . 1 2 243'UV�Vl�3 t � 2 5��6� + l'I��87�"H �U , , ¬:9�l�" ∂x U
(−1) ;6<)= ( +�� ) 2�=?>�N
§� �@/?!A +�m � . .�0�¨�Z +/, , 1 3 2B3�1 2 5VU-C�0EDHU�<)=,�FHG p#U + ,

*
(C.30)

,
∂tσ = ∂xJ U�I�jup g , ^/_ �¦2P©Cª�� . ( �
� x

, ;-' e N�U	&#(* 3�@)��N W ¨
Z#�$�H]�p#U +/m � .) -/.�0�¨
Z +�, , C�0$D d)J
K 2C�kN , ^/_��%2�L �kN��
���Hl�3�MCª�� .

j�>!N d >	U-C�0
D�U�<�= , l'I��PO�Q + §�� . R , , ��UV>
j d fhg�i | [21, 52] S

[f(x), g(x)]? = −θij∂i(f(x) � ∂jg(x)). (C.32)

>)> + , “�”
,

Strachan } [129] j'£/¤�SUT��PU + ��UV�Hl�3	E�~V�WSUT�S

f(x) � g(x) :=
∞∑

s=0

(−1)s

(2s + 1)!

(
1

2
θij∂

(x′)
i ∂

(x′′)
j

)2s

f(x′)g(x′′)
∣∣∣
x′=x′′=x

. (C.33)

y p#«�¬ , rVU!C�0
D , e </=HU�IR3�X
�YT�U +�m T . �8l y THj ,
*

(C.30)
, eEZ j��JN ,

e

</=HU�I ∂mσ = ∂xJ + θij∂jJi 3�[VI\T�U + , ^�_ �¦3 p8g^]?T . ^/_#�¥3 p_T	  � 3 , , >	U
∂j
d WYX/Z�<�=�] m T)` , W ¨�Z�<�=�] +�m SH¤�a!` ,

y p#«/¬ , -/.�0 1 , WYX/Z m T�` , ¨
Z�]	bdc U-e�354�����S�N0`-SH¤�a!` , jf`�lP>�j�3�pgT . h$i
j#Qq3�k�SHT�9�:�l�mVU WYX�Z
�!��] , 9�:��on�U�p�q 1%2�M!r yBs y T	  � 3	tou_v
354����WS
 V��U + , w�x)3 WYX/Z , ¨
Z ]�U�/_yH2#z{>�N�`|T�U , , }$~VU x1, x2, x3

m   g U!e +�m T . >)>�3�U�e�-/.�0)1¥254#�y THj�`8l'U , wE�����VpV>
j�� m T .
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� Z v���^�_����VU ����� ©Cª
T	  � , Ln, Bm

� ��UC�Hl�� � �JN!@	�Hl S
Ln = ∂nx +

∞∑

l=1

an−l∂
n−l
x

Bm = ∂mx +
m∑

k=1

bm−k∂
m−k
x , (C.34)

�E� an−l, bm−k 
 n,m
��� � SV¤ � Z v���
��_T�`6� m T .

�
(C.30) �%g ,

∂mres−1L
n = res−1[∂

m
x +

m∑

k=1

bm−k∂
m−k
x , ∂nx +

∞∑

l=1

an−l∂
n−l
x ]?

=
m+n∑

l=n+1

(
m

l − n− 1

)
a

(m+n−l+1)
n−l +

m∑

k=1

n+1+m−k∑

l=n+1

(
m− k
l − n− 1

)

×




(
m+n−k−l∑

N=0

(−1)Nb
(N)
m−k ? a

(m+n−k−l−N)
n−l

)′
+ (−1)m+n−k−l

[
an−l, b

(m+n−k−l+1)
m−k

]
?





=





m+n∑

l=n+1

(
m

l − n− 1

)
a

(m+n−l)
n−l +

m∑

k=1

n+1+

m−k∑

l=n+1

(
m− k
l − n− 1

) m+n

−k−l∑

N=0

(−1)Nb
(N)
m−k ? a

(m+n−k−l−N)
n−l





′

−
m∑

k=1

n+1+m−k∑

l=n+1

(
m− k
l − n− 1

)
(−1)m+n−k−lθij∂i

(
an−l � ∂jb(m+n−k−l+1)

m−k
)
.
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