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1 Introduction

1.1 Overview

This thesis contributes to the theory of “integrable systems” , i.e., systems of “integrable” differen-
tial (or difference) equations. Roughly speaking, “integrability” should mean an exact (in contrast
to numerical) method to solve differential equations. A given system of differential equations
should certainly be called "integrable”

e if the system can be transformed into a linear one. Linear equations are (at least in principle)
always completely solvable.

e if there is a method to solve the initial data problem exactly.

For Hamiltonian systems with a finite number of degrees of freedom there is the notion of “Liou-
ville integrability” [1]. The existence of a sufficient number of Poisson-commuting constants of
motions implies the complete integrability (solvability) of the equations of motion. In the case of
an infinite number of degrees of freedom, where we are dealing with partial differential (or differ-
ence) equations (PDEs), there is no analog of this Liouville theorem. Partially guided by results
for systems with a finite number of degrees of freedom, several “integrability aspects” have been
proposed which, however, do not necessarily imply a strong form of “integrability” :

e [ax pair or zero-curvature representation [2, 3] : The system is expressed as compatibility
(integrability) condition of a linear system (see Sec.1.2).

e A formulation as an infinite-dimensional Hamiltonian system with an infinite number of
Poisson-commuting conserved quantities. However, there is no analog of the Liouville the-
orem. A weaker condition would be :

Existence of an infinite number of (independent) conservation laws.

e Bi-Hamiltonian (or multi-Hamiltonian) structure [4] : More than one Hamiltonian formula-
tion for the dynamical system.

e Bicklund transformations [5] : Solution-generating methods which produce a new solution
from a given one.

e Inverse scattering theory [6, 7] : A method to construct the solution of a PDE for given
initial data via calculation of scattering data of a Schrodinger-type operator (or a suitable
generalization).

e Riemann-Hilbert-Problem (Riemann-Hilbert factorization, Birkhoff decomposition) [1].
e Formulation in terms of Hirota bilinear equations : “Bi-linearization” of a PDE [5, 8, 9].

e Painleve’ property [5, 10] : There is a conjecture that every (‘“‘complexified”) ordinary dif-
ferential equation obtained from an “integrable” partial differential equation by a similarity
reduction (typically determined by a symmetry group of the PDE) has the Painleve’ prop-
erty that the only moving singularities (those which depend on the initial conditions) of its
solutions are rational.



e Infinite number of symmetries [11, 12] in the sense of commuting flows : “hierarchy” of
PDE:s.

In this work we will concentrate on the hierarchy aspect (see also [13—15]). More precisely, we
explore hierarchies associated with the (anti-) self-dual Yang-Mills (sdYM) equations.

The (anti-) sdYM equations play an important role in mathematics and physics. With Euclidean
signature of the metric, special solutions of the (anti-) sdYM equations describe “instantons”, i.e.,
minima of the Euclidean Yang-Mills action [16]. The (anti-) sdYM equations are also a central
research object in the field of “integrable systems” . Many “integrable” systems, which include
most of the known soliton equations, such as the Korteweg-de Vries (KdV) equation , N-wave sys-
tem, nonlinear Schrodinger (NLS) equation , Kadomtsev-Petviashvili (KP) equation , have been
obtained by reductions, i.e., special choices of the Yang-Mills potentials. It has been conjectured
that actually (almost) all “integrable” systems can be obtained in this way [17].

The self-dual Yang-Mills hierarchy is a system which consists of an infinite number of commuting
flows in which the sdYM equations are embedded. However, as a matter of fact, it is not clear in
which sense this really defines a hierarchy (see Sec.2.2). Only by a suitable reduction, we actually
obtain a hierarchy (see Sec.3). The purpose of this thesis is to explore examples of reductions and
to find out under which conditions we indeed obtain hierarchies.

We consider more generally hierarchies with dependent variables in any (possibly noncommuta-
tive) associative algebra (see also [18-20], in particular). By specialization to matrix algebras,
this includes cases of coupled systems of equations. Matrix versions of integrable equations are
also a possible source for new integrable equations. Another motivation is given by the operator
method [21-23], which associates with a (scalar) nonlinear equation an operator version. By a suit-
able map, solutions of an operator valued equation lead to solutions of the scalar one. This requires,
of course, a generalization of the respective equation with dependent variable in a noncommutative
associative algebra. Due to these reasons, in the following the calculations are performed “non-
commutatively” unless we make a special assumption.

In the following subsections, we explain a bit more some points this thesis is based on. This in-
cludes the notions of a “Lax pair”, “zero-curvature condition”, “linear system”, “symmetry of a
PDE” and a short review of the (anti-) sdYM equations. In Sec.2.1, we give a definition of a sdYM
hierarchy and build a relationship with the sdYM equations. We consider in detail a subsystem of
the sdYM hierarchy (which we call pre-sdYM hierarchy). In Sec.3, we give a general overview
of reductions and consider examples of reductions in order to show how to reduce the pre-sdYM
hierarchy to a hierarchy associated with well-known integrable PDEs such as the N-wave system,
KdV equation. In Sec.4 we consider an infinite system introduced in [13] which leads to 2+1-
dimensional integrable systems. Examples of reductions of the system are discussed in Sec.4.2.

1.2 Lax pair, zero-curvature condition, linear system

The notion of Lax pair [2] as well as zero-curvature (or Zakharov-Shabat) condition is at the basics
of the theory of integrable systems. These two notions are equivalent to the compatibility (integra-
bility) condition of a linear system which is a good startpoint to consider integrable systems.
Firstly, we consider the Lax equation :

L =[P, L] (1.1)
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where B, L are linear operators, This is the compatibility condition of the following linear system
(at - P)\I] = 07
(L=—MN¥ = 0, (1.2)

where A is a constant. If the equation (1.1) is equivalent to the considered PDE, we call P, L a
“Lax pair” associated with the considered PDE. By choosing P, L,

L = 3§ —u,
3 3
P = O — éuf)x -l (1.3)
the Lax equation (1.1) is equivalent to the KdV equation
1 3

where 0, is a differential operator with respect to = and  is a function of z, ¢.

Next we consider a zero-curvature (or Zakharov-Shabat) condition

where P, () are linear operators. (1.5) is equivalent to the compatibility condition of the following
linear system

(at_P)\II = OJ

(0. —Q)¥ = 0, (1.6)
If we choose
0 1
Po= ()\—u O)’
B — Uy 2u + 4\
Q = (—um—2/\u—|—4)\2—2u2 Uy )’ (1.7)

the equation (1.5) is equivalent to the KdV equation
Up = Uggy + 3(U?)s (1.8)

Only very few PDEs possess a “good” (see Appendix A.3.2) Lax pair or a zero curvature formu-
lation and it is difficult to find one. Moreover, the two formalisms do not cover with each other.
However, both are special cases of the compatibility condition of the following linear system

X[u]¥ = o,
YU = o0, (1.9)

where the operators X [u], Y[u] are functionals of u. This means that the considered nonlinear
system (e.g., the KdV equation) is expressed as

[X[u], Y[u]] = 0. (1.10)



1.3 Symmetries of PDEs

Let us consider the KdV equation

here with dependent variable in a commutative algebra. We look for solutions which depend
differentiably on a parameter 7,

u=u(t,y,7). (1.12)

A necessary condition for u in (1.12) to solve (1.11) is that u, has to satisfy the linearized KdV
equation:

(UT)t = (UT)za:a: + Urty + u(uf)a; (1.13)

We may understand such a 1-parameter family of solutions as the result of the action of a 1-
dimensional Lie group on a particular solution. Then u., should be viewed as the generator of this
symmetry.

For example, the KdV equation (1.11) has the symmetry

1 ) D 5
Although it is straightforward to verify that w, satisfies the linearized KdV equation (1.13), this
is a lengthy calculation and it is therefore helpful to use computer algebra. In Appendix C'.4.1 a

corresponding FORM program is attached.

If an equation possesses an infinite number of symmetries which commute with each other, then
we have a hierarchy associated with this equation !. We refer to [11, 12] for further details on
symmetries of PDEs.

'There are symmetries which do not belong to a hierarchy. Such symmetries are called additional symmetries.
See [24], Chapter 7.



1.4 (anti-) self-dual Yang-Mills (sdYM) equations

In the following we recall the definition of (anti-) self-dual Yang-Mills equation [13, 25] and its
properties. We use Cartesian coordinates x = (2#), u = 0, 1, 2, 3 on Euclidean space R* with the
Euclidean metric 2

ds* = (d2°)? + (da*)? + (dz*)* + (dz?)*. (1.15)

The Yang-Mills field strength is

F.=0,A,-0A,—[A, A, (1.16)
where A, has values in a matrix Lie algebra G, and 0, = %.

F,,, is obviously antisymmetric and invariant under the gauge-transformation
Ay Ay =g Aug— g7 '0,g (1.17)
where ¢ is an element of a Lie group GG with Lie algebra G. Now we define the duality operation
(Hodge star operator)
13
*F[,I,V =3 Z EMVH/\FH)\a (118)

2
K,A=0

where €, is the totally antisymmetric Levi-Civita pseudo-tensor with €y123 = 1 in the coordi-
nates chosen above. The (anti-) self-dual Yang-Mills equations are defined by

«F,, = £F,, (1.19)

where the sign = selects the self-dual (+) and the anti-self-dual case (-), respectively. From (1.18)
we obtain for the self-dual case

For = Fag, Foo = F3q, Fos = Fis. (1.20)

These are the sdYM equations in the Cartesian coordinates on R*. For the anti-self-dual case, we
obtain (see [16], for example)

In the following, let us concentrate on the self-dual case.

With a different choice of the complex coordinates, the sdYM equations (1.20) are rewritten in a
different way. In terms of the complex coordinates

y =z +ix?, y=a! —iz?
z =22 +ix3, 7 =2a2"—ix3,
(1.20) reads

Fyz == O, Fyg == 07 Fyg —|— FZE == O (1.22)

2Alternatively, one can use the metric with signature (+ + - -), see [26], for example.
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These equations are the compatibility condition of the linear system
Dl\I] - AI\I/, DQ\IJ = AQ\I’,

where
D1 = (9y + /\&m D2 = 8Z — A&yu
Al = Ay + )\Ag, AQ = AZ — AAg,

and X is a (spectral) parameter.

Remark. In particular,

O - Fgg = 8@4; — 8214? — [Ag, Ag]

(1.23)

(1.24)

is a zero curvature condition in the yz-plane. This implies that A, A5 are locally “pure gauge”.
Then there is a gauge transformation which transforms Ay, A; to commuting constant matrices

such that

[A:UJ Ai} =0

(see Lemma 1 in [13]). The sdYM equations (1.22) are then reduced to

agAy ‘|— agAZ - 0, Fyz - 0,

1.5 Potential forms of the (anti-) sdYM equations

As we mentioned in the last subsection, by a gauge transformation we can reach (1.26).
a) The last equation in (1.26) is the integrability condition of the linear system

0y —Ay)J=0=(0,—A,)J .
If J is an invertible matrix field, this is equivalent to

A, =J,J7, A, =J.J!
and the remaining sdYM equation becomes

O:(J. J ) +0y(J, J ) =0.

(1.25)

(1.26)

(1.27)

(1.28)

(1.29)

b) Instead, we can solve the first of equations (1.26) locally by introducing a potential K such that

Ay — 82K, AZ - —817K .
The remaining sdYM equation then takes the form

For more details, see [16], for example.

(1.30)

(1.31)



2 Self-dual Yang-Mills hierarchies

In this section we consider the sdYM hierarchy introduced in [27], starting from an infinite linear
system. We show that the linear system (1.23) in Sec.1.4 can be generalized to a infinite linear
system and this leads to the sdYM hierarchy considered in [27]. Furthermore, we can see that this
sdYM hierarchy contains several subsystems such as the sdYM hierarchy introduced in [13] and
also other versions of sdYM hierarchies (see [14—16,26,28,29]) by a suitable restriction on it.

2.1 From a linear system to a hierarchy

In Sec.1.4, we have seen that the compatibility condition of the linear system (1.23) is equivalent
to the sdYM equations . As a generalization of (1.23), we consider the following linear system
studied in [27] 3

(Aafkfl - amk)\lj = ()\Akfl - Dk)qj’ (2.1)

()\8&_1 - &gl)\lf - ()\Cl_l - Bl)\:[/, k’,l - 1, 2, e (22)
where xy, t; are independent variables and Ay, By, Cy, Dy are functions which take values in .4, a

(Lie) algebra of N x N matrices. Obviously, the linear system (2.1), (2.2) is gauge covariant under
the gauge transformation

U0 = ¢ ',
A=A, = g A9 —g'0,, Ay, ge A (2.3)

If there is a nontrivial ¥ which solves (2.1) and (2.2) for k, [ = 1, 2, . . ., the compatibility (integra-
bility) condition must be satisfied, so that

A, . — O, — AAg_1 — Di), MOy, — 0y — (ACi_y — By)] =0, (2.4)
ke l=1,2,

AOyy_, — By — (Mg 1 — Di), Ay, | — By — My g — D)) = 0, (2.5)
bk =1,2,..., k+k

Ay, — 0y — (\Cioy — B), Ay, | — 81, — (ACy_y — By)] = 0, (2.6)
LUl=1,2..., 1£l

The first equation (2.4) is equivalent to the definition of the sdYM hierarchy introduced in [16,26].
In the following, we assume that we can find such functions (typically matrix-valued functions)
Ak, By, Ci, Dy. First we show that the equations (2.1) and (2.2) are indeed a generalization of
(1.23).

Theorem 2.1 The compatibility condition of an arbitrary pair of equations from (2.1) and (2.2)
vields the sdYM equations (or a restriction of it).

Proof. Obviously, the compatibility condition of (2.1) and (2.2) for fixed k, [ yields the sdYM
equations by choosing

30ne can also consider the case where the indices k.l extend to negative integers. We restrict our considers to
positive indices, however.



Tp—1 = 2, T = =Y, ti-1 = -9, = —z,

Ap 1 =A4: Bi=-A., Ci=-4; Dp=-A,.

Next we consider the following linear system, which consists of two different equations of (2.1),

(ADap, — 0 )V = (AAy_y — D)0,
(A, | — 00 )V = My —Dp)¥,  k#£K K —1. 2.7)

For k # K/, the compatibility condition of (2.7) also yields the sdYM equations under the identifi-
cation

Tp—1 = 2, Tk = —Y, Tpr—1 = —Y, T = —2,
Aazfl = Aia Dy = _Az’ Ak/fl =-A Dy = _Ay .

Yo

For k = k' — 1, the linear system (2.7) reads

()‘8901@71 - 8wk)qj = (>‘Ak71 - Dk)qj7
(ADay, = 00y )¥ = (Mg — Dry1) V9, (2.8)

whose compatibility condition leads to

Oy A1 — Opy_ A + [ A1, Ax] =0,
Oppir D — 03, D1 + [ Dy, Di1 ] =0,

Tht1
Op Ak + Opy Diy1 — 0y, A1 — 00, D — [Aj—1, D1 ] — [ D, Al =0. (2.9)

Tr+4+1
Under the identification

Tp_1 =2, T =—Y, Tpy1 = —%,

AI—l = Ag, Ak = —A@, Dk = —Ay, Dk+1 — _A25
we find that (2.9) yields

821437 - ayAf - [Aia Aﬂ] =0,
0.4, — 0,A. —[A., A,] =0,
Oy Ay + 0y Ay — 0:A. — 0,A, + Az, A.] - [A,, Ay] = 0. (2.10)

This is the sdYM equation with y = y. In the same way, we can see that the compatibility condition
of two different equations of (2.2) leads to the sdYM equations (or the sdYM equations with the
condition y = 7). |

Next we write the linear system (2.1), (2.2) in a different form. For this purpose, we eliminate
the derivative with respect to the variables z1,..., 2,1, m = 1,2,... and t1,...,t,_1, n =
1,2, ... as follows.

(/\ato - aﬂ«'l)\Ij - (/\AO - Dl)\I’ x  Aml

()\8951 — 8@)\1/ = ()\Al — DQ)\I’ X )\miQ . .
) adding the first m equations

-0

(A0 LW = Moy — D) x A0

Tm—1
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(/\8150 - at1>\1j = ()\O() — Bl)\IJ x a1
Ay, —0,) ¥ = (ACy —By)¥U  x A"2
. ) . .- 2 adding the first n equations

()@tn_l — 3tn)\11 = ()\Cn,1 — Bn>\1j X )\0

m m—1
(A0 = 02, ) = () AmoiN = Dy iX)T,
=1 =0

n n—1
N0y = 0,) = () CosiX' = By i\ (2.11)
=1 =0

Setting A;, = C; = 0,1 =0,1,...,(2.11) yields the “positive” part of the linear system considered
by Takasaki # [29] (see also [14,15]).

We define the sdYM hierarchy as the compatibility condition (Zakharov-Shabat equations) of
the linear system (2.1), (2.2), respectively (2.11). By choosing a fixed m and n, m,n = 1,2,...,
we obtain several subsystems which are equivalent to other versions of sdYM hierarchies. We
should consider the compatibility condition of the linear system (2.11) as a large “framework”, in
which we can find “smaller” sdYM hierarchies, which appeared in the literature, as subsystems.
In the following, we give two examples of such subsystems for fixed m. For convenience, in the
following we use the identifications

Ty = %, m’m:_y,i:]-?Qw" t():_ga ty=—z,

AQ - Ag, Bl = —AZ, CO == —Ag, Dl = _Ay.

m=1 SettingC; =0,:=1,2,...,(2.11) reads

(ay + )\ag)\:[l — (Ay + )\142)‘1/7
n—1
(O, + X'0) T = (O B + AgA") T (2.12)

i=1
whose compatibility condition of the system (2.11) yields

n—1
[0y +A0: — Ay = AAz, 0, + X'y — Y Bo X = Ag\"] =0  n=12... (213)

i=1

“Note that Takasaki considers also a sdYM hierarchy for negative indices m, n.
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We mainly consider this system (in the following, we call this system “pre-sdYM hierarchy”) in

this thesis (note that we name ¢, = —z,41,B8, = —L,,n = 1,2,... and Ly = —Aj in the
following sections). However, this is just a part of the compatibility condition of (2.11). We must
also consider the compatibility condition of (2.11) for n,n’ = 1,2,...,n # n/, so that
n—1 n/—1
[0, + N'05 = > BuoiX' = Ag\", 0, + XV 05 — Y BN — AN =0,
=0 i=0
n,n =1,2,... n#n (2.14)

We will treat this system in more detail in Sec.2.2 and Sec.2.3. Furthermore, we consider its
reductions in Sec.3.

Remark. The reduced linear system (2.12) is not gauge covariant anymore (note that the linear
system (2.11) is gauge covariant) since we impose C; = 0, ¢ = 1,2, ... Rewriting (2.12) in the
following form,
(D, — P)¥ = 0, (2.15)
(D, —Q)¥V = 0. (2.16)
where

Dy :=0,+ X0z, D, :=0d, + "0,
n—1

Pi=Ay+ AN Q=) By N+ A\
i=1

(2.15) is gauge covariant under the gauge transformation (2.3),

(Dy — P)¥ — (D, — P)U = ¢ YD, — P)U. (2.17)

On the contrary, (2.16) is transformed as follows

n—1
(Dh = QU — (D= Q¥ = g7 (D, —Q =) Ng, g ")V (2.18)

i=1

This means that the compatibility condition of (2.15), (2.16) is gauge dependent.

m=2 Settingz,=27,=-y,A; =0,C;=0,i=1,2,...,and Dy = 0, we obtain
n—1
[N°0: + 0y — M, = NAz, 0y, + X'y — X" Ay = > B, M ]=0,  n=12,... (219
i=0
and

n—1 n'—1

[0, + N'05 — X" Ay =Y " BN, 0y, + XV 05 — XV Ay = ) Bu_iN] =0,
=0 =0

nn =12, ... n#n'. (2.20)

which lead to a (2+1)-dimensional generalization of the Derivative Nonlinear Schrodinger (DNLS)
hierarchy studied by Strachan (see [27]). Obviously, we can obtain a large number of other systems
by fixing the m and n. As mentioned above, in this thesis we will especially concentrate on the
system (2.13) and (2.14).

12



2.2 A pre-sdYM hierarchy

In this subsection we turn to a study of the system (2.13). In the following, y,z = 2z, 2,
k = 3,4,..., are complex variables, G a Lie algebra, and @ the Lie algebra of objects which
are polynomials in an indeterminate A\ and formal power series in its inverse A~! with coefficients
in G. Furthermore, ad denotes the adjoint action of the Lie group G which is generated by G,

adA(B) =[A,B], A Beg.

G_ names the formal group generated by G_. In the following, partial derivatives of elements of
G or G are sometimes expressed in index notation, e.g., A; , := 0, 4;.

Moreover we name ¢, = —z,+1,n = 1,2,..., following [13] and in (2.13), (2.14), we write
n—1 n
> BN Ay == L\, Lo = —4; (2.21)
i=0 1=0

Furthermore, we rename the index
n—k—1, k=23, ... (2.22)
and introduce the differential operators

D, = 0, —\71'9, k=23,... (2.24)

Then we find that (2.13) is written by

[Dy — Ay, D — Al =0 k=23,... (2.25)
with
A = A + A (2.26)
A, = §Lk_1_j N k=23,... (2.27)
j=0

Using the above definitions of Dy, Dy, (2.25) becomes
Apy — Apy + [AL A = AN (Apz — [Az, AL)) = N1 A ;=0 (2.28)

Then we obtain

Ay = (0, —adA) L1, k=2,3,... (2.29)

(0 —adA)Ly = —As, (2.30)
(@ —adA:)L; = —(9, —adA,)Lo— Ay, 2.31)
(0: —adA:)L; = —(0,—adA)Li 1  i=2,... k-2 (2.32)
(0; —adA;)Ly—y = —(0, —adA,)Ly_o+ Az, . (2.33)

13



Imposing the condition
Az, =0 k=23,... (2.34)
this reduces to the “evolution equations”
Ay .. = (0,—adA,)Ly4 k=2,3,... (2.35)
and the “recursion formula”
(0; —adA;)L, = —(0,—adA,)Li1 —Ay;60i1 — As5di0 1=0,1,2,... (2.36)

(where L_; = 0). One easily verifies that in terms of
L=) L\ (2.37)
i=0

the recursion relations (2.36) can be written equivalently as

DlL = [Al, L] - 837141 . (238)

Remark. The equation (2.36) simply becomes a recursion formula if the operator 0; — ad A
possesses an inverse, which however is rarely the case in reductions. Moreover, the authors of [13]
showed that (2.13) implies indeed (2.14) if the operator 0; — adA; is invertible (see sec.2.3).
However, in several examples of reductions we obtain hierarchies associated with the considered
system from (2.13), though the operator is not invertible (See Sec.3). But as a matter of fact, the
system (2.13) is not automatically a hierarchy and we should rather call this system as “pre-sdYM
hierarchy” (where we do not assume that the operator 0 — adA; is invertible) . We sketch the
relations in the following, assuming that a reduction has been chosen.
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Is 0; — adA; No Is there a No

. . . . — No hierarch
invertible? recursion relation ? 0 Iuerarchy

Yes Yes
(2.13) implies (2.13) reduces to
(2.14) (Hierarchy) a pre-sdYM hierarchy
(see Sec.2.3) associated with
(There are no examples.) considered PDE
all equations in the pre-sdYM N

. . 0
hierarchy are symmetries of —_— No hierarchy

each other?

Yes

Hierarchy
associated with
considered PDE

Figure 1 : Pre-sdYM hierarchy

Remark. In general, the equation (2.35) and (2.36) are not genuinly the “evolution equation” and
“recursion relation”. Depending on the reduction ansatz, (2.35) can include conditions which are
necessary to determine L; (see Sec.3.3.1).

2.3 More about the pre-sdYM hierarchy

In this subsection we show that we can reach (2.14) starting from the pre-sdYM hierarchy (2.13)
under the particular assumption that the operator 0; — adA; is invertible. In the following, we
restrict to the gauge where L, = —Aj; and A; are constant commuting matrices .

Lemma 2.1 Let 0; — adA; be invertible. There is an element W € Q: such that
Dy — Ay = W(Dy —AA) W™} (2.39)

where W denotes the multiplication operator associated with W .
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Proof: Rewritting (2.39) in the form

Dy(W) =AW — AW A;. (2.40)
We look for W in the form
W=1+ i W™, W, eqg. (2.41)
i=1
Inserting this in (2.40), we get
Ay + f:(AyWi — Wi A= f:(az —adA;) WA (2.42)
i=1 i=1

which yields the recursion relation
(07 — adAz)W, = —(0, — Ay))W;_1, 1=1,2,... (2.43)
for W; with the initial condition
(0: — adAz)W; = —A,. (2.44)

Since J; — adA; is assumed to be invertible, the W;, i = 1,2, ... are determined recursively by
(2.43). [ |

Next we show that
L=W(0; — Aj) W, (2.45)

Lemma 2.2 Let W satisfy (2.39) and let Ay, A; be constant and commuting. Then L defined by
(2.45) satisfies

DiL = [Ay, L] — 054 (2.46)
(which is (2.38)).
Proof: (See also Lemma 3 in [13].) First we rewrite (2.45) in the form
By + L =W (d;— Ay)W-1.
Using also (2.39), we find
[Dy — Ay, 05+ L) =W [Dy — XAz, 0; — AJ W™ =0
which is (2.46). |

Note that using (2.37), we can write

Ap=\"1L0), . (2.47)

16



Proposition 2.1 If 0; — ad A; is invertible, the system (2.13) implies the Wilson-Sato (WS) equa-
tions [24] for W € G_,

0, W =—-\1L0)_ W, k=23 .... (2.48)
Proof:

0 = WDy — Ay, Dy — AW
= (W (Dy — AW, W YDy, — A) W]
= [Di = ANAL, W™Y(Dy — Ap) W)

where we applied the previous lemma. First, multiplying \*~! in (2.45) we find

MWy = —NHLW + W Ay). (2.49)
With the help of
(Dk =AW = Wo = NWy =AW + W(0,, — \19y)
N——
(2.49)
= W+ (WD) W+ W(Dy + A1 Ay) (2.50)

and using that A; and A; are constant and commuting, this yields

0 = [Dy—XNAL W, + (VL) W)
= (0, +XN(0: —adA ) YW (W, + (\W"'L)_W)

and thus (2.48) if 0; — ad A; is invertible. [ |

We already noted in section 2.2 that inserting the expansion (2.37) in (2.46) reproduces (2.36)
(in fact without any restrictions on Ay, Az). This shows that L defined in (2.45) indeed coincides
with what we previously named by the same symbol (under the conditions stated there).

Note that (2.48) can be written in the following form,
Dy — Ay =W (D + N1 Ay)) W1 k=23,... . (2.51)

Together with (2.39) this expresses the pre-sdYM hierarchy in terms of a dressing by the inter-
twiner W.

Considering the following commutator
[Dy, — Ay, 0y + L] = WDy, + \1A,, 9y — AW -1 =0, (2.52)
which implies the generalized Lax equations
O, L=—[N1L)_ L]+ 0;( N1 L) (2.53)
and thus

DiL =[Ay, L] — 0;A,  k=2.3,... (2.54)

17



Note that (2.53) alone does not lead us back to the pre-sdYM hierarchy. We also need (2.46). In
fact, the compatibility conditions of (2.46) and (2.54) are

by use of the Jacobi identity. If J; + adL is invertible, this implies Dy A; — D1 Ay, + [A1, Ax] =0
which is (2.25).

Theorem 2.2 The flows given by the Wilson-Sato equations (2.48) commute, so that we have a
hierarchy.

Proof:

Waes = Wy = (WD) = L)+ (V) ) )W (256)

Multiplying equations (2.53) for z and z; by A=1and \¥~! respectively, subtracting and finally
projecting the difference onto G_, we obtain
WD) = W) = 2((NTIL) - (ML) ]
FINT L) (W) [V L), (L))
= ULOETILL [N (WD)

N J/

= [()\“L)O, (A1) . (2.57)
Then we obtain
W — Wz, = 0. (2.58)
|
Theorem 2.3 As a consequence of (2.54) we have
[Dy, — Ag, Dy — A)] =0 k,l=2,3,.... (2.59)

Proof: First we note that (2.54) implies
Di(A) = ([Ak, AT — N agAk> :
+

Using this we find

Dy — Ay, Dy, — Ai] = Di(A1) — Di(Ag) — [Ag, Al
= ([Ap, NTUL] = [A NTIL) = [Ag, Al + (N 054 — N5 AL 4
(A D) 4 [V L), (N, L) 4 AT 9, ) ), =0
[ |

Without the last term, respectively when all fields are independent of the coordinate ¢, equation
(2.53) for L given by (2.37) is a well-known setting for (generalized) AKNS hierarchies. In this
case the (reduced) pre-sdYM hierarchy is the extended AKNS hierarchy

0, L =[\N"0),, 1], (0, +X0:)L = [A, + N A, L] (2.60)

(where we assume that (2.34) holds).
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3 Reductions of the pre-sdYM hierarchy

In this section, we show how the pre-sdYM hierarchy considered in Sec.2.2 leads to hierarchies
associated with well-known integrable systems by reductions.

3.1 Whatis a reduction?

In general, a reduction means a special choice of the gauge fields. Typical ingredients of a reduction
are

e the choice of the gauge group.
e the choice of concrete form of gauge fields in a certain gauge.
e restrictions on the dependence of the gauge fields on the coordinates.

See also [26] for a more restricted notion of a reduction. The following diagram shows schemati-
cally the relation between the sdYM equations, the pre-sdYM hierarchy, and a reduction map.

Linear system sdYM equations .
re-sdYM hierarch
DU :Al\IJ7 (1) Fyz :Fgé 207 (_22 [Dl _pAl Dk:_Ak] :Oy
DQ\II - AQ\IJ Fyﬂ + Fzg - O ’ (C)
(@ (b) .
Reduction (3) :
Reduced linear Reduced sdYM (4) '
system — equations R A
(d) (e)

Figure 2. A reduction map

The relations in the above diagram are as follows.

(1). The compatibility condition of the linear system (a) is equivalent to the sdYM equations (b).
(2). The sdYM equations constitute the first member of the pre-sdYM hierarchy (c), with the iden-
tification Ay = —Lo, A, = L.

(3). By a reduction the linear system (a) and the sdYM equations are reduced to (d), (e), respec-
tively. The compatibility conditions of (d) should be equivalent to the considered nonlinear system.
(4). It is not guaranteed whether there exists a hierarchy associated with the considered system.
Only for special reductions of the sdYM equations it is possible to obtain a well-defined recursion
formula for the corresponding hierarchy directly from the pre-sdYM hierarchy, which does not in
general possess a well-defined recursion formula.
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In this section we consider several reductions which lead to well-known soliton equations such as
N-wave system, KdV equation, NLS equation and Sine-Gordon equation. Furthermore we discuss
whether the reduction also yields a hierarchy associated with these reduced systems. Moreover,
as mentioned in Sec.1.1, we allow the entries of the gauge potential matrices to be elements of an
arbitrary associative and typically noncomutative algebra, e.g., a matrix algebra. Additionally, in
the calculations we drop constants of integration unless stated otherwise.

3.2 Reduction to the N-wave system

Let us assume that all fields do not depend on the coordinates 7, z, and let us choose
A; = diag(ay, ..., a,) 3.1

with all eigenvalues different from each other. As a consequence, ad A; is invertible on off-diagonal
matrices.’

Under the specified conditions, the pre-sdYM hierarchy equations reduce to
U, = (0, —adU) Ly k=2,3,... (3.2)
together with
(adA;)Lo =10, (adA;)Ly = (0y —adU) Ly k=1,2,... (3.3)

where we write U instead of A,,. In particular, this requires that L, (= —Aj) is also diagonal. We
write

Ly = —diag(by,...,b,) . (3.4)
Splitting (3.3) into off-diagonal and diagonal parts, we obtain

(Lit1)ofi—diag = (adAz) ™ (9, Li — [U, Li.))ofi —diag (3.5)
(8yLy, — [U, L)) diag = 0 (3.6)

where £ =0,1,2,....

1. Calculation of the first hierarchy equation

Since L is diagonal, (adU) Ly is off-diagonal. For k£ = 0 the last equation thus requires
Loy =0 (3.7)
and we obtain

[Az, Li] + [U, L] =0 (3.8)

Note that the commutator of a diagonal and an off-diagonal matrix is off-diagonal.
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which determines the off-diagonal part of L; (= A.),

(L1)i; = Nij Usj i # (3.9)
where
Aij = bim b Aji i#j. (3.10)
a; — aj

It is convenient to set \;; := 0. Noting that

n

(adU) Ly = [U, L] = <Z(>\il — \y) Un U,j) (3.11)

=1

has vanishing diagonal part, the diagonal part equation (3.6) for £ = 1 requires 0,(L1)diag = 0.
Let us assume vanishing diagonal part of U, which implies vanishing diagonal part of L;. The first
evolution equation then becomes

n

Uije = Aij Uijy = Z(Ail — i) U Uy i F ] (3.12)

=1

which is known as the N-wave interaction equation [7,30-33]. For n = 2 this is a linear equation.
The first interesting case is therefore n = 3.

2. Calculation of the second hierarchy equation

Using (3.9), the off-diagonal part of L, is given by the following equation,

(ai — CL]‘) Lgij == )‘ij Uij,y + Z()\Zl — /\lj) Uil Ulj ) 7£ ] . (313)

=1

The diagonal part of L, is determined by

Loiiy = > (U Laji = Lai Uys)

A
i it — A
= _Za —]a (Ui; Uji) +ZZ z_alg (Uyy Uy Uy — Uy Uy Uy)
J# i Ay T Y
- _Z (Ui; Uii) +Z(”_A”— A“)U UpUs.  (3.14)
al—a] ij Jl Z a4 — a; 4 —a ij U Up - .
J#l
where,
s ] (e e
Qi — aj a; — ap ! (ai — al)(ai — aj) (ai — al)(aj — al)
1
+ )
(a; — a;)(a — a;)
= 0 (3.15)
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Thus we obtain

A
Lyi = =Y ——%— Uy Uy (3.16)
k

The next hierarchy equation then reads

Uijs = Laijy— Z Uik Lorj — Usj Lajj + Z Loir, Uyj + Loji; Uy

k#j ki
1
(s 0 )
Y K
Aikz )‘kj )
+ Z (ai — ar Uzk,y Uk_] g — aj U’Lk Uk],y
k#£i,j
1 i 1 n
)\i—/\ UZ‘UU'— At — A\ UZ‘UU~
+kzai_akz_:( ! i) UnUn Uk Zaj_akz_:( il i) Ui Ui Uy
7i =1 k#j =1
+ ]Zaj_ak ik Ukj Zai_ak k Uri Uij ( )
k#j k#i

Using FORM the commutativity of the first and second equation has been checked (see Sec.C'.4.2).

Proceeding with these calculations, we can obtain the higher evolution equations. Hence, in this
example of a reduction, the pre-sdYM hierarchy leads to a hierarchy for the reduced system (see
also [13]).

The equation (3.3) determines the diagonal and off-diagonal part of L;, ¢ = 0,1,..., 1.e., L; 18
determined sufficiently. From (3.2) we obtain the evolution equations for the off-diagonal entries
of U. This is one of particular examples of reductions for which (3.2) implies “genuinely” the
evolution equation and (3.3) implies the recursion formula which determines each L, £k = 0,1,. ..
, respectively. As we have discussed in Sec.2.2, in general (3.2) includes conditions that determine
L; (see Sec.3.3.1, for example).

3.2.1 Recursion formula of the /V-wave hierarchy

Now we present a more complete treatment of the N-wave hierarchy by deriving a recursion for-
mula.

Proposition 3.1 The reduced pre-sdYM hierarchy is equivalent to
Uij,zk == (CLZ' — aj)(Lk)ij 1 7& j, k= 27 3, oo (318)

and

Ly = (L) — S Uallac)y — (Lealiy)) i#5 (G19)

7 ¥ 1

(Li)iy = Y _(Ua(Li)i — (Li)al)

l
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with

ap — a;

Z : <Uil(Lk71)li,y + (kal)il,yUlz)
303 [ (L)t = (L )imUa} Ui

—Ui{Un(Liahmi = (Lx Uit ], k=23,

(L1)ij = NijUsj i # 7, (L) =0

(\ij is defined in (3.10)).
Proof. Inserting (3.3) in (3.2) we find for £ > 2,

U, = adAs(Ly).

(3.20)

(3.21)

(3.22)

The diagonal parts of these equations yield (3.18). Furthermore, splitting (3.3) into off-diagonal
and diagonal parts, we obtain the recursion formula for the corresponding entries of Ly, (3.19) and

(3.20) for k > 2.

Due to the reduction ansitze (3.1), the operator 0; — ad A; is invertible only on the off-diagonal
part of arbitrary non-zero matrices. In this example, the weak invertibility of the operator leads to
the recursion relation of the off-diagonal part of L;. The missing diagonal part of L is obtained
from the diagonal part of (3.2).
Applying (3.18), (3.19) and (3.20), the higher hierarchy equations are calculated recursively. For
the first values of £ we find

(La)ij

(LZ)ii,y

1
ai—aj
1

CLi—CLj

<(L1)z‘j,y = > (UalLi)y; — (Ll)ilUlj)>

l

()\ijUij,y + Z(Ail — )\Zj)UilUlj> i £
1

> : <Uil(L1>li,y+(Ll)il,yUli>
l

+ Z Z[{Uim(Ll)ml — (L1)mi = (L1)im Ui YU
I m

—Ui{{Uim(L1)mi — (L1)imUnmi}]
Z A (UaUs)y

14 a; — aj
1
a4 — a; <(L2)ij,y - zl:(Uilu/z)zj - (Lz)ilUlj)>
1
’ ! 14,5
1 .
(a; — a;)? (AijUij,yy + Z (Aim — /\mJ)(UimUmj)y>

m#%]
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( (—— Uy Uiy — _l]aAUilUlj,y)
J

ai—aj

+ Z ” i @ Z()\WL — )\ml>Uz'mUmlUlj
I#i " m
a Z a i a; Z()\lm N )\mj)UilUlmUmj

lUl] Z )\ UlUlez]>

.y —
7]

T 1z W
Ail
(L3)iiy = Z m(UilUli,y — UinyUsi)y
1£i i 1
)\ m mz
+ Z Z l _ (Uzl(UlmUmz) + (UZmUmz)yUlz)
I£i m;ézl (a; — @)?
Ai
+ Z a, — a; pa (UilUliUipUpi - UipUpiUilUli)
1 )\lp
Z “—a Z P (UaUpUpUii — UgUpUpi Uy
£ Lol 1 p
1 Ain
Z . Z ( _l (UilUln,yUm‘ - UinUnl,yUli)
iz M Ty T O
N aUUnsy — U Unili))
a; — a, WAVYIinYUniy in,yYUnlUli
1 Ain — Anm
7 ap — a; 5 - a; — Ay,
I#i m##t,l n#i,l,m
>\7jn - >\nm
=22 (U U UiUis + UalUinUnUni) (3.23)

These reproduce the first member of the N-wave hierarchy

Uij:ZQ = (a’i - aj)(LQ)z]
= AUijy + > (i = Nj)UaUi
l

Uijzs = (a;i —a;j)(Ls)g
1
l

ai—aj

i s
+ Z UiyUy; — o _lja‘UilUlj,y)
J

a; —

+ ; pa— Z()\im — Xt) Ui Ui Uy
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1
— Nm — A ) Uit U U
;al_ajZ(l DU Un;

m

Uij Z gl Ulelj - —ZCLlUilUliUij (3.24)
I#

‘a; — a a; —
i ’

3.3 Reduction to the KdV hierarchy

In the following, two examples of reductions are discussed, which lead to the KdV equation. The
first example is the Bakas-Depireux (BD) reduction [13], and the second is the Mason-Sparling
(MS) reduction [25,34]. In both cases of reductions, we assume that the Yang-Mills potentials do
not depend on the coordinates z and y — .

3.3.1 Bakas-Depireux (BD) reduction

We choose the gauge potentials as follows

Ay=(gé), Az:((l)g), (3.25)

with a function u, depending differentiably on the coordinates vy, z;, K = 2,3,.... Then (2.35),
(2.36) read
A, ., = (0, —adA,) Ly, k=23,... (3.26)
and
adAz(L;) = (0y —adAy)Li—1 + Ay 0i1, 1=0,1,... (3.27)

(where L_1 = 0).

1. Calculation of the first hierarchy equation

For 7 = 0, the last equation reads

[Az, Lo] = 0, (3.28)

o

with functions f, h. (3.27) for i = 1 reads

which leads to

£ 0
. f), (3.29)

[Ag, Ll] = (8y - adAy) LO + Ay,ya (330)
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and insertion of our expression for L in particular leads to f,, = 0. Imposing the condition f = 0.
Then L, takes the form

a h
Ll:(c a—(u+h)y)’ (3.31)

with new functions a, c. Now we insert this result in the first evolution equation (3.26) for £ = 2.
Then we obtain

1 1 1 1
h:—iu, c:—§u2+1uyy, a= 7 uy, (3.32)

and the (noncommutative) KdV equation

1 3
Uz = g Uyyy = (u?),, - (3.33)

2. Calculation of the second hierarchy equation

Equation (3.27) for « = 2 reads
adA;(Ls) = (0, — adA,) Ly, (3.34)

which leads to

P 0
Lo = , (3.35
? (7“ p—= (zl;uyy - %u2)y) )

with functions p, . (3.26) for £ = 3 reads
A, ., = (0, —adA,)L,. (3.36)

The upper off-diagonal part of (3.36) reads ¢
(uyy — 3u®), =0, (3.37)

Furthermore from the diagonal part of (3.36) we obtain p, = r = 0. This leads to L, = 0
imposing p = 0. As a consequence, the lower off-diagonal part of (3.36) yields

Uz =0, (3.38)

with the constraint (3.37).
Calculating the higher hierarchy equations in this way, we find

w, =0, Lp=0, k=304, (3.39)

®If u is a function, the solution of (3.37) has the form u = p(y + C),where g is the Weierstrass p-function and C
a constant.
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Hence, in case of the BD reduction, the pre-sdYM hierarchy does not give rise to a recursion
formula to obtain a hierarchy associated with the KdV equation. Apparently, the authors of [13]
overlooked the shortcoming of this reduction.

Remark. In this example, Ly, L; is not determined simply by the apparent recursion relation
(2.36), but only in combination with the (apparent) evolution equation (3.27). Note that, since A,
has no diagonal part, (3.26) splits into an (apparent) evolution equation

(Ay,zk)offfdiag = ay(llkfl)oﬁ"fdiag - [Aya kal]offfdiag k= 27 3a cee (340)
and the constraint
ay(kal)diag = [Ay7 kal]diag k= 2,3,.... (3.41)

For k = 2 the latter takes the form

a 0 c— hu 0
( Oy ay — (u+ h)y, ) - ( 0 —c+uh ) (3.42)

which is equivalent to ¢ = (v + h)y, + vh + hu and a, = uh + (u + h),,, and we see that
the resulting relations are also not sufficient to fix Ly and L;. The missing equation which fixes
h arises from the upper right entry of (3.26) which is also a constraint, as a consequence of the
“degenerate” ansatz for A,.

This example in particular shows that the apparently obvious distinction between (3.26) and (3.27)
into evolution and recursion equations, respectively, does not hold in general.

3.3.2 Mason-Sparling (MS) reduction

In this case, we choose the gauge potentials,

U 1 0 0
Ay_(uy—u2 —u)’ AZ_(l O)' (3.43)

(2.35) and (2.36) have the same form as in the BD reduction, so that

Ay, = (0, —adA,)Li_1, kE=23,... (3.44)
adAg(Lz) = (8y - adAy)Li_l + Ay,yéi,l, 1= O, 17 ey (345)

and the calculation is similar.

1. Calculation of the first hierarchy equation

(3.45) for © = 0 reads

[Az, Lo) =0, (3.46)
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which leads to

_ (] 0
Lo = ( hof)
with functions f, h. (3.45) for ¢ = 1 reads

[Az, L] = (0, — adA,) Lo + Ay,

The diagonal part of (3.48) leads to f,, = 0. Imposing the condition f = 0, we have

w=(5 o) w=(001%)
with new functions a, ¢, and
D = hy + {u, h} + u,, — (v?),,
with the anti-commutator {A, B} = AB + BA. (3.44) for k = 2 reads
A, ., = (0, —adA,)L,,

which leads to

1

h = 0, = Sty = Uyl
1 1 1
€= Jluw T 5{% Uyy} — 5(%)2 + uuyu,

and the (noncommutative) potential KdV equation [35] :

1 3
Uz = Zuyyy - 5(%)2-

In terms of
v 1= 2u,,

this gives the (noncommutative) KdV equation :

1 3

Uz = Zvyyy - Z(Uz)y-

2. Calculation of the second hierarchy equation

Let us calculate the next hierarchy equation. (3.45) for ¢ = 2 reads

adA; = (0, —adA,)L,,
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(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)



which leads to

1 3 2
P =iy + 5 (uy) )
Lo — 2 Uyyy T 5 \Uy : 3.57
2 (r p— Q ( )
where p, r are functions and
1 3 1 3
Q: = Zuyyyy - 5(“32/)11 - Z{uvuyyy} + 5{%“3 . (3.58)
(3.44) for k = 3 is
A, ., = (0, —adA,)L,, (3.59)

Inserting (3.57) in (3.59), we obtain the following expressions for unknown functions p, r,

1 1 3 1

Po= glyyyy T Uyllyy ™ 5 lyyty + 5(%)2“ =gty
ro= %uyyyyy - é( )+ %( y)?
_iuuyyyu - gu(uy)Qu - g{uyv Uy }
ot} 5 ()} + 00 ), (3.60)
and the evolution equation
Uy = 1_16 (uyyyyy — 10(tyyytty + Uylyyy + ul),) + 40u2>. (3.61)

In terms of (3.54), this becomes the second evolution equation of the (noncommutative) KdV
hierarchy [24,36],

1

T (Uyyyy = 5(0yy0 + vy +vy) + 107’3) (3.62)

)

The commutativity of the first equations of the hierarchy can be checked by using FORM (see
Sec.C'.4.3).

In contrast to the BD reduction, in case of the MS reduction the pre-sdYM hierarchy indeed leads
to the KdV hierarchy. At least we verified this by computing the second member of the hierarchy.

3.3.3 Recursion formula of the KdV hierarchy

Now we present a derivation of the complete (noncommutative) KdV hierarchy following the
method in Sec.3.2. Let



Proposition 3.2 The pre-sdYM hierarchy is equivalent, in the reduction under consideration, to
u, =-m®, k=23 ... (3.64)

with the recursion formula

1 B 1 B 1 _
m(k) = ng; b §{m(k 1)7uy} - 5/{m(yk Da“y} dy

—i—/uyum(k_l) dy—/um(k_l)uy dy

— /[uy,/umgf—l) dy + /m(k_l)uy dy| dy, k=223, ... (3.65)

where mt) = —Uy.
Proof. Inserting (3.45) in (3.44) yields
A, ., =adAz(Ly), k=23,... (3.66)
which leads to
u,, = —m®, (u, —u?),, = [0 — pk) k=223,... (3.67)

Now let us calculate the recursion formula for m®*)

four equations

. The equation (3.44) leads to the following

Uy = 1D — [, 18] — D o ED (g — 0?), (3.68)

(D — pE=D = Ly, =0} — p(ED), (3.69)
Uy, — {tz,u} = 7 — (uy — ) 4 {n* w} + RV (w, —u?),  (3.70)
—Uy, = hék_l) + [u, A7) 4 =D — (y, — w?)m D, (3.71)

Adding (3.68) and (3.71), using (3.69), and integrating with respect to y, yields
17D 4 =) = / [y, m*D]dy + / (=D, uldy. (3.72)

Together with (3.69), we find

16D = —%mé’“l) +/mgk1)udy+/uym(kl)dy,
1
Rl = §m?(j“_1) — /umgk_l)dy— /m("’_l)uydy. (3.73)

Using (3.68) on the left hand side of (3.70), we obtain

Uyz, — {quv u} = lg(/lzil) - [uy7 l(kil)] - [ua lg(/kil)] - ng(;kil)

—|—mék_1)(uy - u2) + m(k_l)(uyy —{uy,u}) — {lg(/k_l)> u}

o fu, ) = fu,m® Y (wy —w?)} + {n* Y u) (374
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Solving (3.70) in terms of n*~Y) and using (3.73) we find

1 _ _
+§({my 7“} + {uy7 m (k 1)})

/(um(’c Y+ wuym®Y 4 m Dy u)dy (3.75)

By using (3.73), (3.75) we eliminate [(*~1), n*=1_A(*=1) from (3.68). Then we obtain (3.65). We
get the initial condition m(") = —u,, from the upper off-diagonal entry of L. |

Hence, we can obtain m*) k = 2,3, .., the upper off-diagonal part of L;, recursively from
(3.65) and once each m®) is determined, we obtain not only the evolution equations (3.64), but
also all other entries of L, from (3.73) and (3.75). In this example, the operator 0; — ad A; is not
invertible on the upper off-diagonal part of arbitrary matrices due to the reduction ansatze (3.43),
however this weakened invertibility of the operator leads to the recursion relation with respect to

*) and this is enough to calculate higher hierarchy equations.

For the first values of £ we find

1 1 1
m® = _Zuyyy + §{uy,uy} + 2 /{uy,uyy}dy
—/uyuuydy+/uuzdy—i-/[uy,/uuyydy—i—/u;dy]dy
1 3
i §(uy)Q, (3.76)
1.1 3
m® = _Z(Zuyyy_g(uy)Q)yy

1.1 3 1 1 3
+§{Zluyyy - 5(“@/)2’ Uy} + 2 /{uy, (Zuyyy - §(uy)2)y}dy

- /uy“(i“yyy - g(uy)2)dy + /U(;luyyy - ;(uy)Q)uydy
/[uy»/u(iuyyy - g(uy)Q)yd?/ + /(iuyyy - ;(uy)2)uydy]dy
y)

1

= 16 (uyyyyy 1O(uyy) 1O{uyyy> uy} +40(u ) (3.77)

In terms of (3.54), these reproduce the first members of the KdV hierarchy

1 3
Yz = Yy — Z(U2>yv
1
T (vyyyy 5(vyyv + VU, + v ) + 10v ) :

Y

(3.78)
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In particular, in the commutative case (3.65) reduces to

m®  — =D
= [t k=23,..., (3.79)
with the integro-differential operator
1
I:= ay—l(zag — 20,0y — Uyy), (3.80)

where 0 ! is the operator of integration with respect to the coordinate 3. Inserting (3.79) in (3.64)
we obtain the recursion formula for the evolution equations,

u, = I""tu,. (3.81)

3.3.4 The relation between BD and MS reduction

In the last two subsections, we considered two reductions which both lead to the KdV equation.
Whereas for the first example (BD reduction), the pre-sdYM hierarchy did not lead to the KdV
hierarchy, it worked out well in the case of the second example (MS reduction). The diagram
below summarizes the relations.

Linear system sdYM equations pre-sdYM hierarchy
D]_\IJ:A]_\I]7 _— FyZ:FﬂZZ()a —_— ’[D —A D—A]:O‘
DoV = A, 0. Fyy+ F.z = 0. Lok T R
BD Reduction
Reduced linear Reduced sdYM
system — equations No hierarchy
for KAV < KdV (1)

Figure 3 : BD reduction
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Linear system sdYM equations

pre-sdYM hierarchy

D]_\Ij - Alqj7 _— Fyz - Fgg — O, —_ —
D,V = A, V. Fpyt Fo =0, (D1 = Ay, Dy = AJ = 0. ]
MS Reduction
Reduced linear Reduced sdYM
system — equations KdV hierarchy
for KdV < KdV (2)
Figure 4 : MS reduction
With the identification,
Ay ==Ly, A, =1L, (3.82)
the Yang-Mills potentials corresponding to the two reductions are
Lu —La 0 0
ABD 47y 2 ABD —
z leuyy — %uz —iuy ’ z 1 0)°
0 1 0 0
BD _ BD _
A7 = (u 0), A _(%u O)' (3.83)
and
AMS = ( 1 1 %Uyy R val 2 1 U )
- TUyyy — 30, Uy} — 3vy Fovu —5uy oy )
0 0 v 1
MS MS _ MS _
A7 = (1 0), A7 = (Uy_vg —u)’ A7” =0, (3.84)

where, for convenience, we renamed the function « to v in the MS case. « and v are solutions of
the KdV and potential KdV equation (3.33), (3.53) respectively, i.e.,

1 3

U, = Z“yyy_zl(u2>yv
1 3
v, = Z—luyyy—ﬁv;, (3.85)

Proposition 3.3 (See also [37]) Via the gauge transformation

Ay Ay =gAg 4+ 9,097 (3.86)
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where
g=<1 0), (3.87)

the gauge potentials (3.84) are transformed to (3.83), i.e., the BD and MS gauge potentials are

gauge equivalent.
Proof. By a gauge transformation (3.86), the Yang-Mills potentials (3.84) are transformed to

AMS _ %Uyy —Uy AJ—V[S _ 0 0
- %Uyyy - 2”5 _%Uyy 7 - L0
S 0 1 s (0 0
A, = (2% 0/ AF” = v, 0) (3.88)
where we made use of (3.85). Setting
U = 2vy, (3.89)
we obtain
N 1y, 1y
AiWS — (l 4_@/l ) _12 >,
qlUyy — U 1 Uy
~ 0 O ~ 0 1 ~ 0 0
MS MS __ MS _
Az = (1 0), Ay _(u 0), Ag _(%u 0>. (3.90)
|

which is (3.83) (see also [37]).
As we have seen in Sec.3.3.1, this “new” u satisfies the first equation in (3.85). Furthermore
under this gauge transformation the condition (2.34) for k£ = 2 is preserved.

Reduced sdYM eq. ?)
for KAV (MS)

Again we show schematically this result.

Reduced sdYM eq. (1)  gauge transformation

for KdV (BD)

KdV hierarchy from )
pre-sdYM hierarchy

No hierarchy from 3)
pre-sdYM hierarchy

Figure 5 : Gauge equivalence between BD and MS gauge potentials
There is no clear relationship on the level between (3) and (4). The result manifests the fact that

the pre-sdYM hierarchy equations (2.35), (2.36) are not gauge invariant.
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3.4 Reduction to NLS and Zakharov system

In this subsection we consider two reductions with Yang-Mills potentials

_ [aly 0 (0 ¢
AZ_( 0 —alM)’ Ay_<—r 0)’ (391

where @ € C and 1y is the N x N unit matrix, ¢, are N x M and M x N complex matrices
respectively. It is known that NLS equation and Zakharov system, one of 2+1-dimensional exten-
sions of NLS equation are obtained as a reduction of the (anti-) sdYM equations with the reduction
ansitze above (see [37], for example).

3.4.1 Reduction to NLS

Let us assume that A, does not depend on the variables zZ and y — 3. The pre-sdYM hierarchy
equations take the following form,

Ay, = (8y — adAy)Lk_l k=23,..., (3.92)
and

adAg(Ll) = (8y — adAy)Li_l + Ay,y(;i,l 1= O, ]_, e (393)

1. Calculation of the first hierarchy equation
(3.93) for + = 0 reads
adAz(Ly) =0, (3.94)

which leads to

Lo = (g 2) : (3.95)

with functions f, k. (3.93) for i = 1 reads

adAz(Ly) = (0, —adA,) Lo+ Ay,. (3.96)

ne (3 %)

with new functions ¢, 1, 6, 7, we obtain from the diagonal part of (3.96),

Inserting
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In the following, we impose the conditions f = k& = 0. Together with this we have

€1
Ly = ( 1¢ 2aqy) )
%Ty T

A, ., = (0, —adA,)L,

(3.92) for k = 2 reads

which leads to

¢ = 2_aq7na T = _% q,
1 1
G = 5 (yy +2079), T = =5y + 2rar),
and
1
()
2a \ry —Tq
Choosing
1. Lo
a= =1 r=
2 ) q Y

(3.97)

(3.98)

(3.99)

(3.100)

(3.101)

(3.102)

where ¢* denotes the adjoint, 1.e., conjugate transpose of ¢. (3.100) yields the noncommutative

NLS equation

iqz, = qyy £ 2qq7q.
(The second of equations of (3.100) yields the adjoint of (3.103)).

2. Calculation of the second hierarchy equation

(3.93) for v = 2 reads
adAz(L,) = (0, —adA,) L,

which leads to

—i(ryy + 2rqr) v

4a?

Ly = ( 8 77 (Qyy + 26]7‘61)) ’

with functions s, v. (3.92) for k£ = 3 reads
A, . = (0, —adA,)L,,

which leads to
1 1

§ = @(%T —qry), v = _@(T(Jy - qu)a
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1 1
T = 42 (CIyyy + 3(qyrq + qrqy)), s = 12 <Tyyy + 3(ryqr + 7nq7ﬁy)>' (3.108)

Setting (3.102) in (3.108), the first equation of (3.108) yields the noncommutative complex modi-
fied KAV (mKdV) equation (see also [24]).

Oz = —Qyyy F 300" q + 997 qy)- (3.109)

3. Calculation of the third hierarchy equation

(3.93) for © = 3 reads

adA:(Ls) = (9, — adA,) Lo, (3.110)
which leads to
ko= <7”yyy + 3(7“;17“ +rqry) o 3(qyc7“q o) ) ) (.111)
with functions b, c. (3.92) for k£ = 4 reads
Ay = (0y —adAy)Ls, (3.112)

which leads to

b = qyy+qryy — qry + 3qrqr,

c = —(ryq+rqy)+ryq, —3rqrg, (3.113)
1
Qzy = 333 (nyyy + 4(nyrq + qrqyy)
+2(eryq +qrygqy + qryyq) + 6(qyrqy + qrqrq))
1
Tag = 843 (Tyyyy + 4(Tyyqr + Tqryy)
+2(ryqyr + rqyTy + TqyyT) + 6(1ryqr, + rqrqr)) . (3.114)

Setting (3.102) again, we obtain from the first of equations (3.114)

—izy = Qyyyy T 2(99,9 + 99,9y + 907 q) £ 4Gy a7+ 99" qyy)
+6(q,q"qy + 99" 99" q)- (3.115)

This is the second NLS hierarchy equation [36]. Using FORM we checked the commutativity of
the first/second and second/third equations (see Sec.C'.4.4).

3.4.2 Reduction to the Zakharov system

Now we assume that the Yang-Mills potentials are only independent of z. In this case, the sdYM
hierarchy equations take the following form

Ay, = (0,—adA)Ly_y, k=2,3,... (3.116)
adAs(L;) = (8, —adA)Liy+ Ayg6i1,  i=0,1,... (3.117)
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1. Calculation of the first hierarchy equation

The equation (3.117) for i = 0, ad(Lg) = 0 leads to the following form of L,

Ly = (g 2) (3.118)

with functions f, k. Subsequently, (3.117) for ¢ = 1 reads

adA; = (0, —adA,)Lo+ Ay ;. (3.119)
The diagonal part of (3.119) leads to f,, = k, = 0. Setting f = k£ = 0 and then, we can see that L,
has a form
_ ¢ %Qy
Ly = (%Tg ) (3.120)

with new functions ¢ and v. The equation (3.116) for £ = 2 reads
A, ., = (0, —adA,)L. (3.121)

Inserting (3.120) in this equation, the diagonal part determine the unknowns ¢ and v such that

1
6 = o0 [tara,
1

vo= o (rq)y dy (3.122)

Inserting these in the off-diagonal part of (3.121) we obtain the following equations

1
Aoy = %(ng +4q / (rq)y dy + / (qr)y dy Q)7

Ty = —% (rgy - T/(C]T)y dy — /(rq)y dy r). (3.123)
Proceeding as in Sec.3.4.1, setting
a= %, r = +q*, (3.124)
we obtain
iQzy = qgy £ (q/(q*q)y dy + /(qq*)y dy q), (3.125)

and the adjoint of (3.125). This is the Zakharov system [16,37]. If we set y = ¥, the equation
(3.125) reduces to the NLS equation (see Sec.3.4.1).
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2. Calculation of the second hierarchy equation
The equation (3.117) for « = 2 reads

adA;(Ly) = (0, — adA,) Ly, (3.126)
which leads to the following form of L,

o1 4a’P ap +a [ ragdy + [(ar)gdya) 127)
27 da? Tgy + 7T f(qr)g dy + f(TC])g dyr 4a?S ) )

with functions P and S. (3.116) for k = 2 1is
A, ., = (0, —adA,)L, (3.128)

which determines the functions P, S,

1
P= s [ (o= a1 [tar)y v, ) o
1
S = 472/ (Tqu — gy + [/(W)y dy,rq]) dy,
and the second hierarchy equations
1
% = 13 (a5 +alra)s + (ar)ga + 0, [ ra)ydy+ [ (ar)ydya,

+ /(ngT —qryy)dyq—q /(Tqu — rqgy) dy

—q/[/(M)y dy, rq] dy+/[/(qr)y dy, qr] dy q>,

1

Tz = 4_a2<7"ﬂyy+7"(q7“)g+ (rq)gr + 1y /(QT)y dy+/(m)y dyry

—r /(qur + qryy) dy — /(rqu — Tgyq) dy T
—r/[/(qr)g dy, qr] dy + /[/(rq)g dy, rq| dyr) (3.129)
With the setting (3.124) we obtain
~Qy = Qg T (q(q*q)g + (497)5q + qy/(q*q)y dy + /(qq*)y dy q,
+ / (@9yq" — qqy,) dyq —q / (43,9 — 4" q5y) dy
—q/[/(q*q)g dy. q"q] dy+/[/(qq*)y dy, qq"] dy q) (3.130)

and its adjoint. If we impose y = y, this equation reduces to the complex mKdV equation obtained
in Sec.3.4.1.
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3.4.3 Recursion formula of the NLS and Zakharov system hierarchy

Now we turn to a more complete treatment of the NLS and Zakharov system reduction, following
the procedure of Sec.3.2.1 and 3.3.3. The hierarchy equations for both reductions have a similar
form. As we have seen, the “evolution equation” has the same form

Ay =0y —adAy) Ly,  k=2,3,... (3.131)

Recalling the “recursion relation” for both reductions,

NLS

adAg(L,) = (6y - adAy)Li_l + Ay,y(;i,h 1= 0, 1, . (3132)

Zakharov system

adAg(Ll) = (8y - adAy>Li,1 + Ay,yéi,ly 1= 0, 1, R (3133)

Obviously, the only difference between (3.132) and (3.133) is the last term on the right hand side
(A, or Ay 5). Thus, inserting (3.132) and (3.133) in (3.131), this results in the same equation,

A, ., =adA;(Lg), k=2,3,.... (3.134)
Inserting
(@ @)
in (3.134) leads to
Qz, = 2am®, Top = 2an®, k=23,.... (3.136)

The equation (3.92) leads to the following equations

lz(,k_l) = gntD — =y, (3.137)
G = mé’“_l) — gh*=D =g (3.138)
iy = =D g gD, (3.139)
h;kfl) _ _(Tm(kfl) + n(kfl)q). (3.140)

Integrating (3.137) and (3.140) with respect to y we easily find

(=D = /qn(k_l) dy+/m(k_1)rdy,

Rk —(/Tm(kl) dy+/n('“)qdy> (3.141)
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Inserting these in (3.138) and (3.139), we obtain the recursion formula for m*), n(*),

m® = %(mgfl) —l—q/rm(kl) dy—l—/qn(kl) dyq
+q/Vﬁ“”qdy+¥/ﬂﬂ”4deq»

n® = —%(né’“‘l) +7“/6]n(k_1) dy+/n(k_1)qdyr
—l—r/m(kl)'r’ dy + /rm(kl) dy 7’), k=23,... (3.142)

Hence, whereas both reductions lead to different systems, they yield the same recursion for-
mula. Furthermore, due to the form of A;, the operator J; — ad A; is not invertible on the diagonal
part of arbitrary matrices which have non-zero entries.

Considering the equation (3.132) and (3.133), the noninvertible diagonal part enables that I(*),
h(¥), the diagonal entries of Ly, k = 2,3,... are written with respect to m®), n(*)_ It helps to
obtain the recursion relation of m(¥), n(*) Therefore, the diagonal part of the equation (3.132) and
(3.133) is an additional condition to determine the missing diagonal entries {¥) and h(*).

Using (3.136) and (3.142) we can calculate the higher hierarchy equations selecting the initial

values

NLS hierarchy

(3.143)
Zakharov system hierarchy

1 1
W= —¢ W= —p; 3.144
m = —-qj, ol (3.144)

NLS hierarchy For even k we find
@ _ L( +2grq) (2)__L( + 9rgr)
(4) 1
m = 16a4 (nyyy + 2(qyryq + qryyq + qryqy)
+4(qyyrq + qrayy) + 6(qyray + qrqrq)) ;
1
16a*

+4(ryyqr +rqry,) +6(ryqry + Tqrqr)), (3.145)

(Tyyyy + 2(ryqyr + 7qyyr + rgyry)
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In terms of (3.102), these reproduce the noncommutative NLS hierarchy [36]

G, = Quy*2q9q7q,
—izy = Qyyyy T 2(99,9 + 99,9y + 907 q) £ 4(qyq 9 + 99" qyy)

+6(qyq"ay +49°99"9)) (3.146)
For odd k& we find
(3) 1 (3) 1
me = g8 <qyyy +3(qyrq + QTQy)>, =g (Tyyy + 3(ryqr + rqry)>,
(5) 1
m = 3945 (qz;yyyy + 5(‘1ynyQ + qrayyy + QuyTyq + qTyQyy + QyTyyq + qryyqy)

+10(qyyray + qyrayy + ay7ryqy) + 10(qyrarq + qray,rq + qrqrqy)>,

1
32a®
+10(ryyqry + ryqryy + ryqyry) + 10(ryqrqr + rqryqr + Tqrqry)>, (3.147)

(Tyyyyy + 5(ryyyqr + 1qryyy + Ty QT+ Ty Ty Gyt + TqyyT)

and we obtain the noncommutative complex mKdV hierarchy (see also [36]).

Qs = —yyy F3(0q 0+ 4997 qy),

Qs = Qyyyyy T 5(Qyyyd" 0 + 40 Qyyy + Qyy 8,9 + 995 yy + 09,9 + 99,2y)
+10(qyy " @y + 440" @yy + 49" ay)
+10(9y9"99"q + 49" 4,979 + 997 4q" qy), (3.148)

In the following we sketch the results.

pre-sdYM hierarchy |

NLS reduction

reduced pre-sdYM hierarchy

NLS hierarchy complex mKdV hierarchy
for even order for odd order

Qoy = - - - Qog = - - -

Qg = - - - Qos = - ..

Figure 6 : NLS Reduction
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Hence, from the pre-sdYM hierarchy we obtain a hierarchy which consists of the two hierarchies
associated with NLS and complex mKdV equations. .

Zakharov system hierarchy From (3.142) we obtain

1
2) _
m® = @(qyﬁQ/(m)ydw/(qr)ydyQ),
1
n® — —@(Tgﬁr/(w)y dy+/(rq)g dyr>,
1
m = o (a + ara)y + adga+ay [Casdy+ [ @y,

+ /(qyyr —qryy) dyq + Q/(Tqyy — rgyq) dy

+q/[7“q,/(7“q)g dy dy+/[/(qr)g dy, qr] dy q),

1

n® = o (ot )y + o1y [@pdn+ [y,

- / (qgyr — qryy) dy — / (rqgy — T9yq) dy v

. / [ / (qr)gdy, qr]dy — / rq, / (rq)] dy r), (3.149)

which reproduces the Zakharov system hierarchy

Gy = 2am'?

_ %(C]gﬁq / (rq)zdy + / (qr)gQ>7
Th = 2an?

- _%(ryy+r/<qr)ydy+/(rq)ydyr)’
Qzy = 2am®)

é (quy tdy / (rq)y + / (qr)gdy qy + a(rq)y + (qr)zq

+q / (rqgy — ryyq) dy + / (qgyr — qryy) dy q

q/[?’q,/(v“fJ)y + /[/(qr)y dy, qr] dy q),

Tha = 2an®

1
1q2 (T@yyry /(qr)g dy + /(“I)z? dyry +r(qr)g + (rq)yr

- / (qgy — qrgy) dy — / (ragy — rgyq) dyr

7As a reduction of the AKNS-D hierarchy, a generalization of the AKNS hierarchy, it is known that the NLS and
mKdV equation are obtained as its first and second flow. See [24], Chapter 9.
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_r/[/(qr)wq?"] dy—/[rq,/(rq)ydyr), (3.150)

In particular, considering the commutative case, (3.142) can be written in vector form

m(k) m(k_l) —1 m(l)
( n(k) —= _[ n(kil) — ] n(l) ; ]f — 27 3, ey (3151)

where [ is defined by

L (o,+ 2q6;1r 2q3;1q
= 2a ( =2ro,'r =0, —2rd'q (3.152)

and 0, ! is the operator of integration with respect to the variable 3. Inserting (3.136) in (3.151),
we obtain the following recursion formula for the hierarchy equations,

(1)
Qoo \ _ o ket (M _
(%) — 2l ( i ) . k=23, (3.153)

In [38], the NLS hierarchy which is in the form (3.153) is studied as a reduction of the AKNS
hierarchy. Selecting the initial values m™), n") with (3.143) or (3.144), the recursion formula
(3.153) reproduces the commutative NLS or Zakharov system hierarchy.

3.5 Reduction to Sine-Gordon

In [25], a reduction of the (anti-) sdYM equations which leads to the sine-Gordon equation is
presented. Now we turn to apply this reduction ansatz to the pre-sdYM hierarchy. We choose the

gauge potentials
t(c 0 1 (0 1
Ay__§(0 —c)’ AZ_—§(1 0), (3.154)

where c is a function which does not depend on z, z. The pre-sdYM hierarchy equations take the
following form

Ay, = (0, —adA,)Li_1, k=3,4,... (3.155)

with
(0, —adA,)L, =0, (3.156)

and
adAz(L;) = (0, —adAy)Li—1 + Ay 36i1 + Az 500, 1=0,1,... (3.157)
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1. Calculation of the first hierarchy equation

The equation (3.157) for 7 = 0 reads

adAz(Ly) =0, (3.158)
which leads to
f g>
Ly = , 3.159
0 (g f ( )
with functions f, g. (3.157) for ¢ = 1 reads
adAz (L) = (0, —adA,)Lo + Ay 5. (3.160)
Inserting
_ (P q
Ly = (,r S) , (3.161)
equation (3.160) yields these following equations
sla=r) = fy—glfid-ge=~f+35le fl-5e (3.162)
s =s) = g+ {g.c} =—g,+ 519,¢h, (3.163)

From (3.162) and (3.163) we find f, = 0, g, = 0. We set f = g = 0. Then we have
q—r=—cy, p—s=0. (3.164)
We find that L; takes the form

p q
L = . 3.165
' (q—cy p) (3.165)

Inserting this in (3.156), we obtain

1 1

sl = py—glepl =0, (3.166)
7

i
@+ lea = @ —cpy—glea—cr=0. (3.167)

py_

The equation (3.166) implies p, = 0. We set p = 0. Adding first and second equations in (3.167)
and integrating with respect to y, we obtain

1 i
q= 505 1 /(02)y dy. (3.168)
Introducing
1
o3 [A@dy b= ey (3.169)



we have ¢ = —%(b + ia). Inserting this in the first equation (3.167), we obtain
1 1
a, = _Q{b’ c}, b, = i{a,c}. (3.170)

In the commutative case, we can see that a, = —bc, b, = ac. This implies that the quantity a? + b
does not depend on . Choosing a® + b? = r%, r € R, r # 0 and parametrizing

a = 1 Ccos u, b = rsin u, (3.171)

where wu is a function of y, . Inserting (3.171) in (3.170) this gives ¢ = u,. As a consequence the
second equation (3.169) yields the sine-Gordon equation

Ugy = —T Sin u. (3.172)

2. Calculation of the second hierarchy equation

Now let us calculate the next hierarchy equation. (3.157) for : = 2 reads

adA;(Ly) = (0, —adA,)L;. (3.173)
Inserting
s t
Ly = (v w) (3.174)

with functions s, £, v, w. The off-diagonal part of the equation (3.173) leads to
. 1 ? , 1 7
s —w =1ib, + a, + 5{0, b} — 5{0, a} =ib, —a, + Q[C’ b — 5{0, a}. (3.175)
This gives cc; = 0. This condition leads a = b = 0,L; = 0. Hence, in the case of the sine-

Gordon reduction, the pre-sdYM hierarchy does not produce a recursion formula which leads to a
hierarchy associated with the sine-Gordon equation.

46



4 Towards hierarchies in 2+1 dimensions

In this section we consider how to obtain 2+1-dimensional (1 time variable and 2 space variables)
integrable systems such as 2+1-dimensional /N-wave system, KP equation as a reduction of the
sdYM hierarchy. As an example how to obtain a 2+1-dimensional integrable system, we start from
the following linear system

o, = XU,
0.V = YU, 4.1

where X, Y are elemtns in the Lie algebra of objects which are polinomials in an indeterminate A
and formal power series in its inverse A~! with coefficients in an associative algebra. Choosing

= — 4%y 2
* (u+/\ 0>7 " <%“yy_%u2+%u>‘+)‘2 — 3ty ) *2
The compatibility condition of (4.1) is equivalent to the (noncommutative) KdV equation
1 3
Uz =ty — Z(U2)y- (4.3)

Next we assume that X, Y are elements in the Lie algebra of matrix differential operators with
respect to a new variable s :

<K oo
G = {Z a; 0] } (44)
j=0
where a; are N x N matrices with entries from an associative algebra A over C (typically an alge-
bra of matrices of functions). Furthermore, G is the Lie algebra of objects which are polynomials
in the differential operator 0, and formal power series in its inverse J; ' with coefficients in G. By
( )+ we denote the projections to the regular (+), respective singular (-) part of such a series. We
choose

= 0 1 — élluy _%u_'_as
* (u—i—@s 0> 7 v (%“yy_%u2+%uas+ag _%uy ‘ ()

which is indeed equivalent to (4.2) in terms of replacing A by J;. In this case, the compatibility
condition of (4.1) is equivalent to the noncommutative KP equation

1 3 3 3
Uszy = Uy — Z(u2)y + Z[u,/us dy| + 1 /uss dy. (4.6)

In the following, we consider a sdYM hierarchy and its reductions assuming that all gauge poten-
tials are in G. In this case, we can not apply the pre-sdYM hierarchy simply replacing A by J;. The
compatibility condition (2.13) in Sec.2.1 with the replacement, A — 0, reads

n—1

[0y + 0.0: — Ay — A0, Oy, + 0005 — > Bui0i— A0 =0  n=12... (47
i=1

which does not give rise to a recursion relation since second order of differential operators appear,
such as 0,0s.
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4.1 A sdYM hierarchy with gauge potentials in a Lie algebra of differential
operators

In this section we consider a sdYM hierarchy with gauge potentials in G introduced in [13] which
can be a candidate of an extension of the sdYM hierarchy which reduces to hierarchies associated
with 2+1-dimensional integrable systems and its reductions.

4.1.1 Definition of the hierarchy

In this subsection, we consider a sdYM hierarchy for 2 4+ 1-dimensions introduced in [13]. Intro-
ducing the following differential operators

D, = 0,+0., 4.8)
Dy = 0, — 0y k=23,... (4.9)
and considering the system defined by

[Dy — Ay, Dy, — Ag] =0, k=2,3,... (4.10)

where A;, A, € G. Now we choose them as follows
A = U+ A9, .11
Ay = ki LW k=23, (4.12)

j=0

where U, A and Lg-k), k=2,3,...arein A and A is a constant matrix. Moreover, the index above
L; specifies the number of “flow”. Inserting these A; and A, the system (4.10) takes the following
form

k—1
U, — Uy + 3 (0L + ALY — L) — L))o
0

7Y
j:
k-1 b b1
k —j— . »
DAY ( . ) Upesma O+ S A LT =0 (413)
j=0 =0 =0

where U,; = U, s, 1.e., j-times differentiation of U with respect to the variable s. Now we equate

j-times

(4.13) with respect to J,. For each order of 0, we obtain

Uzk = U?] + (821 + aE)LIE:k—)l - ULI(fk—)l - ALl(ck—)l,s

k—1
+3 LU, k=23, (4.14)
j=0
adA(LY) = (9, +0:)LP, —ULP, — ALY, |
k—1 k‘ _ i
+Z( kj_ )Lg.’“)Usi_j_l, i=1,2,...k (4.15)
j=0 !
adA(LP) = 0, k=2,3,... (4.16)



This is the sdYM hierarchy for 2+1-dimensions introduced in [13] . One can see that
k) _ - (k) ak—j—1
LW =>"LMok (4.17)
§=0

satisfies the following differentials equation
Dy(LW)) = [U + Ad,, LW ]. (4.18)

Remark. The “recursion relation” (4.15) can be solved exactly if the operator ad A is invertible,
there are no examples in reductions, however. In examples of reductions, we show that we ob-
tain a recursion relation without the condition that the operator ad A is invertible (see Sec.4.2.2,
Sec.4.2.4).

To see the relationship between the system (4.10) and the sdYM equations, firstly we consider
the sdYM equations with the following gauge choices Ay = A; =0

0yA, —0.A, — [Ay, Al =0, OgA, + 0:A, = 0. 4.19)
Furthermore we assume
A, =U + A0, A, =V + B0, (4.20)

V and B are also in .4 and we assume that B is a constant matrix. Then the sdYM equations (4.19)
yield

V,— U, —[U,V]+BU,— AV, = 0, 4.21)
U,B]+[A,V] = o0, (4.22)

[A,B] = o, (4.23)

U +V: = 0. (4.24)

From (4.24) we can see that A and B are commuting matrices. The “first members” of the system
(4.10), i.e., for kK = 2 we have

[Dl - Al, D2 - AQ] - O (425)

which is equivalent to the compatibility condition of the following linear system

DU =AU, Dy =AU (4.26)
where
1
A=Y Lot = 10, + LY. (4.27)
§=0

The system (4.25) yields the following equations

L -, U+ LPU, - ALY — (U, 1)+ L2 —U, = o, (4.28)
LE) + LY — ALY, + [U, LY + (A, LY = o, (4.29)
A, LY = o (4.30)

49



With the Setting
.=, .=V, 4.31)

the equations (4.30) and (4.30) become (4.23) and (4.24), respectively. However, the equation
(4.29) becomes a linear combination of (4.22) and (4.24). Imposing the condition

Uy + Ve =Uy + L@ =0, (4.32)

Then the system (4.25) is equivalent to sdYM equations with the special gauge choice A; = A; =
0,A,=U+ A0s, A, =V + B0;. In general, the above condition (4.32) is too strong and rarely
satisfied in the process of reductions. In Sec.4.2, we consider examples of reductions in which the
condition (4.32) is indeed satisfied.

4.1.2 Some general results

In this subsection we show that the sdYM hierarchy for 2+1 dimensions (4.10) implies a hierarchy
under the special condition that the operator ad A is invertible, though we have no examples for
reductions in which the condition is satisfied.

Lemma 4.1 If adA is invertible, there isa W € G_ in the form

W=1+> W.,* (4.33)
k=1
which satisfies
Dy — Ay = W(Dy — A9,)W-! (4.34)

where W is the multiplication operator associated with W .

Proof. We find that (4.34) yields
AW = Dy(W) + W AOs. (4.35)
Inserting (4.33) in (4.35), we find the recursion relation with respect to Wy
adA(W;) = (0y + 05)Wiy — UW,_y — AW,y s, 1=2,3,... (4.36)

with the initial condition

adA(W;) = —U. (4.37)

Hence, W}, is determined recursively if ad A is invertible. [
Now we define

LW =W (9, + BoFHyw! (4.38)

where B is a constant matrix and commutes with A.
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Proposition 4.1 The sdYM hierarchy for (2 + 1)-dimension (4.10) implies the following equation,
W., = —(LW)_w (4.39)
if ad A is invertible.
Proof. First we rewrite (4.38) as follows.
LW = —Ww,w=t + W (B w1 (4.40)
Inserting the equation (4.34) in (4.10), we have
[W-1(Dy — A9, )W, Dy, — Ay] = 0. (4.41)

Multiplying W—l, W from the right and left side in (4.41), we obtain

[Dy — Ad,, W-1(Dj), — Ap)W] =0 (4.42)
where
(Dy = AW = W, — Wy — AW + W (9, — 9y)
~~
— LW +W Bk
= W, + (W)W +WB' +W(0., —0y) (4.43)

Then the equation (4.42) yields

0 = [D;— A, W'D (W) - WA W]
= (9, + O)W (W + (LW)_W) —
) <W‘1(W2k + (L<k>)_W)) _adA (W_I(Wzk + (L<k>)_W))as. (4.44)

Then (4.44) implies (4.39) if ad A is invertible. In the following we assume the invertibility of this
operator.

The equation (4.39) together with (4.38) can be rewritten as

Dy, — A, = W(Dy — BOFHw-1. (4.45)
We rewrite (4.38) in the form

8y + L® =W (8, + BoFHyw-1 (4.46)

and considering the following commutator and applying (4.34) as well as (4.45), we find

[Dy — Ay, 05+ LW = W[Dy, — Ad,, 8; + BoF 1 ]w-1
= 0, (4.47)
[Dy — Ag, 0+ LW = W[D,—Bo"", 9, + BoF1]w-1
= 0. (4.48)
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which lead to
DLWy = [U+ A0, LW ] - U,, (4.49)
Di(L®) = [Ap, L] — Apy. (4.50)
Remark. In [13], L is defined by
L% = w(BaFHw-1. (4.51)
If we assume (4.51), (4.43) has the following form
(D — A)W = Dp(W) — AW + W (D, — dy). (4.52)
Then (4.44) reads
0 = (9, + )W (Dp(W) — A W) — Ad, <W’1(Dk(W) . AkW))
—adA (W‘l(Dk(W) - A,J/V))@S (4.53)
If ad A is invertible, we have

(L®)), W (4.54)
Then
W(Dy, — BOF YW = Dy — Dy(W)W™' — W(BaFHyw
Dy — Ay — LW
£ Dp— Ay (4.55)

Hence, the necessary condition to obtain (4.45) is that L™ must be defined by (4.38). In the
following, we take (4.38) as a definition of L"),

Moreover, the equation (4.49) does not reproduce the recursion relation (4.15) and (4.16) due to
the additional term —Uj. If the gauge potentials do not depend on y, (4.49) leads to (4.16). In
examples of reductions which we consider in Sec.4.2, this condition is always satisfied. In this
subsection, we assume that all gauge potentials depend on 4 and one can show that the system
(4.10) has the hierarchy property, i.e., arbitrary flows of (4.10) commute (under the condition that
the operator ad A is invertible).

Theorem 4.1 The flows given by (4.39) commute.

Proof.
Wae = Waze = (L) = (L9 (29, (20) )W (4.56)
Considering following commutators
(D — Ay, 05+ LY = W[D,— B3*", 9;+ Bol™ w1
=0 (4.57)
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and

[Dy— Ay, 05+ LW = W[D,— B3, 9; + Bo" 1 ]Ww—!
= 0, (4.58)

since B is constant. This yields

Dk(L(l)) = [(L(k))-i-? L(Z)] - 8@7(L(k))+a
Dy(L®y = [(LW),, LW] —9,(LY),. (4.59)

Projecting on G_, we find

(L(l))—,Zk - (L(k))— z

sl

[(E®) g, (L) = [(@O),, (W)
+0y(LD)_ — 9,(L™)_. (4.60)

To eliminate the commutators on the right side, we look at the following commutator

[0y + L%, 9, + LV] = WI[0y + BoE™, 9y + BoL W
= 0. (4.61)
Hence,
Oy(LY) — 05 (L™ + [(LW), (L) ] =0 (4.62)

Projecting (4.62) on G_, we obtain

(LS (D) = [, (1) = [(29)-, (L) ]
+0 (L™ — a,(LY)_. (4.63)
Then (4.60) yields
(L) = (W) = =[(LW) -, (LY)-] (4.64)
Inserting this in (4.56), we obtain
Wiz = Wiz, =0 (4.65)

|
Theorem 4.2 The arbitrary flows of the sdYM hierarchy for 2+ 1- dimensions commute such that
[Dy — Ag, Dy — A} =0, k,l=223,... (4.66)

Proof:

[Dp — A, Dy — Al = Di(Ar) — Dip(Ar) + [ Ak, Al
= Dy(LW)y = De(LY) + (LW, (L)1 ] (4.67)
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Considering the projection of (4.62) on g, we find

05(LY), = 05(L0)y = (LW, (L0}, ] +[(L9),, (19)-]

H[(LW) (D), ]. (4.68)
Then
Dy(LW) ;. = D(LW) = 2[(LW)y, (LW) ]+ [(LD) 1, (LW)_]4
LE0), (L0) ]+ 3(L0), — 0,(L0),
(4.68)
= (L), (L™ ] (4.69)
Inserting this in (4.67), we have (4.66). [ |
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4.2 Reductions

In this section we consider the reductions of the sdYM hierarchy defined in Sec.4.1.1 . We consider
two examples of reductions which lead to the 2+1-dimensional /N-wave system hierarchy and the
KP hierarchy.

In both examples, we assume that the gauge potentials do not depend on ¢ and Z.

4.2.1 Reduction to 2+1-dimensional N-wave system

Choosing the gauge potentials
A = diag(ay, ..., a,) 4.1)

with all eigenvalues different from each other. The hierarchy equations read

k—1
Vs = L2, —ULD = ALY 4 LPUss, k=23, (42)
j=0
adA(Ll(k)) - Lz@l,y o ULz(ﬂ - AL’Eﬁ)LS
A k—j—1
—J =1\ _ _
+§:< L )%-%wa, i=1,2.. .k k=2.3,...(43)
7=0
adA(LY) = 0, k=23, (4.4)

1. Calculation of the first hierarchy equation From (4.4) we can see that L(()k) is a diagonal

matrix. Assuming
L) = diag(by, ba, ..., by),  k=2,3,... (4.5)
with different eigenvalues b;, i = 1,2,... n 8. (4.3) fori = 1, k = 2 reads
adA(LY) = LY) — adU(LY) — AL (4.6)

which leads to the off-diagonal parts of L,

(L) = Ui, i 4.7)
where
b, — b
/\i‘ = . I = )\‘Z‘, (48)
J @ —a; J

The equation (4.2) for k£ = 2 reads

U, =LY + LU, — [U, L) — ALY, (4.9)

$In general, all L(()k), k = 2,3,... can differ from each other. However, by a suitable gauge transformation it is
possible to transform L¥) in the form (4.5).
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This yields the 2 4+ 1 dimensional N-wave system [34]

Uijzs = AijUsj — Uiy + Z()\zn — A Ui U (4.10)

=1

where
W= a;N\ij — b;. “4.11)
Ignoring the dependency of the additional variable s, the equation (4.10) reduces to the N-wave
interaction equation which we obtained in Sec.3.2.
2. Calculation of the second hierarchy equation (4.3) for: = 1, k£ = 3 reads
adA(LY) = L) — [U, L] — ALY, (4.12)
This equation hat the same form as (4.6) except for the difference of index above L. This gives
(ng))ij = AijUsj (4.13)
The equation (4.3) for i = 2, k = 3 reads
adA(LY) = LYY —[U, L) — ALY) + 20U, i#j (4.14)

which determines the off-diagonal parts of L,

(3)
L2,ij =

iUy + 26 — aidi)Usjis + > (Nimm — X)) Ui Un)- (4.15)
m=1

a; — a;
The equation (4.2) for k£ = 3 reads

U, =LY — U, L5 — ALY) + LY U, + LPU. (4.16)
Splitting this into diagonal and off-diagonal parts, the diagonal part read

0y — ad) L)y = [U, L) — (LPU)s

n

= Z < i (UikUgi)y + —k(UikUki)s

ey i T Gk a; — Qg

~20aUalkis ) (4.17)

and the off-diagonal part yields the second hierarchy equation

1
Uijos = —— [Az‘jUia‘,yy +2(b; — i)\ Usjys + (afNij — biai + aj))Uz‘jvss]
i j
- Aik Akj
3 UseyUsj — JUU-)
+k:1 <ai — a ky kg ap — a; K kg
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= 4Tk ak — a;
+Z — Z()\il — M) UaUiUgj — Z — Uik Z (At — M) Ui Ui

1 & T T 1 Yk =1
+ kz:; NitUixUlj.s + T kz:;(/\zk — Agj) ((Ukukj) z‘(Uz‘kUkj)s)
(LU — Ui (L), (4.18)

Due to the dependency of gauge potential on s, the diagonal part (ng))ii contains integrals with
respect to y and s (cf. Sec.3.2). If we assume that the gauge potentials do not depend on s, the
equation (4.18) yields the second hierarchy equation of the /N-wave system in Sec.3.2

4.2.2 Recursion formula of the 2+1-dimensional N-wave system

In the following, we treat the 2+1-dimensional /NV-wave system more exactly by deriving a recur-
sion formula of the reduced sdYM hierarchy.

Proposition 4.2 The reduced sdYM hierarchy is equivalent to

Ui = (@ = ) (L), k=23, (4.19)
where LI(,k), p=1,2,...,k is determined by the following recursion formula
1 k) k
(Lz(nk))ij T o — a; ( p1)isy Z Uim( L( 2 az(Lé )l)ws
k—1 i1
-] k
(1) S b))
7=0 m=1
p=12,...,k (4.20)
n k—1 L . 1 n
k k -] k
(ay - azas>(L£)_)1>u - Uzm(L;_)l)mz - ( k i ) (Lg ))imUmi,sP—j—la
m=1 7=0 p m=1
1=1,2,...,k (4.21)
with the initial condition
adA(LP) =0 (4.22)

Proof. The right-hand side of (4.2) and (4.3) for p = k are equivalent, therefore we find
U., = adA(LM) (4.23)

which yields (4.19). Moreover, the diagonal and off-diagonal part of (4.3) yield (4.21) and (4.20)
respectively. u

For the first value of k& we find
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(L)

1
(L) = ()= D2 ULy = ail L)
v J m=1
11—y . 2
+ ( 1 > Z(Lg )>szmj,s*j)
7=0 ml
@y —ad) (L) =0 = (LP)a=0

2
Uij,z;) = (L§)>ij

1 n
= —— ()i = D UL Yy = L)
v J m=1
1 1 l n
- (2)
+Z ( 0 ) Z(Ll )ZmUmj,sl—l>'
=0 m=1
diag(bl, bg, . ;bn);
1 n
p—y ((ng))ij,y — ai(LD)ij = > Uin(Liy)
t m=1
2 9 j n
- 3
+D ( ) ) > inlmiss);
7=0 m=1
n 2 n
_ 9 _
(ay - aias) 1( Z Uzm(L53)>mz - Z ( 1 J ) <L§3))imUmi’s1ﬂ>
m=1 j=0 m=1
0,
1 n
. ((Log))ij,y - az’(L(()g))m s — Uzm(L(()g))m]
‘ J m=1
2 9_ i n
+32(737) 08t
7=0 m=1
1 n
p— [NijUijy + (205 — a;idij)Uijs + Z()\'Lm — Amj) UimUnjl,
! J m=1
n 2 n
(ay - aias)71< Z Uzm(Lg3)>mz - Z Z(L(B)%mUmi,s?*j)
m=1 7=0 m=1
—1 g >\zm
(ay - aia ) (Z “ —a (Uszmz)y
m=1 """ ¢



2b; — a; )\
+ itk (UirUgi)s — 2)\z’kUikUk:i,s),
a; — ag
Ujes = (L))
_ 1 3) 3) - ®
= —— ()i — ai(L5)ige = Y Uinn(L5 )
a; CLJ —
2 n
3
+Z Z(L§ ))imUmj,SQ—j)
=0 m=1
= [%Uw w + 2(bi — ai) i Usjys + (i Xij — bi(a; + aj))Uij,ss]
Akj
+Z < UikyUrj — UikUk:j>
a; E—aj
z b a’k‘)\k‘] )
+ Z ( —a zk sUk] ay, — aj UkUk] s
n 1 n
(N — ) U U Uy — U, et — N ) Ul Ups
+Zaz lzl 1 — M) U U Uy — ;ak_ klzl( ki — i) UlUy,
1 n
+ Z AitUitUgjs + o Z()\zk — Aij) ((Ukukg) - ai<UikUkj)s)
=1 ¢ J k=1
+(LE)iliy — Uy (LD),.

4.2.3 Reduction to the KP hierarchy

In this case, we choose the gauge potentials

00
=1 0),

oo (01

The hierarchy equations have same form as in the 2+1-dimensional /N-wave case, so that

k—
U, = LY, —ULY, — ALy, 2: LU
=0
adA(LEk)) = L'Ek)ly UL'Ekl ALfls
k—1
+ (k;ﬂgl)gmeA, i
=0
adA(LY) = 0  k=2,3,...

(4.27) means that L(()k) has a following form

=5 9).
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=1,2

(4.24)
o, k=2,3, (4.25)
2, .k, k=23,..(4.26)
(4.27)
(4.28)



with functions ¢, .
1. Calculation of the first hierarchy equation
(4.26) for 2 = 1, k = 2 reads

adA(LY) = LE) — [U, L] — ALY (4.29)

Inserting

@._(f 0 @._ (a b
L ._(h f), L ._(C d) (4.30)

with unknowns a, b, c, d, f, h, the equation (4.29) leads to
b=h, a—d=0. (4.31)
The equation (4.25) for k = 2 reads
U, =LY U, L% - ALY) + LU, (4.32)

which leads to the following four equations

a, — c+ hu =0 (4.33)
2h, = 0 (4.34)
Uy = Cy — [, al (4.35)
ay —uh +c (4.36)

Adding (4.33) and (4.36) we see that a,, = 0. Now we impose a = 0. Inserting this in (4.33) and
(4.35) we obtain

c = hu, Uz, = huy,. 4.37)
Setting
L¥=4 k=23, (4.38)
we obtain ¢ = u and the linear equation

Uzy = Uy. (4.39)

2. Calculation of the second hierarchy equation

The equation (4.26) for ¢ = 1, kK = 3 reads
adA(LY) = L) — [U, LY] — ALY, (4.40)

Inserting

LB (" 0 L& . (P d (4.41)
o m n )’ ' r s ’
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)

The diagonal parts of (4.40) lead to n,, = 0, ¢ = h. As a consequence, Lg?’ has the form

@ _(p n
L = (r p) (4.42)
(4.26) forz =2, k = 3 is
adA(LYY) = LY — [U, LY — ALY) + 2L, (4.43)
Inserting
@ _[(a f
LY = ( 5 6) (4.44)

the upper off-diagonal part of this equation implies m, = 0. Requiring (4.38), the remaining
equations in (4.43) lead to p, = 0, 8 = r — u.
Then we have

@ 4, (00 @ (0 1 G [a r—u
L —A—<1 0), L3 _(r 0/ Ly’ = 5oa-n ) (4.45)

Inserting (4.45) in (4.25) for £ = 3 yields
Uy =LY — [U, L9 - ALY + LY + LU, (4.46)

0,ss

and this leads to the following four equations

oy +ru+us — 6 —u* =0, (4.47)
1

r= éu, (4.48)

Uz = 0y — Qg — TyU — [u, @ (4.49)

ay+ 8 —rs—ur —ry +us+u’=0 (4.50)

(4.51)

Adding (4.47) and (4.50) arrive at

1 3 1 1 1
o= Zuy — Z/us dy, 0= Zuyy + Zus — §u2. (4.52)

Inserting these in (4.49) we obtain the noncommutative KP equation [39]

1 3 3 3
Uyy = Zuyyy — Z(uz)y + Z[u,/us dy| + 1 /uss dy. (4.53)

We can see that the first and second flows of this hierarchy commute

Uzyzg = Uzyzo (4.54)
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4.2.4 Recursion formula of the KP hierarchy

We turn to a more complete treatment of the KP hierarchy to derive the recursion formula of the

reduced sdYM hierarchy. First we show that the upper off-diagonal entry of Lgk) determines all

other entries recursively.

Proposition 4.3 Writing

o _ (1 m
L :(nz(k) h(zk))’ k=23,..., i=0,1,...,k, (4.55)

the upper off-diagonal entry mgk) is determined by the recursion formula
1 ]
o = {23 (K )l

+/( /umz 1dy dy+/ /mz lsdy dy / Zlydy
_Z( _l_1>/(u/ml(k)usi-z-1 dy) dy

k—1

—l—/ /um ) dy+/mllsdy Z( _l_l)/ml Ustlldl/>d
k—1

=0

k—1—-1
Z( b ) /mly Szzldy—l—/(/uml dy)ugi-1-1 dy
=0
— 1
( ZZ ] ) /mék)uszp dy)ugi-i11 dy)]
p=0

with ~ mP =0, mP =1 (4.56)

Proof. Inserting (4.55) in (4.26), we find that (4.26) yields the following equations

S k—1—1
R S PRED ol iy LA a0
=0
155)1 - hz@1 = mz(k)l Y (4:58)
G (F) Q) k—l—1)
lZ - hZ - nz 7 - UZ - l?, 1 yS _'_ Z k hl uSiilil, (4.59)
ml(-k) = hgli)l,y - “mgﬂ - mz(f)l,s + nz(']i)l‘ (4.60)

Adding (4.57) and (4.60), then integrating with respect to y, we can see that

1

k
z§’“)l+h§’“)1:/uml 1dy+/mz . d ( _l_l)/m, ug i dy.  (4.61)
=0
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Together with (4.58), we obtain

ﬁ
L

|
N | —

(=m®y [um®dys [y
k

Z(k;l—l)/ml usuldy> (4.62)
=0

l

1
hglj)l = §<m /umz 1dy+/mz 1,s y
k—1 B l _ 1
m Mg ldy> (4.63)

Inserting (4.62) and (4.63) in (4.57), we find

|_|

=0

k—1
1 _]—
nz(ﬁ)l = mz(»k) + = 5 <umz(k)1 + mz(k1 s = mZ 1 yy> ( l 1) ml(k)usz;m. (4.64)
1=0

Inserting lz 15 h(k) and nz 1 in (4.59), we have (4.56). Due to the requirement (4.38), i.e.

W= A= ((1) 8) (4.65)
we must set

m(()k) =0, n(()k) =1
Inserting this in (4.64) for 2 = 1, we have mgk) = 1. [ |

Next we show that the reduced sdYM hierarchy is determined recursively, once the upper off-
diagonal entry of Lgk) is calculated by (4.56).

Proposition 4.4 The reduced sdYM hierarchy is equivalent to

1 k k k k k
Uz, = 5 |: o m( )1 Yyy + le(i‘ )l,sy + U’ml(c—)l,y + {Uy ’ mgﬂ—)l} + {U, ml(c—)Ly}

k-2
# 3y = [Ty [ty [
+Z /ml Ugh—1-1 dy — /[us,mkl]dy /[u,mgc)m]dy
e 1
+Z/(ml(k)u8kl 1 de ( _];_ 1 ) /m]()k)uslp dyusk—zfl
=0 p
—l—Z(mly /u m} ]dy+/ml8dy>ukzl] (4.66)

W

Il
o
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Proof, By inserting (4.55), we find that the lower off-diagonal part of (4.25) yields

k—1
Uy = n,(f)l v ul,(i)l k 1 s Z u k—l-1. 4.67)

1=0
Applying (4.62), (4.64) for i = k and (4.63) for 2 — 1 = [ to (4.67), we obtain (4.66). |

Hence, the upper off-diagonal entry mgk)

other entries of Lgk)

determines the evolution equations as well as the
recursively. For the first £ we find

k=2
m(()g) = 0, m?):l,
Usy = Uy (4.68)
k=3
m[()3) = 0, (3) =1,

3 1 3 2—1 3
mg) = Z[—umg)—Z; 1 ml( )uSH

[t [ (1) o fon
[ (fomr =3 (*11) [ i
(TS

-3 (370 Jof miues i)

p=0
1
— ——u7
2
1 3 3 3 3 3
wy = o[ =, + 2, um) w4 fu, )

+21:(ml(3)us)y—u/[u mz Jdy — /szdy /mzss
l:10

+Z“/m§3)us2z dy—/[us, még)]dy—/[u ms) | dy
ljo 2 1

+;/(ml(3)us2lsdy ;;(2—[)/7” Ug—p dYU 21
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2

+Z <ml(:z) + /[u, ml(g)]dy + /ml(?’s) dy)usk—l—l]

=0

1 3 3 3
=y~ Z(u2)y + Z[u,/us dy| + 1 /uss dy. (4.69)
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Conclusion

In this thesis we explored a definition of a sdYM hierarchy, starting from the infinite linear sys-
tem (2.1), (2.2), and showed that it includes (or implies) some other versions of sdYM hierarchies.
Furthermore, we explored a subsystem of the sdYM hierarchy introduced in Sec.2.1 (pre-sdYM hi-
erarchy) and showed that the pre-sdYM hierarchy reduces to “possible” hierarchies (it is necessary
to check that all equation of the hierarchy commute with each other) associated with the following
well-known (noncommutative) integrable systems by a suitable choice of the gauge potentials, and
we obtained recursion formulae for the reduced pre-sdYM hierarchies. We summarize our results
in the following table

Considered Reduction PDE Recursion formula
PDE ansatz from sdYM? | from pre-sdYM hierarchy?
(1) N-wave system 05 =0:=0
Az = diag(aq, a2, ...) Yes Yes
KdV equation 0:=0,y=19
. 0 0
(2) (BD reduction) Az = 1 0 Yes No
0 1
Ay = u 0
. 0 0
(3) (MS reduction) Az = 10 Yes Yes
u 1
Ay = (uy —u? —u)
(4) NLS equation 0:=0,y=19
_ (aly 0
Az = ( 0 —alM) Yes Yes
0
Ay = (77‘ g
(5) Zakharov system 0: =0
_ (aly 0
Az = ( 0 *CL1M> Yes Yes
_(0 ¢
w=(2 %)
(6) Sine-Gordon equation 0, =0:=0 Yes (in the No
i (0 1 .
Az = —% ( 1 0) commutative case)
i (¢ 0
Ay = _% (0 7c>

Table 1 : Reductions of the pre-sdYM hierarchy
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Considered Reduction PDE Recursion formula

PDE ansatz from sdYM? | from pre-sdYM hierarchy?
(7) 2+1-dimensional 0y =0:=0
N-wave system A = diag(aq,aq,...) Yes Yes

(8) KP equation 0; =0:=0
0 0
A= 10 Yes Yes
0 1
U= u 0)

Table 2 : Reductions of the sdYM hierarchy with gauge potentials in a Lie algebra of
differential operators

In the tables above, the reductions of the pre-sdYM hierarchy (1), (2), (4), (7), (8) can be found
in [13] (in the commutative cases). The reductions (3), (5), (6) are performed applying the re-
duction ansétze which lead from the sdYM equation to the KdV equation, Zakharov system and
Sine-Gordon equation, respectively (see [25,37]). The noncommutative calculations as well as
derivation of the (noncommutative) recursion formulae for the reduced pre-sdYM hierarchies ap-
pear to be new. Moreover, we showed that via the reduction (3), the pre-sdYM hierarchy reduces
to a hierarchy consisting of the two hierarchies associated with the NLS equation and complexified
mKdV equation.

All formalisms in [13] were derived under the condition that the operator 0 — adA; is in-
vertible (see Sec.2.2 and Sec.2.3), though there are no examples of reductions in [13] for which
this turns out to be the case that the authors of [13] do not formulate this condition so strictly and
leave alternatives open. But this condition is strongly used in the development of the theory and no
concrete alternative is mentioned. Moreover, we showed that recursion relations for reduced pre-
sdYM hierarchies could be derived in cases where this operator is not invertible. Hence, we expect
that the condition is too strong and there should be other conditions with similar implication. We
need further research to find out under which conditions we indeed obtain a recursion relation to
calculate higher equations of reduced pre-sdYM hierarchies. For this purpose, our results should
be helpful.

In the 2+1-dimensional case, we showed that the sdYM hierarchy introduced in [13] ((4.10)
in Sec.4.1.1) yields hierarchies of 2+1-dimensional integrable systems. However, there are still
problems left open. Firstly, the authors of [13] developed the formalisms under the condition that
the operator ad A is invertible (see Sec.4.1.2) which, however, is not satisfied in examples of re-
ductions. This is the same problem as in the 1+1-dimensional case.

There are also other points left for future research. Firstly, the pre-sdYM hierarchy is only an
example of the subsystem of the sdYM hierarchy defined in Sec.2.1. We can find another version
of “smaller” sdYM hierarchies which reduce to another integrable systems (see [27], for example).
Secondly, as we mentioned in Sec.2.1, the form of the pre-sdYM hierarchy is not gauge invariant.
Alternatively, we can consider another subsystem of the sdYM hierarchy, such as the compatibility
condition of the following linear system (all notations follow in Sec.2.1)

()\amo - 81«1)\1] - (Ao)\ - Dl)\I/’
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n n—1
A0y = 0, ) = () Coih' = B,iM)¥,  n=12,... (4.70)
=1 =0

which is covariant under the gauge transformation (2.3) :

U0 = g 'V,
A, — A, = gflAHg — gilgu, “4.71)

where g, A, are in a (Lie) algebra of N x N matrices. We expect that we can obtain a gauge in-
variant pre-sd YM hierarchy from the compatibility condition of this linear system and its recursion
relation by a suitable reduction.
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Appendix A: Another approach to 2+1-dimensional hierarchies

A.1 Another 2+1-dimensional system

In the following, we show another “possibility” to obtain hierarchies of 241-dimensional systems.
As mentioned in Sec.2.1, the linear system (2.11)

(AN"0sy = 8r,) U = (0 AmeiXl = 275 D) O,
L

(V' 01) U = (50, CoiXi — S0 B XY (A-D
0 =1 1=0

is a large source of hierarchies of integrable systems. Now we consider (A.1) in a different algebra.
The process introduced in this subsection still needs further reserches. We show the current results.
Considering (A.1) for m = 1 in Sec.2.1 :

(0, + A0)T = (A, + AN,

n n—1
(Oepir = A" 0T = () _Coih' = B, M) n=1.2,... (A2)
=1 =0

whose compatibility condition is equivalent to the sdYM hierarchy introduced in [13]. Note that
we use the identification

o = 2, rL = -y, t(] = —g, tn = —Zn+1 (AS)
AO = AE’ Bl = _A27 OO = _Aﬂa Dl = _Ay s

for easy comparison with the notations in Sec.2.2.

By imposing the following conditions on (A.2), we obtain the following reduced systems :
(1)85:0,827:0 ?
0¥ = (A, + ANV,

n n—1
0: U = (O _Cosih' =D B, MU, n=12 .. (A4)
i=1 =0

(2)0:=0,y=y
(0, + 8,0:)0 = (A, + A:0,)0,
n n—1
0: U = () Cosi@i = Bui0i+ A} + A:00 )T
=1 1=0

n=12... (A.5)

The notation 9; = 0 means that all gauge potentials do not depend on the variable z

69



For these reduced systems, we consider another “version” whose gauge potentials are in (4.4), i.e.,
the Lie algebra of matrix differential operators with respect to the variable s such that

<00
g= {Z a; 3§} (A.6)
§=0

where a; are N x N matrices with entries from an associative algebra A over C (typically an
algebra of matrices of functions). By replacing A — 0, the systems (1) and (2) yield

1y
0,0 = (A, + A:0,)V,
Dpp ¥V = (Zn: Cp_i0" — nz_i B,_i0)V¥, n=12,... (A7)
=1 =0
2y
o,V = (A, + A4:0,)7,
02V = (Zn: Cy_i0! — nz_i B, ;0. + A0 + A00 T, n=12,... (A.8)
=1 =0

which lead to (2+1)-dimensional N-wave system and KP equation respectively, with suitable
choice of A, and A;.

In contrast to the case where the gauge potentials are in the A-dependent Lie algebra, we have
not succeeded to obtain a recursion relation. We only succeeded to obtain the first hierarchy equa-
tion.

Remark. After replacing A — 0, the systems (1)" and (2)" have no longer a clear relationship
with the sdYM equations. For example, the compatibility condition of (1)’ reads

Ay, = (0, —adA))A, + A;A,  + A:A, . (A.9)
[Ag 5 Az] - —<ay + adAy)Ag - A:I]AE,S + AZAQ,Sv (A.lO)
[A: 4] = 0, (A.11)

where we use the identification (A.3). These equations do not imply the sdYM equations.

A.2 Reduction to 2+1 dimensional N-wave system

Choosing the gauge potentials

As = diag(aq, ..., ay) (A.12)
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with all eigenvalues different from each other.

The equation (A.7) for n = 1 reads

0,V = (U+ A0,)0,
.U = (A, — A0V, (A.13)

whose compatibility (integrability) condition is
[0, —U — Az0s, 0,, — A, + A;05] = 0. (A.14)

where we write U instead of A,, following the way in Sec.3.2. (A.13) leads to the following three
equations

U, = (0y—adU)A, + AU, + A:A. , (A.15)
[Ag , Az] = —(ay + adU)Ag — AgAE,S + AEA@S, (A16)
[Az Ay] = 0, (A.17)

The equation (A.17) leads to

A, = diag(by,...,by). (A.18)
(A.16) reads
(U, Ag]+[Az, A.] =0, (A.19)
which leads to
(A2)ij = AUy (A.20)

where \;; = ZE:ZJJ Then (A.15) yields the 2+1-dimensional /N-wave system [25]

Uijzo = NijUijy + (b — aiXij)Uij s + Z()\zk — M) Ui Ug; (A.21)

k=1

Remark. Considering the compatibility condition of (A.7) for n = 2, we obtain the following
equations

U, = U, By] + (Cy + A)Us + A:By s — Bay, (A.22)
[Ag s Ol] = _<ay - adU)Ag + AgAg’S - 2AgAg’s - [Ag, AZ ], (A23)

[A27 B2] = [U7 Cl + Az} + 2AgUs - (Cl,y + Az,y) + AgAi,ss
+A:;(Crs+A,s) — (Cr+ A)A;z 5. (A.24)
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From (A.23) and (A.24) we find

Ci = 0,
1 n
(B2)ij = o a.{(Qbi + a;Xij)Uijs — NijUijy — Z()\zk — M) Ui U }
v J k=1
(Oy — @i05)Bayi = i ‘(UikUki)y + M(UikUki)s
o1 Mk T Qi 1 kT
— Z AitUi Uk s,

k=1

(A.25)

and the off-diagonal part of (A.22) yields the second evolution equation

_ A A
Uij,zg - Z < 5 Uzk‘Uk] y r%Uzk,yUk]>

b ap bz - ai>\i
"‘Z( ko Tk kJUkUk]s - —kUik,sUkj)

ar — aj a; — Qg

—0—2 a Z()\kl — Al])UklUlj Z 4 a Z<>\Zl - )\lk)UilUlkUkj
ko =1 =1 T R

- Z AikUikUkj s

k=1
R <(2a1>‘ia‘ = 0)Usjys = XijUsjyy + 4i(bi = aidij)Us s

i 4y
"‘aiZ()\ik — M) (UinUgj) s Z it — M) (UirUj)y )

k=1 k=1
—(Bs)iiUij + Uij(B2) (A.26)

If we ignore the dependency on the variable s, this equation reduces to the second hierarchy equa-
tion of the N-wave system (3.17) which is obtained in Sec.3.2. Comparing with the second hierar-
chy equation of the 2+1-dimensional /NV-wave system which we obtained in Sec.4.18, there are no
clear relationships between (A.26) and (4.18).

A.3 Reduction to KP

In this subsection we consider the system (A.8) with two different choice of the gauge potentials.

1
0 0 0 1
(00w () A
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2

0 0 U 1
AZ_<1 0>, Ay_(uy—u2 —u)' (A.28)

Furthermore, we assume that the gauge potentials do not depend on the variables z, y + .
In this case, (A.8) for n = 1 reads
oV = (A, + AV,

0. = (A, + (A, — Ay)0s + A02)¥ (A.29)
which leads to
A=A, — A, A ]+ (A — ApAy s + Az A, s — A5 A, s, (A.30)
[Az, A ] = Ay, +[Ay, Ag| + A4, + Az Ay, (A.31)
[As, A;] =0. (A.32)

A.3.1 Reduction (1)

First, the equation (A.32) leads to the form of A,

_(F 0
Ay = ( hof (A.33)
with functions f, h. By inserting (A.33) in (A.31) we obtain f,, = 0. In the following we set f = 0.
As the consequence, we have
P —h
A, = A.34
<7‘ D — Uy + hy > ( )

with new functions p, r. Now we insert (A.33) and (A.34) in (A.30) and find the following four
equations,

0 = py—7r—hu+us, (A.35)
1
h = §u, (A.36)
u, = ry—up+(p—uy+hy) —Dps, (A.37)
0 = py—uyy+ hy, +uh+r+h,. (A.38)
Adding (A.35) and (A.38) we can determine p,
1 3
P= Uy~ Z/ us dy. (A.39)
Inserting this in (A.35) we find
1 1 1
r= g+ g g (A.40)
By insertion of (A.39) and (A.40) in (A.37) we obtain the noncommutative KP equation [39]
1 3 3 3
Uz = Uy — é_l(uz)y + Z_L[u’ / us dy | + 1 /uss dy. (A.41)
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A.3.2 Reduction (2)
The Yang-Mills potential A; takes a same form as (A.33). Let

A, = (p q) (A.42)

r s

with functions p, ¢, r, s. The equation (A.31) yields
p—s = uy —{u, u,}—hy+[u, —u*, f]—{u, h} +us+ fs, (A.44)
q = —uy,— fy+I[f,u]—h (A.45)

Adding (A.43) and (A.45) we find f, = 0. In the following, we set f = 0. Then we have
q = —u, — h. As the result, we obtain

_(p —uy—h
e () o
where
D =y, —{u, uy} — hy +us —{u, h}. (A47)

The equation (A.30) leads to the following four equations

u: = py—[u, p]—r— (uy+ h)(uy — u?) + Uy — vy, (A.48)
h, = 0, (A.49)
Uy, —{us, up = 1y — (uy —u2)p—|—{u, r}

+(p— D)(uy, — u2) + UyUs — Ulys + vt — hug + uss — ps, (A50)
—Uy = py_Dy+(uy_u2)(uy+h) —[p,u]—[u, D] +r+ uu,
+Uys + B (A.51)

In (A.49) we impose h = 0. Adding (A.48) and (A.51) we obtain

1 1
b= §uyy — Uyt — Eus (A.52)
Inserting (A.48) in (A.50), we have
1 1 1 1
e 5{1‘7 Uyy} — 5(%)2 + o ys + uuyu
3 1 3
—3 uysudy — [ uyus dy + 3 Ullys dy — 1 Ugs dy (A.53)
As aresult, we obtain the noncommutative potential KP equation
1 3 5 1
Us = Uy — §(uy) +Guts = Susu
3 1 3
—{—5 uysudy + [ uyusdy — 3 Uty dy + 1 Ugs AY. (A.54)
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In terms of
v 1= 2uy, (A.55)

we find the noncommutative KP equation [39]

1 3 3 3
Uz = 5 Yyyy — Z(UQ)y + Z[’Uv /Us dy] + Z/USS dy. (A.56)
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Appendix B: True/Fake “zero-curvature” conditions

In the following, we consider some examples to show that not all zero-curvature (Zakharov-Shabat)
condition which is equivalent to the considered PDE are good ones. For convenience, all calcula-
tions in the following are performed “commutatively”.

Firstly, we consider the following linear system with (spectral) parameter A

whose compatibity condition is equivalent to the KdV equation

1
Uy = (g + 50)a (B.2)
Next let us assume that f, g are arbitrary (differentiable) functions. Calogero and Nucci [3]

showed that the equation

ft = Gz, (B.3)

which has the form of a conservation law, is equivalent to the compatibility condition of the fol-
lowing linear system

ber = AP0+ uf + S0 = B0

where A\, i, v, p are spectral parameters. By direct calculation one can verify that the compatibility
condition

(Ch (B.4)

Yoat = Vige (B.5)

for this linear system is indeed equivalent to (53.3). Obviously, not all equations of the form (B.3)
can be integrable. Hence, the existence of a zero-curvature formulation does not imply an aspect of
integrability in some sense. One has to distinguish somehow between good and bad zero-curvature
formulations and some methods have been proposed (see [40], for example), but so far there are
no satisfactory methods.

As a consequence of the above result, the KdV equation
Up = AUy + butly = (Ayy + bu?),, a,b € R(orC) (B.6)

is equivalent to the linear systems given by
1)

f=u, g:aum—l—bu2

Vuw = MY + (uu + %)zpw vy = 1) + (au—;”“’ + bu + p)wx (B.7)

u
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2)

2
f=u? g = 20Uy, — au’, + gbu?’,
Uy U uz 2
ne = Mlep + (mﬂ + 2—)%, by = Vi + <2a— a4 Zhu ﬁ)wx (B.8)
u u? u? 3 u?

We expect that the compatibility condition of such linear systems, which are generated by the
above recipe, will turn out to be “fake” in the sense that no integrability aspects can be deduced
from them. In this thesis we shall not discuss further details since this is a sideaspect of our work.
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Appendix C: FORM

FORM - Computer algebra program
C.1 Whatis FORM?

In the following, we briefly describe the FORM, a computer algebra program which we used in
this thesis. FORM has been developed by J.A.M. Vermaseren at NIKHEF (the Dutch Institute for
Nuclear and High-Energy Physics) by the end of the 80’s and it was widely used in the field of
mathematics and physics to perform lengthy algebraic calculations.

Binaries for various platforms are available for download on the web page of the developer (see
http://www.nikhef.nl/ form/license.html/). We do not discuss FORM in detail and only mention
some the characteristics of FORM from our point of view, based on what we have learned by
using FORM ( for more information on FORM, see [41]). In this thesis we used the version 3.1 of
FORM.

C.2 How to work with FORM?

Now let us review the basic things which are necessary to use FORM. In order to use FORM, we
have to write a program, store it in a file with extension .frm. To run the FORM program, using
UNIX system, putting in a console window the following command

form -1 filename.frm

where the option ’-1’ generates a log file "filename.log”. Each statement ends with a semicolon
except for special instructions such as . sort (sort the result and continue), . st ore (store global
variables, delete local variables and continue) and .end (terminate the program). Furthermore,
like in well-known computer languages such as C, C++, the preprocessor instructions starting with
#, such as #define, #do, do not end with a semicolon either. Comment lines start with *. To
understand quickly how to work with FORM, we should better at look a little example rather than
tackle a thick reference manual. The following program calculates the rational sum

100

1
g — (C.1)
n=1 n

Example : Calculation of summation
SUM =1 + 1/2 + ... + 1/100

X % * o

#define N "100"

Function £f;
Symbol i;

Local SUM = f£('N’);
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repeat;

id £(1) = 1;

#do 1 = 2, "N’

id £(717) = 1/'i" + £('1i'-1);
#enddo

endrepeat;

print SUM;

.end

The statement Function declares noncommuting objects. Alternatively, for a commutative cal-
culation one has to use CFunction. The Symbol statement declares objects used typically as
arguments and arbitrary constants. These declarations are available to be used with an arbitrary
number of arguments separated by commas. The Local statement defines a local variable SUM
which is finally evaluated in this program. The commands

repeat;

endrepeat;
and the preprocessor instruction

#do

#enddo

are iterative procedures. The sentences between #do - #enddo are calculated iteratively up to N,
but no substitutions are done. The results are

1 1

f(2):§+f(1)7 f(3>:§+f(2)7 (C2)

The repeat - endrepeat statement substitutes values in each f until values for all f are sub-
stituted. As a consequence, we obtain

1 3

fQ=5+1=5,  fB)=

3
— = — C3
5 5 t5 : (C3)

The output of this program is

FORM by J.Vermaseren,version 3.1 (Feb 8 2005)
Run at: Thu Jun 1 17:48:24 2006

*

* Example : Calculation of summation
* SUM = 1 + 1/2 + ... + 1/100
*

#define N "100"
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Function £f;
Symbol i;

Local SUM = f£('N’);

repeat;
id £(1) = 1;
#do 1 = 2, 'N’
id £('1") = 1/"i" + £('1i'-1);
#enddo
endrepeat;
print SUM;
.end
Time = 0.00 sec Generated terms = 10
SUM Terms in output = 1
Bytes used = 10
SUM =
7381/2520;

FORM displays automatically informations of running times, a number of generated terms while
FORM is running, a number of output terms, and used bytes. These informations can be suppressed
by use of nwrite statistics; oroff statistics;.

In this thesis we used frequently FORM to apply differentiation and FORM fits to achieve this
purpose. '© The following program is just a small sample how to achieve differentiation in FORM,
however the basic concept of calculation which is used in the programs shown in Sec.C'.4 is same.

Example : Differentiation

The function u depends on the variables x,
u = u(x).

. . R

Function u, dx ;
Symbol x;

The argument stands for the differentiation
with respect to x, i.g.,

u(2) = uxx (second order derivative of u
with respect of x).

L . S R

10T the context of integrable systems, FORM has been used in [36], see also [42].
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Local F = u(3) — 2+u(2)”°2 + 5*u(l);
Local Fx = dxxF;

* Define and perform the differentiation
* with respect to x.
repeat;
id dx*u? (x?) = u(x+1l) + u(x)*dx;
endrepeat;
id dx = 0;
print +s Fx;
.end

The statement

repeat;
id dx*u? (x?) = u(x+1l) + u(x)*dx;
endrepeat;

defines the operation rule of the differential operator dx . dx operates on the function u from left
to right iteratively until there are no objects on the right hand side of dx . After differentiations
and substitutions, we set dx=0 to eliminate the remaining differential operator. The result is

Fx =
+ 5xu(2)
- 2*xu(2)*u(3)
- 2xu(3)*u(2)
+ u(4)

C.3 Features of FORM

As mentioned in Sec.C'.1, FORM has an extensive and powerful functionality. In this thesis we
mainly applied FORM to check the commutativity of hierarchy equations (see also [36]). Such
calculations are usually enormously long and laborious. FORM enables a quick evaluation of them
with low overheads on computers. Additionally, FORM fits to noncommutative calculations since,
as we mentioned in Sec.C'.2, the objects declared by Funct ion are noncommutative objects and
switching in CFunction declaration, we can easily check our calculation in the commutative
case (this is a powerful tool to debug the programs).

However, on the other side, by using FORM there are points which we should take care of.
Firstly, FORM does not simplify rational expressions. Let us look at a example.

nwrite statistics;
Symbols 1, m, n;

Local eql = 1/(1 - m)/(m — n);
Local eg2 =

|
.
~
E)

|
2
~
-

|
2
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Local diff = eql - eg2;
.sort

print +s diff;
.end

This program calculates

1 B 1
(l—m)m—mn) (m—n)(l—m)

(C4)
where [, m, n are arbitrary constants. The result must be 0. However, as a matter of fact, the result
of FORM calculation is

diff =
- 1/( - n +m/(-m+ 1)
+ 1/( - m+ 1)/( - n + m)

.
14

For such a rational calculation we used the computer algebra system MuPAD to simplify the ex-
pression :

> - 1/( - n +m)/( —m + 1)
+ 1/( - m+ 1)/( — n + m)

0

We faced this “rational calculation problem” in the commutativity check of the N-wave flows (see
Sec.C'.4.2). To deal with this problem, as mentioned above, we put the outputs of FORM into
MuPAD.

C.4 FORM programs

In the following we list the FORM programs we developed for the check of commutativity of
hierarchy equations which we obtained by examples of reductions.

C.4.1 Symmetry verification of the KdV equation

This program is for a verification that the KdV equation (1.11) considered in Sec.1.3

has the symmetry (note that « is a element of a commutative algebra)

1 5 5) 5)

This is a simple FORM program but the process of this program is a basis of the program we used
for the commutativity checks of the hierarchy equations we obtained in each example of reductions
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(only if there exist a reduced pre-sdYM hierarchy associated with the considered system). The
processes of this program are as follows.

1. Differentiate the function ., (named f in the following FORM program) with respect to ¢.
2. Differentiate the KdV equation (C.5) with respect to x and substitute the result from stepl.
3. Calculate the function

H = (ur)t - (ur)xa:x + Urtg + u(ur)x (C7)
and check whether H = 0.

Symmetry verification of KdV equation

The arguments of u stand for the differentiation
with respect to x, t respectively so that

u = u(x, t).

* % ok %

Functions dy, dt;
Functions u;
Functions x, t;
Symbols i, 7J;

* Symmetry of KdV equation

* f = u differentiated with respect to tau

Local £ = u(5, 0)/6 + 5xu(0, 0)xu(3, 0)/18

+ 5xu(l, 0)*u(2, 0)/9 + 5%u(0, 0)*u(0, 0)*u(l, 0)/36;

Local fx = dyxf;
Local fxx = dy=xfy;
Local fxxx = dyxfyy;
Local ft = dt«xf;

Local Gl = u(3, 0) + u(0, 0)=xu(l, 0); » KdV equation
Local G2 = dx=*Gl;
Local G3 = dx=*G2;
Local G4 = dxxG3;
Local G5 = dxxG4;
Local G6 = dxxG5;

Local H = ft - fxxx - fxu(l,0) - u(0,0)*Lfy;

repeat;

* definitions of differentiation with respect to y and t
id dxxu(i?, 3j?) = u(i+l, J) + u(i, 7J)*dx;

id dtxu(i?, j?) = u(i, Jj+1) + u(i, 7J)=*dt;

endrepeat;

id dx = 0;
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sort
repeat;

id u(0, 1) = G1;
id u(l, 1) = G2;
id u(2, 1) = G3;
id u(3, 1) = G4;
id u(4, 1) = G5;
id u(5, 1) = G6;

endrepeat;

print +s H;
.end

The result is

> ./form -1 symm.frm
FORM by J.Vermaseren,version 3.1 (Feb 8 2005)
Run at: Sun Jun 11 18:43:14 2006

H:

- 5/36xu(0,0)xu(l,0)=*u(3,0)
+ 5/12%u(0,0)*u(2,0)*u(2,0)
+ 5/36%u(l,0) u(O 0)*u(3,0)
+ 5/6*u(l, O)*u(l 0)*u(z2,0)
- 5/12*%u(1l,0)xu(2,0)=*u(l,0)
- 5/12%u(2,0)* (O 0)y+u(2,0)
- 5/12xu(2,0)*u(l,0)*u(l,0)
- 5/6%xu(2,0)*u(4,0)

+ 5/6xu(4,0)*u(2,0)

Putting this result into MuPAD, we can see that H = 0, i.e., this FORM program verifies that the
function f (= u,) is a symmetry of the KdV equation (1.11).

Remark. Since we assumed that the function « is an element of a commutative algebra, we
put the output of FORM into MuPAD directory (all calculations are performed commutatively in
MuPAD). In the noncommutative calculation, we must pick up coefficients of each term and verify
whether the coefficients indeed vanish.
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C.4.2 Commutativity of the first two N-wave flows

This program is developed to check the commutativity of the first two flows of N-wave hierarchy
which we obtained in Sec.3.2. This program consists of three parts. In PART 1 ( 2 ), we differenti-
ate the expression of the right hand side of the first (second) hierarchy equations named eg3 ( eg2
) with respect of the variable z3 (22). Then, in PART 3 we calculate the difference. Furthermore,
the coefficients

a;, 221,2, b], j:1,2, )\Zj:

L7 (C3)

are defined as CFunction in order to be allowed to possesse arguments ( objects defined as
Symbol can not have any arguments). In this program we define them as follows

1

a(ri’, 37) = : lambda (7i’,737) == \; (C.9)
ai—aj

to avoid rational calculations. As we have seen in Sec.3.2, since the N-wave hierarchy equations
(3.12) and (3.17) are written in the form of each off-diagonal entry of U, we have to compute all
those entries of U with #do - #enddo instructions.

* N—-wave system
* check of commutativity of the first two flows

* fixing the dimension of the matrices:
#define N "4"

**x*x%x PART 1 *%%*%*

nwrite statistics;

Functions U, dz3, eqg2;

CFunctions lambda, a;

Symbols i, 3, k, 1, m, y, z2, 2z23;

* the symbols i, ..., m are summation indices

* vy, z2, z3 stand for the numbers of derivatives w.r. to
* the variables y, z2, z3, respectively.

* computing derivative of rhs of
x first equation U_z2 = eqg2 with respect to z3
#do i=1,'N’
#do j=1,'N’

Global expr’i’’ 3" = dz3xeqg2('1i’,"3");
#enddo
#enddo

* defining the right hand side of the first equation
#do i=1,'N’
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#do j=1,'N’

id eg2(’i’,"j’) = lambda(’i’,’3")x0("1’,"3",1,0,0)
+ sum_(m,1,’'N’,

(lambda (i’ ,m)-lambda (m,’ "))
*U("i’",m,0,0,0)xU(m,”3",0,0,0));

#enddo

#enddo

repeat;

* definition of differentiation

* with respect to z3

id dz3«U(i?,j?,y?,22?,23?) =
U(i,J,y,22,z3+1) + U(i,],y,22,23)*dz3;
endrepeat;

* take into account that U has
* zero diagonal components
repeat;

id U(i?,1i?,y?,22?2,237?) = 0;
endrepeat;

.sort

id dz3=0;
* The variables exprl2 etc now contain
* the derivative of eg2 w.r. to z3.

* defining the right hand side of
* the second equation U_z3 = eg3
#do i=1,'N’'-1

#do J="1i’+1,’'N’

id u("i’,73",0,0,1) = a("1","3")*
( lambda ("i’,’3")*xU("1","3",2,0,0)

+ sum_(k,1,’'N’, (lambda(’i’,k) - lambda(k,’3’)) *(
u('i’,k,1,0,0)*U(k,"3",0,0,0)

+U0(’1",%k,0,0,0)*U(k,"3",1,0,0) ) ) )

+ sum_(k,1,’'N’",

lambda (1", k) *a(

IiI,k)
*U("1i",k,1,0,0)*0(k,”"3",0,0,0) )
- sum_<(k,1,’'N’,
lambda (k, " j") *a(k,”3")
*U('i’,k,0,0,0)*U(k,'j’,l,0,0) )
+ sum_(k,1,’N", sum_(1,1,’N’,

(lambda (i’ ,k)-lambda(k, 1)) *a ("1’ ,1)

*U("i’,%k,0,0,0)«U(k,1,0,0,0)*U(1,"3",0,0,0)))
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- sum_(k,1,'N", sum_(1,1,’'N’",

(lambda (1, k) -lambda(k,”3"))*a(l,”3")
*U(’1i’,1,0,0,0)xU(1,k,0,0,0)xU(k,”3",0,0,0)))
+ U("i’,"3",0,0,0) #sum_<(k,1,’'N’",
lambda (" 3", k)*a (" 3", k)

*U ("5’ kOOO) u(k,”3",0,0,0) )

- sum_ (k,1,

lambda ("1’ ,k )*a( i’,k)
*U("i’,%k,0,0,0)xU(k,”1",0,0,0) )«xU("1i","3",0,0,0);

* and its first derivative w.r. to y

id u¢i’,"3",1,0,1) =

a("i’,’ 3"y« ( lambda("i’,’3")+0("i","3",3,0,0)

+ sum_(k,1,'N’, (lambda(’i’,k) - lambda(k,’3’)) *(

Uu('i’,%,2,0,0)*U(k,"3",0,0,0)

+2+«U("1",k,1,0,0)+xU(k,”"3",1,0,0)
+U(’1i",k,0,0,0)*U(k,"3’,2,0,0) ) ) )

+ sum_(k,1,’N’, lambda(’i’,k)=*a("1i’,k)

*(U("1",k,2,0,0)«U(k,"3",0,0,0)

+U0("i’,k,1,0,0)*xU(k,"3",1,0,0) ) )
- sum_(k,1,’N

lambda( 7y *a(k,"3")

* (U (' k 1, O 0)~U(k,”3",1,0,0)
+U (’ ,k,0,0,0)*U(k,’j’,2,0,0) ) )

+ sum_<(k,1,’N", sum_<(1,1,’'N’,

(lambda (i’ ,k)-lambda(k, 1)) *a ("1’ ,1) * (
uo(i",k,1,0, O)* (k,1,0,0,0)*xU(1,”3",0,0,0)
+U0("1",%,0,0,0)*U(k,1,1,0,0)xU0(1,"5",0,0,0)
+U("i",%k,0,0, O)*U(k l 0,0,0)«xU(1,"3",1,0,0) )))

- sum_<(k,1,’N’, sum_ (1,1,

(lambda (1,k)-lambda (k, " 3’ ))*a(l "37) % (
o("1i",1,1,0,0)*U(1,%k,0,0,0)xU(k,"3",0,0,0)
+U(’i",1,0,0, O)*U(l, 1 0,0)+U(k,”3",0,0,0)
+U("1",1,0,0,0)*0U(1, 0,0)*U(k,’j’,l,0,0) )))

+ U("i’,"3",1,0,0) «sum_(k, 1, ,

lambda (" 3", k)*~a (" 3", k)

*U("3",%k,0,0,0)*xU(k,”3",0,0,0) )

+ U('i’,”37,0,0,0) *sum_(k,1,’'N",

lambda (" j’,k)*~a(’j",k)

*U ("3’ k l 0,0)«U(k,”3",0,0,0) )

+ U('i’, ,0,0, O)*sum (k 1,’"N',

lambda (' ,k)*a( 37, k)

*U(’j’,k,0,0,0) U(k,”3",1,0,0) )

- sum_(k,1,’N’

lambda (i’ ,k)*a ("1’ ,k)
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*xU("i",%,1,0,0)*U(k,"1",0,0,0)
y+xU("i’,"37,0,0,0)

- sum_<(k,1,’'N’,
lambda (i’ ,k)*a (i’ ,k)
*U("1",%,0,0,0)*U(k,”1",1,0,0)
yxu("i’,"37,0,0,0)

- sum_<(k,1,’'N’",
lambda (i’ ,k)*a (i’ ,k)
*U("1",%,0,0,0)*U(k,”1",0,0,0)
y*xu("i","73",1,0,0);

#enddo

#enddo

#do i=2,'N’

#do j=1,"'i"-1

id u(¢("i’,"3',0,0,1) =
a("i’,"3")*( lambda ("1i’,"3")
*U("i’,"3’,2,0,0)

+ sum_<(k,1,’'N’,

(lambda ("1’ ,k) - lambda(k,’ ")) *(
u(i’, k,1,0,0)*U0(k,”3",0,0,0)
+tU("1",%,0,0,0)+0(k,"3",1,0,0) ) )

+ sum_<(k,1,’'N’,
lambda (i’ ,k)*xa(’"i’, k)
*U("i’,%k,1,0,0)xU(k,”3",0,0,0) )
- sum_<(k,1,’'N’,
lambda (k,” j")*~a(k,”"3")
*U("i’,%k,0,0,0)*xU(k,”3",1,0,0) )
+ sum_(k,1,’N’, sum_(1,1,'N’,

(lambda ("i’ ,k)-lambda(k, 1)) *a ("1’ ,1)
*U("i’,%k,0,0,0)xU(k,1,0,0,0)xU(1,”"3",0,0,0)))
- sum_<(k,1,’N", sum_<(1,1,’'N’,

(lambda (1, k) -lambda(k,” j’))*a(l,”3")
*g("i’,1,0,0,0)%xU(1,k,0,0,0)*U(k,"3",0,0,0)))
+ U("i’,"3",0,0,0) *sum_(k,1,’'N’",
lambda (" j’,k)*xa(’j",k)
*U("3",%,0,0,0)*U(k,”3",0,0,0) )

- sum_(k,1,’'N",
lambda (i’ ,k)*xa(’i’,k)
*U(’i’,%k,0,0,0)«U(k,’4i’,0,0,0)
y*xu(’i’,73,0,0,0);

* and its first derivative w.r. to y
id u('i","3",1,0,1) =
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a("i’, 3" )+ ( lambda ("1’ ," 3" )*U(’
u('i’,%k,2,0,0)*U(k,"3",0,0,0)
+2+xU("1",%k,1,0,0)xU(k,”3",1,0,0)
+U0('1i",%k,0,0,0)*U(k,"3",2,0,0)
+ sum_(k,1,’N’, lambda(’'i’,k)*a("1i’,k)
*(U("i",%k,2,0,0)xU(k,"3",0,0,0)
+U0("1i",%k,1,0,0)*U(k,"3",1,0,0) )
- sum_(k,1,’N
lambda (k,” 3" )*~a(k,”3")
*(U("1",k,1,0,0)«U(k,"3",1,0,0)
k

U ( ,0,0,0)xU(k,"3",2,0,0) )

+ sum_(k,l,’N’, sum_(1,1,'N’,

(lambda ("1’ ,k)—-lambda (k ))*a(’l’,l)*(
(’1’,k,l,O,O) ( ,0,0,0)+U0(1,
Uu("i’,%k,0,0,0)*xU(k,1,1,0,0)*U(1
u('i’,%,0,0,0) U(k l 0,0,0)+U (1

- sum_(k,l "N’ sum_ (1,1,

(lambda (1, k) lambda(k "’ ))*a( s+ (

U( i’,1,1,0,0)*U(1,k,0,0,0)+U(k,
u("i’,1,0,0,0)*U(1,k,1 ,0,0)*U(k
u("1i",1,0,0,0)*U(1,%k,0,0,0)*U(k,

+ U('1 j 1,0,0)*sum (k,1,"'N7,

lambda( 37, k) xa (! k)

*U ("3’ 0,0) U( 3",0,0,0) )

+ Ui, ’j ,0,0, O)*sum (k,1,'N7,

lambda (' k) xa ("3, k)

*U (" 37 k 1 0,0)xU(k,”3",0,0,0) )

+ U(('i’, ,0,0,0)*sum_(k,l,’N

lambda (' 3 ,k)*a(’j’,k)

*U("3",%,0,0,0)U(k,”3",1,0,0) )

- sum_<(k,1,’'N’,

lambda (1", k) *a (’ , k)

*U(" k 1 0,0) % ( ,'17,0,0,0)

)37, 737,0,0,0)

- sum_(k,l,

lambda (i’ ,k)*xa(’i’,k)
«*U(’'i’,%k,0,0,0)*xU(k,’1’,1,0,0)
)y+xU("i","37,0,0,0)

- sum_(k,1,’N
lambda (i’ ,k)*a ("1’ ,k)
*U("1",k,0,0,0)*U(k,"1",0,0,0)
yxu(ri’,73,1,0,0);

#enddo

#enddo
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x Here we set a(i,j) = 1/(a(i)-a(j))

repeat;
id U(i?,1i?,3?,k?,1?) = 0;
endrepeat;

* lambda (i, i) should not appear,
* we set it to zero.

repeat;

#do i=1,'N’

id lambda(’i’,"1i") = 0;

#enddo

endrepeat;

* The lambda (i, j) are symmetric.
repeat;

#do i=1,'N’-1

#do j="1i’+1,’'N’

id lambda(’3’,’1i") = lambda('i’,’3’);
#enddo

#enddo

endrepeat;

* The a(i, j) are antisymmetric.
repeat;

#do i=1,'N’-1

#do j="1i’+1,’'N’

id a("3","1") = —a("1","3");
#enddo

#enddo

endrepeat;

* #do i=1,’'N’

* #do J=1,'N’

* print +s expr’i’’j’;
* #enddo

* #enddo

.store

***xx PART 2 *%%x%
nwrite statistics;
Functions U, dz2, eqg3;
CFunctions lambda, aj;
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Symbols i, Jj, k, 1, m, n, vy, z2, z3;

* computing the derivative of rhs of
x* first equation U_z3 = eg3 with respect to z2
#do i=1,'N’
#do j=1,'N’

Global exprr’i’’"j’" = dz2xeq3('i’,"3");
#enddo
#enddo

* defining the right hand side of the second equation

#do i=1,'N’'-1

#do 3="41"+1,’'N

id eg3(’i’,’3") =

a("i",’3")x( lambda("i’,"3")*xU0('1","3",2,0,0)

+ sum_(m,1,’'N’, (lambda(’i’,m) - lambda(m,’ j’)) *(
u('i’,m,1,0,0)*U(m,’”3",0,0,0)

+U("1",m,0,0,0)*U(m,”"3",1,0,0) ) ) )

+ sum_(m,1,’N

lambda (i’ ,m)*a (i’ ,m)

*U(’1",m,1,0,0)*U(m,’”3",0,0,0) )

- sum_ (m, 1,

lambda (m,’” j")*a(m,” 3")

*U(’i’",m,0,0,0)*xU(m,”"3",1,0,0) )

+ sum_(m,1,’'N’, sum_(1,1,’'N’,

(lambda (i’ ,m) -lambda (m, 1)) *a ("1’ ,1)
*U(’"i’,m,0,0,0)*xU(m,1,0,0,0)xU(1,”3",0,0,0)))
- sum_(m,1,’'N", sum_(1,1,’N’,

(lambda (1, m) -lambda(m,”’” j’))*a(l,”3")
*U("i’,1,0,0,0)+xU(1,m,0,0,0)*U(m,"3",0,0,0)))
+ 0('1","3",0,0,0) xsum_ (k,1,'N’,

lambda (' j’, ) xa (' j’,k)*
u("j’,%,0,0,0) U (k, O O 0) )

- sum__ (k,l, N/, lambda( k)yxa("i’,k)
*U (' k 0,0,0)*U(k, ’i’,O ,0)

)*U( j,r ,0,0);

#enddo

#enddo

#do i=2,'N’

#do j=1,"i’'-1

id eg3(’i’,"3") =

a("i’,’ 3"y« ( lambda("i’,’3")«0("i","3",2,0,0)

+ sum_(m,1,’'N’, (lambda(’i’,m) - lambda(m,’ j’")) *(
u('i’,m,1,0,0)*«U(m,”"j3",0,0,0)

91



+U0('i",m,0,0,0)*«U(m,"3",1,0,0) ) ) )

+ sum_(m,1,’N’, lambda(’i’,m)*xa(’"i’,m)
*U(’i’,m,1,0,0)*xU(m,”"3’,0,0,0) )

- sum_(m,1,’'N’, lambda(m,’j’)*a(m,’j’")
*U(’1",m,0,0,0)*U(m,’"3",1,0,0) )

+ sum_(m,1,’N", sum_(1,1,’'N’,

(lambda (i’ ,m) -lambda(m, 1)) *a (i’ , 1)
*U(’i’,m,0,0,0)*xU(m,1,0,0,0)*U(1,"3",0,0,0)))
- sum_(m,1,’N", sum_<(1,1,’'N’,

(lambda (1, m) —lambda (m, " 3"))*a(l,”3")
*U("1i’,1,0,0,0)xU(1,m,0,0,0)*U(m,”3",0,0,0)))
+ U("i’,"3",0,0,0) #sum_(k,1,’'N’",
lambda (" 3", k)*a (" 3", k)
*U("3j3",%k,0,0,0)«xU(k,”3",0,0,0) )

- sum_(k,1,’N’, lambda(’i’,k)=*a("1i’,k)
«*U(’i’,%k,0,0,0)*U(k,’41i’,0,0,0)
yxu("i’,73,0,0,0);

#enddo

#enddo

* Note that a(i,j) = 1/(a(i)-a(3))

repeat;
id U(i?,1i?,y?,22?2,23?) = 0;

endrepeat;

* definition of differentiation

* with respect to z2

repeat;

id dz2+U(i?,]?,y?,22?2,23?) =
U(i,3,y,2z2+1,23) + U(i,7],y,22,23)*dz2;
endrepeat;

.sort

id dz2=0;
* The variables exprl2 etc now contain
* the derivative of eqg3 w.r. to z2.

* use first equation U_z2 = eg2 and
* its first two derivative w.r. to y
id U(i?,37?,0,1,0) = lambda(i,j)*U(i,3,1,0,0)
+ sum_(k,1,'N’",
(lambda (i, k) —lambda (k, 3))
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*U(i,k,0,0,0)*U(k,3,0,0,0));
id U(i?,372,1,1,0) = lambda (i, j)*U(i,3,2,0,0)
+ sum_(k,1,’'N’, (lambda (i, k)-lambda (k, J)) *(
U(i,k,1,0,0)*U(k,3,0,0,0)
+U(1i,%k,0,0,0)*xU(k,3,1,0,0) ));
id U(i?, j?,2,1,0) = lambda(i, j)=*U(i, J,3,0,0)
+ sum_(k,1,’'N’, (lambda (i, k)-lambda (k, J)) *(
U(i,k,2,0,0)xU(k,j,0,0,0)
+2xU(i,%k,1,0,0)+xU(k,j,1,0,0)
+U(1i,%k,0,0,0)%xU(k,3,2,0,0) ));

repeat;
id U(i?,1i7?,3?2,k?,1?2) = 0;
endrepeat;

* lambda (i, i) should not appear,
* we set it to zero.

repeat;

#do i=1,'N’

id lambda(’i’,’1i") = 0;

#enddo

endrepeat;

* The lambda (i, j) are symmetric.
repeat;

#do i=1,'N’'-1

#do J="1i’+1,’'N’

id lambda(’j’,’1i") = lambda(’i’,’'3");
#enddo

#enddo

endrepeat;

* The a (i, j) are antisymmetric.
repeat;

#do 1i=1,'N’'-1

#do j="1i’+1,’'N’

id a(’37,7i") = —a("i",73");
#enddo

#enddo

endrepeat;

x #do i=1,’N’
* #do j=1,'N’
* print +s exprr’i’’j’;
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* #enddo
* #enddo

.store

x*x*x*x PART 3 *%%%

nwrite statistics

14

Functions U;

.
14

b

ay

CFunctions lambda,

Symbols i,

.
14

tau

s

’

= exprl2-exprrl?2

Global diffl2

* This is only ONE of the set of

* equations to be checked

* insert the definitions of

* lambda (i, J)

repeat;

and a (i, Jj)

(b(1)-b(3))/(a(i)-a(3));

1/(a(i)-a(3));

id lambda (i?, j7?)
id a(i?, j?)
endrepeat

.
14

14

Bracket U

.
14

print +s diffl2

vanishes by pasting coefficient

*

(after simplify)

* into MuPAD

.end

The output from FORM includes vast terms and it is hard to see whether all terms vanish. The
statement Bracket U; enables us to pack coefficients of each term in bracket such that

diffl2
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mMaaae00000000404084840808080804040
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*a (2)
*a(3)
*a(3)

Putting these coefficients into MuPAD, we find that coefficients of all terms yield O aftera simplify

command.

a(l)

- b(2)) (b(1) - b(3))

(b (1)

- b(3))

a(l)
4

(b(2) - Db(3))

- b(2))

(b (1)

a(2)

a(l)

a(2)

a(l)

(b(1) - b(3))

- b(2))

(b (1)

a(3)

a(l)

a(2)

a(l)

a(2)

a(l)

a(3)

a(l)

- b(3))

(b (1)

a(3)

a(2)

a(3)

a(l)

95



(b(1) = b(2)) (b(l) = b(3)) (b(2) - b(3))
>> simplify (%)

>>

In this way, we can check that also the other terms vanish.

C.4.3 Commutativity of the first two KdV flows

Following the procedure in the case of N-wave hierarchy, we developed this FORM program to
check the commutativity of the first two flows of the KdV hierarchy which we obtained from the
pre-sdYM hierarchy. In contrast to the case of /N-wave, we do not need to put the output from
FORM into MuPAD to check whether all coefficients vanish.

KdV_check. frm

u has two slots which contain

the number of partial derivatives

with respect to y and t.

u ( (number of derivatives with respect of y),
(number of derivatives with respect to t))

o T R I

Functions dy, dz2, dz3;
Functions u, vy, t;
Symbols i, Jj, k;

x first hierarchy equation of KdV hierarchy in Sec.4.4.2
Local Uz2 = u(3, 0, 0)/4 - 3xu(l, 0, 0)*u(l, 0, 0)/2;

* differentiation with respect of dz3
Global exprl = dz3%Uz2;

Local F1 = (u(5, 0, 0) — 10*(u(3, 0, O0)xu(l, 0, 0)
+ u(l, 0, 0)*u(3, 0, 0) + u(2, 0, 0)*u(2, 0, 0))

+ 40xu(l, 0, 0)*u(l, 0, 0)*u(l, 0, 0))/1l6;

Local F2 = dyxF1;

Local F3 = dyxF2;

Local F4 = dyxF3;

Local F5 = dyxF4;

Local F6 = dyxF5;

Local F7 = dyxF6;
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Local F8 = dyxF7;

repeat;
* definitions of differentiation with respect to y and dz3
id dz3%u(i?, 3?2, k?) = u(i, j, k+1) + u(i, 3J, k)*dz3;

id dyxu(i?, 3j?, k?) = u(i+l, 3j, k) + u(i, J, k)=xdy;
endrepeat;

id dy = 0;
id dz3 = 0;

.sort
repeat;
id u(0, 0, 1) = F1;
id u(l, 0, 1) = F2;
id u(2, 0, 1) = F3;
id u(3, 0, 1) = F4;
id u((4, 0, 1) = F5;
id u(5, 0, 1) = Fo;
id u(e, 0, 1) = F7;
id u(7, 0, 1) = F8;

endrepeat;
print +s exprl;

.store

Functions dy, dz2, dz3;
Functions u, vy, t;
Symbols i, Jj, k;

* second hierarchy equation of KdV hierarchy in Sec.4.4.2
Local Uz3 = (u(5, 0, 0) - 10%x(u(3, 0, 0)*u(l, 0, 0)

+ u(l, 0, 0)*u(3, 0, 0) + u(2, 0, 0)*u(2, 0, 0))

+ 40xu(l, 0, 0)*xu(l, 0, 0)*u(l, 0, 0))/16;

* differentiation with respect of dz2
Global expr2 = dz2xUz3;

Local Gl = u(3, 0, 0)/4 - 3%u(l, 0, 0)=*u(l, 0, 0)/2;
Local G2 = dyxGl;
Local G3 = dyxG2;
Local G4 = dyxG3;
Local G5 = dyxG4;
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Local G6 = dyxG5;

Local G7 = dyxG6;

Local G8 = dyxG7;

repeat;

x definitions of differentiation with respect to y and dz2
id dz2+u(i?, 3j?, k?) = u(i, j+1, k) + u(i, Jj, k)=*dz2;

id dyxu(i?, 3j?, k?) = u(i+l, 3, k) + u(i, I, k)=*dy;
endrepeat;

id dy = 0;

id dz2 = 0;

.sort
repeat;

id u(0, 1, 0) = G1;
id u(l, 1, 0) = G2;
id u(2, 1, 0) = G3;
id u(3, 1, 0) = G4;
id u(4, 1, 0) = G5;
id u(5, 1, 0) = Go;
id u(e, 1, 0) = G7;
id u(7, 1, 0) = G8;

endrepeat;

print +s expr2;

.store

* If the flows commute, diff = 0.
Local diff = exprl - expr2;

print +s diff;
.end

The output of this program yields 0,

> ./form -1 kdv_check.frm

diff = 0;
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C.44 Commutativity of the nonlinear Schrodinger flows

In this subsection we present two FORM programs. One is developed for the commutativity check
between first and second flow, the other is for the commutativity check between second and third
flow of the NLS hierarchy we obtained. As mentioned in Sec.3.4.1 and 3.4.3, we obtained from
the reduced pre-sdYM hierarchy the following results,

o first hierarchy equation : NLS equation,
e second hierarchy equation : complex mKdV equation,
e third hierarchy equation : second hierarchy equation of NLS hierarchy.

Apparently, it is not clear whether these equations are symmetries of each other, so that the reduced
pre-sdYM hierarchy would be a hierarchy . The first FORM program checks the commutativity
between NLS equation and complex mKdV equation (note that we did not rstrict @ and r to a =
3 T =E0).

Commutativity check between the first and second flow.

* Nonlinear Schroedinger hierarchy
* check of commutativity of the
x first and second equation

**xx%x PART 1 *%%%

nwrite statistics;

Functions r, g, eg2, dz3;

Symbols a, i, J, k;

* The function g, r have 3 sockets

which mean the differentiation

* with respect to y, z2, z3 respectively.
* e.g. r(y, z2, z3).

* computing derivative of

* rhs of first equation g _z2 = eg2
* with respect to z3

Global exprl = dz3xeg2;

* definition the right hand side of the first equation
id egz2 =
(g(2, 0, 0) + 2xg(0, 0, 0)*r(0, 0, 0)*g(0, 0, 0))/(2xa);

repeat;

* definition of differentiation with respect to z3
id dz3xg(i?, 32, k?) =

qg(i, j, k + 1) + g(i, 7j, k)=*dz3;

id dz3xr(i?, 3j?, k?) =
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r(i, 3, k + 1)
endrepeat;

+ r(i, 3, k)

id dz3=0;
.sort

repeat;
id g(0,
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id r (0,
(r(3, 0, 0)

+ 3*xr (1,
+ 3%xr (0, O,

endrepeat;

0,
0) *q (0,

print +s exprl;
.store

xxxx PART 2 **%*%
nwrite statistics;

Functions r, g, eqg3,
Symbols a, 3, k;

dz2;

i,

* computing the derivative
x* of first equation g_z3

*dz3;
+
, 0, 0)
(1, 0, 0))/(4%xa"2);
r(0, 0, 0)*g(0, 0, 0)
(0, 0, 0)
(1, 0, 0)
(1, 0, 0)
(2, 0, 0))/(4%a"~2);
(0, 0, 0)
(0, 0, 0)
(1, 0, 0)
(0, 0, 0)
g(l, 0, 0)
(2, 0, 0)
(1, 0, 0)
(2, 0, 0)
(3, 0, 0))/(4%a"2);
0, 0)xr (0, 0, 0)
(L, 0, 0))/(4%a"2);
of rhs
eq3
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* with respect to z2
Global expr2 = dz2xeg3;

* defining the right hand side of the second equation
id eg3 = (g(3, 0, 0) + 3xg(l, 0, 0)*r(0, 0, 0)xg(0, 0, 0)
+ 3%xgq(0, 0, 0)*r(0, 0, 0)*g(l, 0, 0))/(4%a"2);

x definition of differentiation with respect to z2
repeat;

id dz2*qg((i?, 32, k?) 3+ 1, k) + g(i, 3, k)=*dz2;
id dz2+r(i?, 3j?, k?) = r(i, jJ + 1, k) + r(i, 3, k)=*dz2;
endrepeat;

Il
QO
'_l

.sort

id dz2=0;

repeat;

id g(o, 1, 0) =

(g(2, 0, 0)

+ 2xq(0, 0, 0)xr(0, 0, 0)*g(0, 0, 0))/(2xa);
id g(1, 1, 0) = (g(3, 0, 0)

+ 2xg(l1, 0, 0)*r(0, 0, 0)xg(0, 0, 0)

+ 2xg(0, 0, 0)*r(1, 0, 0)xg(0, 0, 0)

+ 2+xg(0, 0, 0)xr (0, 0, 0)xg(l, 0, 0))/(2*a);
id g(2, 1, 0) =

(g4, 0, 0)

+ 2xg(2, 0, 0)*r (0, 0, 0)xg(0, 0, 0)

+ 4xg(l, 0, 0)*r (1, 0, 0)xg(0, 0, 0)

+ 4xg(1, 0, 0)*r (0, 0, 0)xg(l, 0, 0)

+ 2xg(0, 0, 0)xr(2, 0, 0)*xg(0, 0, 0)

+ 4xg(0, 0, 0)*r(l, O, 0)=xg(l, 0, 0)

+ 2«q(0, 0, 0)xr(0, 0, 0)*g(2, 0, 0))/(2*a);
id g(3, 1, 0) =

(q(5, 0, 0)

+ 2xg(3, 0, 0)xr(0, 0, 0)*g(0, 0, 0)

+ 6xg(2, 0, 0)xr (1, 0, 0)xg(0, 0, 0)

+ 6xg(2, 0, 0)*r(0, 0, 0)xg(l, 0, 0)

+ 6xg(l, 0, 0)*r(2, 0, 0)*xg(0, 0, 0)

+ 12%xg(1, 0, 0)xr(1, 0, 0)xg(l, 0, 0)

+ 6xg(l1, 0, 0)*r (0, 0, 0)*xg(2, 0, 0)

+ 2xg(0, 0, 0)xr(3, 0, 0)xg(0, 0, 0)

+ 6xg(0, 0, 0)*r(2, 0, 0)xg(l, 0, 0)

+ 6xg(0, 0, 0)*r(l, 0, 0)*xg(2, 0, 0)

+ 2+xg(0, 0, 0)xr (0, 0, 0)xg(3, 0, 0))/(2*a);
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id r(0, 1, 0) =

(-r (2, 0, 0)

- 2+xr (0, 0, 0)xg(0, 0, 0)xr (0, 0, 0))/(2*a);
endrepeat;

print +s expr2;
.store

*%*xx PART 3 *%%x%*
nwrite statistics;

* Let’s restrict to commuting objects
Functions r, g;
Symbols aj;

Global diffl2 = exprl - expr2;
print +s diffl2;

.sort

print +s diffl2;

.end

Commutativity check between the second and third flow.

* Nonlinear Schroedinger hierarchy
* check of commutativity of the
x second and third equation

**x*x%x PART 1 *x*%x%

nwrite statistics;

Functions r, g, eqg3, eq4, dz4, dy;
Symbols a, i, 3, k;

* The functions g, r have 3 sockets

* which mean the differentiation

* with respect to y, z3, z4 respectively.
* e.g. r(y, z3, z4).

* computing derivative of rhs of first equation
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g _z3 = eg3 with respect to z3
Global exprl = dzdxeg3;

* The differentiations of g z4 with respect to y
Local gz4 = eqg4;

Local gyz4 = dyxeqg4;

Local gyyz4 = dyxqgyz4;

Local gyyyz4 = dyxqyyz4;

* defining the right hand side of the first equation
id eg3 = (g(3, 0, 0) + 3xg(1, 0, 0)*r (0, 0, 0)=*g(0, O,
+ 3xq(0, 0, 0)*r(0, 0, 0)*qg(l, 0, 0))/(4%xa"2);

id egd =

(g(4, 0, 0)

+ 4xg(2, 0, 0)xr (0, 0, 0)xg(0, 0, 0)
+ 2xg(l, 0, 0)*r(l, 0O, 0)xg(0, 0O, 0)
+ 6xg(l, 0, 0)*r(0, 0, 0)xg(l, 0, 0)
+ 2xg(0, 0, 0)*r(1, 0, 0)xg(l, 0, 0)
+ 4xg(0, 0, 0)*r (0, 0, 0)*xg(2, 0, 0)
+ 2+xg(0, 0, 0)xr(2, 0, 0)xg(0, 0, 0)
+ 6xg(0, 0, 0)*r(0, 0, 0)xg(0, 0, 0)
*r (0, 0, 0)*g(0, 0, 0))/(8xa"3);
repeat;

* definition of differentiation with respect to z4
id dzéd*qg((iz?, j2, k?2) =

(i, 3, k + 1) + g(i, 3J, k)=*dz4;

id dzédxr (i?, 32, k?) =

r(i, j, k + 1) + r(i, 3, k)=xdz4;

* definition of differentiation with respect to vy
id dyxg(i?, j?, k?) =

aq(i + 1, 3, k) + a(i, J, k)=dy;

id dyxr(i?, j?, k?) =

r(i + 1, 3, k) + r(i, 3, k)=xdy;

endrepeat;
id dy = 0;

id dz4 = 0;
.sort
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id g(0, 0, 1) = gz4;

id g(1, 0, 1) = qgyz4;

id g(2, 0, 1) = gyyz4;

id q(3, 0, 1) = gyyyz4;

id r(0, 0, 1) =

-(r(4, 0, 0)

+ 4xr (2, 0, 0)*g(0, 0, 0)xr(0, 0O ,0)
+ 2xr (1, 0, 0)xg(l, 0, 0)*r(0, 0, 0)
+ 6xr (1, 0, 0)xg(0, 0, 0)xr (1, 0, 0)
+ 2xr (0, 0, 0)*g(l, 0, 0)xr(1, 0O, 0)
+ 4xr (0, 0, 0)=*g(0, 0, 0)*xr(2, 0, 0)
+ 2xr (0, 0, 0)xg(2, 0, 0)*r (0, 0, 0)
+ 6%xr (0, 0, 0)xg(0, 0, 0)*r (0, 0, 0)
*q (0, 0, 0)xr(0, 0, 0))/(8%xa"3);

endrepeat;
print +s exprl;
.store

**%x* PART 2 *x*%x%

nwrite statistics;

Functions dy, r, g, eq3, eq4, dz3;
Symbols a, i, 3, k;

* computing the derivative of

* rhs of first equation g _z4 = eqg4
* with respect to z3

Global expr2 = dz3xeg4;

* The differentiations of
* g_z3 with respect to y
Local gz3 = eqg3;

Local gyz3 = dy=*eq3;

Local qgyyz3 = dy*qyz3;
Local qgqyyyz3 = dyxqyyz3;
Local qyyyyz3 = dy*qyyyz3;

x defining the right hand side of the
* second equation

id eg3 =

(a(3, 0, 0)

+ 3xg(1, 0, 0)xr (0, 0, 0)xg(0, 0, 0)
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0)*r (0, 0, 0)xq(l, 0, 0))/(4%a"2);

1d egd =

(a(4, 0, 0)

+ 4%xg(2, 0, 0)xr(0, 0, 0)*g(0, 0, 0)
+ 2xg(l, 0, 0)*r(l, O, 0)xg(0, 0O, 0)
+ 6xg(l, 0, 0)*r(0, 0, 0)xg(l, 0, 0)
+ 2xg(0, 0, 0)*r(1, 0, 0)xg(l, 0, 0)
+ 4xg(0, 0, 0)*r (0, 0, 0)xg(2, 0, 0)
+ 2xg(0, 0, 0)xr(2, 0, 0)*g(0, 0, 0)
+ 6%xg(0, 0, 0)xr (0, 0, 0)xg(0, 0, 0)
*r (0, 0, 0)*g(0, 0, 0))/(8xa"3);

* definition of differentiation with respect to z2
repeat;

id dz3xg(i?, 32, k?) =

g(i, 3 + 1, k) + g(i, 3, k)=*dz3;

id dz3xr(i?, 3j?, k?) =

r(i, 3 + 1, k) + r(i, j, k)=*dz3;

* definition of differentiation with respect to vy
id dyxg(i?, j?, k?) =

a(i + 1, 3, k) + a(i, j, k)+dy;

id dyxr(i?, j?, k?) =

r(i + 1, j, k) + r(i, 3J, k)=dy;

endrepeat;

id dy = 0;

id dz3 = 0;

.sort

repeat;

id g(0, 1, 0) = gz3;

id g(1, 1, 0) = qgqyz3;

id g(2, 1, 0) = qgqyyz3;
id g(3, 1, 0) = gqyyyz3;
id g(4, 1, 0) = gqyyyyz3;
id r(0, 1, 0) =

0, O
+ 3%r(l, 0, 0)*q(0, 0, 0)*r(0, 0, 0)
0, 0, 0)*q(0, 0, 0)xr(1, 0, 0))/(4xa"2);



(r(4, 0, 0)

+ 3%xr (2, 0, 0)xg(0, 0, 0)*r (0, 0, 0)

+ 3xr (1, 0, 0)*g(l, 0, 0)xr (0, 0O, 0)

+ 6%xr (1, 0, 0)xg(0, 0, 0)*r(l, 0, 0)

+ 3xr (0, 0, 0)=*g(l, 0, 0)*r(1, 0, 0)

+ 3xr(0, 0, 0)xg(0, O, 0)*r(2, O, 0))/(4%a"2);
id r(2, 1, 0) =

(r(5, 0, 0)

+ 3%xr (3, 0, 0)xg(0, 0, 0)*r (0, 0, 0)

+ 6xr(2, 0, 0)*g(l, O, 0)*r(0, 0, 0)

+ 9xr(2, 0, 0)*g(0, 0, 0)*r(1, 0, 0)

+ 3xr (1, 0, 0)*g(2, 0, 0)xr (0, 0, 0)

+ 12%xr (1, 0O, 0)xg(l, 0, 0)xr(1, 0, 0)

+ 9%r (1, 0, 0)xg(0, 0, 0)*r(2, 0, 0)

+ 3xr (0, 0, 0)xg(2, 0, O0)xr(1, 0, 0)

+ 6xr (0, 0, 0)xg(1, 0, 0)*r(2, 0, 0)

+ 3%xr(0, 0, 0)xq(0, 0, 0)*r(3, 0, 0))/(4%xa"2);

endrepeat;

print +s expr2;
.store

*%%*% PART 3 **x*xx*
nwrite statistics;

* Let’s restrict to commuting objects
Functions r, g;

Symbols a;

Global diffl2 = exprl - expr2;
print +s diffl2;

.sort

print +s diffl2;

.end

The results of both programs are
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diffl2 = 0;

Same as the commutativity check of the KdV flows, we do not need to put the output from FORM
into another computer algebra system such as MuPAD to check whether all coefficients vanish.

107



References

[1] O. Babelon, Bernard D., and M. Talon. Introduction to Classical Integrable Systems. Cam-
bridge University Press, Cambridge, 2003.

[2] P. D. Lax. Integrals of nonlinear equations of evolution and solitary waves. Comm. Pure
Appl. Math., 21:467-490, 1968.

[3] F. Calogero and M.C. Nucci. Lax pair galore. J. Math. Phys., 32:72-74, 1991.
[4] M. Blaszak. Multi-Hamiltonian Theory of Dynamical Systems. Springer, Berlin, 1998.

[5] P.G. Drazin and R.S. Johnson. Solitons: An Introduction. Cambridge University Press,
Cambridge, 1989.

[6] Clifford S. Gardner, John M. Greene, Martin D. Kruskal, and Robert M. Miura. Method for
solving the Korteweg-de Vries equation. Phys. Rev. Lett., 19(19):1095-1097, 1967.

[7] M.J. Ablowitz and P.A. Clarkson. Solitons, Nonlinear Evolution Equations and Inverse Scat-
tering. Cambridge University Press, Cambridge, 1991.

[8] J. Hietarinta. Introduction to the Hirota bilinear method. solv-int/9708006, 1, 1997.

[9] R. Hirota. Exact Solution of the Korteweg-de Vries equation for multiple collisions of soli-
tons. J. Phys. Soc. Japan, 27:1192-1194, 1971.

[10] A. Goriely. Integrability and Nonintegrability of Dynamical systems. World Scientific, 2001.

[11] A.V.Mikhailov, A.B.Shabat, and V.V.Sokolov. The Symmetry Approach to Classification of
Integrable Equations, in: What is Integrability? (V.E. Zakharov, ed.). Springer, New York,
1991.

[12] T. Miwa, M. Jimbo, and E. Date. Solitons: Differential Equations, Symmetries and Infinite
Dimensional Algebras. Cambridge Univ. Press, Cambridge, 2000.

[13] M. J. Ablowitz, S. Chakravarty, and L. A. Takhtajan. A self-dual Yang-Mills hierarchy and
its reductions to integrable systems in 1 4+ 1 and 2 + 1 dimensions. Commun. Math. Phys.,
158:289-314, 1993.

[14] Y. Nakamura. Transformation group acting on a self-dual Yang-Mills hierarchy. J. Math.
Phys., 29:244-248, 1988.

[15] Y. Nakamura. Self-dual Yang-Mills hierarchy: A nonlinear dynamical system in higher
dimensions. J. Math. Phys., 32:382-385, 1991.

[16] L.J. Mason and N.M.J. Woodhouse. Integrability, Self-Duality, and Twistor Theory. Claren-
don Press, Oxford, 1996.

[17] R. S. Ward. Integrable and solvable systems, and relations among them. Phil. Trans. Roy.
Soc. London A, 315:451, 1985.

108



[18] P.J. Olver and V.V. Sokolov. Non-abelian integrable systems of the derivative nonlinear
Schrodinger type. Inverse Problems, 14:1.5-L8, 1998.

[19] P.J. Olver and V.V. Sokolov. Integrable evolution equations on associative algebras. Commun.
Math. Phys., 193:245-268, 1998.

[20] B. A. Kupershmidt. KP or mKP, volume 78 of Mathematical Surveys and Monographs.
American Math. Soc., Providence, 2000.

[21] V.A. Marchenko. Nonlinear Equations and Operator Algebras. Mathematics and Its Appli-
cations. Reidel, Dordrecht, 1988.

[22] B. Carl and C. Schiebold. Nonlinear equations in soliton physics and operator ideals. Non-
linearity, 12:333-364, 1999.

[23] B. Carl and C. Schiebold. Ein direkter Ansatz zur Untersuchung von Solitonengleichungen.
Jber. Dt. Math.-Verein., 102:102—-148, 2000.

[24] L. A. Dickey. Soliton Equations and Hamiltonian Systems. World Scientific, Singapore,
2003.

[25] M. J. Ablowitz, S. Chakravarty, and R. G. Halburd. Integrable systems and reductions of the
self-dual Yang-Mills equations. J. Math. Phys., 44:3147-3173, 2003.

[26] L.J. Mason and Y. Nutku. Geometry and Integrability, volume 295 of London Mathematical
Society Lecture Note Series. Cambridge University Press, Cambridge, 2003.

[27] I.A.B. Strachan. Some integrable hierarchies in (2+1) dimensions and their twistor descrip-
tion. J. Math. Phys., 34:243-259, 1992.

[28] J. Schiff. Self-dual Yang-Mills and the Hamiltonian structures of integrable systems. hep-
th/9211070, 1992.

[29] K. Takasaki. Hierarchy structure in integrable systems of gauge fields and underlying lie
algebras. Comm. Math. Phys, 127:225-238, 1990.

[30] V.E.Zakharov and S. V. Manakov. Resonant interaction of wave packets in nonlinear media.
Sov. Phys. JETP Lett., 18:243-247, 1973.

[31] V. E. Zakharov and S. V. Manakov. The theory of resonance interaction of wave packets in
nonlinear media. Sov. Phys. JETP, 42:842-850, 1975.

[32] M. J. Ablowitz and R. Haberman. Resonantly coupled nonlinear evolution equations. J.
Math. Phys., 16:2301-2305, 1975.

[33] W.-X. Ma and Z. Zhou. Binary symmetry constraints of n-wave interaction equations in 1+ 1
and 2 + 1 dimensions. nlin.SI/0105061, 2001.

[34] M. Hamanaka. On Reductions of noncommutative anti-self-dual Yang-Mills equations. Phys.
Lett. B, 625:324-332, 2005.

109



[35] L.J. Mason and G.A.J. Sparling. Nonlinear Schrodinger and Korteweg-de Vries are reduc-
tions of Self-dual Yang-Mills. Phys. Lett. A, 137(1,2):29-33, 1989.

[36] Dimakis A and F. Miiller-Hoissen. Extension of noncommutative soliton hierarchies. J. Phys.
A, 37:4096-4084, 2004.

[37] M. Hamanaka. Noncommutative Ward’s conjecture and integrable systems. hep-th/0601209,
2006.

[38] Y. Zeng, W. Ma, and Lin R. Integration of the soliton hierarchy with self-consistent sources.
J. Math. Phys, 41(8):5453-5489, 2000.

[39] Paniak L.D. Exact noncommutative KP and KdV multi-solitons. hep-th/0105185, 2:9169—
9186, 2001.

[40] S.Yu. Sakovich. True and fake Lax pairs: How to distinguish them. nlin.SI/0112027, 2001.
[41] J. Vermaseren. FORM Reference Manual. Amsterdam: NIKHEF, 2002.

[42] Dimakis A and F. Miiller-Hoissen. Using form in soliton analysis. unpublished, 2004.

110



Index

N-wave interaction equation, 21

(anti-) self-dual Yang-Mills (sdYM) equations,
7

2+1-dimensional /N-wave system, 71

2+1-dimensional integrable systems, 47

Béacklund transformation, 3
Bakas-Depireux (BD) reduction, 25
Bi-Hamiltonian structure, 3

Compatibility condition, 3
Gauge transformation, 7, 9

Hirota formulation, 3
Hodge star operator, 7

Integrability, 3
Integrability condition, 3
Integrable system, 3, 4
Inverse scattering theory, 3

Kadomtsev-Petviashvili (KP) equation, 4,47, 61,
73,75

Korteweg-de Vries (KdV) equation, 4, 26, 28,
47

Lax pair, 3, 4

Levi-Civita pseudo-tensor, 7
Linear system, 3, 4, 8,9
Liouville integrability, 3

Mason-Sparling (MS) reduction, 27
Modified KdV (mKdV) equation, 37

Nonlinear Schrodinger (NLS) equation, 4, 36

Painleve’ property, 3

Potential forms of the (anti-) sdYM equations, 8

potential Kadomtsev-Petviashvili (KP) equation,
74

Potential Korteweg-de Vries (KdV) equation, 28

pre-sdYM hierarchy, 14, 15

Recursion formula of the N-wave hierarchy, 22

Recursion formula of the
2+1-dimensional N-wave system, 57
Recursion formula of the KP hierarchy, 62
Recursion formula of the NLS and Zakharov, 40
Reduction, 4
Reduction to 2+1 dimensional N-wave system,
70
Reduction to
2+1-dimensional N-wave system, 55
Reduction to NLS, 35
Reduction to Sine-Gordon, 44
Reduction to the KdV hierarchy, 25
Reduction to the KP hierarchy, 59
Reduction to the N-wave system, 20
Reductions to 2+1 dimensions, 55

sdYM hierarchy for 2+1 dimensions, 49
self-dual Yang-Mills (sdYM) equation, 8, 9
self-dual Yang-Mills hierarchy, 9, 11
Symmetry of PDEs, 4, 6

Wilson-Sato equation, 17
Yang-Mills field strength, 7

Zakharov system, 37
Zero-curvature condition, 3-5

111



