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Abstract

We investigate compactification of the string theory. Specifically we provide a new class
of Zn X Zj,; orbifolds on non-factorizable tori, whose boundary conditions are defined
by Lie root lattices. Generally, point groups of these orbifolds are generated by Weyl
reflections and outer automorphisms of the lattices. We evaluate the topological invariants
of the Zy x Zj; orbifolds with and without discrete torsions. Then we find that some of
these models have smaller Euler numbers than those of the models on the factorizable tori
T? x T? x T?. In Appendix C we give the complete classification for the abelian orbifolds
on the six-dimensional Lie root lattices.

We found that the Z3 x Z3 orbifold on the Eg root lattice is phenomenologically inter-
esting, because the orbifold has just three fixed tori in some twisted sectors, and there have
not been known such a six-dimensional orbifold. Then we assume only two non-standard
gauge embeddings and find that they lead to three-family SU(5) and SO(10) GUT-like
models. These models also include strongly coupled sectors in the low energy and mes-
senger states charged with both hidden and visible sectors. We observe the structures of
three point interactions are changed for these models, and this is favorable to realize mass
matrices with flavor mixing for quark and leptons.

Finally we apply the non-factorizable tori to the Type II orientifolds with and without
its oribifolding. We explicitly calculate the Ramond-Ramond tadpole from string one-
loop amplitudes, and confirm that the consistent number of orientifold planes is directly
derived from the Lefschetz fixed point theorem. We furthermore classify orientifolds on
non-factorizable Zy x Z,, orbifolds, and construct new supersymmetric Type ITA orientifold
models on them.
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Chapter 1

Introduction

Behind phenomena in nature there exist underlying laws, and we know that the Standard
Model and general relativity provide the most elemental theory to describe the funda-
mental parts of nature. The Standard Model is the gauge theory with the gauge groups
SU(3)xSU(2)xU(1) coupled to three generations of quarks and leptons. General relativ-
ity is the theory of gravity, whose force is extremely small in comparison with the other
three forces. Both are remarkably successful theories which explain experimental data
with highly precision, and related with each other. These theories describe the largest and
smallest objects for us, and actually creation of matter through big bang is explained by
the collaboration of them. On the other hand, we can not answer why there exist three
generations of matter, existence of dark matter in the universe and how can the gravita-
tional force is quantized as a renormalizable quantum field theory. In the understanding of
renormalization, we have known that the Standard Model is an effective field theory which
is obtained by integrating our high energy degree of freedom. The Einstein equation

1
(R/W - §Rguu) + Ag;w = ,];u/ (101)

suggests the quantum gravity, because we know the quantum field theory for the r.h.s of
equation, but we do not know a consistent quantum field theory of gravity for 1.h.s., and
this also implies our luck of understanding of nature. Quantum gravity will play a crucial
role in the beginning of the universe, and it is expected that our four dimensional spacetime
was determined in the process of the big bang.

Superstring theory is the most promising candidate to give the explanation to them.
The consistent string theory is possible only for specific dimensionalities of the spacetime.
This means that space and time are the dynamical quantities by themselves. It is quite
attractive feature of string theory so that it has possibilities to realize four dimensional
spacetime. For the superstring theories the required dimension is ten. How are these
extra dimensions compatible with our four dimensional spacetime? One possible solution
is compactification in order to realize the Standard Model in the low energy effective theory
of the string theory. In this scenario the six dimensions are curled due to the gravitational
effect,

R — R* x M (1.0.2)
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where MY is the six dimensional compact space, and geometries of the compact space
determine the low energy theory as string states. It means that the geometry and inner
structures are crucial to reproduce the Standard model, and investigation of them is of
great importance. This is one of the main motivation of this paper, and it is a challenging
issue to elucidate the origin of parameters of the Standard Model, and to understand the
deep structure of nature.

There are some mysteries of the spectrum of the Standard Model. Specifically we do
not know at all the meaning of the duplication of the generations of quarks and leptons,
and their hierarchy of their mass structure from neutrinos to top quark,

m,, < 3eV <« m, ~ 4MeVK m = 174 GeV. (1.0.3)

e

The difference between the up and top quark is curious because the other quantum numbers
are the same for them. The grand unified theories (GUT) based on SU(5) and SO(10)
explain the quantum numbers of them, but say nothing about the generations. This is so
fundamental problem for us that it tempts us to think that they will provide the key for the
fundamental and unified theory beyond the Standard Model and it would even relate to
the theory of gravity. There are some reasons why we can envisage such a expectation. As
mentioned the above, it is reasonable to guess that gravitational force would play a central
role for the creation of the space time, and quantum effect would be essential for it, which
dominate near the Planck scale M, = 1.2 x 10! GeV. Surprisingly the (supersymmetric)
GUT scale Mgyr ~ 106 GeV is not so far from the Planck scale. Supersymmetry also
cures the quadratic divergence of Higgs mass with respect to the renormalization. These
facts suggest that the dynamics near the GUT or Planck scale generate the spectrum of
the Standard Model with three generations of matter. String theory provides us attractive
framework for the motivation, and it includes rich structure enough in itself as we will see
the parts of them in this paper.

A dream of string theorists would be to obtain the fundamental theory of nature as the
solution of string theory in non-perturbative analysis. It is generally believed that string
theory include only one fundamental constant o/, and the scenario looks perfect as the
unified theory, but also formidable. We rather approach the realization of the Standard
Model in perturbative ways. In other words we assume the compactifications and study
the string spectra and interactions in the perturbative vacua. We are interested in how
we can construct the string vacua with realistic spectra, and what kinds of properties are
required for it.

Attempting to obtain the Standard Model from heterotic string theory [8-12] has been
the earliest endeavour of such realization. Calabi-Yau compactification is a solution with
N =1 supersymmetry [13-17]. The numbers of generations of the heterotic string models
with the standard embedding are determined by half the Euler number of the Calabi-Yau
three-fold /2, and models with xy = 6 were searched [18]. For non-standard gauge embed-
dings or inclusion of background fields, e.g. Wilson lines, we have rather rich possibilities
of model constructions. Compactification on orbifold also preserve N' = 1 supersymmetry
in 4D [19,20], and blowing up the singularities of the orbifolds lead to Calabi-Yau man-
ifolds. Despite of the singularities on the orbifolds, orbifold compactification is an exact



solvable case of Calabi-Yau, and provides us an attractive playground. Three-family mod-
els compactified on orbifolds have been constructed with abelian discrete groups Zy and
Zy X Ly [61-69,75-85], whose point group elements are defined by the Coxeter elements.
There are also the fermionic construction of heterotic string, and three generation mod-
els are constructed [109-112], and some of these models are coincident with those of the
bosonic constructions. However these models often suffer from many extra matters, and
do not have realistic Yukawa matrices, and actually we have not succeeded to obtain the
Standard Model or its supersymmetric extension. Then there are rather numerous models
recently, and it gets more important to establish the criteria to select promising models
from the landscape of string vacua [36-41,113,126-129].

In this thesis we generalize orbifolds through the considerations about the automor-
phisms on non-factorizable six-tori. In the case of Zy x Zjs the Coxeter orbifolds [70, 72—
74,106,116,117] give the factorized compact space T2 x T? x T?. Recently, non-factorizable
Zs X Zs orbifolds were constructed in heterotic string [44-46], and in Type IIA string [41].
Then the compact space is non-factorizable just like Calabi-Yau threefold [15, 86-88].
We recently classified Zy x Zj; orbifold models on non-factorizable tori [47,48]. Non-
factorizable orbifolds possess different geometries from factorizable ones because the num-
ber of fixed tori, and the Euler numbers, in six-dimensional spaces can be less than those
of the factorizable ones. It means that the models based on the non-factorizable orbifolds
have less number of generations, although there are often too many generations in the
models on factorizable orbifolds. Moreover the structures of the interactions are different
from that of the factorizable orbifolds, and this is interesting because non-trivial structure
will be needed for the flavor mixing terms of the mass matrices which are generated from
three-point functions. Thus, non-factorizable orbifold will provide a new tool for model
constructions, and provide vacua that have not constructed. Because string models are
connected to other ones by dualities and symmetries, our investigation is valued. Actu-
ally it is observed that the spectra of non-factorizable models are coincident with those of
factorizable models with the generalized discrete torsion [60].

Introducing D-branes [7] provides rich possibilities for Type II string theory. The
concept of branes stands for extended objects on which interactions are localized. The
intersecting brane scenario contains several phenomenological appealing features. Because
gravity is not forced to localize on D-branes, this means some essential difference between
these two kinds of interactions. Then the gravitational interaction can be much weaker
than the electroweak and strong interactions. Moreover this class of models provide the
chiral spectrum and gauge group of the Standard Model [22-32] (for review see [33-35]
and references therein). We can apply the non-factorizable orbifold to the intersecting
brane models. Because the RR-charge of D-brane should be cancelled by O-planes, we also
consider the generalization of Orientifold as it is explained in Chapter 4.

For any approaches to the Standard Model, the necessary ingredients for the model
construction are as follows:

e Chiral spectrum

e Gauge group containing SU(3) x SU(2) x U(1)
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e Three generations of quark and leptons
e Mass matrices with mixing (CKM and MNS)

We try to construct models for this aim in this paper. For the string models construction,
it would be also require

e N =1 supersymmetry
e Dynamics of spontaneously supersymmetry
e Moduli stabilization

N = 1 supersymmetry is favorable for phenomenological reasons from Higgs and cosmo-
logical constant. It is expected that supersymmetry is spontaneously broken by brane
dynamics, background or gaugino condensation in the lower energy scale than the string
scale. There are moduli which remains free parameters in the perturbative approach, and
they should be fixed by appropriate mechanisms. Since moduli stabilization determine
the size or shape of compact space, it seems that it could be related to the mechanism of
compactifications. These topics will be future works.

This thesis is organized as follows. In Chapter 2 we briefly review the superstring
theory in the context of orbifolds. The formulae can be used to both heterotic and Type II
string theory. Chapter 3 is devoted to the non-factorizable orbifold on the Lie root lattices.
We explain the detail of the automorphisms generated from the Weyl reflections and outer
automorphisms. Then we can easily classify the orbifolds on the Lie root lattices. This
chapter treats the geometry of orbifold, and is independent of string theory. In Chapter
4 we apply the non-factorizable orbifolds to heterotic string. Especially we present some
specific Zsz x Zs orbifold models, and investigate some phenomenological aspects of it. In
Chapter 5 we consider orientifolds on the non-factorizable tori and orbifolds. In order to
confirm the consistency conditions we mainly investigate the cancellation of the Ramond-
Ramond(RR) tadpole.

We conclude in Chapter 6. Appendices also include important results. In Appendix A
we collect some definitions of Lie algebra and explain that there are only sixteen distinctive
six dimensional Lie root lattices. In Appendix B we sum up useful results for the calculation
of the partition functions that are used in the text. In Appendix C we list all the orbifolds
with their Euler and hodge numbers on the sixteen lattices, which contain new results.
One can see that classification of orbifolds on Lie root lattices are easy and intuitive in
this way.

The work contained in this thesis is based on the papers [46,47] (Chapter 3,4), [48]
(Chapter 4) and [26,118] (Chapter 5). The author is grateful to my collaborators Tat-
suo Kobayashi, Noriaki Kitazawa, Stefan Forste, Tetsutaro Higaki, Hiroshi Ohki, Tesuji
Kimura and Mitsuhisa Ohta.



Chapter 2

A Brief Review of String Orbifolds

In this chapter we explain the basics of string orbifolds, whose formulae can be used to
both the heterotic and Type II string theory for the later use. The features that depend
on the specific types of the string will be given in the corresponding chapters, that is, the
Ey gauge group of the heterotic string in chapter 4 and open string of the Type II theory
in chapter 5.

The quantum field theory is defined as a theory of point particles, and the divergence
from the quantum effect is inevitable in the short length limit as the description of nature.
String theory is a generalization that the fundamental object is spatially one dimensional
[1-3] and the loop effect do not diverge owing to the modular invariance of worldsheet.
The action of free string is given by

1
4o

S = /deJ@aX“a“Xu, (2.0.1)
in the conformal gauge. The spacetime dimension of the bosonic sting is required to be
twenty six in order to cancel its conformal anomaly of two dimensional quantum field theory
on the worldsheet. For superstring theory we add the action two dimensional Majorana
fermion W#, and it leads to the ten dimensional spacetime as the target space.
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2.1 String orbifolds and mode expansions

As already mentioned, to construct a four-dimensional string models, we assume that six
of the spacial dimensions are compactified on a torus 7°. The resulting spectrum has
N =4 and N = 8 supersymmetry for heterotic and Type II string theory respectively,
and it is non-chiral. It is interesting to consider orbifold [19,20]. Then we can reduce the
supersymmetry to AV =1 or N' = 2 by the twist of orbifolds in a compact space. In Type
IT string theory we further implement with orientifold for the consistency of the models,
and we will mainly study the models with A/ = 1 supersymmetry in this thesis.
A six-torus T is obtained from six-dimensional Euclidean space R® divided by a lattice
A,
T% = R%/A. (2.1.1)

As we will see, the structure of the lattice A plays an important role in the analysis of this
paper. Points x € R differing by a lattice vector L € A are identified as

x ~ x + 27L. (2.1.2)

An orbifold is defined to be the quotient of a torus over a discrete set of isometries of the
torus, called the point group P, i.e.

O=T°P=R’/S, (2.1.3)

where S is called the space group, and is the semidirect product of the point group P and
the translation group, and P must act crystallographically on the lattice A. A space group
element (0,1), where 6 € P is a rotation and [ is a translation, acts on a coordinate x as

(0,D)x = 0x + L. (2.1.4)
Space group elements satisfy the following relation,

0,00, 1) = (00,1 +061), (2.1.5)
0.0 = (071, —071). (2.1.6)

For a point group element 0, we can choose a basis so that the 6 is diagonal, and it acts
on the complex coordinate (z1, 29, 23) € T® as

0 : (21,22, 23) — (€221, €™ 2y, €275 1), (2.1.7)
where (vy, v, v3) is called the twist. For a certain N, the action #" should be identity,
0V =1, Nuv;=0 modl, i=1,2,3, (2.1.8)

and this defines a Zy orbifold. The eigenvalues of the eight spinors of SO(8)igntcone are
eriEFuitEv ) ynder the action of §. To preserve ANV = 1 supersymmetry at least two of
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them should be left invariant. Without loss of generality we choose the elements of the
twist to satisfy
V1 + U + U3 = 0. (219)

This condition is nothing but the SU(3) holonomy for orbifolds, because the orbifolds are
a singular limit of certain Calabi-Yau three-fold, where the curvature is concentrate on the
fixed points. Then point group P C SO(6) is a discrete subgroup of the SU(3) holonomy
group.

It is useful to define the complex string coordinates on the compact space T as

) 1 . .
7' = (X2 X i =1,2,3, (2.1.10)

5

and their conjugate by Z? = Zi. For the closed string, the twisted sectors appear such
that the boundary of twisted strings is closed owing to the geometry of the orbifold. Such
states appear around fixed point z} The periodicity of the #-twisted sector is

Z' o +27) = ™ Z' (o) + I". (2.1.11)
where [’ is the shift defined by

I'=(1— ez} (2.1.12)
We can rewrite the condition (2.1.11) as
Z'(o +2m) — 2 = T (2 (0) — 2}), (2.1.13)

and it would be clear that the strings are around the fixed point z} We can label the string
states localizing at z;’c in the 6-twisted sectors as (6, zy), which is the corresponding space
group element. Since closed strings in the twisted sectors can shrink to the fixed points,
their ground energy can be zero depending on the boundary conditions. So massless states
can localize at the fixed points (or fixed tori).

The mode expansions of the string in the #-twisted sector is given by

) ) 1 1 . : 1 : ;
A — 5 v o 672l(n+vi)(7—70) & esz(nfvi)(TJro)
(r,0) =z + 2 nZ;éo [n oy MY * n—uv U ’
ZE(T 0) _ Z; + 3 Z 1 ai 672i(n7v¢)(770) + 1 &E efZi(n+v¢)(7—+o)
’ Fh9 ln-w v n4 v MY ’

(2.1.14)

where z} are the center-of-mass coordinates of the twisted states. They are split into left
and right moving components as Z'(1,0) = Z&(t — o) + ZL(7 + o). For the fermionic
coordinates we similarly define the complex fermions W¢. The mode expansions are given
by

reZ+v
\Iﬁ(T’ 0) - Z [ i—vie_zi(r_vi)(T_U) ‘|"I/Z+vie_i(7”+vi)(7+a)] ’

reZ+v
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where v take the value 0 in the Ramond sector and 1/2 in the Neveu-Schwartz sector.
They satisfy the following boundary conditions,

R: U(o+nm) = ™V (o), (2.1.16a)

NS: Ul(o+m) = —e™il(0), (2.1.16b)

and similarly for their conjugates U. The states are also divided to left- and right-movers,
Ui(r,0) = Vyh(r — o)+ Vi (1 +0) . (2.1.17)

These closed strings in a twisted sector look open on the covering space T, but their
ends are connected by the action of the orbifold element 6. Let us show the examples in
two dimensional cases. We define a Z, orbifold on T2 by the action

0: z— —z. (2.1.18)

Note that the points on this orbifold are identified up to torus lattice, e.g. z ~ 24+1 ~ z+1,
and four points zy =0, 1/2, ¢/2 and (1+41)/2 are invariant under . Similarly a Z; orbifold,
whose action is 6 : z — €>™/3z | have three fixed points, see Figure 2.1. Strings in the
f-twisted sectors are localizing at the fixed points. The fundamental regions are colored in
the figure, and we obtain the orbifold connecting the boundaries.

Im(z) Im(z)

2

Re (2)

Figure 2.1: The squares indicate fixed points. The colored area is the fundamental region
of the orbifold. Its boundary is connected by folding the dashed line.

On the other hand a closed string with the normal boundary condition (v; = vy =
vy = 0) is close on T and belongs to the untwisted sector. On the orbifold both the
twisted and untwisted sectors appear, and their existence is actually required to satisfy the
modular invariance. The untwisted sector is obtained by projecting out the string states
in 10D, and contain D = 4 N = 1 supergravity multiplet and vector multiplets of the
corresponding gauge group.

The (anti-) commutation relations of the operators are given by

|:Oéiz+vi7 O‘zn—vj] - (n + Ui)(;ij(sm—&—n,Oy
[&;{Z—Uﬂ dgrwrvj} = (n - Ui)(sijém—kn,Oa (2119)
{wi-i-vi’ ng_vi} = {1;71;—1)1'7 @;g—&-vi} - 5r+s,0 5ij )



2.1. STRING ORBIFOLDS AND MODE EXPANSIONS 13

and the others relations between left and right-moving operators vanish, i.e. la,a] =
{1,%} = 0. Then the mass formulae for the superstring have the general structure

1
ZME = Np+ Np(v) —a, (2.1.20)

1

4
where a and a are the normal ordering constants as explained later, and N’s are the number
operators defined by

Mlz% = NB+NF(V) —C~L,

_ I i i i 1
N = E ol oy, + g Oy, T+ E Qi Oy (2.1.21)
n>0 n4+wv; >0 n—uv; >0
- Z o Z i i 2 : i P
NF - 7"1/1_7,1/}“771 + (T + /Ui>w7nfvi n+uv; + (T - Ui)¢fn+vi n—uv;?
r>0 r+uv; >0 r—uv; >0

where p = 3,4 in the light-cone gauge. Npg and N for the left movers are given similarly. In
heterotic string, the left movers are 26-dimensional bosonic operators whose mass formula
is

1
T 2 = 5(pg +VH24 Np —a, (2.1.22)
where p! generates the representation 248 of Eg, and V7 is the shift on it (these are
explained in Chapter 4). From the modular invariance of the string one-loop amplitude,

the level matching condition is required,

1

M, = Mpg. (2.1.23)
To calculate the zero point energy —a, it is useful to define n; = |v; (mod 1)| so that
0 <7 < 1/2. Then the general zero-point energy for a complex degree of freedom is
11 )
—al) =+ [ = — = (2n;, — 1)), 92.1.24
ofw) = (55 - 2~ 1) (2.121)

where + is for a complex bosonic field and — is for a complex fermionic one, and in the NS
sector one needs to replace v; by v; — 1/2. Note that this formula is for a complex boson
of fermion, and is twice as the contribution from a single field X*. In the light-cone gauge
the contributions from the operators of the non-compact directions are —a(0) = —1/12
(for boson), 1/12 (for R-sector fermion) and —1/24 (for NS-sector fermion), and we have
to add the contributions —a(v;) (i=1,2,3) from that of the compact directions.

For the stability of the theory we require to be free of tachyons in (2.1.24). Since right-
movers are the same in Type II and heterotic string, we consider the condition of the mass
of the ground state in the right-moving NS sector

3
1 1 11 1 11,
“Mp = —— (2 -1)?) - — ~ —Z(2m
T 12+i21(24 5 (2 >> 24+Z(24 8<”))
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Because the contributions from bosonic and fermionic operators just cancel in the R sector,
the ground state of the R sector is massless. Then there are thirteen elements [20], which
do not generate tachyonic states after implementing the GSO projection (—1)™ =1 for

the NS sector, as follows,

(v1,v2,v3)
05D 03D Gh-D 04D Gho
03D Ghb Gh-D GEH Gi-D
353 (35 (i3

It leads to nine Zy orbifolds with A/ = 1 for heterotic string and N' = 2 for Type II

string , see Table 2.1.

(U17U2,U3) (v1,va,v3) (U17U27U3)
Zy | (5373 | Zo | Goi—a) | Zel | (55 —3)
Zel | 4D | 20 | 333 | Ze1 | (3D
Zs | (5,5 —3) | Ziol | (33,5 —15) | Zao D | (55,13 —3)

Table 2.1: Twists of Zx orbifolds.
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In the Zx x Zj; orbifold, we have two generators 6 and ¢ of the point group,

0: (21,22,23) — (X2, ™22, €2™V32,), (2.1.26)
QS . (217 2, Z3) N <627riw1 21, 627rz'w2 29, 627riw3z3)'
The point group of the Zy x Z), orbifolds is
{0k =1,--- , N—1,1=1,--- , M —1}, (2.1.27)

with
N =M =1, Nv,=Mw;=0 mod1l, i=1,2,3,

and each element should be one of the element of thirteen classes so that the orbifolds
preserve supersymmetry. This leads to eight Zy x Zj; orbifolds on Table 2.2. In this
construction, orbifolds with more elements, e.g. Zy X Zy; X Zy,, do not exist on a six-torus
TS,

(v1,v2,03) | (Wi, w2, w3) (v1,v2,03) | (wi, w2, ws)
ZoxZa| (5-50) | 0.5,-3) | BxZi| (3,50 | 0.5
ZoxZs | (1,-3,0) | 03,-8) | ZxZ | G.-50) | (-4
Zyx Ly | (3:—5.0) | (0,5,=3) | ZsxZs | (3.—5,0) | (0.5 —5)
ZyxZy | (3,-30) | (0,3,-1) | ZexZs | (5,-3,0) | (0,%,-})

Table 2.2: Twists of Zn X Zp; orbifolds.






Chapter 3

Orbifolds on non-factorizable tori

In this chapter we study the automorphisms of the Lie root lattice, which is defined by
the simple roots of the Lie algebra, and its application to non-factorizable six-tori. In this
work a compactified space which cannot be represented as the direct products of two-torus
T? is called non-factorizable. For a Lie algebra of rank [, the Lie lattice A is given as

l
A= { Z n;o;
=1

where «; is a simple root of the Lie algebra. For example the Lie algebra Ag defines a
six-tori on the Ag lattice. Taking a direct product of tori, we can obtain other tori, i.e.
T =T, x Ty where dim(7) = dim(7}) + dim(73). In terms of Lie root lattices, we find
that there are only twelve distinct non-factorizable six-tori and four factorizable ones !:

mez}, (3.0.1)

[non-factorizable tori]

AG DG EG
A5 X Al A4 X AQ A4 X (A1)2
D5 X Al D4 X AQ D4 X <A1)2

Ag X A3 A3 X A2 X A1 A3 X <A1)3
[factorizable tori]

(Ag)? (Ag)? x (A1)? Ay x (A)* (A)°

Table 3.1: All the Lie root lattices in six dimensions.

By the use of the Weyl reflection and the outer automorphisms, we can classify all the
point groups of orbifolds and orientifold actions R on the tori, which crystallographically
act on the Lie root lattices. In this chapter we give explicit representations of point group
elements generated by the Weyl reflections and the outer automorphisms of the Lie root

!The definitions and details are explained in Appendix A.

17
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lattices. Some of the point groups can be given by the Coxeter elements from the Cater
diagrams or the generalized Coxeter elements as explained later [70,72,73,106,116,117].
Beside these elements, we see that point groups Zy X Zj; which are not included in the
(generalized) Coxeter elements are also obtained by the classification.

We utilize these elements for the point groups of orbifolds and also for the involution R
of orientifolds in the next chapters. Here we give the systematic way to construct orbifolds
and orientifolds on the Lie root lattices.

3.1 Weyl reflection and graph automorphism

We investigate the automorphisms of the Lie root lattices. These groups can be classified
in terms of the Weyl reflection and the graph automorphism acting on the simple roots of
the Lie root lattice. The Weyl group W is generated by the following Weyl reflections 7,,
which associate the simple root ay:

g - A
SN s )\ _9dk A

P |ak|2 Q.. (311)

Ta

This is simply a reflection which reverse the axis along ay. In the case of the Dy Lie root
lattice, for instance, the simple roots are given by

a; =€; — €41, a6:e5+e6, izl,...,5, (312)

where e;’s are basis of Cartesian coordinates whose normalization is given as e; - e; = d;;.
The Weyl reflection r,, for k=2,..., N —2is

Q-1 — Q-1+
(675 —  —O (3.1.3&)
Og+1  — Ogy1 + QO

Toy, -

and a, (for m # k —1,k, k + 1) are unchanged. For kK =1, N — 1 and N they are

Ta, @ Q1 — —Qq, Qy — 01 + Qg,
Tay_, : QN—2 — QN_2 + QAN_1, anN_1 — —QnN_1, (313b)
Tay - QN_2 — AN_2 T QpN, ay — —ay,

and the other «,,’s are unchanged. For the classification of the automorphisms, it would
be convenient to rewrite them in the basis of orthogonal unit vectors e; as

Dep o €y k=1,...,N—1, (3.1.4a)

Toy -

Tay © €N < —€N_1. (3.1.4b)
The outer automorphism g can be read from the Cartan diagram Dy in figure 3.1, and

it is represented as
g: an_1 < ap, (3.1.5)
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Jd N1
v~ N
AO—O~-0—O DvO—O- ) s
(04 a2 Q-1 QN ar G2 O3 O
an

Figure 3.1: The Dynkin diagrams Ay and Dy . g is the outer automorphism of the diagram.

and the other simple roots are left unchanged. In the unit vector basis, it is expressed as
g: ey — —ep. (3.1.6)
In terms of the e; basis, we can easily construct any element generated from r,, and

g. For example a product of two Weyl reflections which do not commute with each other
makes up Zs element as

TaxTapis @ €k — €ktl — €ty — €, (k<N -1). (3.1.7)

This is the permutation group S3. Similarly the Weyl reflections r,, for k =1,...,N —1
generate a permutation group Sy. Adding the other elements 7,, and g to Sy, the
representation of the group is given by permutations with signs

e; — ﬂ:ej — j:ek — s ﬂ:ei. (318)

Then the order of the Weyl group W and {W, g} are summarized in Table 3.2:

W {W,g}
Dy || 2N-INT | 2NN
Ay NI IN!

Table 3.2: The order of the Weyl group and the graph automorphism.

In the case of the Ay_; Lie root lattice, the Weyl reflections generate permutation
group Sy. Its outer automorphism of the Dynkin diagram is given as

g: ap = an_, k=1---[N/2], (3.1.9)
and in the e; basis it is

g: € < —eny14, t=1,--- N, (3.1.10)
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We can always permute g to ¢’ by the elements of W such that ¢’ change the sign of all
e;’s, This element is expressed as an identity matrix with negative sign —1 5, which means
W, g} = {W, —1n}. Therefore the order of {W, g} is twice as large as that of W, as in
Table 3.2.

Then it is straightforward to obtain all Zs elements of the Dy lattice, and they are
given by the following sub-elements

€; <— e],
(S —ey,
kT (3.1.11a)
€m — —©€m,
en - en7
or in a matrix representation it corresponds to
v gk [ m n
0 1 0 0 0 0 l
1 0 0 0 0 0 J
o 0 o0 -1 0 O k
0z, = : 3.1.11b
e 00 -1 0 0 0 l ( )
0 0 0 0 -1 0 m
0 0 0 0 0 1 n

The Zy elements are constructed similarly. For example Z3 elements are constructed by
the following sub-elements,

e, — te; — *e, — xe;,  (# of terms with — sign is even), (3.1.12a)
0 01 0 0 1
1 00|, -1 0 0], (3.1.12b)
010 0 -1 0

and their permutations. Z, elements include the following sub-elements,

€ — —€; — —€, L F 7,
e, — +e; — +e, — te; — te;,  (# of terms with — sign is even), (3.1.12ca)
or
0001 0 0 01 0O 0 0 -1
1 0 00 -1 0 00 -1 0 0 0 0 —1
0100 |’ 0O -1 0 0 [’ 0O -1 0 0 ’ 1 0 ’
0010 0 0 10 0 0 -1 0

(3.1.12d)
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and their permutations. We can similarly deal with the Ay lattices.
Here we introduce an abbreviation for 6 x 6 element matrices as

m;, 0 0
(myp, my, m3) = 0 my, O with m; € {+a,+b,+1} (3.1.4)
0 0 ms

and

(10 (01 (10 (00
(0 8)e=(10) =0 1) e=(00)

that are very useful for the classification of Zgy x Zs orbifolds and the orientifold involution

R.
Note that the roots of the Ay and Dy can be given by

Ay : e —ej, (3.1.5a)
Dy: +eife;, i,j=1,- N. (3.1.5b)

They are symmetric under the permutations of ¢ and j. Now it is apparent that on the Dy
lattice, point group elements of Zs X Zs orbifolds can be given by a, b and 1 in (3.1.5).
The elements with the twist (1/2,1/2,0) are given by

(—1,-1,1), (—1,%a, +a), (—1,+b,+a), (—1,+b, +b), (3.1.6)

where underlined entries can be permutated. The twist of each point group element of a
Zy x Zy orbifold should be (1/2,1/2,0), and this requirement constrains the pairs of  and
¢. All the results are available in Appendix C.

In this way, we can construct all the point group elements for six dimensional Lie root
lattices on the Table 3.1 (except for the g lattice). The allowed Zy orbifolds are listed in
Table 3.3 and Zx X Zj; are in Table 3.4. However we have to pay special attentions to a
few cases owing to additional outer automorphisms as explained in the following.

An exception occurs in the D, lattice, which has another outer automorphism ¢,

g o — ag— ay — . (3.1.7)
For example it generate an element

1 -1 1 1
1 1 1 1 -1
P

70041¢O¢29 - 2 1 1 _1 1 . (318)

1 -1 -1 -1
This action corresponds to a rotation of (e!™/°, ¢™/6) and actually this is the generalized
Coxeter element CBl. For this element the classification in the e; basis is inconvenient
(since for example it acts as ¢’ : e; — (e; + ey + e5 + e4)/2). We comment that among
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Lie root lattice Z3 Z4 Z()‘—I Zﬁ—]l Z7 ZS—I ZS—H 212—1 Zlg-H

Ag e v e e - -
Ds N A e e e Y v - -
v

As x Ay - - - v - - - - -
Ds x A, SV I e ( E
Ay x Ay - - - v - - - -
Ay x (Ay)? - — — - — — - - -
D, x As —
Dy x (Ay)? —
Az x Aj —
Ag x Ay X Ay — — — v — — — — —
Az x (Ay)3 —
(42)° v
(A2)* x (A1)? | -
Ay x (Ap)? -
(41)° -

SSEENEN
\
\
\
SN

SN EN
\

Table 3.3: Table of siz-dimensional (non-)factorizable tori and possible Zy orbifold models
on them.

Zn x Zyr orbifolds this element generates a new orbifold only for Zs x Zs, e.g. (CBH* is
rotation of (€273, €2/3) and that of r,,¢" is (1,€*™/3). Then a torus on the D, x Aj lattice
allows a Zs x Zs orbifold.

The other exception occurs when the independent radii of a torus which is expressed
as direct products of the same kind of tori, are equal to each other. The A3 x A3 lattice is
the case, and there is an additional outer automorphism gs3,

gssz @ O < :i:O[H_?,, (319)

where «; is a simple root of the first (second) As for ¢ = 1,2,3 (i = 4,5,6). From the
observation of its eigenvalues, these elements do not generate another Zy x Z,; elements.
However the orientifold action R can be generated from gs3, which will be explained in
chapter 5. Such outer automorphisms also arise in factorizable tori including sublattices
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Lie root lattice ZQ X Zg ZQ X Z4 Zd X Zd Z4 X Z4

2
!

RN

As x Ay
Ds x Ay
Ay x Ay
Ay x (Ay)?
Dy x A
Dy x (Ay)?
Az x A
Ag x Ay X Ay
Az x (Ap)3
(42)°
(A2)? x (Ay)?
Ay x (Ap)t
(41)°

SN N N N N N N N NN NN
SSEENEEN
\
AN

SN AN
\
\

Table 3.4: Table of siz-dimensional (non-)factorizable tori and possible Zy X Zys orbifold
models on them.

(Ag)™ and (A;)™. For example, (A5)? has an outer automorphism as
Goo t iy — —ah — —q, i =1,2, (3.1.10)

where «; is a simple root of the first A; and o is one of the second As. The eigenvalues
of this element are (e™/2,¢™/2) and generate Z, elements. In this case the factorizable
tori are actually non-factorizable as orbifolds. In the tables 3.3 and 3.4 these elements are
included.

Finally we comment on the automorphisms of the Ejg lattice. We take account of the
outer automorphisms of Eg. ? Due to the symmetry of the Dynkin diagram, it has a Z,
symmetry

g2 i Q> Qi Qg oy, ap — g, 1= 3,6,0. (3.1.11)

2The Weyl groups of simple Lie algebras and their conjugacy classes are classified in Ref.137.
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Note that this action is not included in the Weyl group of Es. One can show that the group
which generated from the Weyl group and go, i.e. {W, g2}, is equivalent to {W, —1} [136],
where —11 act as

—1: aj— —a;, i=0,1,---,6. (3.1.12)

There are the other outer automorphisms in the extended Eg diagram. We define one of
the element by
Gh i Qs > Qp, Qg <> qg, a; — q;, 1= 1,2,3. (3.1.13)

Since the product of the action gog) is the Zz element of the automorphism of the extended
Es diagram, we see that g and g} generate the whole outer automorphisms of Eg. The
Weyl group of Eg is generated from all the simple roots of the algebra, and it is given by

W={rili=1--,6}={r i =23,4,5,6,0)}. (3.1.14)
It means that {W, g2} = {W, g5} = {W, —1}, and we conclude that

From the conjugacy classes of the Weyl groups [137] and the element —1, we can obtain
all the A/ = 1 orbifolds on the Eg torus from the automorphism {W, —1}.

3.2 Two dimensional orbifolds

At first we consider the orbifolds on two dimensional tori. For the action of a rotation 6,
there are only two kinds of lattices in two dimensions. For the action of a reflection r,
there are two kinds of orbifolds in two dimensions, and orbifolds on different lattices are
continuously deformed to each other. Referring to the original papers of string orbifolds,
we also explain our notations.

The boundary conditions of 72 are defined by a lattice

A= {n1a1 + 7120./2‘ ny,Nog € Z}, (321)

where «; is a base vector of the lattice. We define the coordinate (x1, x2) on a two-tori T' 2,
The Z, elements are given by a rotation

ri T2 — —T12, (322)

or by a reflection
roT — —X]. (3.2.3)

In any cases the elements must act on the lattice as the automorphisms.
The rotation does not fix the complex structure U,

U= (Grp + iVdet G) /G, (3.2.4)
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where the metricG is defined by G;; = «; - ;. This orbifold is characterized by its four
fixed points as figure 2.1. However Zy orbifolds (N > 2) fix the complex structures. Let
us define the Lie root lattices by

(141)2 Lo = \/561, Qg = \/_62>
Ay ag = \/561, Qg = el + \/792,
By: a; = \/5(61 - 62), Qo = \/_92>
Cy: g = \/561, Qg = —\/_81 + \/—627
Dy: o= \/561, Qg = \/—92,

Gy o =/ 2ey, Qg = el + \/762,

(3.2.5)

where for convenience we rescaled B, from the standard notations. From the definition of
the lattices (3.2.1), the following equivalencies between these lattices are apparent,

A(A1)2 = A32 = AC’2 = AD2 = {n1\/§e1 + ng\/§62| ny,No € Z}, (326&)
AA2 = AG2 = {n1%61 + ng\/geg}. (326b)

Some of the lattices are depicted in figure 3.2. Two dimensional orbifolds can be given by
the (generalized) Coxeter elements ®. These elements act on the lattices as rotations, and
in the complex coordinate z = x; + x5 they are expressed as

(A1)? or (SU(2))? =rgTa, : z— €z

Ay or SU(3) =T Ta, @ 2— e/

AR or SUB)E =g oz — ™3 (3.2.7)
By or SO(5)  =rere, @ z— ez
Go =T Ta, @ 2— €32

where q; is the simple root of the corresponding Lie algebra, and ¢ is the outer automor-
phism of Ay. The Coxeter element of Dy is the same as (A;)?, and that of C5 is the same
as By. These actions simply mean that there are two distinct Lie root lattices (A;)? and

A, and their automorphism are given by rotations z — e*™z,

(4)%: v = (3.2.8a)

1
’ 217
E 2.8Db)
'3 (3.2.
As mentioned, the lattice structure is not restricted to (A;)? for the Z, orbifold of v = % In
two dimensions these four elements generate all the possible orbifolds with rotations [97].

In a similar manner we use the six dimensional lattices on table 3.1, and classify the
automorphisms on them.

3The definitions are given in Appendix C.
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Next we consider the orbifold with reflections. For the reflection r which acts crystal-
lographically on the lattice A;, without loss of generality we can set one of the basis, say
a1, along the zq-direction. The reflection acts on the basis vectors as

. {al - o (3.2.9)

Qo — Qo+ Nnog

where n € Z. Then there are only two distinct solutions for the complex structure (3.2.4),
. r
U =1ia or 3 +ia a €R, (3.2.10)

which leave the complex structure U invariant under the action of r. The D, lattice in
(3.2.5) corresponds to the case with n = 0, i.e. Re (U) = 0, and the A, lattice to the n =1
case of Re (U) = % The reflection r can also be represented by the Weyl reflections r = r,,
for both cases. These two orbifolds have different topology, because the orbifold on the
Dy (As) lattice has two (one) fixed lines. In figure 3.2 the fixed line on the A, lattice is
connected owing to the tilted structure of the lattice.

y
|

Figure 3.2: Zy orbifolds on two two-tori. The left figure is the orbifold on the (A;)? (~ D,)
lattice, and the right one is that on the A, lattice. Blue colored lines are fixed lines. The
dashed line indicate the G5 lattice, which is equivalent to the A, lattice.

Let us consider the deformation of the orbifolds on the lattices. The reflection r of
(3.2.9), that acts on the metric G, is given as

r= ( _nl 10 ) (3.2.11)

The metric should be invariant under the actions of orbifold elements r,
G =rGr'. (3.2.12)

For the basis of Dy in (3.2.5), one obtains

Gu 0
ai.aj:( 011 G22>. (3.2.13)
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This means D, is decomposed to two A; as
Dg — Al X Al = (Al)z. (3214)

For the basis of A, in (3.2.5), one obtains

= Gu 3Gn
Q; -y = ( 16y G . (3.2.15)

For the Euclidean metric one obtains the Cartan matrix of A,, whereas one can also find
a metric of By,

( _21 _21 ) for G11:G22:2
Q; - O = (3216)

2 -1 ; G =2,
1 1 o Gy =1.

Note that the By lattice is equivalent to the Dy (~ (A;)?) lattice, and the A, lattice can
be continuously deformed to the (A;)? lattice. However since the reflection 7 mixes the
roots a; and ay each other, the orbifold can not be decomposed to (A;)? and has different
topology.

In the two dimensional orbifold with the reflection r, we have seen that the shape of the
lattice is not important, rather the definition of r is crucial, and it leads to two different
topology of orbifolds. It is also important that continuous deformation connects orbifolds
on different lattices. We will see it in six dimensional cases.

Then the deformation is

3.3 Topology of orbifolds

There are some important topological invariants which relate to the string spectra on the
orbifolds [13,19,20,44,50,79-81,102-108]. One is the Euler number,

1
X=% D Xon (3.3.1)

[9,h]=0

where x4 5 is the Euler characteristic of the subspace left simultaneously fixed by the action
of g and h, and N is the order of point group.
Hodge number is defined as the number of independent harmonic forms h?¢ = dimH,,

g-sector)
and it can expressed by the sum of the separate contributions of the untwisted sector
h2£twisted and g-twisted sectors hqu ,

untwisted

Rt = P +) o hbe (3.3.2)
g
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For a Kahler manifold there is a relation between these quantities,

N
Y = Z(_l)pﬂ hPa, (3.3.3)
pq

and for Calabi-Yau three-folds, including orbifolds, it is
x = 2(h"t — p%h). (3.3.4)

Hodge numbers are related to the string spectra as table 3.5. Moreover in the case of the

Gravity Moduli

multiplet | Kahler | Complex structure
N =2 Type 1IA 1 pLt 2l 4
N =2 Type 1IB 1 At 4+ 1 h21
N =1 Heterotic 1 Rt p21

Table 3.5: The relations between hodge numbers and the number of string states on Calabi-
Yau three-folds.

Es x Eg heterotic string with the standard embedding, h%! corresponds to the number of
chiral superfields with the representation 27 of Fg, and h*! to that of 27 of Eg. Then y/2
gives the number of generations [19].

The hodge numbers of the untwisted sectors are obtained by projecting out those of
six-torus T°. The basis for the cohomology class H*/(T%) are given by

Ziy Z;
Zi N Zj, Zi A Ej, Z; N 2]‘, (335)

Zi/\Zj/\Zk, Zi/\Zj/\Zk, Zi/\zj/\zk, Z,-/\Zj/\ik,

It follows that b1 (T°) = h21(T°) = 9.
For g-twisted sectors which have only fixed points, they are given by

1

he' = 5 D e(9:h) Xou (3.3.6a)
h

hy® = hZ? =hy' =0, (3.3.6b)

where X, is the number of g-fixed tori (points) which are invariant under the action
h [79-81,105], and €(g, h) is the discrete torsion associated with B-field backgrounds of
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string. Without B-field we have €(g, h) = 1. On the other hand when the g-twisted sectors
have fixed tori, the hodge numbers are given by

1 -
Pt = p22 = NZE(%;I)XM’ (3.3.7a)
h
1 = TV,
= LS g g 0am
h
1 ~ —2mv
hit = NZe(g,h)Xg,he 2mon(9) (3.3.7¢)
h

where vy, (g) is the twist of h on the plane which g acts trivially. The generalization of the
Euler characteristic with discrete torsions are defined by

1
Xe= > €lg.h) Xon (3:38)
[9,h]=0

where N is the order of the orbifold.
The difference between x,, and x4, will be clear in the following example. For the
Zy X Zs orbifold on T? x T? x T?, we give the twists of the point group as

0 : (v1,v9,v3) = (i, —;1,0), ¢ : (v1,v9,v3) = (0, %, —%) (3.3.9)
There are two fixed points on the first and second tori respectively under the 6 action, and
four on the second and third tori under ¢, see figure 3.3. Since 6 and ¢ leave 2 x 2 x 4
points invariant, we obtain xg 4 = 16. The four fixed tori under ¢ are also invariant under
¢, and it follows that x4, = 4. The action of 6 does not have fixed points, xs1 = 0, but
four fixed tori xg1 = 4. Whereas ¢ have 4 x 4 fixed tori, 2 x 4 of them are invariant under
6, Xo0 = 8. For the identity element 1, it is 1, = 1 for h € {0, ¢}.

X5 X7 Xo
1 1 1

‘ 8 tel| ® 4.
—l——>X4 —>Xe —>Xs

Figure 3.3: The circles and third torus indicate fized tori under the action of ¢. The squares
and first torus indicate fixed tori under the action of ¢.
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3.4 Zy x 7, orbifolds on six-tori

Now we are ready to investigate toroidal orbifolds on non-factorizable six-tori. The hodge
numbers depend on the numbers of fixed tori, and fixed tori appear when one of the point
group elements leaves some directions of the compact space invariant. Therefore a non-
factorizable orbifold can have different topology from the factorizable orbifolds with the
same twist if they have fixed tori. This is the case of the Zy x Z,, orbifolds and Z y orbifolds
with non-prime N. Since Zy orbifolds have classified by means of the (generalized) Coxeter
elements [70,72,73,106,116,117], the new results are given in the case of Zy x Z; orbifolds.

We give some examples of Zx x Z), orbifolds in detail. We also consider Zs-1I orbifolds,
where the point group is expressed as Zg X Zg.

The result of Zy x Zy orbifold models are examined in ref [45,46]. The Euler number

is simplified as
3

X = §X0,¢- (3.4.1)

We give concrete examples of a few orbifolds on the Dg lattice,
a; = €; —€;41, Qg= €5+ €eg, 1= 1,...,5. (342)

Let us consider a Zs X Zso orbifold action with the point group elements,

6: (-1,-1,1
(ecy 343

The common fixed points under the action of 6 and ¢ are

0, €1

1 ‘

é(eQi—l ieZi)v 1= 172a3

1 1 1

5(61+€2+63i64>, §(€3+€4+65i66), §<€1+62+€5ﬂ:66), (344)
1

gleitejxen), i=12 j=34 k=560

1

5(61+62—|—63+64+€5ﬂ:66),

and we have xy 4 = 32. From the relation (3.4.1) the Euler number of the Z, x Z, orbifold
1s

X = %Xe,qs = 48. (3.4.5)
There are eight fixed tori under the action of 6,
xes + Yes,
%(€i+€j)+x€5+y€6, ij=1,---,4, (i #j), (3.4.6)

1
5(61 + es + e3 + e4) + wes + yeg,
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where z,y € R are coordinates of the fixed tori. From (3.3.7c), we obtain the hodge
numbers of the orbifold as
bt =24, B =0, (3.4.7)

We can construct other orbifolds on the Dg lattice, for example we consider the point
group elements,

gb: (bv bv _1)
The Euler number of the Zy x Z, orbifold is

{ 0: (-1,-1,1) (3.4.8)

1
X = §X97¢ = 24, (349)
and the hodge numbers are
bt =14, B =2 (3.4.10)

Although we have many choices for the point group elements and the lattices for Zs x Zy
orbifold, there are only eight topologically distinct orbifolds. Actually we can deform the
complex moduli of the orbifolds in the following. The metric invariat under the point group
element (3.4.3) is given by

a; - Oéj =
i1 Cis 0 0 0 0
G1,2 G2,2 —G3,3 - G3,4 a 0 0
0 —Gs3—Gsyg Gs3 Gsa 0 0
0 a Gsa Gau —%G5,5 - %GS,G _%G6,6 — %GE),G
0 0 0 —1G55 — 2G5 G55 Gse
0 0 0 —35Ges — 3Gs G Ge s
(3.4.11)

where a = —G34 — Gyq + %(G575 +2G56 + Geg). One can continuously deform G5 — 0,
and the torus is factorized as Dg — D5 x A, where A; is generated from a;. In addition
we set

Gss =2, Gs6=—1, Ggg=1. (3.4.12)
In this case the basis can be given as
a1 = €y,
Qi = Z a; €5, 1=2,...,4 a; €R (3.4.13)
§=2,3,4,5

So we can redefine the some of the basis as

ay = es, (3.4.14)

Qg = €g.



32 CHAPTER 3. ORBIFOLDS ON NON-FACTORIZABLE TORI

Since the orbifold elements (3.4.3) act on these basis as

oy — tes, (3.4.15)

g — teg,
the torus is factorizable to Dg — D, x (A;)2. Moreover the deformation with
Gsz=1, Gsa=—1, Gya=2, (3.4.16)

factorizes the direction of a3. To sum up the torus of the Zy x Zy orbifold of (3.4.3) can

be factorized to
Dg — Az x (A1), (3.4.17)

where we identify D3 by As.

It is observed that all the six-dimensional Zy X Z, orbifolds on Lie root lattices are
obtained from the orbifolds of the A3, As and A; types that are defined on table 3.6, and
orbifolds with the same hodge numbers would be continuously deformed to one another.

‘ orbifold H Q; ‘ 0 ‘ ) ‘ (e} H T1(0) ‘ T>() ‘ T3(00) ‘
Ag (03] —Q3 —Q (05
Qg | —a Z? a; | — Z? o 2 2 2
Q3 —Q —Q3 ap
A, o | —aq —ay o 1 4 1
o9 222 o | —ay | — fa,
A o | —aq -y o 2 2 0

Table 3.6: Building blocks for Zs x Zs orbifolds. T;(g) indicates the number of the fixed
points or lines under the action of g.

The allowed values of discrete torsion are
€= 41. (3.4.18)

However these discrete torsions do not make difference of generation numbers, except its
sign. For all models, the numbers of zero modes of untwisted sector are

At = 2! 3. (3.4.19)

untwisted ' ‘untwisted
The Hodge number of twisted sectors and the generation numbers of Zs x Zy orbifold
models are listed in table 3.7. The factorizable model is expressed as T2 x T? x T2, because
the complex structure of each torus is not fixed by orbifold action.
We also calculate the generation numbers x /2 by

X — it _ 2t

1,1 o h2,1
2 untwisted untwisted

twisted twisted’

+h (3.4.20)
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’ Lattice H € ‘ X ‘ hzz,ulisted hfivlisted
T? x T? x T* 1] 96 48 0
-1 1-96 0 48
Ay x (A 1148 28 4
-1 ] -48 4 28
Ay x (A))? 1|48 | 24 0
-1 ] -48 0 24
(A< (A)2—T [ 1] 24| 18 6
-11]-24 6 18
(A x (A =1 1|24 16 4
-11]-24 4 16
A x Ay X A, 1124 14 9
-11-24 2 14
(43)? 124 12 0
-11-24 0 12
(4,)° 112 9 3
-11]-12 3 9

Table 3.7: Zy X Zso orbifold models for standard embedding: The second column denotes
values of the discrete torsion €. The generation numbers are given by x/2.

where h;}iste . and hi’jiste 4 are the numbers of chiral matter fields from twisted sectors with
representation in 27 and 27 respectively. Similarly hiitwisted and hi’itwisted are those of
untwisted sectors, and they are independent of Lattice structure.

For the Zy x 7Z, orbifolds, the Euler number and the number of generations with the

discrete torsion are given as

X = 2 (24x0.6 + 12x1.00 + 6X02.6) » (3.4.21)

0| — oo

X-1 = 3 (—24x0.4 + 12X1.0¢ + 6X02.6) -

The allowed values of discrete torsion are
e==+1. (3.4.22)
For all models, the numbers of zero modes of untwisted sector are
hiﬁtwisted =3, hiitwisted =1 (3.4.23)

The Zs x Z4 orbifold models are listed in table 3.8. The factorizable model is expressed as
Dy x Dy x T2,
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’ Lattice H € ‘ X ‘ h;l;listed ‘ htzit;listed
Dyx Dy x (A2 ][ 1]120] 58 0
((4;)°) 1|24 | 18 8
Az x Dy x Aq 1] 72 36 2
(A3 x (A)%) | -1] 24| 16 6
(A3)?2 148 24 2
-1 24 14 4
Dy x T2 1196 | 48 2
(Dyx (A)?) | -1] 0 8 10
Dy x Dy 1] 72 36 2
(Dax (A)?) | -1] 24| 16 6
Ds x A, 1] 72| 34 0
-1 24 14 4
Dg 1] 72 34 0
-1 24 14 4

Table 3.8: Zsy x Z4 orbifold models for standard embedding.

For the Z, x Z, orbifolds, the Euler number and the numbers of generations with the
discrete torsions are

1
X = 1—6{96X9.¢ + 24(X02.6 + X0.02 + X06.62)
+12(X1.002 + X1.06° + X1.026) + 6X02.02 },

1
X-1 = 1_6{—96X9.¢ +24(x02.0 + Xo.62 T X09,62)
+12(X1.02 + X109 + X1.026) + 6X02.62}, (3:4.24)
1
Yai = 1—6{—24(x92_¢ + Xo.62 T Xog.62)

+12(X1.002 + X1.06% + X1.026) + 6X02.02 }-
The allowed values of discrete torsion are
e==+1, +i. (3.4.25)
For all models, the numbers of zero modes of untwisted sector are

1,1
h7

untwisted

=3, h*! 0. (3.4.26)

untwisted

The Z4 x Z4 orbifold models are listed in table 3.9. The factorizable model is expressed as
Dy x Dy x Ds.
The Zy x Zs elements are equivalent to the Zg-II elements. The Euler number is sim-
plified as
X = 4X1w- (3.4.27)
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’ Lattice H € ‘ X ‘ h:t,ulisted h?{ulisted
Dy x Dy x Dy || 1 | 180 87 0
-1 ] 84 39 0
+i | -12 3 12
D, % Dy 1 [120] 58 1
-1 72 34 1
+i| 0 6 9
Dg 1 |108 51 0
-1 | 60 27 0
+i | 12 9 6

Table 3.9: Z4 x Z4 orbifold models for standard embedding.

The discrete torsion is trivial in this case, i.e.
e=1. (3.4.28)
For all models, the numbers of zero modes of untwisted sector are

hot =3, b2} 1. (3.4.29)

untwisted untwisted

The Zs x Zs orbifold models are listed in table 3.10. As we mentioned before, we do not

distinguish the A, lattice from the G4 lattice, then the factorizable model can be expressed
as (Ay)3.

’ Lattice H ‘ X ‘hl’l ht

€ twisted twisted
(Ay)3 1748 32 10
A;x Ay x A, || 1]48| 26 4
Dy x Ay 1|48 26 4
Ay x Ay 1148 26 4

Table 3.10: Zy x Z3 orbifold models for standard embedding.

The numbers of hi{jisted and h?;:isted are the same in non-factorizable models. This

implies they are in equivalent class of orbifolds, and connected by continuous deformation
of geometric moduli.






Chapter 4

Heterotic orbifolds

Heterotic string is a theory of closed string, and right-moving sectors of the superstring are
adjoined to the twenty-six left moving sectors of the bosonic string. The sixteen left-movers
generate an internal gauge symmetry with the gauge group Eg x Eg or SO(32), whose rank
is sixteen. Owing to the Green-Schwartz mechanism only these two gauge groups are
consistent with anomaly cancellation and N/ = 1 supersymmetry of the spacetime [4].
Thus the heterotic string naturally includes gauge groups in it, and it provides interesting
possibilities for particle phenomenology. In this paper we investigate Eg x Eg heterotic
string theory. One advantage of this group is that since Fjg is exceptional Lie group the
spectra have variety of its representations. For example the representation 248 € Fg can
be broken to its subgroup SO(10), and it includes a spinor representation 16 € SO(10).
On the other hand breaking of the adjoint representation in SO(32) leads to only two rank
tensor of SU(N) or SO(N). Other advantage is that we can interpret the other EY as the
hidden sector which has possibilities of spontaneous supersymmetric breaking. The hidden
sector is entitled to be dark matter because if our gauge interaction is derived from the
first Eg the hidden sector gauge interaction is invisible in the massless level of string except
gravitational interaction.

We give several models on the non-factorizable orbifolds. In particular a Zs x Zs orbifold
on the Fjg lattice have interesting feature that the orbifold includes three fixed tori, and
leads to GUT-like models with three generations of matter [48].

Non-factorizable orbifolds are characterized by some specific point in the moduli space
of the Narain compactification [124,125]. Zs X Zs orbifolds on the non-factorizable orbifolds
are constructed in [44-46]. We gave the generalization to Zy X Zjy and a systematic
classification in [47]. We find that Zy X Zg, Zo X Zy , 74 X Z4 and Zg X Z3 non-factorizable
orbifolds are realized by the automorphisms of the Lie root lattices. We also consider
the effects of discrete torsions [71], since Zy X Zy; orbifold models with N, M > 2 allow
the addition of discrete torsions. There are also interesting coincidence between the non-
factorizable models and the factorizable models with generalized discrete torsion [60].

37
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4.1 Heterotic constructions

We briefly introduce the Eg x Eg heterotic string. Especially in this section we concentrate
on the Eg x Eg gauge group and explain the gauge embeddings and Wilson lines, which
are associating to the gauge group breaking.

4.1.1 Definitions and basics

The heterotic string can be described by the action

1 _ - _
§=—— / drdo (ax#axu RO, + AAa)\A) , (4.1.1)
with the fields
X“(T,O’), Q;M(T_O-% M:O’ 79a (412)
M(1 + o), A=1,---,32.

Since the mode expansions of X*# and 1;“ on orbifolds are given in chapter 2, here we
explain the part A4.

For the Es x Fg heterotic string, the boundary conditions of A are divided to two
independent sectors as

Mo +2r) = g\ o), A=1,---,16 (4.1.3)
= y'M(0), A=17,---,32,

where 7 = + and 1’ = + that define NS and R sectors for each state. We impose the GSO
projections exp(miFy) and exp(wiF]) with the conditions

exp(miFy) = exp(miFy)) = 1. (4.1.4)

The states with n = " = —1 belong to the NSNS’ sector. The four complex bosons from
X* and sixteen complex fermions from A? contribute to the normal ordering constant @ in
the NSNS’ sector, and from (2.1.24) we have

1 1
a=4x —+1 — = —1. 4.1.
a X 15 + 16 x 54 (4.1.5)
Then the massless NSNS’ states consist of
M A |0 vsvs, 1< A B <16, or,17< A, B < 32. (4.1.6)

The states with n = 1 and ' = —1 are the RNS’ sector. The normal ordering constant of

the RNY states is . . .
Gd=4X ——8x —+8x — =0. 4.1.7
G=AX g TNy Tex gy (4.1.7)
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Therefore fermionic operators A4 for A = 1,---,16 generate fermion in the Euclidean
space of the index A. The eigenstate of the spinors can be expressed as

(£3)% ) rvs = | & 5, %5, £5, %5, %5, 5, +3, £5) rvs (4.1.8)

where the number of the + sign is even due to the GSO projection. Similarly for n = —1
and 1’ = 1 we obtain the NSR/ states

[(£3)%) vs.rrs (4.1.9)

where the number of the + sign is even. The boundary condition n = 7" = 1 does not
include massless state. The states (4.1.6) with 1 < A, B < 16 transform as 120 in SO(16),
and (4.1.8) transform as 128. These states actually constitute the adjoin representation
248 in Fg.
We can rewrite these states in the bosonic description. We define the complex fermions
by
N=E = (A” L), I=1,---,16. (4.1.10)

\/_

There is the relationship between the bosonic coordinates X? and the complex fermions:
ME = exp(£2iX7). (4.1.11)

We assume the normal ordering in the operator product expansions in the following. The
operator product of bosonic coordinates are

X' ()X7(0) ~ =8 Inz, I,J=1~ 16, (4.1.12)
and we obtain
XX 5171 (4.1.13)
z

Y _ XY H[XY]/24

using the Campbell-Baker-Hausdorff formula eXe . The operator prod-

uct of complex fermions are given by

M (2)A7(0) ~ 5”2, (4.1.14)

and has the same formula of (4.1.13). Therefore we confirm the equivalency (4.1.11).
The mode expansion of the bosonic coordinate X7 is

X} =al +ph(t+0) Z —ale 2t (4.1.15)
The states in fermionic formulations are mapped to the bosonic states |py) as

I+ J+ ‘pL>7 brL = (i17i170)070707070)
A 1/2>\ 1/2|0>NSNS’ - { IlpL> pL = (0 0 0 O O 0 0 0)

(E3)rNs = Ipr), pr = (F3,+5, 3, %5, £5, 5, 5, £ )evens,  (4.1.16)
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where p! is a zero mode of X!. This means that the bosonic coordinates X for I = 1,--- |8
are compactified on the Ejy lattice, whose simple roots are given by

0 = (17_1707070707070)7
as =(0,1,-1,0,0,0,0,0), (4.1.17)

Qg :(Oa070707071a_1a0)7
ar = (070707070717170)7

11111111
as = (3:2:2:272727272)"
The momentum on the torus on a lattice A is generated from its dual lattice A* |

pL = Zniaf, n; € Z, af €A\, (4.1.18)

see also (5.3.8). Since Ey is a self dual lattice A* = A, the momenta p! in (4.1.16) are
generated from the roots of Fg.

4.1.2 Modular invariance and discrete torsion

Heterotic orbifold models must satisfy some consistency conditions required by the modular
invariance. The modular invariance guarantees the anomaly cancellation in the low energy
theory [71]. For Zx orbifolds with prime NN, the level matching conditions are necessary
and sufficient for modular invariance to all loops of string amplitude.

Heterotic string is left-right asymmetric as the definition, and this means that for the
action of a symmetric orbifold

Xin — 0Xing, (4.1.19)
Vp — OV

The phase factors associated with the modular transformation are cancelled between world
sheet bosons, however the right-moving fermions % do not have the counterparts, i.e. 9.
A simple way to balance the phase factors from v% is to twist the fermionic operators
in the gauge sector so that the phase factors are cancelled each other. The bosonization
(4.1.11) means that a rotation # which acts on the indices ¢ of the fermionic coordinates
corresponds to a shift for the bosonic coordinates

I+ +2miVy \ I+
0 {)\ — e TN,

Xlo+m) — XLo)+aVT, (4.1.20)

and the mode expansions are modified as

X, =zl + (pL +V)(r+0) Z ozl ~2i(rto), (4.1.21)
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The mass formula of the left mover is given by

16
1 1
ZME =3 > L+ V') + N —a. (4.1.22)
I=1
Next we derive the modular invariance conditions for these twisted sectors. Let us
consider the partition function from the f-twisted sector, !

2 gy (20 g (20
Tryg <qL0qLO> ST e Zlol ) (4.1.23)
i=1 " I=1 g
where v; is the twist under the action of 6, and V; is the corresponding shift in the gauge
sector. Because the phase factors from bosonic left- and right-movers in ten-dimensional
spacetime are cancelled each other, we extract only the contributions from the gauge sectors
and right-mover fermions in the above expression. This function should be invariant by a
modular transformation 7 — 7 + V.

1 (750) (2 o

I=1

3

Z"Uz‘(l — ;) — ZVI(l -V

i=1

— exp N

Then the prefactor is required to be identity. The contribution from the R sector is obtained
by replacing v; — v; + 1/2, and leads to the same condition. We can set N E?:l v; =0
and N 321° V; = 0 (mod 2), and the conditions are simplified as

N (Z(W - Z(vg?) = N ((v:)* = (V1)?) = 0 mod 2. (4.1.26)

i=1 I=1
This is the modular invariance condition for orbifolds. For v; = V; with i = I = 1,2, 3, the
condition is trivially satisfied, and this corresponds to the standard embedding.

For orbifolds with non-prime N, we also need to generalize the GSO projection [80].
The number of #¥¢!-twisted states is given by

| Noim-l
k .l ks—It) =~ )
D(¢9 ¢ ) = W Z Z E( t)X9k¢l7gtwsA(]€, l, t, S), (4127)

t=0 s=0

where Y is the number of points left simultaneously fixed by 0*¢' and 0t¢*. If 0*¢! leaves
unrotated any of the coordinates, y must be calculated using only the sub-lattice which is
rotated. A(k,l;t,s) is a state dependent phase,

Ak, Lt s) = P®ED exp{27i[(p + kV + IW)(tV 4+ sW) — (¢ + kv + lw)(tv + sw)]
—2((BV + W)tV + sW) — (kv + lw)(tv + sw))}, (4.1.28)

'The definitions and calculations are given in Appendix B. The evaluation including all the twisted
sectors are seen in [130].
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where P! indicates a contribution of the oscillators. p is momentum of the Eg x E} gauge
sectors, and ¢ is the H-momentum of the twisted states.

There are degrees of freedom to add phase factors in the partition functions. This is
described as turning on background antisymmetric field B, on the torus, and it introduces
phases to string states [71,80]. The general form of one-loop partition function is

1
Z=— > €(0,)2(0, ). (4.1.29)

The phase €(0, ¢) is called discrete torsion. In a Zy orbifold these phases are fixed by one-
loop modular invariance. On the other hand in Zy x Zj; orbifolds, where M is generally
divisible by N, the phase is restricted to N-th root of unity,

€0,0) =¢, ¥ =1. (4.1.30)
Then the phases for general twisted sectors are given by

(%!, 0lw?) = elks=th), (4.1.31)

4.1.3 Discrete Wilson lines

If we implement Wilson lines as the background in the compact space, we can break the
gauge group of the models further and have smaller number of generations of matter 77.
Discrete Wilson lines are defined by the embedding of the shifts in a six dimensional torus
into the gauge degrees of freedom as

6 6
D riag =Y mal, T=1,---,16, (4.1.32)
=1 =1

where 7; € R depends on the location of the fixed points, and a! € Ag, m, 1s a Wilson
line. In the untwisted sector, the states that are invariant under the action of Wilson lines
survive, and it leads to breaking of the gauge group. In the twisted sectors, the numbers
of the degenerate states are reduced because Wilson lines distinguish the fixed points or
tori. The mode expansion is modified as

1 1 4
I _ I I I I - = ~I _—2mi(1+0)
X, =ap+ (p, +V +rpap)(r+a)+2 E e : (4.1.33)

This means that the mass formula and the conditions for the modular invariance are
obtained by the replacement of the momentum,

pr, — L+ V! +ral. (4.1.34)

from the case with no Wilson lines. Then the generalization of the conditions to the
0™-twisted sector with the Wilson lines are

N <n2 S =) (V' + rpag)2> = 0 mod 2. (4.1.35)

i=1 I=1
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Since there are independent conditions for n and r,, these conditions are written as follows,

I=1 i=1

N (i(vf)2 — i(ﬁ'ﬂ) = N(V? —v?) = 0 mod 2, (4.1.36a)

and
16
N> (a})* = Na’=0mod 2, (4.1.36b)
11261
NZagaff = Na,-a,=0mod 1, p#o, (4.1.36¢)
5
szlaf) = NV -.a,=0mod 1. (4.1.36d)
=1

4.2 7y x Z,; orbifold models on non-factorizable tori

For the 6% ¢!-twisted sector, the level matching condition is

N'[(kV +1W)? — (kv + (w)?] = 0 mod 2, (4.2.1)
k=0, N—1, 1=0,---,M—1

Y

where N’ is the order of the twist #¥¢!, and V and W are the shift vectors in the gauge
sector associated to # and ¢ respectively.

In this section we consider EgxE{ heterotic string models with the standard embed-
dings, where the shifts on the gauge sector are given as

v=(n,-n,0) — V =(n-n,0,0,0,0,0,0), (4.2.2)
w=(0,m,—m) — W =(0,m,—m,0,0,0,0,0).

Thus the level matching condition is trivially satisfied in the standard embeddings. This
corresponds to embedding the spin connection in the gauge connection.

4.2.1 7o X Zso orbifold models

Zo X 7o orbifold is phenomenologically interesting model, because some three generation
models are presented with the aid of Wilson lines, and three generations may be associated
to three complex dimension of compact space [63].

In heterotic orbifold models there are two classes of string states. One is untwisted
sector in bulk and the other is twisted sector which localizes at fixed torus. The untwisted
sector in the 27 of Eg reads from

L _ p2l

untwist — “untwist

= 3. (4.2.3)
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X
(0’8

Figure 4.1: Zy x Zo orbifold. The blue colored lines are fixed tori by action of #. The
circles and triangles are fixed points by action of ¢. The twisted states on the circles are
mapped to the other by #, and the linear combinations of states are eigenstates of orbifold.

The chirality of untwisted sector of Zs X Zs is left-right symmetric. so it does not contribute
to the number of generations.

The number of zero modes of twisted sector is related to the number of fixed tori. In
a factorizable model with the action ¢ and ¢, whose shift vectors are v = (3, —3,0) and
w = (0, %, —%) respectively, the number of tori of f-twisted sector is 42, because there are
four fixed points in the first and second tori, and the third torus is free from the action
of 6. Therefore the total number of zero modes of three twisted sectors is 48, and this
corresponds to the generation numbers of A = 1 chiral matter which have gauge charge

27 € Eg in the standard embedding.

We can confirm this result by calculating the FEuler number, because the number of
generations is equal to a half of Euler number [19], For Zy x Zy orbifold, this equation is
simplified to

3

X = 5 Xog: (4.2.4)

Here, xg.4 is the number of points left simultaneously fixed by 6 and ¢, and is equal to 4°.
Then we have y = 96, and this agrees with the former result.

In the case of non-factorizable model it is easier to use the Lefschetz fixed point theorem.
The number of fixed tori (#FT) of #-twisted sector is

~ wol((1 —6)A)

#FT = ool ) (4.2.5)

where N is the lattice normal to the sub-lattice invariant by the action.

As an example we consider the orbifold model on the Ay x D, lattice, whose basis is



4.2. Zn x Zyr ORBIFOLD MODELS ON NON-FACTORIZABLE TORI 45

given by simple roots,

a1 = v2(1,0,0,0,0,0),
o \/§< L foooo)

272
as = (0,0,1,—1,0,0), (4.2.6)
as = (0,0,0,1,—1,0),
as = (0,0,0,0,1,—1),
ag = (0,0,0,0,1,1),

and Zsy X Zs orbifold actions, 0, ¢, are given by

-100 0 0O O -1 0 0 0 00
0O 1.0 0 0 O 0O -1 0 0 00
o 01 0 0 O 0O 0 -1 0 00
0= 0 00 -1 0 0 | ¢= 0O 0 0 —-100 (4.2.7)
0O 00 0 -1 0 0O 0 0 0 10
0o 00 0 0 -1 0 0 0 0 01
The common fixed points by the actions of # and ¢ are,
(0,0,0,0,0,0), (0,0,1,0,0,0), (0,0,0,0, ;,i—),
(+2,0,0,0,0,0), (¥,0,1,0,0,0), (*2,0,0,0,%,+1),
(0 0’;’27i 0) ( 072727:]:1 0) (428)

where the underlined entries can be permuted. This leads to xp 4 = 16 and x = 24. Then
the generation number is twelve. We can reconfirm this result by counting the number of
fixed tori as follows. There are four independent fixed tori of the #-twisted sector,

(Oa z,Y, 07 07 0)7
0,2,9,3,3,0). (4.2.9)

Note that these tori are identified by the sub lattice (1 — )A. The O¢-twisted sector also
has four fixed tori. In the ¢-twisted sector there are eight fixed tori,

(0,0,0,0,2,9), (0,0,%, 1 2.9),(%2,0,0,0,2,9), (X2,0,L,L 2.y),

LIRS 19590 L
(£¥2,1./3.0,0,2,y), (i%,g\/é,g,é,x,yy (4.2.10)

Then the total number of tori is 16, and does not match the generation number.

This is because two of fixed tori of the ¢-twisted sector are not invariant by the action
of #. On the A, torus in figure 4.1, there are four fixed points, and can be labeled by shift
vectors, v = nay + mag, n,m = 0,1. The f-invariant states are

10, |as). (4.2.11)
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y
y
82' | |
I I | (0'g) di+U>»
@ Q>
! 1 €1 X
'

Figure 4.2: Zy x Z5 orbifold. Blue colored lines are fixed tori by # action, and green colored
dotted lines are by 6¢ action. The circles are common fixed points.

These are charged matter of representation 27. We take linear combinations of remaining
two states as eigenstates of action of 6,

+1: |ag) + |ag + as),
—1: |Oég> - |061 + 062>, (4212)

where +1 denote the eigenvalue of these states under the action of #. The phase of physical
states should be cancelled with A-phase (4.1.28). These are the same chirality states with
the charge of representation in 27 and 27 respectively, and they do not contribute to the
number of generations [45]. The generation number from the ¢-sector is four, and we
have twelve generations from three twisted sectors, which is equal to a half of x. This is
significantly small compared to the generation number of factorizable model.

The diminution of fixed tori and fixed points in the Ay torus can be seen in figure 4.2.
In this figure the basis of the As root lattice is changed to a; +as and a4, and that makes it
easier to draw the orbifold action. In this figure we can see that the decrease of  fixed tori
of the non-factorizable model is related to direction which is left invariant by the action
of . Therefore the diminution does not occur in non-degenerate orbifold such as Coxeter
orbifold which rotates the whole space of T°.
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4.2.2 79 X Z4 models

As an example we consider a model on the Dg root lattice (3.1.2). The only consistent
point group action on this lattice, except its conjugate representation, is

0 -1 0 00O

1 0 0 000
0 0 0 100
0 = 00 -1000 | (4.2.13)
0 0 0 010
0 0 0 001
¢ = di(lg(l,l,—l, 17 17 1)

We count the number of states with representations 27 and 27 by the use of the coor-
dinates of fixed points and fixed tori 2. The §’¢’-twisted sector T}; localizes at fixed points
or tori as follows,

TOl : (:B yvO O 0 0)7 ( ' Yy %7%7()’0)7 ('xay? §7%7%7%>7
T10: (anvxaya 070)7 (%7%7$7y7%7%)7
Tll: <07070707070)7 (17070707070)7 (%7%707 07%7i%)7
l7l7il7070)07 070’170717117
= S (1:2.14)
(Oa07§7i§70a0)7 (§a§7§a§7§7i§)a
T : (0707x7ya 070)7 (%7%71'71/7070)7 (0,0,33,?./,%,%)
(ﬂamagﬁﬁ)a (%,%,Qf,y,%,%),
TQI: ( 7070707I7 )7 (%>%70707$;y>7 (%7%7%7%7$7y>

In the orbifolds of Zy with non-prime N, physical states of §*-sector are generally linear
combinations of states at fixed points by the action 6% [70,72]. If f, is a fixed point of §*
such that [ is the smallest number giving 6'f, = fr +u, u € A, then the eigenstates of 6

are
n—1

p) =Y 0" i), (4.2.15)

r=0
with v =27/l, p=0,1,--- ;N — 1. Then the physical states of Ty; sector by orbifold are
linear combinations of them,

1: |(z,9,0,0,0,0)), |[(x,y, é,%,%,%)}, (4.2.16)
|(, y,éaé,O,O)% |(907y,070>%’%)>,
|(, y,Q, 13, 0)) + [(2,9,0, 5, 5, 0)),
|(z, y,g, ,0,3)) +|(2,9,0,3,0,3)),

—1: |(z, y,2, ,l,0)> |(z,y, ,2,;,0)), (4.2.17)

|(SL’ y,2,00 )>—|(2L’,y,0,;,0 ))

2In this approach we can observe the twisted states explicitly. However we can systematically count
these numbers by (4.1.27).
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where £1 denote eigenvalues under the action of 6. Then there are six states of 27 € Ej,
but the negative eigenvalue state does not make 27 state because it does not cancel the
A-phase (4.1.28). In this way we confirm the number of 27 states is 34, and that of 27
states is 0. The untwisted sector is the same as the factorizable model, that is hiithsted 3
and hiétmsted = 1. This is because the untwisted sector is determined by local action of
orbifold and not affected by global structure of Lie lattice.

This result is confirmed by the Euler number (3.3.1),

1
X = 3 (24x0.6 + X106 + X62.9) 5
1
X-1 = 3 (—24x0.6 + X160 + Xo2.9) - (4.2.18)
Here, x_1/2 is the generation number of the model with discrete torsion e = —1. The fixed
points by the action of # and ¢ are
(0,0,0,0,0,0), (1,0,0,0,0,0), (3,3,3.35.3,£3), (4.2.19)
(0,0, 3,+3,0,0), (3,3,0,0,3,£3).

The fixed points of action of 6¢ are

(0,0,0,0,0,0), (1,0,0,0,0,0), (3,3.3 5.5, £3),

272727272
(O 0’ ;7:]:1 O 0) (5 570707%7:&%)7 (4220)
(3:3:£3:0,0,0), (0,0,3,0,5,£5).

The fixed points of action of #* and ¢ are

(0,0,0,0,0,0), (1,0,0,0,0,0), (3,0,%,0,%3,0),
(3,£3,0,0,0,0), (0,0,%,+2,0,0), (0,0,0,0,%,+3), (4.2.21)
<;;i100®400%&5i5455555i5

As a result we have xg.4 = 8, X1.00 = 16 and xg2 4 = 32. The generation numbers in these
models are

x/2 = 36, (4.2.22)
X_1/2 = 12.

This result is different from that of factorizable tori Dy x Dy x T?, i.e. x/2 = 60 and
X_1/2 = 12. All other models on non-factorizable tori are listed in Table 3.8 of Appendix.A.

4.2.3 Zs-1II models

The point group elements 6, ¢ of Zg-11 (Zy x Z3) orbifold can be expressed by one element
0¢ € Zg which is non-degenerate. Let w be defined by w = 6¢. Then we have § = w?* and



4.3. Z3 x Zs ORBIFOLD MODELS ON THE E¢ ROOT LATTICE 49

¢ = w3, This implies Z, x Zs orbifold is essentially non-degenerate and does not provide
new models which have different Euler number compared to the factorizable model. The
Euler characteristic of Zy x Zg orbifold is evaluated by (3.3.1), and it is simplified to

X = 4X1w- (4.2.23)

We see that only non-degenerate element w € Zg contributes to the generation numbers of
these models. However the Hodge numbers are dependent on lattices as we see below.
For example the basis of six dimensional tori A3 x A; x A; is given by

Q; = (17_17070707070)7

s (0,1,-1,0,0,0,0),
as = (0,1,1,0,0,0,0),
a; = (0,0,0,1,—1,0,0), (4.2.24)
as = (0,0,0,0,1,—1,0),
as = (0,0,0,0,0,0,1).

In the A3 x Ay x Ay lattice the only consistent point group action, except its conjugate,
is

0100000
0010000
1000000
9 = [o0oo0o00100], (4.2.25)
00000O0T10
0001000
00000O01

¢ = diag(-1,-1,-1,1,1,1,—1).

In the D3 lattice subspace there is only one fixed tori, which is depicted as figure 4.3.
The Hodge numbers are calculated as htlz,uliste 4 = 26 and hf&;liste ; = 4 from the w'-twisted
sector T; localizing at fixed points or tori. The untwisted sector is the same as factorizable
model, that is hi’itwisted = 3 and hiﬁtwiswd = 1. As we have mentioned the number of
generations is 24, which is the same as the factorizable model. However this model has
different Hodge numbers from that of the factorizable model on (A)? root lattice.
Similarly the other two Zs X Zs models are examined, and the results are listed in
Appendix A. The non-factorizable models are not the same orbifolds as factorizable one

and the structure of Yukawa coupling can be different from the factorizable model.

4.3 73 x Zs Orbifold models on the Fj root lattice

4.3.1 An Orbifold with three fixed tori

Some non-factorizable orbifolds are highly symmetric in six dimensions, especially for Fjg.
Interestingly it contains twisted sectors localized at the three fixed tori respectively. Then
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Figure 4.3: Zs x Z3 non-factorizable orbifold. Circles are points on the 6 fixed tori which
are parallel to z-axis. Red colored line on z-axis is a fixed tori by # action, and we can see
two circles are on the line. Due to lattice structure all circles are on the same fixed torus.
So there is only one fixed torus in f-twisted sector.

the models based on it can naturally lead to three generations of matter. We investigate
the general structure of interaction of this orbifold, and find that some interactions allow
flavor mixing terms. These features seem favorable for phenomenological motivation. In
this section we explain the detail of a orbifold on the Fjs root lattice, and give examples of
three-family GUT-like models and general consideration of the three point interactions.

We consider the case that A is the Eg root lattice whose basis vectors are given by the
simple roots?

ar = (1,0,0,0,0,0),
1 V3
Qg = (_5777()’07070)7

1 1 1
as = [0,———,0,——,0,—— ), 431
; ( 50— 3) (4.3.1)

1 V3
ay = (0707_§7§7070> ’

a5 = <07071707070>7
1 3
ag = (0,0,0,0,——,\/_).

2" 9

Then we define the Eg torus, Tp, = R%/Ag,. It may look a little complicated object,
however from the viewpoint of six dimensions it is highly symmetric space as we will see.

3Note that despite it is usual that the lengths of the simple roots are /2, here they have length 1 for
simplicity.
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Figure 4.4: Extended Fg diagram

We define the lowest root,

(67)) —Q] — 2062 - 3043 - 2044 — Q5 — 2046 (432)

(0,0,0,0,1,0),

and they form the Eg extended Dynkin diagram, see figure 4.4. We give the point group
elements of the Zs x Zs3 orbifold by the elements of the Weyl group as follows,

0 = reTayTasTas, (4.3.3)
O = TasTasTas oo
They act on the simple roots as
0 : a1 — Q, Qp — —Q — Qo, a3 — o1 + g + ag + oy,
ay — Q. s — —oy — Qs, ag — o, g — Qp, (4.3.4)
¢ a1 — O, Qg — Qa, Qg — a3 + oy + a5 + ag,
0y — —0y — Qs, Qs — Oy, Qg — Qp, Qo — —0g — .

In complex coordinates z; = w9; 1 + ix9;, 1 = 1,2, 3, we can rewrite the point group action
as

0: z— e2mvizia v= (%7 _%7()) ) (435)
¢ R ezﬂiwizh w = (07 %7 _%) )

where v and w are the shift vectors of the point group. These shifts project out six
components of the spinor, and leave two chiral spinors | £ (%, %, %, %)> invariant. After
the GSO projection, N' = 1 supersymmetry is unbroken in four dimension. We can also
construct Zs, Zg, Zqo and Zg X Zo orbifolds on the Eg torus, which satisfies NV = 1
supersymmetric condition.

The orbifold action leaves sets of points invariant, i.e. these points differ from their

orbifold image by a shift of torus lattice A. For the action of 6, ¢ or 6¢ these sets appear
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as two dimensional fixed tori. All the fixed tori by the action of 8 are given as

(07 07 07 07 I? y)?
(0, 75,0,0,2,y), (4.3.6)
(07 07 07 LS? x? y)?

where z,y € R. We can confirm the number of the fixed tori by the use of Lefschetz fixed
point theorem. The number of fixed tori (#FT) by the action of 6 is

vol((1 — @)A)
#I'T = (V)

(4.3.7)
where N is the lattice normal to the sub-lattice invariant by the action. Then we have
#F'T = 3 for the f-twisted sector. Note that by the shift of the Eg root lattice the following
tori are identified;

(0,0,0,0,z,y) ~ (0,0,0,0,z,y) — az ~ (0, 10, \%,x,y) . (4.3.8)
These nontrivial structure leads to diminution of the number of the fixed tori compared to
the Zs x Zs orbifold on factorizable torus 7% x T2 x T2.

For the action of 8¢?, 27 fixed points are left invariant. Generally the numbers of fixed
points are the same between non-factorizable and factorizable orbifolds. However in the
orbifold on the Eg torus some of the 8¢? fixed points are not invariant for the action of 4
and ¢, and the states of their linear combinations are left by the projections. By explicit
calculation we have 15 states, which are invariant by 6 and ¢, and 6 states with a phase of
e?™/3 and e~2™/3 by the actions respectively, see table 4.5.

By embedding two twists into the gauge sector 4, we can break one Eg to GUT gauge

group [91], however not to SU(3) x SU(2) x U(1).

’ Shifts V! ‘ Gauge Group ‘
(2,07), (1%,0%, (1°,2,0) | SO(14) x U(1)
(37,09, 39, &) Er x U(1)
(37,2,0°), (3,0% Es x SU(3)
(G309 G2 SU(9)

Table 4.1: Shifts and the correspondent gauge groups from FEg.

For the Zs3 x Zs orbifold, the shifts of the torus lattice are identified as fa; = o,
Oay = a5 and ¢ag = ap. It means for the Wilson lines we have

r_ 1 1 _ 1 I _ I
a; = ay, G, =as, ag=ag. (4.3.9)

4Some relations about shifts and Dynkin diagrams are investigated in Ref.89,90
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Moreover in the f-twisted sector on the Fg torus, the fixed tori which have different shifts
are identical,

(o, 0,0,—%,1:,31) ~ <0,\/L§,0,0,x,y> . (4.3.10)

We can read the shifts by the action of 6 from

(1-20) (O, 0,0, —\%,x,y) = (0,0,0, —\%,m,y) + ay + as,
(1-6) (0, 5,0,0,2,5) = (0, 5,0,0,2,y) + a1 + . (4.3.11)
It follows that the relation for the Wilson lines,
al +al =al +al. (4.3.12)

For a shift as we have a Wilson line a3 from the definition of o. From (4.3.9) and (4.3.12)
we have only one independent Wilson line, o = af, i = 0,1,--- ,6, for the Fg torus. It
implies the orbifold on the Ejg torus is highly symmetric space.

When we include a Wilson line, the degeneracy of the fixed tori is reduced from 3 to 1,
and that of the fixed points of the f¢>-sector is from 27 to 9. It seems a Wilson line breaks
the three-family structure of the orbifold, and we do not include Wilson lines in this paper.
At first sight the states on the 27 fixed points are too many as a low energy spectrum. We
will see later that for some non-standard gauge embedding the 0¢p>-twisted sector contains
only hidden sector states and singlets. Then we realize three family structure states from
fixed tori.

4.4 73 x Zs orbifold models on Ej torus

4.4.1 A model with standard embedding

At first we consider an Eg x E{ heterotic orbifold model from Zj3 x Z; orbifold on the Eg
torus with the standard embedding (4.2.3),

1 1
V= <§’ _5707 07070’07 0) (070707 07070707 0)? (4'4'1)

1 1
W = (O,g,—g,0,0,0, 0,0) (0,0,0,0,0,0,0,0).

By counting the fixed points and tori, we easily find the spectrum of this model. The
gauge group is broken to
Es x U(1)? x E}. (4.4.2)

There are twisted sectors

0, 0%, ¢, %, 09, 0°¢%, 0¢°, (4.4.3)
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or A, A, B, B, C, C, D, respectively. These states are distinguished by their H-momenta
(listed on the table 4 and 5). There are also three untwisted sector states, Uy, Uy and Us,
which H-momenta of their bosonic states are ¢; = (0,1,0,0),qo0 = (0,0,1,0) and ¢35 =
(0,0,0,1) respectively. Then the matter content of the model is

Ul, UQ, Ugl 3 X 27, A: 3 x 27, B: 3x 27, C: 3x 27,
D: 15x27, A 3x27, B: 3x27, C: 3x27,

and singlets. Then we have 36 generations of matter. This number is coincident with
half of the Euler number x of this orbifold, where y = Z[e, 4]0 X0.6 [19,20]. Since the
generation number of the Z3 x Z3 orbifold model on the factorizable torus is 84, we observe
the generation number is decreased in the non-factorizable model.

4.4.2 An SO(10) GUT-like model

We have seen that the Zs x Z3 orbifold on the Ejg torus has phenomenologically interesting
feature that it has three fixed tori in the 6, ¢ and f¢-twisted sectors respectively. We
present an example of the models with SO(10) GUT group. Our assumption is very
simple, that is the Eg x E} heterotic string from the Z;3 x Zs orbifold on the Ef torus and
the non-standard gauge embeddings,

112 11
vV = (%,2,2,00,000])(=,=,000,00,0 4.4.4
(3737377777)(37777777)7 ( )

W = (_§’0’0’0’0’0’0’0> (1

The surviving gauge group in d=4 is

111
70757575707070)'

Wi

SO(10) x SU(2) x U(1)* x [SU(7) x U(1)%'. (4.4.5)

The U(1) directions [81] are

Q1 = 6(1,0,0,0,0,0,0,0)(0%),
Q> = 6(0,1,—1,0,0,0,0,0)(0%), (4.4.6)
Qs = 6(0%)(1,1,0,0,0,0,0,0),
Qs = 6(0%)(1,0,1,1,1,0,0,0),

and the linear combination Q)4 = 3Q; —2Q)s — Q3+ 3Q), is anomalous. The matter content
is
3 x (16,1) + vector-like. (4.4.7)

Then we have the three-family matter of the SO(10) GUT model. We also have Higgs
states, (10,1), however no adjoint Higgs, see table 4.2.



4.4. Zs x Zs ORBIFOLD MODELS ON Es TORUS 95

untwisted sector twisted sector
representation representation representation
visible || Us | (16,1)3600 | A | 3(16,1)1.042 | B | 3(10,1).20.2.s
sector U2 (E, 1)—3,6,0,0 A 3(10, 1)_2’_47_4’_2 B 3(1, 2)2,—6,2,8
U | (10,2)0600 || A| 3(1,2)0242 | C| 3(1,2)2264
Us (1,2)66,00
Us | (1,2)6600
messenger | Uj 101200 C|3(1,2)(7)y002 || D| 27 % losgs
sector U, 100126 C 3% 144610 D | 15x1p.582-6
A 3xX 14440 B 3x1ap0os
A 3xX 14484
hidden Us (?2)6,0,0,—6 B 3(Z)Z4,0,2,-4 D 6(?)6,4,-4,0
sector Uy (21)0,0,6,0 C 3(7) 4402 D 6(7)0.4.2,6
Uz (7)6,0,-6,-12
Us | (T)o0012
Uz (7)6,0,-6,6

Table 4.2: All of the massless chiral states of the SO(10) x SU(2) x U(1)? x [SU(T) x U(1)?)
model. The entries of the representations are given as No.x (Repts.),.0,.05.04-

We observe in the O¢-twisted sector three states charged with both the visible and
hidden sectors appear. We call these states as messenger sector, because these messenger
states have the potential to mediate the SUSY breaking effect by the strong dynamics of
the hidden sector. The running coupling of SU(7)" at scale p is

agyr (@) 2w

L _ 1 by | Meur) (4.4.8)
L

If all the (7) and (7) generate large mass terms, we have —b = 8 for SU(7)’. The confining
scale is defined by the scale u where o/ () = 1. If we have Mgyr = 2 x 10 and afyp =
1/25, the hidden sector scale is estimated as

Apidden ~ 1.3 x 10°GeV. (4.4.9)

This leads to confinement and gaugino condensation. The hidden sector of this model may
cause the gauge mediated SUSY breaking [68,93-96].



56 CHAPTER 4. HETEROTIC ORBIFOLDS

4.4.3 An SU(5) GUT-like model
We also construct an SU(5) model. We take the gauge embeddings®,

112 11

-z 4.4.1
33,3)(00000033> (4.4.10)
55

1111 5 5 211
W= (5’5’5’6’6’6’_6 a) <3 3 300000)

The gauge group of this model is

v

I
A~
o
o
o
o
o

SU(5) x SU((2) x SU(2)g x U(1)* x [SU(6) x SU(3) x U(1)]'. (4.4.11)
The U(1) directions are

Q1 = 3(0,0,0,—1,1,2,0,0)(0%),
Q2> = 3(0,0,0,0,0,2,—1,1)(0%), (4.4.12)
Qs = 3(0%)(0,0,0,0,0, 0,1,1),

and the linear combination Q)4 = 8Q); — 3Q)2 + 2()3 is anomalous.

We have totally three chiral 10s and 5s of SO(10), which correspond to the spectrum
of the Standard Model. Then the states, (5,1,1) and (5,1,1), have just the quantum
numbers of higgs, see table 4.3.

By counting the hidden sector states charged with SU(6)’, and if pairs of 6 and 6
generate large mass terms we have —b = 10 for SU(6)". The confining scale is estimated
as

Apidden ~ 5.6 x 10°GeV. (4.4.13)

This value is compatible with the hidden sector scale of SUSY breaking mediation scenario.

4.4.4 Yukawa coupling

We discuss three point functions of twisted state, which give rise to Yukawa couplings in su-
perpotential [97-101]. A trilinear coupling of a boson and two fermions, ¢1), corresponds
to a three point correlation function of twisted states

(VBVEVEY, (4.4.14)

where VB and V! are the vertex operators of a boson and a fermion, respectively.

The ground states of the a-twisted state localize at f, are defined by twisted state
|0a..)- The twisted ground state |o4.1,) = 0(0)a,r,]0) is annihilated by all the positive
frequency mode operators

am—k/N|Ua,fa> = 0, O_5m+k/N|O-a,fa> s 0, m > 0. (4415)

5Tt may seem that this shift can be reduced to more simple form by adding lattice vectors. However it
generally leads to a different model. This freedom of shift vectors is related to the discrete torsions [60].
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o7

untwisted sector twisted sector
representation representation representation

visible || Uy | (5,1,1)060 || A | 3(10,1,1)50.0 || A 3(1,1,2)93.4
sector U3 (5, 1, 1)6,0,0 A 3(5, ]_7 1)_4’0’2 A 3(1, 1, 2)2’372

U, (ﬂ), 1,2)p30 | A 3(1,2,1)502 A 3(1,1,2) .30

Us | (10,2,1)3500

U]_ (5, 172) 67_30

Uy (5,2,1)360

U | (1,2,2)3.30

Uy | (1,2,1)9.60

Us (1,1,2)60,0

messenger || Uy 10,06 B | 3(1,2,1)(1,3)544 || C | 3(1,2,1)(6,1)/5 5,

sector B |3(1,1,2)(1,3), ,, || A 3% 1462
hidden || Uy | (20,1)405 | D 15(6,1)55 C 3(1,3) 640
sector Us | (15,3)h00 D 6(1,3)555

Us (67 3)6,0, 3

Table 4.3: All of the massless chiral states of the SU(5) x SU(2), x SU(2)g x U(1)? x
[SU(6) x SU(3) x U(1)]" model. The entries of the representations are given as

No.x (Repts.)g,.0,,0-

Then we have vertex operators of a twisted state by use of twisted state o, , (2, %) and

untwisted vertex operators Vi, .,:
V(z,2) = Vuntw (2, Z) 0a.5.(2, 2). (4.4.16)

In (4.4.14) calculation of the untwisted part is straightforward. For twisted sector ground
state we have to estimate the expectation value

Z = <aa,fao'ﬁ,fga'y,fq>' (4.4.17)
The string coordinates can be divided to the classical part
Za(€*™z,e72™2) = 024(2,2) + v, (4.4.18)
and the quantum part . A
Zu(€™2,e722) = 07,2, 2). (4.4.19)
The action is given by
1 e
S== / d22 <6Z’aZ’ + 8Z’8ZZ> , (4.4.20)
™

where we take the sum for the complex coordinates ¢ = 1,2, 3 of the compact space. The
quantum contribution is independent of the classical part, and the correlation function
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factorizes as

E=Zu) ¢ (4.4.21)

(Xcl

where we take all the contribution of X, which satisfies all the constraint. Since the
equations of motion
82 Zz‘
020Z
are functions of z or z alone, Z* split into a holomorphic and an antiholomorphic pieces.
The holomorphic part is

=0, (4.4.22)

oo At
- Pn—k/N /N 1 Tntk/N __pik/N
= 2" - = —2z" 4.4.23
Zr=2RT 5 Z n—k/N QnZ:On—i—k/NZ ’ (44.23)

where zp is a fixed point. For z — 0

1
8Z|O_I€/]szﬁ’,> - _§Zk/N 177‘2+k/N|0-k/N7ZR>7 (4424)

then we can read the behavior of these operators near the twist operators. Similarly we
have the OPEs as follows,

8Zak/N(w,u‘J) ~ (Z—U))i(l k/N)Tk/N<w,U_}),

OZoyn(w, ) ~ (22— w)_k/NT,Q/N(wﬂD), (4.4.25)
5Z0k/N(w,w) ~ (2 - U_)>7k/ 7~-lc/N(wvu_)>7

0Zoyn(w,w) ~ (z2—o) WHNE L (w, )

The classical solutions with the correct behavior at the twist insertion points z — 21, 29, 23
are of the form

821’ _ ai(z —21) (1fk/N)( ) (1-1/N) (Z ) k/NH/N)

87 = a(z—7z)" (1— k/N)( ) (1— l/N( %) (k/N+l/N) (4.4.26)
07" = V(z—7z) "Nz - 22)* N(z — z5) HG/NHUN)

aZz _ BZ(Z o Zl)—kz/N(Z _ 22) (Z 23) 1+(k/N+l/N)

where a' and b, i = 1,2,3, are constants. Since the action with non-zero b; diverges
S, — 00, these solution do not contribute to the Yukawa coupling. So we set b; to be zero.
The remaining solutions have the form of the Schwartz-Christoffel map from z to Z:

o a9 An—1

0Z =a(z—2z1) " (z—22) 7 (2 —2p-1)" 7 , (4.4.27)

with a3 + as + - -+ + a,—1 = 2m. The function Z(z) maps the upper half plane of z onto
the polygon which the turning angle of «; at the vertexes.
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- \> X4

Figure 4.5: The Schwartz-Christoffel map from the complex plane z to Z = X, +1X5. The
wavy lines are cut of the Riemann surface, which corresponds to the colored lines on the Z
plane.

Using SL(2,C) symmetry on the world sheet, in (4.4.26) we take
z21=0, z0=1, z3=00, (4.4.28)
and normalize (z — z3)~*/~N+/N) in the definition of a’. The map is
07" = alz3(z — 1)72/3. (4.4.29)

The upper half plane of z is mapped to a triangle in each Z° plane, and a leaf of the
Riemann surface is mapped to the fundamental region of the orbifold, as described in
figure 4.5. In this figure we can intuitively see the monodoromy conditions,

/ dz(0Z") = v. (4.4.30)
C

We take the path C' as it closes on the Rieman surface so that X is shifted by v but
not rotated. For example we define C'1 to go round z; clockwise and C'2 to go round 2z
counterclockwise, and C' = C'1 4+ C2, see left side of figure 4.5. We calculate the shift v
from the products of the space group. From (2.1.4) a space group element associating with
a fixed point f is given by (6,1), with [ = (1 — 0) f. The coordinates of twisted states at z;
and 2o are mapped to the fixed points f{ and fi on the target space Z°, respectively. We
can set (1 —0)f; = 0 and o = (1 — @) f,. Then the integration on C' corresponds to the
space group elements

(0,0)(071,0) = (1,0) (4.4.31)

The action of space group element gives a rotation around the fixed point associated to
the elements because

Z'=0,1-0)f)Z=0Z+(1-0)f

—~Z' —f=60(Z~f) (4.4.32)
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We take an arbitrary point, say p on z and its map P. A movement along C'1 corresponds
to a clockwise rotation by angle of 27/3 round Z(z;) on the image plane, and similarly C2
to a counterclockwise rotation by angle of 27/3 round Z(z). Then we obtain

/dz(@ch) = /aZ—(l—k/N)(Z_1)—(1—l/N)(_ZOO)—(k/N-H/N)
C C

- / 24i(— ) ENHIN) ikl /) FF% NB;% ])V))

= (4.4.33)

The coefficient a is determined as

i0(—200) MNHYNIT (K /N)T(1/N)
“= 2sin(klr/N)T((k +1)/N)) (4.4.34)

Inserting these to the action, the classical action is given by

S = |v|?| sin(k7/N)|| sin(lx/N) |
c 47TSin2(kl7T/N)|Sin((/{:—|—l>7r/N)|

(4.4.35)

This equation means the instanton effect generates exponentially suppressed interaction.

We also see that the classical solution gives the map from world sheet to orbifold space,
and by monodoromy condition we tune the map to fit to the geometry of orbifold on target
space. The classical string action is equivalent to the Nambu-Goto action

XroX
Scl:SNG’ = —T/deU\/—det (a 0 #),
c do® Odob

= / ,/—%dsﬂvdsw,: / ds, (4.4.36)
C C

1 v i v
1S = drdo (3X oX¥ 0X"oX ) — dX" A dX" (4.4.37)

where

OJo Ot or Oo

is the area element. Then the action gives precisely the area Z(C') formed by fixed points.

4.4.5 Three point functions

Finally we consider the Yukawa couplings of the Zz x Zs orbifold on the FEg torus. To
see the allowed interactions, we should take account of the H-momentum conservation and
the space group selection rule. In order to see the general structure of the interactions of
the orbifold, we ignore its gauge groups in the following. The constraint obtained here is
common to models for any gauge embedding of the Z3 x Zs orbifold on the Ejg torus.
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] \ \ location \ shift H \ \ location \ shift ‘
f-sector Ao | (0,0,0, O z,y) 0 6%-sector Ag | (0,0,0,0,7,7) 0
5(0,1,2,0) | Ay | (0, 0,0, Tt y) | oo | 5(0,2,1,0) | A
5:0,0,2,y) | —« Ay

(0, (
( (
(0, (
¢-sector By | (, y,O 0,0,0) 0 | ¢*sector | By | (
%(0,0,1,2) By | (z,9,0, O ,0, f) @ %(0,0,2,1) By | (7,94,0,2,0,0) | «
( (
( (
( (
(0, (

z,9,0,,0,0) | —a By
0,0, y,O 0) 0 | 6?¢2-sector | Cy
0, 0 2,9,0, %) | a | 5(0,2,0,1) | Cy

,2,y,0,0) | —« Cs

O¢p-sector | Cy
$(0,1,0,2) | ¢4

7%) -

Table 4.4: The H-momenta of the bosonic states, the coordinates and the shifts of the 6,
¢ and f¢p-sectors.

We distinguish the individual states in each twisted sector, A, A, B, B, C, C and D,
by its space group. For example in the #-twisted sector (labeled as A), we can assign a
state which localize at fj a space group element (6,1). [ is the shift of the state defined by

I=(1—-0)f (mod(1—0A), (4.4.38)

where we have [ € A by the definition. The space group corresponds to the boundary
condition of the closed string as X (27) = (6,1)X(0) = X (0) 4 [. Therefore the boundary
condition of the string interaction of three twisted states are

X(@2r) = (01,4)(0:,15)(05,13)X(0),

= 010:05X(0) + I; + 61l + 01651s. (4.4.39)
Then we have the space group selection rules,
010205 = I,
Iy 4+ 0115 + 60,6513 = 0. (4.4.40)

We call the former equation the point group selection rule. Since the shifts are defined up
to the sublattice (1 — 0)A, the latter condition is simplified to

3
htl+ls=0 (mod » (I—06;)A). (4.4.41)

Actually these are the conditions required for non-zero correlation functions. The three
point interactions consistent with the point group selection rule and the H-momentum
conservation [70,72,76] are

UUsUs, UsAA, U BB, U,CC, DDD, (4.4.42)
ABD, ACD, BCD, ABC, ABC,



62 CHAPTER 4. HETEROTIC ORBIFOLDS

] \ location \ shift H \ location \ shift H \ location \ shift ‘

Dy | (0, O 0) |0 Doy | (=, +,0) | oz -0y Doy | (+,—,0) | -2 -au

Dyo | (=,0,0) | Dyy | (0,—,0) | oy Dss | (0, ) Qg -0y

Dy (+, 0 0) | - Dy | (0,4,0) | -y Das | (0,0,4) | cotay

Dy | (a,a,a) | -as Dy, | (a,b,¢) | -az+ay -ay || Dy, (a ¢, ) -3 ~Qia+0y
Dy | (bya,a) | -as+as || Dy, | (a,b,a) | -as+ay D, | (a,a,b) | -as -ay -oy
Dl20 (c,a,a) | -as-ag || Dy | (a,c,a) | -as -ay Dy, | (a,a,c) | -as+ag+oy
D(I)/o (a,a,a) | as Dgl (a,b,c) Q3+ -y D82 (a,c,b) 3 -Qia+Quy
D}y | (b,a,a) | as+ay || DY, | (@,b,a) | as+ay D}, | (@,a,b) | as-as -ay
Dy | (€,a,a) | as-ay | Dy, | (@,¢,a) | as-ay Dy, | (@,a,¢) | ast+aotay

Table 4.5: The coordinates and the shifts of 27 states in the 8¢?-sector. The H-momentum
is %(0, 1,1,2) for all states. On this table we use abbreviations in the coordinates as follows,

+= (550 — = (7500, a = (3.0), b= (=, 575) and ¢ = (—5, —5/7)- And the bars
on the characters mean negative entries of them, i.e., @ = —a. For example we have a

%, 0, —%, ﬁ, —%, _ﬁg) Note that under the identification of 0¢?

we observe (a,a,a) = (b,b,b) = (¢, ¢, c), etc.

coordinate (a,b,c) = (

where U;, Us; and Us are untwisted sector states. We should also take account of the
constraint from (4.4.41).

At first we consider the coupling of ABD. The sum of the sublattices generated by the
action of 0, ¢ and 0¢? is

(I —0)A + (1 — @)A + (1 — 0¢*)A

={a; —ag, ag —ay, ag — as, ay — ag, a5 — Qp, 3an}. (4.4.43)
Therefore in the space group selection rule of ABD, we can identify
=01 =0y =04 = Q5 = g = Qp, 3o = 3az >~ 0, (4.4.44)

up to the sublattices. The last identity is obtained from the definition of g, however we
have o # a3. The space group elements of the three states in the #-twisted sector are given
as (6,0), (0,«), (0, —«a) respectively, and this is similar for the ¢ and f¢-sectors. The shifts
and the coordinates of these states are listed on table 4.4. The states in the f¢>-sectors are
on the table 4.5. According to the space group selection rule ABD couplings are allowed
for D states with no ag shift, that is D;;, ¢, j = 0,1,2. The couplings with D;j and D;/] are
forbidden. Then in the interactions of ABC', the coupling of

A;B;Dy, i+j+k=0 (mod3), =0,1,2, (4.4.45)

can be non-zero values. The interaction is allowed for any /, and such interactions do not
appear in factorizable orbifold models. In this meaning ABD couplings include nontrivial
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structures®. This is the same for the couplings of ACD and BCD. This interaction is
generated because three fixed points of D are on the same fixed tori of A or B. Some of these
are not contact interactions, and generated by the effect of the world sheet instanton [70].
Then the couplings of the three point interactions are suppressed by instanton action e.
The suppression factor relates to the distance of the three associated fixed points, and
the dominant contribution is from the instanton effects on the minimum distance of them.
Taking it consideration we can estimate the coupling of three point functions. Suppose B;
and Dy are interpreted as the three-family matter states and A; is Higgs H; (i = 0,1,2),
the following interactions are allowed,

AgB1Dy;, A1ByDy, A3BsDy, 1=0,1,2. (4.4.46)
Then the Yukawa matrix is
H1 €H1 €H1
Y=1| eHy ¢Hy H, , (4.4.47)
SHQ H2 €H2

with order one factor from quantum correction. So in this case we can realize the Yukawa
matrix with mixing! It is also notable that three generation structure naturally arises in
the Z3 x Z3 orbifold on the Eg torus.

Next we consider the couplings of ABC. The sum of the sublattices

(I —O)A+ (I —d)A+ (1 — 0p)A

={a; —ag, ag —ay, ag — as, ag —ag, a5 — Qp, 3as} (4.4.48)

is the same as (4.4.43), so we can use the relations (4.4.44) in this case. Then the coupling
of
A;iB;Cy, i+j+k=0 (mod 3), (4.4.49)

can be non-zero values. Assuming that A; and B; are the three-family matter states and
Cy is Higgs Hy (k = 1,2,3), the Yukawa matrix is given by

Hy Hy H,
Y=| H, H H |, (4.4.50)
H, H, H,

with order one factor from the quantum correction. These are contact interactions and not
suppressed by €. We have the same structures for ABC.

Finally we consider the interactions of DDD type. One complication is that the fixed
points in table 4.5 are not invariant by the actions of # and ¢. Then we should take the
linear combinations of these states in order to have the eigenstates of the orbifold actions
as follows,

Df = Djy+w'Dj +w*Djy, (4.4.51)

//k _ " k " 2k
D, = Djy+w'Djy+w™D
6We observed similar phenomena in Zg x Zs orbifolds on non-factorizable lattices [46].

1"

J2
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where w = €*/3" and j,k=0,1,2. The allowed interactions by the selection rule (4.4.41) in
terms of oy are DDD, D'D'D’, D"D"D" and DD'D" types. It is straightforward to see
the following self-interactions can exist

’

K

DyDi;Dij, DDy Dy D;iDy Dy, (4.4.52)
here 7,7 = 0,1,2 and we do not sum up their indices. These are contact interactions, so

the couplings are of order one. There are other couplings for
Dy;Dy;Dy, DyDDYF, Dy'DYDSY, it j+k=0 (mod3). (4.4.53)

These are not contact interactions, and the minimum distance associated to the instanton
effect are the same for the interactions above. If the state Dy; for ¢ = 0, 1,2 is higgs, we
have a Yukawa matrix (4.4.50) with suppression factor e. We have also non-zero couplings

for
DyD}'D;?, DyD?D,', i+j+k=0 (mod3), =0,1,2. (4.4.54)

Here we again observe the degenerate interactions for [. These couplings are generated by
instantons, and suppressed by the factor of . In this case the minimum distances for the
instanton effect are the same for all.

We considered the allowed coupling from the space group selection rules here. We have
the interactions (4.4.45) and (4.4.54), and these are new structures in the non-factorizable
orbifold models. Surprisingly the coupling of ABD can have mixing terms between flavors.
The 27 fixed states in the §¢?-sector are divided to the interactions between three flavors.
For further model construction, there is the possibility to realize three-family states from
this sector with the flavor mixing interactions.



Chapter 5

Type IIA Orientifolds

Introducing D-branes [7] provide rich possibilities for Type II string theory. This class
of models provide the chiral spectrum and gauge group of the Standard Model [22-32]
(for review see [33-35] and references therein). Type IIA models compactified on six-
dimensional orbifolds have been constructed with the point group of Zy [27,28], Zs X Zs
21,29,30] and Z, X Zy [31,32], We generalize Z, X Z, orientifolds to non-factorizable tori
in this chpter.

For the consistency of theory the tadpole cancellation is required (see [24,50-54], and
for review, [55-57]). We explicitly calculate string one-loop amplitudes on the Klein bottle,
the annulus and the Mo6bius strip on non-factorizable tori and orbifolds, and confirm that
the consistent number of orientifold planes (O-planes) is directly derived from the Lefschetz
fixed point theorem via the cancellations of Ramond-Ramond (RR) tadpole. We give a
systematic way to construct various models on non-factorizable orbifolds. Interestingly,
we further find new feature of non-factorizable Zy X Zs orbifolds, in which the numbers of
O-planes depend on three-cycles.

5.1 D-brane and Open string

The Hamiltonian is given for strings that stretch between two D-branes that intersect at
an angle of 6 [114,115]:

aa)(u|z7:0 :O, 8JAXVM|(7:71' :07 M:071a273
for non-compact dimensions, and

Re(e™ 0,20 =0, Im(e ™ 0,2")|s—0 =0, (5.1.1)
Re(e 0,2 |pee =0, Im(e % 0.2%)|p—r = 0,

65
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for compact dimensions. The mode expansions are

1 .
X,u — M _ Mt = 1.
T+ E nane cosno, wu=20,1,2,3 (5.1.2)
neZ
, 1 A A 1 ) .
i 7 —i(n+v;)(T—0) z —i(n—v;)(T+0)
2= Zn+via"+”ie +Zn—via”_”ie ’

where v; = (0% — 62)/7. In the case of parallel D-branes, say 8¢ = 6 = 0, we set the
boundary condition as X*|,_y = 0 and X*|,_, = Y*. The mode expansions are given by

. O 1 . .
X% = Y¥*— 4 g —ahe ™" sinno, (5.1.3)
T n
nez
DGR p2’+17+§ —ake ™ cosno.
n
nez

For the fermionic states, mode expansions are given as

Ui — Z [ i e—i(n—&-vi)(T-i-U)_'_,(/)i e—i(n—vi)(T—U)} ) (514)

n+v; n—u;
rel+v

The GSO projection is implemented by imposing ), 7 = odd.
The number operators are

N(”) - Q—n&#,n_F a—n—vi&n-l—vi_'_ Oé—n—&—vian—vi

n>0 n+v; >0 n—uv; >0
E> Yt e Y (o), Y (r o), (5.15)
r>0 r+v; >0 r—uv; >0

We calculate these quantities in the light-cone gauge. The general mass operator for the
string stretching between two D-branes in the distance of Y and angle of #; are given by

Y2
o' M2, = yropvis N, +v (Z n; — 1) : (5.1.6)

where 0 <17 < 1/2.

5.2 orientifold

We begin from the Type IIB orientifold with O9-planes compactified on a six tori 7% =
RS/A. By T-duality we can obtain Type ITA theory. Under the T duality 7; in the x;
direction, the bosonic coordinates are transformed as

T X — —Xi, Xbo— Xk, (5.2.1)
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where €) is the worldsheet parity operator. For the involution of orientifold it generates
inversion of the coordinate,
T.OT, ' = OR, (5.2.2)
where ' ‘
OR;: Xpgr— — XL g (5.2.3)

Then R; is the orientifold involution which indicates the reflection in the x; direction. We
mainly consider the Type ITA models compactified on a six-torus in this paper. Type ITA
theory with O6-planes is obtained by

6 T6
), 5T, Type ITA on ————— (5.2.4)

{1+QR}
where R = R5R7Ry. Usually the action R can be given as

Type 1IB on

R: 2z —z, i=123. (5.2.5)

In order to construct consistent effective theories in four-dimensional spacetime, we
study the tadpole cancellation condition in the presence of orientifolds. The tadpole am-
plitude is derived from the string one-loop graphs whose topologies are the Klein bottle,
the annulus, and the Mobius strip. These amplitudes are represented as K, A and M,

- - ~
-7 -7 / / / -
| | | : [ I
: B ;'v B I N N ,", % |

A4 ! ! A
| ! | | Y ! ! | ' !
| \ ¥ 7| B B v
' J J
| S | |
P e | - |7 |-

Figure 5.1: The one-loop graphs of the Klein bottle, Annulus and Mobius strip. The cross
indicates the boundary condition given by the cross cap.

respectively. Here let us explicitly describe their amplitudes in terms of a modulus ¢ in the
loop channel as follows:

00 _\F _

k=de / ?T (QQR P (H(Q 2 )(—D%M@“LO)), (5.2.6a)
0
o0 1 (1+(-DF

A= C/() %Tropen <§P (%) (—1)56_27rtL0> , (526b)
fe’e) . F

M=c %Tropen (QQRP (1 i (2 D ) (—1)56—2“%) : (5.2.6¢)
0
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where F' and s denote the fermion numbers in the worldsheet and in the spacetime, respec-
tively; the overall coefficient c is given by ¢ = V,/(872a/)?, where V} is from the integration
over momenta in non-compact directions, and P is the insertion of orbifold actions. Since
the divergence from the RR-tadpole should be evaluated in the tree channel, which is de-
scribed by the [-modulus, we should rewrite them via the modular transformation, even
though the computations of the amplitudes are easier in the loop channel given by t-
modulus. The RR-sectors in the tree channel which we should evaluate in order to see the
tadpole cancellation in the presence of orientifold planes and D-branes, correspond to the
states with the following insertions in the loop channel [49]:

Klein bottle : closed string, NS-NS sector, (—1)%
annulus : open string, R sector (5.2.7)

Mgbius strip : open string, NS sector, (—1).

In the next section 5.3 we describe the tadpole cancellation condition on generic non-
factorizable tori. In this analysis the Lefschetz fixed point theorem makes the cancellation
condition simplified and provides an intuitive picture. We apply this formula to orientifold
models which have been already well-investigated. In section 5.4 we explicitly construct
Type ITA orientifolds on Z4 x Zo and Zs X Zs orbifolds on the Dg Lie root lattice. Because
the contributions of untwisted sector in orbifolds are given by the same forms of those in
tori, the formula, which is derived from the Lefschetz fixed point theorem, provides a nec-
essary condition on non-factorizable orbifolds. We describe general features of orientifold
constructions on non-factorizable orbifolds. In appendix A we summarize a set of useful
conventions to describe non-factorizable tori in terms of the lattice space and its dual. In
appendix B we briefly review the string one-loop amplitudes which are given by the Klein
bottle, the annulus and the Mobius strip as the worldsheet topologies.

5.3 Orientifold on non-factorizable torus

In this section we will evaluate the RR-tadpole cancellation conditions of torus compact-
ification in Type ITA string theory in the presence of D6-branes and orientifold planes
(O6-planes). We will show a method to analyze the orientifold models on non-factorizable
tori, which can be applied to any kind of torus compactifications. We introduce a set of
general formula for the tadpole amplitudes in the RR~sector on non-factorizable tori, which
are defined by the Lie root lattices. Utilizing the Lefschetz fixed point theorem, we can
check the tadpole cancellation condition not only on the usual factorizable tori but also
on the non-factorizable ones in a quite simple way. We will further apply this method to
orbifold models in section 5.4.
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5.3.1 RR-tadpole and the Lefschetz fixed point theorem

In this section we calculate these amplitudes for the cases that D-branes are parallel on
O-planes. Then the amplitudes in (5.2.6) can be written in the form as follows:

gtV [1(/)2}4

K= C(lRR - 1NSNS>/ -3 12 »CIC, (531&)
o t n
4

o 1,910

c dtV 172
./4 = Z_L(lRR — 1NSNS){(tr(’Yl))2}/ —3 [7712] ﬁA, (531b)

1/2

c 17 dt

M = _Z(lRR — Insns) {tr(vorv0R) } EM: (5:3.1¢)

where the string oscillation modes are represented Wlth respect to the v-function and the
Dedekind n-function, while the zero modes are given by Li, L4 and L. The v matrices
are orientifold actions on the Chan-Paton factors in the notation of [54]. Due to the
spacetime supersymmetry, the total amplitudes from the RR- and NSNS-sectors should be
cancelled to each other, as seen the factor (1gr — Insns) on each amplitude in (5.3.1). The
mapping between the two different moduli ¢ and [ in these channels is also given as

[ l l
Klein bottle : ¢t = 7 annulus : t = 2 Mobius strip : ¢t = 3 (5.3.2)

To evaluate the RR-tadpole generated by the orientifold, we extract only the contributions
from the RR-sector in the tree channel. In the IR limit [ — oo the divergence from the
RR-tadpole should be cancelled,

I%RR + ARR + MRR — 0, (533)

where /CRR, ARR and MRR are RR-tadpole contributions in the tree channel mapped from
K, A and M in the loop channel under the modular transformation, respectively.

Now let us evaluate the zero mode contributions Lx 4 in (5.3.1) given by the mo-
mentum modes and the winding modes. General momenta p and winding modes w can
be written in terms of a set of certain basis vectors {p;} and {w;}, respectively:

p= Znipi, w = Zmiwi, m;,n; € 7. (5.3.4)
The zero mode contribution to the loop channel amplitudes is

L= Z exp ( — 57rtni]\/[ijnj> . Z exp ( — 57rtmiI/VZ-jmj>, (5.3.5)

where n;, m; € Z, M;; = p;-p;, Wij = w;-w; and § = 1 for Klein bottle, § = 2 for annulus
and Mobius strip. Using the generalized Poisson resummation formula, we can rewrite

Z exp ( — thiAijnj> = prme Z exp ( niAi_jlnj) (5.3.6)

(det A)z
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When we move to the tree channel by using (5.3.2), the zero mode contribution £ is

al)3 I B I
L= %: \/% exp ( — ﬂ%tniMijlnj> . Z exp ( - W%mZW j>, (5.3.7)

al\3
which goes to \/ﬁﬁ in the IR limit [ — oo.

We consider a six-torus 7° on a lattice A. Then two different points in 7¢ are identified
in terms of the lattice shift vector ro; € A as

T, : X —=X+ra;, (5.3.8)

where r is a radius of 7°. For simplicity we set »r = 1 in the following in this paper .
Translation operator acting on the momentum states |p) is given by

p) = exp(2mip - o;)|p). (5.3.9)
Then the momentum modes are expressed by dual vector o € A*,

T,

In the Klein bottle amplitude, the momentum modes should be invariant under the action
of QR. Thus the vector o consists of the R invariant sublattice in the dual lattice A*,
and we have [41]!

Vdet MX = Vol(A% ;) (5.3.11)

In the same way, the winding modes w; are given by the lattice vector «a; invariant under
the action —R on the lattice space A (with the constant o/ = 1). Then we obtain

Vdet WE = VOl(A,R’inv). (5312)

One of the simplest way to cancel the RR-tadpole of the O6-plane is to add D6-branes
parallel to the O6-planes. Since the O6-planes lie on the R fixed locus, the basis vec-
tors which describe three-cycles of the O6-plane are generated from R-invariant sublattice
AR inv. Then, in the case of annulus amplitude, the momentum modes are described by the
vector in the dual lattice (Ag iny)*. The winding modes are related to the distances between
these D6-branes, and they are the sublattice projected by —R, i.e., A_g | = %A. In the
Mobius strip amplitude the momentum modes are the same as ones of the annulus ampli-
tude. On the other hand, the winding modes should be invariant sublattice under —QR,
and it is given by A_g in,. Summarizing the above, we obtain the following descriptions:

Vdet MK = Vol(Af i), (5.3.13a)
Vdet MA = vdet MM = Vol(A | ), (5.3.13Db)
Videt WK = vdet WM = Vol(A_g ), (5.3.13c)
Vdet WA = Vol(A_g 1), (5.3.13d)

ISee appendix A for the definition of AR inv and Ag | .
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where we used the following relations:
Aj;z’J_ = (A’R,inv>*7 VOI(A) = VOl(ARJnV) : VOI(A,R7J_). (5314)

For the contributions to Chan-Paton factors, we have 7, = 1 so that tr(y;) = N is
the number of D6-branes. Furthermore we require 75r74% = 1 in order to cancel the
RR-tadpole.

Now we are ready to obtain the RR-tadpole cancellation condition. The sum of RR-
tadpole contributions for large [/ is asymptotically

KRR + ARR + MRR

o 64 N2 AN
=c dl + _
Videt MK det WK 16V det MAdet WA /det MM det WM
N — 4Ngg)?, (5.3.15)

_ / "l ! (
—° 16Vol(Ag | )Vol(A 1)

where Npg is the number of the O6-planes according to the Lefschetz fixed point theorem
[133]:

Vol((1-R)A) 3 Vol(A_g.)

Nog = =27 :
06 VOI(A,'RJHV) VOI(Af’R,inV>

(5.3.16)

The equation (5.3.15) indicates that the RR-~tadpole is cancelled by D6-branes whose num-
ber is four times as many as that of O6-planes. Therefore we find that it is enough to count
the number of O6-planes in (5.3.16) instead of calculating individual amplitudes. For fac-
torizable models, we have Vol(A_g 1 )/Vol(A_gin) = 1. The condition (5.3.15) is also
expressed as

NII — 4l = 0, (5.3.17)

where II and Ilpg denote three-cycles in D6-branes and O6-planes, respectively.
This is the case for O6-planes in Type ITA theory. We can generalize this tadpole
cancellation condition to an Og-plane in type ITA/IIB theory in such a way as

(N =207 Np,)* = 0, (5.3.18)
where the number of Og-planes is given by

1((1 —R)A 1(A_
NOQEVO (( R) )_ 9—q . Vol( R,J_)

VOl(A_R7inV) N VOI(A—R,inv) ‘

(5.3.19)

In the case of an O9-plane,the orientifold action is given by €2, i.e., R = 1, and the above
equation is ill-defined, however we can calculate it in the same way. Then it is appropriate
to set Vol(A_g, 1)/ Vol(A_g iny) = 1 for O9-plane.
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5.3.2 Orientifold models on the Lie root lattices

Here let us first review the Type ITA orientifold on a factorizable torus 72 x T2 x T? to fix
our notation. There are two ways to implement QR of (5.2.5) in each T?. The lattice A;
which defines the boundary condition of the i-th T2 is given by

AZ' = {ngi_la%_l + NogjQig;| Noj—1,Mo; € Z}, 1=1,2, 3, (5320)

where, for simplicity, we set r = 1 in (5.3.8); a; is a simple root of the lattice. Without
loss of generality we can define aw; along the z%-direction for the orientifold action QR in
(5.2.5), which acts crystallographically on the lattice A;. Therefore the complex structure
U; on the i-th torus T2 should satisfy RU; = U; modulo the shift given by A;. Then there
are only two solutions

1
U; =ia or 3 +ia, a€R, (5.3.21)

which indicates that there are two distinct lattices for the R action?. The one is called
A-type lattice [58], whose lattice vector is given by

o =V2e;, o = 2e,. (5.3.22)

Notice that in this case the complex structure of the torus is given by U = ia. The other
is called B-type lattice, which is given by

OélB = €] — ey, OéQB =e; + es. (5323)

This corresponds to the case U = % + ia. We can see it by the re-definition of the vector
aP — —aP + aB. Then we have two distinct theories which depend on the choice of
A-type or B-type lattices in Figure 5.2. For example, the number of fixed loci given by
the action of R is two (for the A-type) and one (for the B-type), which associate the total

O6-plane charges. Instead of using the B-type lattice, we define an equivalent orientifold

A B

Rl AN

——o—»l —
| (04

(0’4}

Figure 5.2: A-type lattice and B-type lattice in a factorizable torus.

2By T-dualizing this torus this corresponds to B-field which is frozen NS-NS closed moduli [34,53].
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by an alternative definition for R on the lattice (5.3.22),

In order to distinguish the actions on non-factorizable tori from the ones on factorizable
torus, let us attach a label to the action (5.3.24) as D, and to the one (5.2.5) in the previous
subsection as C [41]. For example we call the models by following R action CCD model,

R: 21— Zi, 29— Za, 23— iZ3. (5.3.25)

In this chapter we will explain that these actions provide convenient tools for the classifi-
cations of orientifold orbifolds on the Lie root lattices.

First let us consider the RR-tadpole cancellation conditions in the factorizable models.
Instead of the direct calculations of the zero mode contribution on each 7% and of the
oscillator modes in the Klein bottle, the annulus and the Mobius strip amplitudes, it is
enough to count the number of O6-planes from (5.3.15): The numbers of O6-planes are
Nog = 8 (for AAA), 4 (for AAB), 2 (for ABB) and 1 (for BBB). The types of the
actions in the T2 x T2 x T? are illustrated in Figure 5.3. Here we obtain the RR-tadpole

Xs
AAA | ‘ ‘ ‘ ‘
- I e —}X4 —l - - —}Xs e e e i
Xs X7
AAB | B @ i
- I e X 4 —I - - —}Xs —————>Xs

Figure 5.3: AAA and AAB models on a factorizable torus. The orientifold planes lie on
the dashed blue lines. In this Figure we used a label B as the C-action on the A-lattice.

cancellation conditions®

ABB . (N_ 87— (5.3.26)

=0
AAB: (N —16)2=0,
)2 =0
BBB: (N—4)2=0

3Because these are the models on factorizable tori, and the C- and D-actions lead to the A- and
B-models, respectively.
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These are trivial results which have already been known. We emphasize that for the
classification of orientifold models on non-factorizable tori and orbifolds it is convenient to
fix the lattices and distinguish the models with respect to the definitions of R.

Next we analyze some typical models on a non-factorizable torus 7, which cannot be
expressed as the direct product 72 x T? x T?. As an example we consider an orientifold
model on a non-factorizable torus given by the Lie root lattice Dg. In this model the lattice
Dg can be given by the simple roots

a; = €; — €41, g = €5 + eg, 1= 1,...,5, (5327)

where e;’s are basis of Cartesian coordinates whose normalization is given as e; - e; = 9;;.
The orientifold action R of the CCC-model is

R : €9,_1 — €9,_1, €9, — —€y;, 1= 1, 2, 3. (5328)

The number of O6-planes is obtained by means of (5.3.16). In order to evaluate the
Lefschetz fixed point theorem, we should fix the sublattice spaces A_x | and A_g -
A_x | is a lattice space projected out by —R, and given by

3

A gy = {an_,ioﬂ_,i ni; € Z}, (5.3.29)
i=1
whose basis vectors are given by
Q1 =€, Q=€ 0|3= € (5.3.30)

On the other hand, the sublattice A_g iny, Which is invariant under —R, is given by

3
A inv — { Ninv,iYinv,i | Ninv,i € Z}a
i = 2 Mo | i (5331
Qiny,1 = €3 — €4, Qiny2 = €4 — €5, Qiny3 = €4 + €.
Then we can easily evaluate the number of the O6-planes for the CCC model as
VOI(A_R J_)
Nog =20 ———=— =4, 5.3.32
00 VOl(A—'R,inV) ( )
In the same way, we consider the CCD model. The lattice A_z | is given by
3
Agri = { anau ny; € 2}7
i=1 (5.3.33)

1
Q) 1 = eq, aL,2:e4, O-/J_,3:§(e5_96)7

)
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and A_g iy is given by

3
Af’R,inv = { E Ninv i Qinv 5
i=1

Qiny,l = €2 — €4, Qiny2 = €2+ €4, Qipy 3 = €5 — €.

inv,i € Z}J
Minv, (5.3.34)

Then we obtain Npg = 2. Substituting these numbers into the RR-tadpole cancellation
condition (5.3.15), we easily obtain the number of D-branes. Here we summarize the data
of the orientifolds on the non-factorizable Dg lattice:

CCC : (N —16)% =0,
CCD: (N -8)2=0,
CDD: (N —4)?=0,
DDD: (N —8)2=0.

(5.3.35)

These results completely agree with the ones in [41]. The gauge groups of these models
are SO(16), SO(8), SO(4) and SO(8), respectively. For models on non-factorizable tori,
the closed string spectra are the same as that of factorizable models.

We evaluated the number of O6-planes Nog according to the Lefschetz fixed point
theorem, and from (5.3.16) this gives the necessary and sufficient condition for the RR-
tadpole condition. This analysis is generic and provides quite a simple rule to calculate the
number of O-planes and D-branes in orientifold models on non-factorizable tori in Type 11
string theory.

5.4 Supersymmetric Zy X Z); orientifold models

In this section let us consider Type ITA supersymmetric orientifold models on orbifolds
and describe the way to deal with orientifolds on non-factorizable lattices. Since the
contributions of the RR-tadpole from untwisted states are calculated in the same way as
the ones of the orientifolds on tori, we can easily count the numbers of D-branes via the
Lefschetz fixed point theorem (5.3.16). We also provide detail calculations of the RR-
tadpole cancellation condition on Z, X Zo and Zo X Zs orbifolds.

5.4.1 Orbifolds and orientifolds

In the previous section we showed general tadpole cancellation conditions for orientifolds
on non-factorizable tori (5.3.15). Here let us consider orientifold models on orbifolds given
by
Type IIA on T°
OR X Z N X Z M ‘

An orbifold is defined as a quotient of torus over a discrete set of isometries of the torus [20],
called the point group P, i.e.,

(5.4.1)

O=T°P=RS. (5.4.2)
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On the complex coordinates of the torus 7%, the point group elements of the orbifold act
in such a way as

(5.4.3)

0: (zl’ 29, Zg) N (6271'1'111217 627riv222’ 62771'1)323)’
¢: (21; 29, ZB) N (627riw121’ 6271'@'11)22:27 62771'1032,3)’

where (v, v2,v3) and (wy, wy, w3) are twists of an orbifold. We consider orientifold models
with A/ = 1 supersymmetry as follows: The requirement of SU(3) holonomy can be phrased
as invariance of the (3,0)-form Q = dz; A dzg A dz3, and leads to

U1 —I— () —f- V3 = Wq —I— w9 + w3 = 0 (544)

The twists of the Zy x Zj; orbifolds which are compatible with N’ = 1 supersymmetric
orientifolds are listed in Table 2.2. Then only a holomorphic (3, 0)-form Q = dz; Adza Adz;
and a anti-holomorphic (0, 3)-form Q are left invariant, and the other three forms on a
six-tori are generally projected out. The orientifold action R of O6-plane, which preserves
N = 1 supersymmetry, should act as

R : (21, 22, Zg) - (aél, bfg, 023), (545)

where a, b and ¢ are phase factors. Then every orientifold group element including R
generates fixed loci of O6-planes.
For their classification we again use the abbreviations a, b and 1 in (3.1.5). For the Dg

lattice we have Zs X Zsy elements as § = (—1,—1,1) and ¢ = (1,—1,—1). The orientifold
actions which are compatible with this orbifold are

(+a,+a,+a), (+a,+a, +b), (+a,+b,+b), (+b,=+b,+b), (5.4.6)

where the underlined entries are permuted. For the orbifold elements §# = (—1,a,b),
¢ = (1,—1,—1), the compatible orientifold actions are *

+(a,a,—b), +(a,—a,b), +(—b,a,—b), + (b,—a,b). (5.4.7)

In other words, the restriction is that the eigenvalues of each orientifold group element
R, RO, Rp and RO¢ should be (—1,—1,—1,1,1,1). Note that there are some equivalent
actions due to the symmetry of the lattice. These considerations lead to Table 5.6 for the
Ziy X 7 orbifold models on the Dg lattice.

As explained in Appendix A there are twelve distinct classes of non-factorizable lattices,
see Table 3.1. The Zy X Zgy, Z4 X Zo and Z, X Z, orbifolds are allowed on these non-
factorizable lattices, see Table 3.4. The series of generators 6 and ¢ of the Zy x Zy,
orbifold as well as the action (2R consist of the orientifold group:

{8k1¢k2, ORI ¢™ | ky =0,..., N; kzzo,---,M}- (5.4.8)

4Note that for this orbifold elements the basis is different from (5.4.5).
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These elements appear in the following string one-loop amplitudes in (5.2.6) with insertions

[43],
p_ <1+0+---+0N—1> <1+¢+---+¢M—1>
— ¥ i .

After extracting the RR-tadpoles, the insertion of QR#* ¢*2 in the Klein bottle amplitude
corresponds to the contribution from O-planes fixed by Ré* ¢*2. Since in the QRO p*2
insertion the contributions from untwisted sectors are calculated in the same way as the
cases of tori in section 5.3, we obtain the necessary condition (5.3.15) for the RR-tadpole
cancellation by D-branes parallel to the O-planes. From this necessary condition, we
obtain all the numbers of O-planes and D-branes on the orbifold. In the next section we
will demonstrate a few examples of Z, X Zs orientifold models, and evaluate the RR-tadpole
cancellation condition.
The QYR invariant states consist of oscillators

(QR) (anﬁ-kviénﬂ-kvi) (QR)il = (an—i-kvién—i-kvi) s
(QR) (an—k‘vi&n—kw) (QR>_1 = (an—k‘vi&n—kvi) (5'4'10)

(5.4.9)

where a can be replaced by fermionic operators. These states are also invariant under the
Zy action

e(an—kkvién—i—kvi) 0_1 = (an—ﬁ-kvian—&—kvi)a
O (Wp—o, On—w, ) 0 = Qo Oy, ) - (5.4.11)

Thus all twisted sectors contribute to the Klein bottle amplitude.

5.4.2 7, X Z, model

Here we discuss the Zy x Zy orientifold model on the Lie root lattice Dg (5.3.27) in detail
because in this case all possible subtleties show up.

There exists only one distinct Z4 x Zsy orbifold on Dg, whose point group elements 6
and ¢ are given by

e — €9 — —€
e — €
e — —e4 — —e3
g : ¢ e — € (5.4.12a)
e; — €5 .
e — —€; 1 = 3,4,5,6
€ — €4

or, in matrix representation, by

0 -1 0 000 10 0 0 0 O
1 0 0 00O 01 0 0 0 O
0 0 0 100 00 -1 0 0 O
0 0 0 -1 000’ ¢ 00 0 -1 0 O (5:4.12b)
0 0 0 010 00 0 0 -1 0
0 0 0 001 00 0 0 0 -1
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By using the above elements we can show all the orientifold actions which preserve N = 1
supersymmetry by means of C and D actions. For example, the reflection R on the DDC
model is given by

01000 0
10000 0
00010 0 |_

R: 00100 o |=0ba) (5.4.13)
00001 0
00000 —1

From the Lefschetz fixed point theorem (5.3.16), the number of O6-plane fixed by
R is given as Nog = 1. If we put four D-branes parallel to this R-fixed O6-plane, the
RR-tadpole of this model will be cancelled. Similarly, the element RO = (a, —a,a) gives
Nog = 4, whose tadpole is cancelled by sixteen D-branes parallel to these four R6-fixed
O6-planes. We similarly evaluate the cases for the other elements of the orientifold group.
The relations between the orientifold group elements and the numbers of O-planes are
summarized in Table 5.1.

Orientifold elements of R | # of O6-planes
(+a,+a,+a), (1,—1,+a) 4
(+a,+a,+b), (1,—1,+b) )

(+b, +b, +b)

(+a,+b,+b) 1

Table 5.1: Orientifold group elements and the numbers of O6-planes on the Dg lattice. The
underline indicates a symmetry under the cyclic permutation.

Since the Z4 action changes the directions of the O-planes by angle of §'/2 in the following
way:
RO = 07*ROV2. (5.4.14)

This action generates the exchange between the action C and D each other. Then we
can see that CCC and DDC, CCD and DDD, CDD and DCD models are equivalent
with each other, respectively. In the case of the CCC model, for example, two different
numbers of O6-planes appear since the orientifold group elements in R, R0?, R¢ and RO%*¢
are given by (4a, +a, +a), whereas the elements in R, R6>, RO¢p and RE>¢ are given by
(+b,+b, +a). Analyzing such actions, we obtain all the models for Z, x Z, orientifolds
on the Dy lattice, listed in Table 5.2.

We estimated the RR-tadpole cancellation by counting the O-planes from the equation
(5.3.15), which is the necessary condition in the case of the orbifold model. However it is
expected that the RR-tadpoles are cancelled even in the orbifold model. These countings
also give correct results for well-investigated non-factorizable models on Zy orbifolds in [42]
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# of O6-planes

Lattice | Label | reps.of R

R, RO?, Ro, RO*¢ | RO, RO*, Rp, RE>¢
CCC | (a,a,a) 4 1
Dy CCD | (a,a,b) 2 2
CDD | (a,b,b) 2 2
DCC | (b,a,a) 2 2

Table 5.2: All the Z4 x Zsy orientifold models on the Dg lattice.

and Zsy X Zg orbifolds in [41]. We give the explicit results of the RR-tadpole cancellation
for a few models in the following.

5.4.3 Klein bottle amplitude

First let us evaluate the Klein bottle amplitude of Z4 X Zy orientifold model on the Dg
lattice (5.3.27) with the orientifold action

R = (b,a,a), (5.4.15)

which gives the DCC model. The contributions of the oscillator modes are equal in any
insertions of the orientifold group because they act as the unit operator in (5.2.6a). In the
0™ ¢"2-twisted sector, the oscillator contribution is given by K(1:m2) = [C(mk)(n2k2) (gee,
for the notation, [43]). We also need the multiplicities X,(gl’kl)(m’b) of the 6™ ¢"2-twisted
fixed sectors, which are invariant under the insertion QR ¢™?, see table 5.3.

When an action 0™ ¢" does not fix certain directions in the compact space, the Kaluza-
Klein momentum modes and the winding modes appear as the zero modes in the 6™ ¢"2-
fixed sector. Let us evaluate such zero modes in the #-twisted sector. The # invariant

sublattice A? is expanded in terms of the basis
{65 + e, €5 — 66}. (5416)

We can see that the R invariant dual sublattice (A?)% ;.., whose basis is given by {2e;}, and
the —R invariant sublattice (A%)_g iy, with its basis {2es}, yield the momentum modes
and the winding modes in this sector, respectively. However there are two subtleties in
this evaluation, one of which is caused by the momentum doubling, and the other from the
appearance of the half winding states [42].

The former subtlety is caused by the shifts associated to the QRO ¢*? insertions. In

the f-twisted sector we have two fixed tori given by

1
zes, (e + ez +e; +eq) + ves, (5.4.17)
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multiplicities X(m k)n2k2) | ccc | ccD | CDD | DCC
(0, k1)(0, k») 1 1 1 1
(201 + 1, k1)(0, k) 2 2 2 2
(2n4, 2k + 1)(0, ko) 4 4 4 4
(2n1, 201)(0, k) 8 8 4 4
(0, 2k, + 1)(1, k») 4 4 4 4
(0, 2k1)(1, ko) 8 4 4 4
(201 + 1, k1)(1, k) 8 8 4 8
(2n1, 2k + 1)(1, k2) 4 4 4 4
(2nq, 2k1)(1, k2) 8 4 4 4

Table 5.3: Multiplicities of the fixed points for the DCC and CCC models.

where © € R is a coordinate on the fixed tori. Note that the invariance of fixed points or
fixed tori under QRO ¢*2 is defined modulo the translation generated by the lattice A.
The R insertion acts on the two fixed tori in such a way as

res — xIesg,

lle; +ey+e3—ey) + e

5l€e1 2 3 4 5

:%(614—624‘83‘}‘64)4‘(—14‘1’)65
(5.4.18)

R:
%(e1+eg+e3+e4)—|—$e5 —

In the latter case, the translation of a lattice shift oy = e4 — e5 is accompanied. Because a
momentum mode (p picks up a phase factor e>™P! under the translation by [, we generally
need phase factors in the amplitudes. In the case of (5.4.18), the phase factor is p -1 =
2e5 - e5 = 2, and does not affect the amplitudes. If the phase factor is given as —1, the
momentum modes are effectively doubled by interference between modes with and without
shifts:

Z(—l)” exp(—mtn’p?) + Zexp (—mtn*p?) = 22exp(—47rtn2p2). (5.4.19)

The latter subtlety occurs in the winding modes. There are special points with the
following property:

1 1 1
0 : 5(81 + 82) — 5(—91 + 92) = 5(91 + 92) + €, (5'4'20)

where we used a lattice shift given by e; + e5. The point does not lie on the #-fixed tori,
whereas this shift does generate the winding modes:

1
—(e; +ey) + geﬁ + (7 dependence). (5.4.21)

X —
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There are two points %(el +e,) which are invariant under the action R, and the multiplicity
is equal to that of the #-fixed tori which are also invariant under R.

Therefore we conclude that the zero modes in the f-twisted sector with R insertion are
given by the following vectors:

p =2nes, W = meg, (5.4.22)

where n,m € Z. In the notation of (B.3.4), the zero mode contribution in the Klein bottle
amplitude is EQ’%. In a similar way we can evaluate the other twisted sectors in the orbifold
model. Note that for non-factorizable orbifolds the zero mode contributions depend on the
insertion QRO ¢*2. In the ¢-twisted sector we have Ly 1 for the QRO* 1 ¢*2 insertions, and

L4 for the QRO*1T1gk2 insertions.

Next we evaluate the zero mode contribution from the untwisted sector given in (5.3.13a).
The basis of dual lattice o € A*, which is defined by o] - o; = 0,5, is given as

Of{ = €,

a; = e+ ey,

a5 = ertexte, (5.4.23)
OJZ = el+e2+e3+e4,

Oég = %(e1+e2+e3+e4+e5—e6),

of = 3(e1+er+e;+ e +es5+ep).

Then the R invariant dual sublattice A% ;. in (5.3.13a), which yields the momentum modes
in the Kaluza-Klein states, is expanded by the basis

{e1 +es, €3, e5}. (5.4.24)

In the same way, the —R invariant lattice A_g i,y in (5.3.13¢) yielding the winding states
is expanded by

{e1 — ey, 2e4, 2e6}. (5.4.25)

Substituting these elements into (5.3.5), we obtain the zero mode contribution E,(g’o). Its
modular transformation is given by the factors

Vdet MK = Vol(Ay .,) = V2, (5.4.26)
Videt WE = Vol(A _g i) = 4V/2.

We also need the zero mode contributions with the other insertions QRO* ¢*2. Since these
elements are given by RO¥¢* = (+a,+b,+b) for the DCC model, we have the same
results as that of the R insertion.

We obtained all the ingredients to write down the Klein bottle amplitude for the DCC
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model, which is summarized as

>~ dt

K = c(1rr — Insns) / 5 (L}Q"’)/c((”o) + 2L, 1 KO 4 4L, 1 KO 4 2L, KGO
0

1

+ 5 (8La + 4L, 1) KOV 4+ 80D

DN — DO

5 (8La1 + 4L, )K2Y 4 8CED), (5.4.27)

Its modular transformation to the tree channel is

K= 166(1RR — 1NSNS) / dl (21(370)16(0,0) — 2;&27816(170) — 4227816(270) — 2227816(3’0)
0

— 2([‘,1,4 + ZQ@)IC(O’D + 4’6(1’1)
— 2Lyg+ Log) KD — 4/€<371>>. (5.4.28)

Note that in the IR limit [ — oo, the zero mode contributions Efg’o) and L, s in the tree
channel (5.4.28) go to unity, then we obtain 2(L£y 4 + L25) — 4. Then we observe that the
prefactors are given by the complete projector [51]

11 (— 2sin(mnv; + mngw;)). (5.4.29)

i=1, njv;+na2w;#0

This relation implies that only the untwisted sector contributes to the RR-tadpole.

5.4.4 Annulus amplitude

In order to cancel the RR-tadpole we introduce D-branes parallel to O-planes. We attach a
label (i1,42) to a stack of D-branes which is invariant under the orientifold action R#" ¢%,
and define that (0,0) denotes D-branes invariant under the action R. The three-cycle
wrapped by the brane (0,0) is given by the R invariant lattice Az iy Whose basis is given
by

{e1 + ey, e5—e5, €3+ 65} (5.4.30)

From (5.4.14) the brane (1,0) is rotated by half of the angle § with respect to the brane
(0,0). The three-cycle wrapped by the brane (1,0) is given by the R invariant lattice
ARg,iny Whose basis is given by

{e1 — €5, €3+ ey, €1 + 65}. (5431)

An open string stretching from the brane (71, 45) to the brane (i1 —nq, s —n2) is localized at
intersection of D-branes. It is convenient to call such a state in the 6™ ¢"2-twisted sector.
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The three-cycles of the brane (0,0) and the brane (1,0) share a common direction, and
the lattice vector in this direction is given by 2es5. The momentum modes are obtained
from the dual of the vector 2es5 in such a way as

es, (5.4.32)

where n € Z. The basis of the winding modes is related to the distances of the parallel
D-branes. Because we put D-branes parallel to the O-planes, the shortest distance cor-
responds to the lattice vector projected by the actions —R and —RE, i.e., Ag. 1 N Agg .

Then the winding modes are
n

W = ——eg. 5.4.33
e (54.33)
Then zero mode contribution of the 6-twisted sector is expressed as L; ;.

Let us explain one more case of the ¢-twisted sector. The winding modes are given as
“half winding-like” modes, and are also given by the projected lattice Ag | N Agy 1 Whose
basis is

{2\/_(e1 + eg)} (5.4.34)
Then the zero modes of open string stretching between the brane (0,0) and the brane (0, 1)
are given by

p= E(el +e), W= 2\F(el + ey). (5.4.35)

The zero mode contribution in the annulus amplitude is expressed as Ly 1. The other zero
modes are calculated in a similar way.

Since in the 8™ ¢"-twisted sector the contributions from the oscillator modes do not
depend on branes (iy,is), they are given as A™#1)("2#2) " The insertions of 1, 6%, ¢ and
0%¢ leave D- branes invariant, and perform non-trivial actions on the Chan-Paton factors
described as 7, “’22 , which appear in the amplitude as

(ir—n1iz—nz) (ini2)) " 5.4.36
T\ Ve ko T\ Via ko ( o )

in the ™ ¢"2-twisted sector. Sectors of k1 # 0 or ky # 0 cannot be cancelled by the other
diagrams. Therefore the Z, twisted tadpole cancellation condition is required [43,54]:

fr (75’6””) = tr (78’1’”)) = tr (751’”)) =0. (5.4.37)

We should also evaluate the multiplicities y 1, of the open string states, which are given
by the intersection number of D-branes. The intersection numbers of two branes can be
obtained by the determinant of vectors v; and v, giving the three-cycles in respective D-
branes [42]. These vectors can be expanded in terms of the lattice basis as v; = > v;;a;.
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Then the intersection number is

Vi1 Vi2z -+ Vie
V21 V22 -+ U
I=det| . (5.4.38)
/ !/ /
U3 Uz "0 Use

Owing to the above Z, twisted tadpole condition, it is sufficient to consider the intersection
numbers y for k1 = ks = 0, which are given in Table 5.4.

XA CCC | CCD | CDD | DCC
(11,i2)—(i1,12) 1 1 1 1
(inin)—(i1+1,2) 1 1 2 1
(24141,i)(2i1+3,i2) 4 2 4 2
(241,i9)—(2i1+2,i2) 1 2 4 2
(2i141,i0) (2014 1,i0+1) | 4 P 4 9
(2i1,02)—(201,i2+1) 1 2 4 2
(i1,02)—(i1+1,i9+1) 2 2 4 2
(2i141,i0)~(201+3,i2+1) | 4 2 4 2
(201 ,i0)—(2i1+2,i2+1) 1 P 4 9

Table 5.4: Intersection numbers in the annulus amplitudes in the DCC and CCC models.

The contribution from the zero modes of the untwisted sector is obtained from (5.3.13b)
and (5.3.13d). For the brane (0,0), which is parallel to the R-fixed O6-plane it is

Vdet MA = Vol(A% | ) =4, (5.4.39)
Vdet WA = Vol(A_g 1) = 4.

The contributions from the other branes (i1, 45) give the same values. These values appear
in prefactors of the amplitude after the modular transformation.
Summarizing the above, we obtain the annulus amplitude for the DCC model
NQ

dt
A=—(lrr — 1NSNs)/ (E(OO A0 £ ACD 4 op  ACO 4 £ AGO)
0

+ (ACQ’% + £171)’C(0’1) + 2./4(1’1)
(L1 + £y )ARD 42460, (5.4.40)
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where A(Mm2) = A(10)(12.0) - The modular transformation to the amplitude in the tree
channel yields

- N2 o0 - ~ - - - - - -
A= Tc(lRR — 1NSNS) / dl (EEE,O)A(O,O) — 2£272A(1’0) — 4£272A(2’0) — 2£272A(3’0)
0

— 2(»&1,4 + 22,2)./4(0’1) + 4./[1(1’1)
— Lo+ L) ACY — 4A<3vl>>. (5.4.41)

We again observe the complete projector in the IR limit.

5.4.5 Mobius strip amplitude

The amplitude of the Mdbius strip (5.2.6¢) includes the insertion of QR, and string states
should be invariant under these orientifold actions. In 6™ ¢"2-twisted sector, the insertion
QORO¥ k2 acts on open strings stretching from the brane (i1, i5) to the brane (i, —ny, io—n2)
as

QR6k1¢k2 . [(il,iQ)(il—nl,iQ—HQ)] — [(—i1+n1—2k1, —i2+n2—2k2)(—i1—2k1, —ZQ—QkQ)]

(5.4.42)
Therefore in the Z, x Zs orbifold case the following conditions are required:
2(iy + k1) —ny =0 (mod 4), (5.4.43a)

Then the sectors with ny = 0,2 and ny = 0 contribute to the amplitude. The intersection
number is obtained in the same way as in the case of annulus. In Table 5.4, we can see
that ya = 1 for untwisted sectors and y = 2 for #-twisted sectors.

The momentum modes are evaluated in a similar way of section 5.4.3, however the
winding modes are changed due to the insertions. In the untwisted sector with the QR
insertion, from the condition (5.4.43) the open string states [(1,0)(3,0)], [(1,1)(3,1)],
[(1,1)(3, D], [(1,1)(3,1)], [(3,0)(1,0)], [(1,0)(3,0)] and [(1,0)(3,0)] contribute to the am-
plitude. For instance, in the open string state [(1,0)(3,0)], the momentum modes, which
are generated by the dual lattice Agginy N Aggs iy With its basis {2e5}, are given as

p= Ee& (5.4.44)

The winding modes invariant under —{2R# are given by

2n
W= ——eg. 5.4.45
e (5.4.45)

This can also read from A_gginy N A_zg3 iny. The zero mode contribution for this state is
represented as Ly 4.
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We should take it account of the orientifold actions to the Chan-Paton factors. For the
open strings [(i1, i) (i1 — 11, ia — no)], the QRO¥ p*2-insertion contributes in the amplitude

as
tr (1) (). (5.4.46)

Since only the sectors with n; = 0,2 and ny = 0 contribute to the amplitude, we abbreviate

n — 2i1+1, 2i14+14n1,4

Gk, = [(véﬁklkf)) " ’”)T], (5.4.47a)
n _ 2411 — 2i1+n1,1

b = tr[('Y((llele)g) NG s, 2))T]. (5.4.47D)

These assignments correspond to two different classes of the D-brane configurations in this
model, and are sufficient to evaluate the tadpole cancellation conditions for Z4 X Zs models.
However we will need more independent variables for Zs x Zo models.

For the contributions from the untwisted sector, we can use the results from the (5.4.27)
and (5.4.40) owing to the relations (5.3.13a)-(5.3.13d).

To summarize, we obtain the Mobius strip amplitude in the loop channel as

N gt 7a® + p© a® 4 p®
M = _Tc(lRR — 1NSNS)/ = <%£§&°)M(O 0)(0,0) 4 2%&,4/\4(2’3)(070)
0
)

as g + by, a% + b%

_I_ ’—2’0£1 4M(072)(070) + 2 £1 4M(271)(070)

(0) (0)

n a0,1£2,2 ‘2“ bO,lElAM(O’O)(O’l) + QT
(0) (0) (2)

n a2,1£1,4 ‘2|‘ b2’1£2’2/\/l(0’2)(0’1) n 2a1,1 ‘2i‘ bl,l M(Q’l)(0’1)>.

The modular transformation to the tree channel yields

(0) (0)

- o0 an o+ byt - - -

M = —4c(1gg — 1NSNS)/ dl(uﬁﬁO)M(o,o) _ (a;(fg + béf&)ﬁ&gj\/t(w)
0

2
+2(a5y + byg) L5 2MPO — (afy + b)) Ls 2 MO
+2(a Lag + by Ls2) MO + 2(af) + b)) MY
+ 2(@502,5 2t b £4 4)M 2.1) + 2( (2) (2))./\/1(3 1) )
(5.4.49)
To obtain the complete projector and to cancel the tadpole [43], we set
0 2 0 2 0 2 0 2
=l = -l = =~ =~ =R = =N, (a0
bho = bi'g = —byp = by = —b) = b} = —by} = b} = N.  (5.4.50b)
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Let us focus on the coefficients on the zero mode contributions in the Klein bottle
amplitude (5.4.28), the annulus amplitude (5.4.41) and the Mdbius strip amplitude (5.4.49).
The RR-tadpole cancellation condition (5.3.3) leads to

N? 1
0=16+ — —4N = —
* 4 4
The number of one stack of the D-branes is N = 8 to cancel the RR-tadpole. Taking
account of (5.4.37) and (5.4.50b), the gauge groups are determined as (Sp(2))* for the
DCC model.
For the CCC model, one of its orientifold actions is given by

(N —8)%. (5.4.51)

R = (a,a,a). (5.4.52)
On the other hand, the element R in the orientifold group is given by
RO = (—b,b,a). (5.4.53)

As seen in Table 5.1, these two elements yield different numbers of O-planes. To show this,
we evaluate the RR-tadpole amplitude in the following way: In the tree channel the Klein
bottle amplitude is

K = c(1rr — Insns) / dl (202,(3’0)16(0,0) 320, K00
0
— 80L,y K20 — 32L, (KO
_ 40(5278 + 2174)IC(0’1) 4 64D
—40(Las + L1.4)K*Y — 64/@3»1)). (5.4.54)

The prefactors do not correspond to that from the complete projector. The annulus and
the Mobius strip amplitudes are also described as

./Zl = 1—06(1RR — 1NSNS) / dl ((M2 + 4N2)ZS‘)7O)A(O’O) — 8MN£~2,2A(1’0)
0

— 4(M?* + 4N Ly AP0 — 8MN Ly 5 ABD
— 4(M?Loy 4+ AN?L; 4) A 4 16 M N AT

— 4(M?Loy 4+ AN?Ly 4) A — 16MNfl(3’1)>, (5.4.55a)

M = —c(1rg — Ixsns) / dl <2(M + N)LEO MO0 — o(M + 4N) Ly, MO
0

— 8(M + N)LsaMZO — 2(M + 4N) L, MBD

— 8(MLgs + NLy )MV 4 4(M + 4AN)MED

—8(MLsa+ NLiy MY — 4(M + 4N)M(3:1))7
(5.4.55b)
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where M and N are the numbers of D-branes which are invariant under the set of orientifold
actions {R,RO* R, RO?°¢}, and under the other set of actions {R6, REO>, RO¢, RO>H},
respectively. In the Mdobius strip amplitude we have set

0 2 0 2 0 2 0 2
o) = ) = o) = ) = —alll = —a =~ = = M, (5.0560)

0 2 0 2 0 2 0 2
= 68 = 4% = 8 = 40 = 4% = 0 = =N (34.56b)

Focusing on the coefficient in (5.4.54), (5.4.55a) and (5.4.55b), we obtain the RR-
tadpole cancellation conditions (5.3.3),

0=20+ %(M2 +AN?) —2(M + N) = 1—16 <(M ~16)% + (N — 4)2), (5.4.57a)
0= —32— @ +2(M +4N) = —%(M _16)(N — 4), (5.4.57h)

and find M = 16 and N = 4. This indicates that we should insert sets of different numbers
of D-branes in an appropriate way in several kinds of non-factorizable tori.

The open string massless spectrum is given in Table 5.5. The multiplicities of twisted
states spectra depend on the intersection numbers [43] (see Table 5.4). We see that the
CCD and DCC models are distinct from the CDD model despite the same numbers of
O-planes, and actually these four models have different spectra. For the closed string the
numbers of massless states are considerably reduced due to their Hodge numbers in [46,47].

sectors CCC | CCD | CDD | bCC representations

v Sp[M/4]? x Sp[N/4]?
untwisted 20 H1uL,ye(,HLYD
®(L,LH D e (1,1;1,H)
0+ 63 20 20 AC 20 (O,01,1) @ (1, 1;0,0)
5 4C 2C 4C 2C H1u1L,)e(,H1LY
1C 2C 4C 2C (LLH D e (1,1;1,H)

4C 2C 4C 2C (O, 1;0,1)

¢ 1c | 2¢ | 4C | 20 (1,::1,0)
06 + 03¢ 20 20 AC 20 (O, 1;1,0) ® (1,3;0,1)

62 4C 2C 4C 2C (O, 1;0,1)

1c | 2c | 40 | 2c (1,0, 1,00)

Table 5.5: Open string massless spectra of Zy X Zo orbifold on the Dg lattice. The symbols
V7 and “C7 denote the vector and chiral multiplets, respectively.
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5.4.6 ZQ X ZQ model

Since Zgy X Zso is a subgroup of Z4 X Zs, the calculation is similar to the examples in the
previous section. The new feature in Zy X Zs is that we have more freedom to choose
orbifold actions in comparison with the case of Z4 x Zs.

For Zs x Zs orbifolds on the Dg lattice (5.3.27), all the point group elements can be
given by the use of a and b in (3.1.5), see Appendix A. In the case of the CCC orientifold
with R = (a,a, a), the point group elements 6 and ¢ are

0: (-1,-1,1), ¢: (1,-1,-1). (5.4.58)
The orientifold group elements including QR are
{OR, QRO, QRo, QROP}, (5.4.59)

and these elements generate O6-planes respectively. From Table 5.2 the numbers of O6-
planes are read two for each elements.

In the CCD orientifold with R = (a,a,b), we have two distinct pairs of the point
group elements:

¢: (_17 _17 1) 7 ¢: <_17 —a, b)

The numbers of O-planes generated by the former orbifold actions are also two. In the latter
case, the QR and QRO (QR¢ and QROP) generate two (four) O6-planes, respectively. We
can classify the distinct orientifold models on the Lie root lattices, and the other possible
elements on the Dy lattice are listed in Table 5.6. We should notice that even though the
numbers of O6-planes are the same in any three-cycles in Zy x Zs orientifold models, those
of non-factorizable models can be different.

Finally we check the RR-tadpole cancellation in the Zs x Zo; CCC model on the Dg
lattice. The contribution from ¢- and f¢-twisted sectors are the same as #-sector for the
CCC model on the Dg lattice. The RR-tadpole cancellation is satisfied with N = 4 as we
can see the following amplitudes in the tree channel. The Klein bottle amplitude is given
as

{ 0: (1,-1,—1) { 0: (1,-1,-1) (5.4.60)

K= 320(1RR — 1NSNS) / dl (Z,(CO’O)K(O’O) — 4227816(1’0) — 4527816(0’1) — 4527816(1’1)) .

0

(5.4.61)
The annulus and the Mobius amplitudes are also given as
A= N?Qc(lRR — Insns) /°° dl (f’g\)’o)j(o’o) — 4Ly AT — 4L, , A — 4[12,2/1(1’1)>7
’ (5.4.62a)

M = —4NC(1RR — 1NSNS) / dl (EE&O)M(O’O) — 428,2/\;1(170) — 4£~872M(0’1) — 42872/\;{(171)) .
0
(5.4.62D)
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Orbifold f O6-pl
Lattice | Label | reps.of R oro # 0 Draties
rep. of rep. of ¢ R RO Ro | Rbo
CCC | (a,a,a) | (1,-1,-1) | (=1,-1,1) 4 4 4 4
1.—-1. -1 -1.-1.1 2 2 2 2
CCD | (a,a,b) (1,-1,-1) | (=1, -1.1)
(1,-1,-1) | (-1,-a,b) | 2 2 4 4
(1,-1,-1) | (-1,-1,1) | 1 1 1 1
1,-1,-1 —1.b,—b 1 1 4 4
Dg CDD | (a,b,b) (1,-1,-1) | (=1,b, =b)
(-1,1,-1) | (a,—1,-b) | 1 1 2 2
(a,—1,-b) | (—a,b,—1) 1 2 2 4
(-1,-1,1) | (1,-1,-1) | 2 2 2 2
DDD | (b,b,b) (1,-1,-1) | (=1,—b,b) 2 2 2 2
(=1,-b,b) | (b,—1,-b) 2 2 2 2

Table 5.6: Zy X Zs orbifold models on the Dg Lie root lattice.

We observe that in any amplitude the prefactors are given by the complete projector
(5.4.29).

There exists an exception in this classification for the As x Az lattice as mentioned
before. We define the lattice A3 x Az by using the simple roots

o] =€) — €y, Gy = €4 — €5,
Q9 = €9 — €3, 5 = €5 — €g, (5463)
3 = ey + es, Qg = €5 + €g.

In this base Zy x Z, orbifolds are obtained in a similar manner of the Dy lattice®. Note
that the action R = (x, b, %), where * is b, a or 1, is forbidden due to the lattice structure.
The outer automorphism between two As’s generates an exceptional action

R : O < Uy 3, 1= 1,2,3. (5464)

If we redefine the base of A3 x As as

op = e; — eg, Oy = €3 — €y,
ap = ez — es, a5 = e, — €, (5.4.65)
a3:e3—|—e5, a6:e4+e6,

5Tt may seem that the classification with b,a and 1 elements is missing the action R : «; — —a; with
i = 1,2,3, however this action is included in orientifold groups, e.g. the R¢ action of DCD model on
Table 5.7.
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the exceptional action is expressed by (b, b, b) in the orthogonal e; basis:

R: e < ey, e3> ey €5« €. (5.4.66)
Actually this element gives only one inequivalent element including the outer automor-
phism, and we label it as (DDD)’.

Including this orientifold action we obtain all the elements of Zs x Zsy orbifolds on the

As x Ajs lattice in Table 5.7.

Lattice Label | rep.of R Orbifold # of O6-plancs
rep.of § | rep.of ¢ R | RO | Ro | ROg
oce | @maa) (1,-1,-1) | (-=1,-1,1) | 2 2 2 2
(-1,1,-1) | (a,—-1,-a) | 2 2 2 8
(1,-1,-1) | (-1,-1,1) | 2 2 2 2
CCD | (a,a,b) | (1,-1,—-1) | (-1,a,—b) 2 2 2 2
Ay % Ay (-1,1,-1) | (a,—1,—b) 2 2 2 8
(1,-1,-1) | (-1,-1,1) | 2 2 2 2
(1,-1,-1) | (-1,a,—-b) | 2 2 2 2
DCD | (b,a,b) | (-1,1,-1) | (b,—1,—b) 2 2 2 8
(—1,a,~b) | (b,—a,—1)| 2 2 2 8
(-1,—a,b) | (—=b,a,—1) 2 2 2 2
(DDDY | (b,b,b) | (1,-1,-1) | (-1,-1,1) | 1 1 1 1

Table 5.7: Zy X Zo orbifold models on the Az x As Lie root lattice.







Chapter 6

Conclusions

In this work we have developed the orbifolds on non-factorizable tori 7°, and applied it
to heterotic and Type IIA orientifolds. These investigations are motivated by the phe-
nomenology beyond the Standard Model, and actually we constructed a few GUT-like
models with three generations.

In chapter 3 we developed non-factorizable orbifolds on the Lie lattices, and explained
the way to classify them. Our construction based on the Lie root lattices gives fairly
complete classification for the orbifolds on six-tori 7. This is because the tori on the
Lie root lattices keep higher symmetries, and the other orbifolds would be obtained by
continuous deformation of them. So far the orbifolds are constructed by means of the
Coxeter elements. In our classification, we begin with the sixteen distinct Lie root lattice
in six-dimensional space, and find out their automorphisms. Since the point group elements
of orbifolds are defined as automorphisms of the lattices, our approach is rather easy and
intuitive. The complete tables in our classification are listed in appendix C.

Standing on these basics of the orbifolds, in chapter 4 we constructed the Zz x Zs
heterotic orbifold on the Fjs torus. The reason why this orbifold is interesting is that it
includes three fixed tori in the 0, ¢ and f¢-twisted sectors respectively, and easily leads to
three-family spectra. We presented the examples of N/ = 1 three-family models from the
Zs3 x 73 orbifold on the Eg torus. Our assumption is quite simple, i.e., a compactification
on the orbifold with two gauge embedding in the models. As we see in table 4.3 and 4.2,
the spectrum of these constructions are particularly simple as heterotic models, i.e small
numbers of extra matters. Because the main part of extra matters are charged with only the
hidden sector gauge groups, they are not unfavorable for the phenomenological motivation,
but may be favorable as a candidate of the dark matter. The models will have strongly
coupled sectors in the low energy and messenger-like states charged with both the hidden
and visible sector gauge groups. Due to the complexity of the hidden sector spectrum it
is difficult to analyze the strong dynamics, however we hope spontaneous supersymmetry
breaking owing to it. In non-factorizable orbifolds the number of the twisted states can
be smaller by factors of two or three than that of the factorizable orbifold. This makes
it easier to obtain small number of generations and strong couplings of the hidden sector
gauge group. Generally non-factorizable orbifolds have such favorable features. We also
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investigated the general properties of the three point interactions allowed by the space
group selection rules. The twenty seven states in the §¢?-sector are divided to three flavors
with respect to their interactions, and we observe three-flavor interactions with mixing.
At the same time we have less freedom of the moduli space. These facts imply that this
FEg orbifold is quite symmetric from the viewpoint of the six dimensional space, and such
a symmetric space would be natural for compact space. The phenomenological problem
of the GUT-like models is that they do not include adjoint higgs which cause GUT group
breaking. This is a notorious obstacle for the level £ = 1 construction of the heterotic
string. In this work we consider the models with no Wilson line, because it seems that
Wilson lines break the structure of the degenerate three fixed tori. However the inclusion of
Wilson lines may lead to other three-family model whose family is generated from different
twisted sectors. If we introduce continuous Wilson lines [64,65,77,82], we can realize models
with the rank-reduced gauge groups. Then it is interesting to explore these possibilities to
realize more realistic models on the orbifold on the Fg torus.

In chapter 5 we studied the RR-tadpole cancellation condition in Type II string models
compactified on six dimensional tori and orbifolds. We obtained a simple derivation of RR-
tadpole cancellation condition by the use of the Lefschetz fixed point theorem. As expected
the RR-tadpole contributions are cancelled by adding an appropriate number of D-branes
parallel to the O-planes. As explained in detail, the Lefschetz fixed point theorem provides
an intuitive picture to non-factorizable models, and we easily showed a way to construct
orientifold models on tori and orbifolds. In D = 4, N = 1 Zy x Z); orientifolds, mainly
the factorizable models on 72 x T? x T? have been constructed and investigated. We gave
the classifications in Type ITA orientifold models with O6-planes, and obtained many new
models. Since the condition derived in (5.3.15) is the necessary condition for orbifolds, we
performed explicit calculations for Z, X Zo and Zsy X Zo orbifold models, and confirmed
the RR-tadpole calculations. It is expected that even in other non-factorizable orbifold
models the RR-tadpole cancellation should be checked in the same calculation. We further
found many non-factorizable Zy x Z, orbifolds in which the numbers of O-planes depend
on the three-cycles left invariant under the orbifold projections in Table 5.6 and in Table
5.7. These features are not seen in factorizable models, and will provide new possibilities
for model constructions. On the other hand, since the metric of non-factorizable tori is
changed to B-field via T-duality, our consideration should be related to compactification
with such backgrounds. Actually in heterotic orbifolds there are some coincidences between
non-factorizable models and factorizable models with generalized discrete torsion [60]. Our
results indicate that there would be a possibility to construct various class of D = 4, N' =1
models with different set of chiral spectra from other well-known (non-)factorizable models.

An UV complete string model should contain various phenomenological features, such
as moduli stabilization and spontaneous supersymmetry breaking in itself. The aim is to
extend the string model constructions from these building blocks to more detailed phe-
nomenology. I have been trying to investigate compactifications which give N = 1 models
with appropriate Yukawa interactions. Then assuming supersymmetry breaking or includ-
ing spontaneous supersymmetry breaking, we can calculate the mass spectra of the models.
I expect these studies provide interesting candidate theories for new physics from the LHC



experiment and the cosmology.
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Appendix A

Lie root lattices

In this appendix we give the definitions of the Lie root lattices, and explain that six-tori
on them are classified to sixteen classes of lattices. We also comment on some relations of
lattices under Zy action R, that are used to derive the formura for the tadpole cancellation
condition (5.3.15).

A.1 Lie algebra and the lattices

We use the words of the Lie algebra in order to define the shape of tori defined in (5.3.8).
The Lie algebras whose orders are within six are Ay, By, Cy, Dy, Fg, Fy and G5. The
simple roots «; of these Lie algebras can be given as follows:

ANI a; =€; — €41, Z:]_,7N

BNZ a; =€; — €11, N = ey, Z:]_,,N—]_

ONZ a; = €; — €41, OéNZQEN, Z:1,,N 1

Dy : a; =€; — €11, any = en_1 t+ ey, izl,...,N—l (All)

EG: Q; = €; — €41, Qg = €4 + €5, Zzl,,4 o
as = 3(—e; — ey —e3 — es + €5 + V/3eg)

F4I Q] = €] — €9, Q9 = €9 — €3, a3:2e3, 0y = —€1 — €y — €3 — €y

GQI a1 = €] — €9, a22—81+2€2—93,

where e;’s are unit vectors whose scalar product is defined as e; - e; = 9;;. The Dynkin
diagrams are drawn in Figure A.1.

From these diagrams one can easily find a set of equivalence relations (isomorphism)
among the simple Lie algebra,

Al ~ Bl ~ 017 B2 ~ OQ, A3 ~ D3. <A12)
We further find the equivalence relations from the Lie root lattice point of view:

AQ ~ GQ, BQ ~ DQ ~ (Al)Q, D4 ~ F47 (A13a)
By ~ (A)Y,  Cy~ Dy, (A.1.3b)
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An O—O-O0—0O G2 &0
Bnh O—O- 00— F4s @—@=0-0
Ch ©-0—0—0

Es
Dn O—OO—%

Figure A.1: Dynkin diagrams of the simple Lie algebras.

where (A;)? = A; x A;. Here we assumed the most symmetric cases, where the lengths
of the shortest roots are equal between the lattices given as direct products. Since we are
interested in symmetries of the lattices, the assumption is rational. We often use these
equivalence relations in the classification of the six-tori.

Taking the direct products of tori generated from these lattices, we obtain six-tori in
terms of the Lie root lattices. We conclude that there are only twelve inequivalent non-
factorizable six-tori and four factorizable ones! in such a way as in Table 3.1.

[non-factorizable tori]

AG DG E6
A5 x Ay Ay x Ay Ay X <A1)2
D5 X Al D4 X AQ D4 X <A1>2

Ag X Ag Ag X AQ X Al Ag X (A1)3
[factorizable tori
(A2)° (A2)% x (A1) Ay x (At (A)°

Table A.1: All the Lie root lattices in six dimensions.

Most of other six-tori would be obtained by the continuous deformation of moduli of these tori [46].
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A.2 Comments on lattices

In this appendix we briefly summarize conventions of the (sub-)lattice and its dual lattice
space for a Z, action R in the following way:

1+R

Az, : lattice projected out by the action R, Ag i = TA
Aginv @ R invariant sublattice
A* ¢ dual lattice of A, for its base a; - o = 0, oj € A, o € A”

These three lattice spaces are closely related to one another. Introducing a lattice A_g |
which is projected out by the —R action on it, then we find the following non-trivial
equations:

Ar. = (Arinv)7, (A.2.1a)
VOI(A) = VOl(AR,inv) . VO](A,R7J_), (A21b)
Vol(A*) = Vol(A)™". (A.2.1c)

Let us analyze in a more concrete way. For example, we consider the four-dimensional D,
Lie root lattice A and its dual lattice A* based on

(1,-1, 0, 0) (1,0,0, 0)
SR IR TR (r22
(0, 0, 1, 1) (223 2)
and we give a Zo action R on the D, lattice as
R = diag(1,1,—-1,—1). (A.2.3)

Then, we can obtain the basis vectors in the lattices A 1, Ay, AR | and A%, in the
following forms:

) (1,—1,0,0) o (1,—1,0,0)
A'R,L . { (07 1’070) AR,an . <072,0’0) (A24a)
1,0,0 O) (1 0,0 0)
A | { (1,0,0, Ao { b (A.2.4D)
Rl (3,3,0,0) R, (1,1,0,0)

Thus we easily see the relation among various lattice spaces:

1 inv
A'R,J_ ¢ A ? AR,inv

] = ] = ] = (A.2.5)

% inv % %
AR,inv A AR,J_






Appendix B

String one-loop amplitudes

The contribution from oscillators in the one-loop string amplitude are evaluated here. At
first the definitions of the theta functions, the eta function and some useful equations are
given.

B.1 Theta function and some useful formulae

For the modular transformation of the one-loop amplitudes, we often use the generalized
Poisson resummation formula,

-1 .
WY Joa Z exp[— niAij nj+2inb;n;] (B.1.1)

In the case with n; (for ¢ = 1) and b = 0, it is simplified to the Poisson resummation

formula
e =y e (B.1.2)

neL nez
We also give basic definitions of the Jacobi theta function and Dedekind eta function
which we frequently employ in the paper,

neL
77(15) _ 1/24 <1+Zﬂ n(3n— 1)/2+qn(3n+1)/2}> ) (Blg)

setting ¢ = e~?™, or in product forms:

o . = ; — a —2mi3 n— —o
9 |:6:| (t) _ e?maﬁan/Z H (1 . qn) (1 + eQﬂzﬁqn 1/2+ ) (1 +e 2 ﬁq 1/2 )QB14)
n=1
nt) = ¢ J[a-q, (B.1.5)
n=1
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where a has to be chosen within the range —1/2 < o < 1/2.
The theta functions have the following identities:

9 [O‘;l} ® = 9 m (0, (B.1.6)

/ [ﬁi J 0 = [g] )

The modular T transformations of the theta and eta functions are

19[0‘} (t) = e”“a“a)ﬁ{ﬁ_aa_ 1/2}
nt) = e ™2yt +1). (B.1.7)

(t+1),

9 lo‘} (t7Y) = Viermey l_ﬁ} (t),

I} «
n(t ') = Vi n(t). (B.1.8)
The Jacobi’s abstruse identity is
9 [8] (1) — o {1?2} () — 9 HQ} (t) = 0. (B.1.9)

In order to transform the loop channel Mobius strip amplitude to that of the tree
channel, we use the identity

9 [a+1/2] 9 |:(04+1)/2i| 79[ /2 }
B rice a/2+3 (a+1)/2+8
—t———=(—q)=¢ ( 2) (B.1.10)
9 [a+1/2] 19[ (a+1)/2 }19[ /2 }
B+1/2 (at1)/2+8 a/2+p
for -1 <a<0.
From the product expansions we also have the form
IE] s g | |
(t) _ e271'zaﬁ qa /2—1/24 H ((1 + qn71/2+o¢€27rzﬁ) (1 + qn71/27046727rzﬁ))' (Blll)
n n=1
There is an useful relation for the modular transformation as follows,
2 si 1
lim —250me) 1 (B.1.12)

a%()ﬁ[ 1/2 } (1) (1)

1/24a
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B.2 Partition function and modular transformation

In order to evaluate the consistency conditions of string theory, we need often calculate
the one-loop partition functions [71,138]. We give some results for later use. There are
two moduli associated with a world sheet torus, i.e. 7 = 7 + i75. Here we use o7 and o5
for the world sheet coordinates in order to avoid confusing.

For a right-mover complex boson, the partition function is

—a v— = n v -1 - n—v\)—1
Ti(qVo™") = qais@=1’ H —¢) [ =)
n=1
1
_ q24f§(v77 H (( 27rzf nféJr(vf%)) (1+672ﬂi%qn7%7(v7%)>>
- em‘(w%)# (B.2.1)
19[1/2—!-1)]
1/2

Here 0 < v; < 1. Similarly we obtain the one for a right-mover complex fermion. From the
relation

o0 oo 19 B
g R T 1+ ) [ (1 +077) = 2o (B.22)
n=0 n=1 g
we have
o[
Tr(¢"F ) For R
Ui
19 v
_ 9 N (B.2.3)
Ui

Generally orbifold twists are differently imposed in the oy and o9 direction. When the
twist in the o direction is h = €™ and in the oy direction is g = 2™, they define the
boundary condition by pairs (g, h). Then the boundary conditions of (B.2.1) and (B.2.3)
are (g,1). The modular T and S transformations are

T — T+1, (B.2.4a)
1

T = ——, (B.2.4b)
T

respectively, and constitute the modular group SL(2,7Z).

ar +b
cr+d’

T —

ad — be = 1. (B.2.5)

By this transformation a transformation of coordinates (o1, 09) — (aoy — boy, —co1 + dos)
generate the transformation of the boundary condition (g, h) — (g?h¢, g’h®). For example
T — 7 + 1 change the boundary condition as (g,1) — (g, ¢). The corresponding partition
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functions are obtained by the modular transformation of the partition function of the g-
twisted sector Tr(q°~®), or are equivalent to the insertion as Tr(g ¢“°~*) up to the phase
factor. g acts on the operators as go,,,g~ ! = €™y, 4,. To sum up, for a general boundary
condition (g, h), the partition functions in the R and NS sectors are given by

9 [%Jrv}
)< ForR (B.2.6a)
19[1/2”}
1/2+u
. AN
BN = ‘fm(vé)ﬁ[l—gi
1/2+ui|

_ eﬂi(v—%

For NS (B.2.6b)

We also need to evaluate the partition functions with insertions (—1)f from the GSO
projection. Since the insertion of (—1) changes the sign of fermionic operators, it leads
to shift u to u + 1/2 in the theta functions of the corresponding numerators.

B.3 Tadpole amplitudes

In this appendix we summarize descriptions of the string one-loop amplitudes whose topolo-
gies are given by the Klein bottle, the annulus and the Mobius strip in the loop chan-
nel [43,58]. These are applied to discuss the RR-tadpole amplitudes in the main part of
this paper. Here we start from the forms' in which the zero mode and the oscillator modes
are factorized:

dt 1 ni,k1)(n2,k2
/C=4c(1RR—1NSNs)/ (MM > Z v >>, (B.3.1a)

0 n1,k1=0no,ko=0

o It 1 N M 1,M— X
A:C(lRR—lNSNS)/ Fg(W Z Z Z %lekf ((%Sllkznl’lz nQ)) >

0 n1,k1=0nz,k2=0 (i1,i2)=(0,0
% A(nl,kl)(n%kz)ﬁ%l’kl)(”27k2)(i1’i2)) , (B.3.1b)
o g . N M (N—1,M-1)
(i1yi2) \—1/_(i i NT
M = —c(1gr — 1NSNS)/ tg(m Z Z tr((VQ;zkikQ) (7971%?1;2 ") )
0 n1,k1=0ng,k2=0 (il,ig):(o,ﬂ)

. M1k (n2,k2) E(ﬂzhk1><m:k2><m2>> : (B.3.1c¢)

where the values [C(0kE)(2.k2) = A(naki)(n2.k2) apnd M(0kD(M2k2) denote oscillator contribu-
tions, and L indicates the zero mode contributions in the amplitudes. They belong to the

n this appendix we borrow quite useful conventions and equations in appendix A of [43].
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6™ g2 -twisted sector with 6% ¢*2-insertion in the amplitudes. The v(1%2)’s are the matrix
representations of the orientifold action on the Chan-Paton factors [54], whose superscript
(i1,19) labels the different types of D6-branes on which the open string attaches. The
location of the brane (iy,1s) is defined by rotating brane (0,0) by the action 6~%/2¢=%/2,

B.3.1 Contributions from zero modes

The above one-loop amplitudes (B.3.1) contain the zero mode contributions Lx 4 a from
the sum of the Kaluza-Klein momentum modes and the winding modes, which are expressed
in such a way as

£I(é’bl,k1)(n2,k2) _ X(n1,k1)(n2,k2)T KnIl{-f%\)l (QR0k1¢k2 727rt(L0+L0)>’ (B32a)
E%hkl)(’rla,k‘g)(il,ig) _ XELT‘u,kl)(nz,kz)(n,12)Tr£g(,lj%;\§ilfn1,izfn2 (0k1¢k26—27rtL0)’ (B32b)

E'(/\Zl,k1)(n2,k2)(i1,i2) — X'(A'f;ll,kl)(”27k2)(i1’i2)Tr£g<’ij%}’\gil_nl’iQ_nz) (QR0k1¢k2€_2ﬂ—tL0) . (B320)

Note that in the Klein bottle amplitude xx denotes the number of the corresponding fixed
points which are left invariant under orientifold group actions R#* ¢*2. In the open string
amplitudes y 4 gives the intersection number of the D-branes involved.

When we consider string propagating in the torus 7 = R®/A, the zero modes contri-
butions £ from the momentum modes p = ). n;p; and the winding modes w = m;w; are
given by

L= Zexp < — (57rtniMijnj) Z exp < — (57rtmiW}jmj>, (B.3.3)

where t is the modulus in the loop channel and n;, m; € Z are the quanta in the momentum
modes and the winding modes [42]. Note that the matrices M;; and W;; are given by the
products of p; and of w; in such a way as M;; = p; - p;, Wi; = w; - w;; we set 6 = 1 (the
Klein bottle), 6 = 2 (the annulus and the Mé&bius strip). Due to this, in two-dimensional
torus 7% C T, we can rewrite the above equations (B.3.2) in the following form:

Log= Z exp ( artm® ) Z exp ( - ﬁwtn2p>, (B.3.4)
mezZ

where p = r?/a’. Tt is worth rewriting this to the one in the tree channel. According to
the Poisson resummation formula

Ze—ﬂn2/t _ \/Eze—m"ﬂt’ (B35)

neEL nez

we find that the zero mode contribution in the tree channel is given as

Lop= Z exp ( — arlm p> Zexp ( ﬂﬂln ) (B.3.6)

This formulation is quite useful not only for factorizable torus T? x T? x T? but also for
non-factorizable tori in the main text via a suitable arrangement.
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B.3.2 Contributions from oscillator modes

Here we move to the discussion on the oscillator modes. These contributions into the
one-loop amplitudes (B.3.1) are given by

i na) — Ty (QROM g (—1)F e 2rilbotlo) ), (B.3.7a)
Ak (n2.k2) Trl(\?éo)(_”l’_m) <9k1 oF2 (_1)F€—27TtLo) : (B.3.7b)
M(n1,k1)(n2,k2) — Trg’o)(*nl’*r@) (QRle(bk?e*%rtLo) . (B37C)

The superscript (0,0)(—ny, —ng) on the trace Tr(o O=mmn2) 4y (B.3.7b) indicates open
string states stretching between two distinct branes (0 0) and (—ny, —ng), or equivalently,
between the brane (iy,i5) and the brane (i; — ny,is — ng). The oscillator contributions

(B.3.7) can be expressed by the use of Jacobi theta functions 9 [g] (t) and the Dedekind

eta function n(t):

nta)? . 1 >
9 |:g:| (i) _ Zq( +2) e27rl(n+a)57 g H 1_ q <B38>
neZ n=1

with ¢ = 727", Then the amplitudes are expressed as

9 [mw—&-mwi]

o
IC(nhnz) — 1/2 H 1/2 67ri<n1v,-+n2wi>
773 ,19 1/2+n1 Vi+now;
n1v¢+n2wi¢Z 1/2
0
ana
< |1 — |, (B.3.9a)
n1v;+naw; EZ N
9 [ 0 } —9 579 n1v;+now; :|
A(nl7k1)(n27k2) _ 1/2 H 1/2+1€1Uz‘+k2wi 67Ti(nlvi+n2wi>
773 1/2+n1vz+n2wz
(n1viFnows,kivi+kow; ) €22 1/2+k1v1+k2w,

X I1 ( 1/ ? (B.3.9b)

(n1vi+nows,k1vi+kow;)€Z2

9 [1(/)2} —9; 619 1/2k+;t1ﬁ;€+£zwz]
M(nl7k1)(n27k2) _ _Lt-d | | 102wy em’(nlvi—&—ngwi)
773 ) 1/2—',—7111114-712111z
(n1viFnow;,kivi+kaw;) €7 1/2+k1v1+k2wz

1/2
0

X 11 T . (B.3.9¢)

(n1vi+now;,k1vi+kaw;) €Z2

Notice that except for the Z orbifold the values K(™*1)("2%2) are equal for any insertion
of O*1¢*2 even though the lattice contributions differ [58]. Then we omit the label k; in



B.3. TADPOLE AMPLITUDES 107

(B.3.9a). The arguments in the theta and eta functions are 2¢ in the Klein bottle, ¢ + £ in
the Mobius strip, and ¢ in the annulus. Further, we used the notation [58], (z) = z—[z]—1,
where the brackets on the rhs denote the integer part and

(B.3.10)

5 — 1 if (nﬂ)i + now;, klvi + kng) €cZ X7+ %
1 0  otherwise

The tree channel expressions I@, A and M can be evaluated with the help of the modular
transformation of (B.3.8).






Appendix C

Classification of Zy x Zj; orbifolds

C.1 Coxeter orbifolds

We shortly explain the Coxeter elements and the generalized Coxeter elements'. The
Coxeter element of the Lie root lattice is defined by product of all the Weyl reflections
which associate with simple roots,

C=7ToTay " Tay- (C.1.1)

We label the Coxeter element of a lattice by the label of the lattice itself. The other
Coxeter elements, which are generated by different ordering of product, are conjugate to
one another, and lead to the same class of orbifolds. There are other elements generated
by the Weyl reflections. These orbifolds can be classified by the Carter diagrams [59]. For
example the Coxeter element of the Dy lattice is Dy, and we also have other element from
the Carter diagram Dy(al) as follows,

, (C.1.2a)

Dy =1r0,TayTasTas =

o O = O
o= O O

: (C.1.2b)

[a)
o= OO

0
1
D4(a1) = TaiTasTasTastas+as = 0
0

where 74,4+ 04+a, 15 @ Weyl reflection associated with the sum of simple roots ay + ag + ay.
Then the order of Dy is six, and that of Dy(al) is four.

'From the definition of the (generalized) Coxeter elements, we can see that the elements do not left
any directions invariant for corresponding sub-space. Then it is apparent that for Zy x Zj; orbifold they
lead to factorizable models on T2 x T? x T2.

109



110 APPENDIX C. CLASSIFICATION OF Zy x Zy ORBIFOLDS

Da= Da(al)=

Figure C.1: Carter diagrams

However these elements do not include the outer automorphisms?. The generalized

Coxeter elements are defined by adding outer automorphisms to the Coxeter elements. For
example the Dy Lie root lattice has a graph automorphism g which exchanges the simple
root a1 and ap. The generalized Coxeter element is defined by

C® = 1o - Tay - (C.1.3)

For instance the generalized Coxeter element of Dy is

2
Dz[L] =Ty TasTasd =

(C.1.4)

o O = O
o= O O
_— o O O
o O O

and the order of this element is eight.

These (generalized) Coxeter elements and elements from the Cater diagrams are in-
cluded in the classification by the use of e; in Section 2. An exception occurs in the Dy
lattice, which has another outer automorphism ¢’,

g a; — a3 — g — . (C.1.5)

The generalized Coxeter element of this outer automorphism is defined by

1 -1 1 1

3 111 1 1 -1
DL] = 7‘0417‘0429/ = 5 1 1 _1 1 (016)

1 -1 -1 -1

This action corresponds to a rotation of (e!™/6 ¢57/6), For this element the classification
in the e; basis is inconvenient (since for example it acts as ¢’ : e; — (e; +ex+e3+e4)/2).
We comment that among Zy x Zj,; orbifolds this element generates new orbifold only for
Zs x Zs, e.g. (CP)* is rotation of (e27/3 €2™/3) and that of r,,¢' is (1,e*/3). Then a
torus on the Dy x Ay lattice allows a Zs x Zs orbifold.

2There would be complete classifications including the outer automorphisms by mathematicians. How-
ever the authors do not know it. Alternatively our approach provides a complete classification and useful
formula for the six-dimensional Lie root lattices, except for Ej.
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C.2 Table of the orbifolds on the Lie lattices

In this appendix we list all the point group elements, the Euler numbers and hodge numbers
on the orbifolds on the sixteen Lie root lattices in (A.1). Most of the Zy orbifolds are given
in the papers [70,72-74,106,116,117,134|, and Zy x Zy orbifolds are in [44-46]. We classified
the other Zy x Zys orbifolds in [47,48]. In the way of chapter 3, the following lists include
new results of the Zy x Z); orbifolds in addition to these results. The correspondences to
the notations of the references are also referred, especially in the word of the (generalized)
Coxeter elements. Table 3.3 and 3.4 are the tables of the following tables that indicate the
allowed orbifolds on the lattices.

At first we comment on our notations. The point group elements are given both in
the simple root basis «; and the orthogonal basis e;, and expressed in the matrix repre-
sentations. For example the Weyl reflection r,, on the simple roots of A, which is given
by

] = €1 — eq, Q9 = €9 — €3, (021)

act on the lattice basis as
Tay @ Q= —Qp, Qg — 0+ Qg, (C.2.2a)
Ta, @ €] <> €y €3— e, (C.2.2b)

We express these actions by the matrices in the simple root basis «; as

( _01 1 )a. (C.2.3)

with the subscript a, and in the the orthogonal basis e; as

010
100 |, (C.2.4)
00 1

with the subscript e. Note that for the Ay lattice one direction is extra in this represen-
tation, and we remove it when we refer to the eigenvalues of the actions. In the e; basis
the geometrical meaning would be clear, as explained in chapter 3. On the other hand the
«; basis do not depend on the coordinate system.

In some cases we also use the abbreviations (3.1.5) for six-dimensional matrices, i.e.

m; 0 0
(m;, my, m3) = 0 my, O with m; € {+a,+b,+1} (C.2.5)
0 0 ms

and

o
Il

(o 5)-e=(T0) 2= (V)
15((1)(1)),0 (88) (C.2.6)
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for the matrix representation of the point group element in the e; basis.
The Lie algebras generate the Lie groups as follows,

Ay — SUN+1),

By — SO(@N +1), (C.2.7)
CN — Sp(QN),

Dy — SO(2N).

In order to avoid confusing with the gauge groups, we use the notations of the Lie algebras
for the definition of the lattices, not that of the Lie groups.

C.2.1 A
The simple roots of the Ag lattice are given by

a; = €; — €41, 1= 1,...,6. (028)
The allowed orbifold on the Ag lattice is

Z, (C.2.9)

and the point group elements, the Euler numbers and hodge numbers are listed in the
following.

o Zr: v=(1/7,2/7,-3/7),

The point group element is given by the Coxeter element Ag,

0000001 00000 -1
1000000

10000 —1
0100000 01000 1

b=As=[00 10000 =| o o | (C.2.10)

0001000

00010 —1
0000100 00001 1
00000O0T10 a

e

The Euler number and the hodge numbers are listed on table C.1.

. 1,1 2,1 1,1 2,1
orbifold X huntwisted huntwisted htwisted htwisted
Ly 48 3 0 21 0

Table C.1: The Fuler number and the hodge numbers of the Z- orbifold on the Ag lattice.
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C.2.2 Dy
The simple roots of the Dy lattice are given by
;=€ —e,1, ag=es+e i=1,...,5, (C.2.11)
The allowed orbifold on the Dg lattice is
Lo X Ty, Do X Ly, Ty X Ly, (C.2.12)

Z4a ZS_L ZS_]L

and the point group elements, the Euler numbers and hodge numbers are listed in the
following.

The Euler numbers and the hodge numbers of the Zy x Z,; orbifolds on the Dy lattice
are listed on table C.2.

orbifold 4 ¢ X hiitwisted hiitwisted hi{ulisted h?{ulisted
(-1,-1,1) | (1,-1,-1) | 48 3 3 24 0
(b,—1,a) | (-1.1,-1) | 24 3 3 14 2
Zyx 7y | (b,—1,a) | (—1,b,—a) | 12 3 3 9 3
(b,b,~1) | (-1,-1,1) | 24 3 3 14 2
(b,b,~1) | (=b,—1,b) | 24 3 3 12 0
Zox Ty | (4,-4,1) | (1,-1,-1) | 72 3 1 34 0
ZyxZy| (4,-4,1) | (1,4,-4) |108] 3 0 51 0

Table C.2: The Euler numbers and the hodge numbers of the Zy X Zy; orbifolds on the Dg
lattice.

o Zy: v=(1,1,-2)/4,

1 =10 0 0 0
2 -1 0 0 0 0
2 -1 1 -1 0 0
b=@4-De=|5 505 | o ol (C.2.13)
1 -1 1 0 -1 0
1110 0 -1/
o Zsl: v=(1,2,-3)/8,
00010 0 001 -10 0
100 0 0 O 101 -10 0
010 0 0 0 011 -10 0
=loo1 0 00| ooz -10 0] (C.2.14)
000 0 0 —1 001 0 0 —1
000 0 1 0 001 -11 0
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This lattice can be deformed to the DsA; lattice.
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The Euler numbers and the hodge numbers are listed on table C.3.

orbifold | x hzlnith sted hi;thsted h;wlz sted h?wlzsted
Zy 48 5 1 22 2
Zg-1 | 48 3 0 21 0
Zg-1 48 3 1 24 2

Table C.3: The Euler numbers and the hodge numbers of the Zy orbifolds on the Dg lattice.

C.2.3 E;
The simple roots of the Fjg lattice are given in (A.1.1),
=(1,-1,0,0,0,0),
as =(0,1,-1,0,0,0),
az =(0,0,1,-1,0 O), (C.2.16)
044:(07070717 )7
Q5 = (070707 17 1’ O) )
(1 1 1 1 1 V3
=TTy Ty Ty Ty T e )
We also define the lowest root,
g = —aq — 2009 — 3z — 20 — a5 — 205 (C.2.17)

For some cases, this basis leads to complicated representations, and other choices of basis
will be more convenient. Therefore we use this e; basis as the case may be.
The allowed orbifold on the Ejg lattice is

ZQ X ZQ,
Z?n Z47

ZQ X Z4,
ZG'L

Z3 X Zg,
ZG]I7 ZlZ“L

(C.2.18)



C.2. TABLE OF THE ORBIFOLDS ON THE LIE LATTICES 115

and the point group elements, the Euler numbers and hodge numbers are listed in the
following.

® 7o X Zo: 0= —rir3, ¢=—rsro,
1 -1 0 0 0 0 -1 0 0 0 01
0O -1 0 0 0 O O -1 0 0 0 2
O -1 1 -1 0 -1 0 O -1 0 0 3
0= 0O 0 0 -1 0 0 ¢ = 0 0 0O -1 0 2 ’ <C'2'19)
O 0 0 0 -1 0 0 0 0 -1 11
0O 0 0 0 0 -1 N 0 0 0 0O 01 N
[ ) ZQ X Z4:
0O -1 0 0 0 0 1 -1 0 010
1 0 0O 0 00 2 =1 0 01 0
0O 0 0O 1 00 2 -1 -1 1 1 1
=10 0 —1000| =1 0 1110/ (C-2.20)
0O O 0O 010 0O 0 0O 010
0O O 0O 0 0 1 . 1 0 -1 01 1 N
10 0 0 0O O 10 0 0 -1 0
01 0 0 0 0 01 0 0o -2 0
00 -1 0 0 0 02 -1 0 -2 0
¢= 00 0 -1 0 0 101 0 -1 -1 0 ’ <C'2'21)
00 0 0 -1 0 00 0 0 -1 0
000 0 0 -1/ \o1 0 0 -1 -1/
[ ) ZgXZgZ 9:7"17'27“47“5, ,¢:T5T4T6’I"0,
0O -1 1.0 0 O 1 00 0 0 -1
1 -1 1.0 0 O 01 0 0 0 =2
0O 0 10 0 O 001 0 0 -3
=10 0 10 10| °|oo1 11 2" (C2.22)
0O 0 01 -1 0 0O 01 -1 0 -1
0O 0 00 0 1 0O 01 0 0 =2

« e

The Euler numbers and the hodge numbers of the Zx x Z); orbifolds on the Fg lattice
are listed on table C.4.

o 73 v=(1,1,-2)/3, 0 =rirarsryrero,

0 -1 1 0 0 -1
1 11 0 0 -2
00 1 0 0 -3

=10 o0 1 11 ol (C.2.23)
00 1 -10 -1
000 1 0 0 -2
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orbifold | X | Pynistea | Pampwisted | Prasistea | Pristed
Lo X g | 24 3 3 12 0
Lo X Ly | 48 3 1 24 2
Ly X Ls | 72 3 0 33 0

Table C.4: The Euler numbers and the hodge numbers of the Zy x Zy; orbifolds on the Fg
lattice.

o Zy: v=(1,1,-2)/4,
0O -1 0 0 0 O 1 -1 0 0 0 O
1 0 0 O 0 0 2 -1 0 0 -1 0
0O 0 0 -1 0 0 2 -1 1 -1 -1 -1
0= 0O 0 1 0 0 0 11 -1 1 -1 =1 0 ’ <C'2'24)
O 0 0 0o -1 0 O 0 0 o0 -1 o0
O 0o 0o 0 -1 1 -1 1 0 -1 -1

o Z¢-1: v=(1,1,-2)/6,
The point group element is given by the Cater diagram Fg(a2) ~ (FEg)? [59],

010 -1 0 0
o011 -1 -1 -1
e 1111
= (Ey)? = 011 -1 0 -1 , (C.2.25)
001 -1 0 0
010 0 -1 0/,
o Z¢-I: v=1(1,2,-3)/6, 0 =rirersryrsro,
00 0O0 -1 0
1 000 —1 -1
01 00 —-1 -2
f = 0010 —1 —2 , (C.2.26)
0001 -1 -1
00 O0O0 0O -1

o Zip-l: v=(1,4,-5)/12,
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The point group element is given by the Coxeter element, Eg = r179r3rs7576,

0010 -1 —1
1010 -1 -1

. o110 -1 -1

O=Es=|0 010 -1 0| (C.2.27)
0001 -1 0
0010 0 —1

The Euler numbers and the hodge numbers are listed on table C.5.

orbifold | x hiﬁtwisted hi;zltwisted h‘;;}listed h?iz;listed
Z3 48 9 0 27 0
Zy 48 5 1 20 0
Zg-1 | 48 5 0 20 1
Ze-11 | 48 5 0 26 7
Ziol | 48 3 0 22 1

Table C.5: The Fuler numbers and the hodge numbers of the Zy orbifolds on the Eg lattice.

C.24 A5 X A1

The simple roots of the As x A; lattice are given by
;=€ —ej, ag=¢e;, i=1,...,5, (C.2.28)
The allowed orbifolds on the As x A; lattice are
Lo X Lo, Ze-1l, (C.2.29)

and the point group elements, the Euler numbers and hodge numbers are listed in the
following.
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° ZQ X ZQ .
01 00O
1 00 00
00010
0 00100
00 00O
00001
00 0O0O0
-1 0 0
0 -1 0
0 0 -1
¢ 0 0 0
0o 0 0
0O 0 0
0O 0 0
o Zsll: v=(1,2,-3)/6,
000
1 00
010
0=A;A,=]10 0 1
0 00
000
0 00

|
—

SO = OO oo

OO O O o, O oo o

o O O
|
—_

O O O O OO

O OO o oo
(=N eleloBaloll S

o O OO

o O

SO OO oo

—1

S OO OO

_ oo O O o oo

e

O OO ==

o O O OO

|O©
—
O~ R Rk OO

o O O

—1

S OO OO

SO OO = OO
OO = O OO

o O O O

o O O O

-1
-1
-1
-1

SO O O OO

The Euler numbers and the hodge numbers are listed on table C.6.

O OO OO

O OO OO O

—1

orbifold X iitwisted iitwisted hth’ulisted h?;ulisted
ZQ X Z2 24 3 3 14 2
Ze-1 48 3 1 22 0

Y

o= OO o O

(C.2.30)

_— o O O o o

., (C.2.31)

Table C.6: The Euler numbers and the hodge numbers of the orbifolds on the As x Ay

lattice.
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C.2.5 D5 X Al

The simple roots of the D5 x A; lattice are given by

o =€, — €11, a5:e4+e5, g = €g, 7,-:1,...,4,
and the point group elements, the Euler numbers and hodge numbers are listed in the
following.
The allowed orbifolds on the Ds x A; lattice are
ZQ X Zg, ZQ X Z4, <C232)
Ly, Zg-1, (C.2.33)

The Euler numbers and the hodge numbers of the Zy x Z,; orbifolds on the D5 x Ay
lattice are listed on table C.7.

orbifold 4 ¢ X hqlt;”lbtwisted hiitwisted hi{ulisted h?{ulisted
(—1,-1,1) | (1,-1,—1) | 48 3 3 24 0
(b,—1,-a) | (-1,1,-1) | 24 3 3 16 4

Zo X 2y | (b,—1,a) | (—1,a,—a) | 24 3 3 14 2
(b,—1,—a) | (-1,b,a) |24 3 3 14 2
(b,b,—1) | (-1,-1,1) | 24 3 3 14 2

Zox Ty | (4,-4,1) | (1,-1,-1) | 72 3 1 34 0

Table C.7: The Euler numbers and the hodge numbers of the Zy x Zy; orbifolds on the
Dy x Ay lattice.

o Zyv=_(1,1,-2)/4,

1 =10 0 0 O
2 =10 0 0 O
2 -1 1 -1 -1 0
0=(4,4,-1), = 1 211 -1 0 0 , (C.2.34)
1 -1 1 0 -1 0
O 0o 0 0 0 -1/,
o Zg-Il: v=1(1,3,-4)/8
The point group element is given by the Coxeter element,
000 -1 0 0 001 -1 -1 0
100 0 0 O 101 -1 -1 0
. {010 0 0 O {011 -1 -1 0
b=Dsdi=1g 01 0 0o of " foo1 -1 0 of: ©23
000 0 -1 0 001 0 -1 0
000 0 0 -1 000 0 0 -1
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The Euler numbers and the hodge numbers are listed on table C.6.

orbifold X hiﬁtwisted hi’nltwisted h;;)listed h?t,ulisted
Ly 48 5 1 22 2
Ze-T | 48 3 1 24 P

Table C.8: The Fuler numbers and the hodge numbers of the Zy orbifolds on the Dy x Ay
lattice.

C.2.6 A4 X Ag
The simple roots of the Ay x A, lattice are given by
1 3
Q; = €, — €41, a5 = €g, Qg = _566 + ge% i=1,....4, (C.2.36)
The allowed orbifolds on the A; x A, lattice are
ZQ X ZQ, Zg—H. (C237)

For the Zy x Z orbifold, the A, x A, lattice is deformed to the A4 x (A;)? lattice, and we
omit it 3. The other point group element, the Euler number and hodge numbers are listed
in the following.

o Zg-I: v=(1,2,-3)/6,

0 0 -1 0 0 0 0
10 0 0 0 0 0 61 -10 0 0
0 -1 0 0 0 0 0 -1 1-10 00
sl o o o -1 0 o o ||V OO0 0O 0
0 0 0 0 —1 0 0 8 8 8 —01 8 ‘i
0.0 0 0 0 — _%?; 0 00 0 -1 —1
0 0 0 0 w1/ o

(C.2.38)

The Euler numbers and the hodge numbers are listed on table C.9.

3The orbifold which acts on the A, lattice as fande : o192 — *aq 2 is deformed to the (A1)? lattice,
and we would omit the case of As in the following.
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orbifold | y | Al! p2:! Bl 21

untwisted untwisted twisted twisted

Zg- | 48 3 1 26 4

Table C.9: The Euler number and the hodge numbers of the Zg— II orbifold on the Ay x Ay
lattice.

C.2.7 A4 X (A1)2

The simple roots of the A4 x (A;)? lattice are given by

o =€, — €41, 5 = €g, g = €7, 1= 1,...,4, (C239)
The allowed orbifolds on the Ay x (A;)? lattice are
ZQ X ZQ (0240)

and the point group elements, the Euler numbers and hodge numbers are listed in the
following.

[ ZQ X ZQ .
01000 O O
-1 1 0 0 0 O
10000 O O
0 1.0 0 0 O
00010 0 O 01 -11 0 0
0 = 00100 0 O = , (C.2.41)
0 00 1 0 O
00001 0 O
0 00 0 -1 0
00000 -1 0 00 0 0 0 1
00000 0 -1/, o
-1 0 0 0 0 00
-1 0 0 0 00
0O -1 0 0 0 00
0O -1 0 0 00
0O 0 -1 0 0 00
0O 0 -1 0 00
o = 0o 0 0 -1 0 00| = ,
0O 0 0 —-100
0O 0 0 0 -1 00
0O 0 0 0 10
0O 0 0o 0 0 10 O 0 0 o0 01
o 0 0 0 0 01/, a
There are two other choices for the element ¢,
0o -1 0 0 0 0 O
1 -1 0 0 0 O
-1 0 0 0 0 0 0
0o -1 0 0 0 O
0O 0 -1 0 0 0 O
0o 0 -1 0 0 O
o=1 0 0 0O -1 0 0 O = )
0o 0 0 —-10 0
o 0 o0 0 —-10 0
o 0 0 0 1 0
o 0 o0 o0 0 1 0 00 0 0 0 —1
0o 0 o0 0 0 0 -1 a
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0 -1 0 0 0 00
-1 0 0 0 0 00 éjg
0 0 -1 0 0 00 0 0 1

6=[0 0 0 -1 0 00| =|, o |,
00 0 0 —100 0 0 0
00 0 0 0 01 0 0 0
0 0 0 0 0 10

The Euler numbers and the hodge numbers are listed on table C.10.

_— o O O oo

orbifold | x h}j;twisted hiitwisted htlijisted h?iulisted
24 3 3 16 4

Zo X Ty | 12 3 3 9 3
24 3 3 18 6

o= O O OO
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., (C.2.43)

Table C.10: The Fuler numbers and the hodge numbers of the Zy X Zsy orbifolds on the

Ay x (Ay)? lattice.

C.2.8 D4 X AQ

The simple roots of the Dy x A, lattice are given by

1 3
o =€ — €41, (y=e€3+e€, O;5==E€; Q= —§e5 + \/T_eﬁ
The allowed orbifolds on the D, x A, lattice are
ZQ X ZQ, ZQ X Z4, Z3 X Zg,
Ly, Le-N, Zg-N, Zyio-1, Zyo-1I,

, 1=1,..

.3, (C.2.44)

(C.2.45)

and the point group elements, the Euler numbers and hodge numbers are listed in the

following.
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0
0
0
ol (C.2.46)
0
1 (03
0 0
0 0
0 O
0 0 ) (C.2.47)
-1 0
0 -1/,
0O 0 00
0 0 00
0 -1 0 0
1 0 00 , (C.2.48)
0 0 10
0 0 01/,
0 00 O
-1 10 0
0 1 0 O
0 10 0 (C.2.49)
0 0 0 -1
0 01 -1

«

The Euler numbers and the hodge numbers of the Zy x Z,; orbifolds on the Dy x A,
lattice are listed on table C.11. The Z, x Z, orbifold is deformed to that on the Dy x (A;)?
lattice, and omitted.

orbifold X 11L’nltwisted iitwisted hth’ulisted h?zljlisted
Do X Ly | 72 3 1 36 2
Zs X L3 | 72 3 0 37 4

Table C.11: The Euler numbers and the hodge numbers of the Zyn X Zy; orbifolds on the

D, x Ay lattice.
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(17 17 _2)/47

.Z4I’U

(C.2.50)
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-1 0 O
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-1 1
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1

(4,4, 1), = [
(1’ 27 _3)/6a

The point group element is given by the Coxeter element,

0

o Zg-II: v
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(C.2.52)

Y

o o o o O
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—
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OO —+H O OO
o —H O O OO
{

I
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o o o oo

000 -1 0
100 0 O
010 0 O
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(1,4,-5)/12,
The point group element is given by the generalized Coxeter element,

[ ] Z12—IZ v

-1 010 O
-1 110 0
0 0 010 O

1

0 000 O

0 0 000
0 0 001

1
1

SN—

I
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cooo ﬁ_21“2

cooo g
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— | |
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o Zyp-ll: v =(1,5—6)/12,

%—15%5100 1 =101 0 0
A A I F R A
— 12 2 72 2 _
=1t A b o o Tt 000 0 o @29
00 0 0 -1 0 00 00 -1 0
o0 0o o o -1/ \o o o000 -1/

The Euler numbers and the hodge numbers are listed on table C.12.

orbifold | x hiitwisted hi;}twisted hzjisted h?{l}isted
Z, |48 5 1 26 6
Ze-l | 48 3 1 26 4
Zs- | 48 3 1 28 6
Zyp-l | 48 3 0 26 5
Z1p-I | 48 3 1 28 6

Table C.12: The Fuler number and the hodge numbers of the Zy orbifolds on the Dy X A
lattice.

C.2.9 Dy x (A)?

The simple roots of the Dy x (Ap)? lattice are given by

o =€, — €11, a4y = e3+ey, a5=e;, Olg = €g, 1= ].,...,3, (C255)
The allowed orbifolds on the Dy x (A;)? lattice are
ZQ X ZQ, ZQ X Z4, Z4 X Z4, <C256)

Z47 Z’S_L ZS_]L Z12'Ha

and the point group elements, the Euler numbers and hodge numbers are listed in the
following.

The Euler numbers and the hodge numbers of the Zy x Z; orbifolds on the Dy x (A;)?
lattice are listed on table C.13.

o Zy:v=_(1,1,-2)/4,

1 -1 0 0 0 0
2 -1 0 0 0 0
1 0 -1 0 0 0
b=@-149=|, o o 10 o |- (C.2.57)
00 0 0 0 —1
00 0 0 1 0
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«
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(47 47 _1)e = [
The point group element is given by the Coxeter element,
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Table C.13: The FEuler numbers and the hodge numbers of the Zyn X Zy; orbifolds on the
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o Zg-Il: v=(1,3,—-4)/8,
The point group element is given by the generalized Coxeter element,

0= DY (A,) =

OO OO = O

[ Zlg—HZ V= (1, 5, —6)/12,

The point group element is given by the generalized Coxeter element,

OO O = OO
SO o= OO o

F4D27

S OO OO

OO OO = O
OO O = OO

-1

-1

-1
0
0
0

OO = O = =

FEA 0 0| _fo oo
B 2 2 T3 2
0 = DI¥(A))? = g _2% _g _2% o o |1 0 o0
000 0 0 -1 0 000
00 0 0 0 -1/ \o 0 0
orbifold | iﬁtwisted iitwisted h;:ulisted hiﬁisted
Zy
Zel 48| 3 0 24 s
Zel |48| 3 1 28 0
Zo-l | 48 3 1 28 0

O OO =

—1

o O O O

S OO OO
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—1

(C12.60)

S OO OO

(C.2.61)

Table C.14: The Euler number and the hodge numbers of the Zy orbifolds on the Dyx (A;)?

lattice.
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C.2.10 A3 X A3

The simple roots of the A3 x As lattice are equivalent to that of the D3 x D3 lattice, and
given by
] = €1 — €q, Qg = €9 — €3, a3 = ey + es, (C262)

Qy = €4 — €5, 5 = €5 — €, Qg = €5 1 €,
The allowed orbifolds on the As x As lattice are

ZQ X ZQ, ZQ X Z4, (C263)
Z47 ZS_L

and the point group elements, the Euler numbers and hodge numbers are listed in the
following.

The Euler numbers and the hodge numbers of the Zy X Z,,; orbifolds on the A3 x As
lattice are listed on table C.15.

orbifold 4 ¢ X hiitwisted hiitwistsd htl{ulisted h?{,}z’sted
(—1,-1,1) | (1,-1,-1) | 24 3 3 12 0
(-1,1,-1) | (a,—1,—a) | 24 3 3 12 0
(b,—1,a) | (-=1,1,-1) |24 3 3 12 0

ZyxZy | (b,—1,a) | (—1,1,—1) | 24 3 3 12 0
(b,—a,—a) | (—1,a,b) |24 3 3 12 0
(b,a,—1) | (-1,—a,b) | 24 3 3 16 4
(b,—1,b) | (-=1,1,-1) | 24 3 3 12 0

Zox Ty | (4,1,—4) | (1,-1,-1) | 48 3 1 24 2

Table C.15: The FEuler numbers and the hodge numbers of the Zyn X Zy; orbifolds on the
As x As lattice.

o Zyv=_(1,1,-2)/4,
The point group element is given by the Coxeter element,

0 -1 0 0 0 0 1 -1 =10 0 0
1 0 0 0 0 O 1 -1 0 0 0 O
_ () = 0 0 =10 0 0 |t 0o 10 0 o0
=\ 00 0 0 -1 0 0 0 0 1 -1 —11] "
00 0 1 0 0 00 0 1 -1 0
00 0 0 0 -1 0 0 0 1 0 -1
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o Zg-1: v=(1,2,-3)/8,

0O 00 -1 0 O 000 -1 0 O
000 0 0 -1 000 -1 0 -1
_ % [0 00 0 1 0 1000 -1 1 0
0=A)"=11 00 00 0| =|100 0 0 0] ©26
01 0 0 0 O 010 0 0 O
001000/ \oot1 oo o)
OI'bifOld X hiﬁtwisted hiitwisted h;:vlisted h?tﬁisted
Ly 48 5 1 20 0
Zg-1 48 3 0 21 0

Table C.16: The Fuler numbers and the hodge numbers of the Zy orbifolds on the A3z x As
lattice.

C.2.11 Ag X A2 X Al
The simple roots of the A3 x A; x A; lattice are given by

] = e — €eq, Qg = €9 — €3, a3 = €9 + €3, (0266)

1 V3

Qg = €4, a5 — —594 + 785, Qg = €g, (C267>

The allowed orbifolds on the As x Ay x A; lattice are
ZQ X ZQ, ZG—H. (0268)

The Zy x Zy orbifold is deformed to the orbifold on the Az x (A;)? lattice. The Euler
number and the hodge numbers of the Zg-II orbifolds on the A3 x Ay x A; lattice are listed
on table C.17.

o Zg-Il: v = (1,2, —3)/6,

00 -1 0 0 0 01 -10 0 0
1o 0 0 0 0 10-10 0 0
01 0 0 0 0 01 0 0 0 0
QEAB]AQA:[: V3 = ,
s 00 0 —3 =% 0 00 0 0 -1 0
00 0 ¥ -1 0 00 0 1 -1 0
00 0 0 0 -1 00 0 0 0 -1/,
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orbifold X hzljr}twisted hi;}twisted h;’ulisted h?zl)listed
Ze-T | 48 3 1 26 4

Table C.17: The Fuler number and the hodge numbers of the Zg-1I orbifold on the Az X
Ay x Ay lattice.

C.2.12 Az x (Ay)?
The simple roots of the Az x (A;)? lattice are given by
ap = e — ey, ay = ey — e3, g = €y + es, a;=e;, 1=4,5,6, (C.2.70)
The allowed orbifolds on the Az x (A;)3 lattice are
Lo X Lo, Ty X Ly, Ly, (C.2.71)
and the point group elements, the Euler numbers and hodge numbers are listed in the

following.

The Euler numbers and the hodge numbers of the Zy x Zj; orbifolds on the A3 x (A4;)?
lattice are listed on table C.18.

orbifold 4 ¢ X hiitwist@d hiitwisted h%@ﬁisted h?;ulisted
(-1,-1,1) | (-1,1,-1) |48 3 3 28 4
(-1,1,-1) | (a,—1,—a) |48 3 3 24 0
(b,—1,a) | (—1,—a,—a) |48 3 3 28 4
(-1,a,b) | (1,-1,-1) |24 3 3 16 4

Ly X Ly | (—1,—a,—a) | (b,—1,a) |48 3 3 24 0
(-1,a,b) |(—a,—a,—1) |24 3 3 14 2
(b,—a,—1) (-1,a,b) |24 3 3 14 2
(b,a,—1) | (~1,—a,b) |24 3 3 16 4
(b,—1,b) | (-1,1,-1) |24 3 3 14 2

ZoxZy| (4,1,—-4) | (1,-1,-1) |72 3 1 36 2

Table C.18: The Euler numbers and the hodge numbers of the Zyn X Zys orbifolds on the
Az x (Ay)? lattice.
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o Zyv=(1,1,-2)/4,

0 -1 0 0 0 0 1 =1 =10 0 0
1 0 0 0 0 0 1 =1 0 0 0 0
00 =10 0 0 1 0 -10 0 0
0=4BAh=10 0 o 0 -1 0| oo 0o 0-1 0 ’
00 0 1 0 0 00 0 1 0 0
00 0 0 0 -1/, 00 00 0 -1/,
(C.2.72)

The Euler numbers and the hodge numbers are listed on table C.19.

. 1,1 2,1 1,1 2,1
orbifold X huntu)isted huntwisted htwisted htwisted
2Ly 48 3 1 22 2

Table C.19: The Euler number and the hodge numbers of the Zy orbifolds on the Az x (A;)3
lattice.

C.2.13 (A,

The simple roots of the (Ay)? lattice are given by

1 3
Qg1 = €9;_1, Qg = —56%—1 + %e% 1=1,2,3, (C.2.73)

The allowed orbifolds on the (A,)? lattice are

ZQ X ZQ, Zg X Z4, ZQ X Z%,
Zg X Zg, Zg X Zﬁ, Zfi X ZG, <C274)
Zs. TZu Zgl ZelL
Among these orbifolds, the Zy x Zy, Zy X Zy4, Z4 and Zg-1I orbifolds on the (As)? lattice
are deformed to the orbifolds on the (A;)® or (A3)?(A;)? lattices. The other point group

elements, the Euler numbers and hodge numbers are listed in the following.

The following Zy X Z)s elements are given by the Coxeter elements, and are factorizable
orbifolds.

o Zox Ziv=(1,0,—1)/2, w=(1,1,-2)/6, Ay(Gs)?,

o 73 X Z3: v

(1,-1,0)/3, w=1(0,1,-1)/3, (Ay)?,

.ZgXZﬁiU

(1,-1,0)/3, w=1(0,1,-1)/6, Ay(G>)?
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orbifold | X | Pymistea | Mampwisted | Pristea | Mtwisted
Zo X L | 72 3 0 33

Zs X Zs | 168 3 0 81 0
Z3 X L | 144 3 0 70 1
Zg X Zg | 168 3 0 81 0

Table C.20: The FEuler numbers and the hodge numbers of the Zyn X Zy; orbifolds on the
(Ag)? lattice.

o ZgxZs:v=(1,-1,0)/6, w=(0,1,—-1)/6, (Go)?

The Euler numbers and the hodge numbers of the Zy x Zj; orbifolds on the (A,)? lattice
are listed on table C.20.

o Zs:v=(1,1,-2)/3,
The point group element is given by the Coxeter element (A,)?, and this gives the
factorizable orbifold.

o Z¢-1:v=(1,1,-2)/6,
The point group element is given by the Coxeter element, which leads to factorizable

orbifold,
5 -9 0 0 0 0 1 10 0 0 0
B0 0 0 0 1 00 0 0 0
_ > o o L -2 0o o | |00 1-10 0
0= Ay(Ge)” = 0 0 %ﬁ 1 0 0 10 0 1 0 0 O
0 0 0 0 _% _\/7§ 0O 0 0 0 0 -1
(C.2.75)
o Zg-1:v=(1,1,-2)/6,
0 0 —3 =% 0 0 00 0 -10 0
0o o ¥ -1 9 o0 000 1 -1 0 0
g |3 % 0 0o o o f_Jo-10 0 00
- «/75 -1 0 0 0 0 |1 -10 0 0 O ’
0 0 0 0 _% _\/Tg O 0 0 0 0 -1
(C.2.76)

The Euler numbers and the hodge numbers are listed on table C.21.
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orbifold | X | Pynuisted | Mamtwistea | Puisted | Mewisted
Zs 72 9 0 27 0
Ze-1 | 48 5 0 24 i)
Ze-1 | 48 5 0 20 1
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Table C.21: The Euler number and the hodge mnumbers of the Zy orbifolds on the (As)?
lattice.

C.2.14 (A5)? x (Ay)?
The simple roots of the (Ay)? x (A;)? lattice are given by
ay = —%el + \/73@, y = —%83 + §e4, a;=e;, 1=1,3,5,6, (C.2.77)
The allowed orbifolds on the (A;)? x (A;)? lattice are
Do X Ty, T X T, Ty Tl (C.2.78)

Except the Zg-II orbifolds, these orbifolds on the (A3)? x (A;)? lattice can be deformed to
the orbifolds on the (A;)% lattice, and we give only the result of the Zg-II orbifolds.

o Z¢-I: v=(1,2,-3)/6,
The point group element is given by the Coxeter element,

0= AQGQ(A1)2 = (0279)
-+ =¥ 0 0 0 0 0 -10 0 0 0
Bl oo 0 0 0 1 -10 0 0 0
o o0 1 _\/73 0 0 10 0 1 -1 0 O
0 0 \/73 % 0 0 0 0 1 O 0 0
0 0 0 0 -1 0 00 0 0 -10
o 0 0 0 0 -1 0000 0 -1/,
o Z¢-II: v=(1,2,-3)/6,
0 0 -1 ¥ 0 o0 00 0 -1 0 0
0 0 ¥ 1 9 90 00 1 -1 0 0
o_| -2 =2 0 0o 0o o _|0-100 0 0
_= f i _ )
T3 _% 0 0 0 0 1 10 0 0 0
0O 0 0 0 -1 0 00 0 0 -10
0o 0 0 0 0 -1 0000 0 -1/,
(C.2.80)

The Euler numbers and the hodge numbers are listed on table C.22.
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C.2.15 Ay x (Ap)!
The simple roots of the Ay x (A;)?* lattice are given by

1 V3

o] = eq, 042:——61+—82, a; = €y, 223,...

2 2
The allowed orbifolds on the Ay x (A;)* lattice are

Z’2 X ZQ? ZQ X Z47 Z4a Z8_H7

(C.2.81)

(C.2.82)

The orbifolds on the Ay x (A;)* lattice can be deformed to the orbifolds on the (A;)S

lattice, and we omit them.

C.2.16 (A)°
The simple roots of the (A;)° lattice are given by

a; = €y, izl,...,67
The allowed orbifolds on the (A;)° lattice are

ZQ X ZQ, Z2 X Z4, Z4 X Z4,
T, Tsl, ZeIl

The following Zy X Z); elements are given by the Coxeter elements.

® Zo X Zy:v=(1,-1,0)/2, w=(0,1,-1)/2,

(Al)G — 0= (_17 -1, 1)a ¢ = (17 -1, _1)a

o 7o X Zy:v=(1,-1,0)/4, w=(0,1,-1)/2,

(BQ)Q(Al)Q — 0= (47 —4, 1)7 Qb = (17 -1, _1)a

o ZyxZyv=(1,-1,0)/4, w=(0,1,-1)/4,

(B2)3 — 0= (4v —4, 1)7 o= (1’ 4, _4)7

OI'bifOld X htltitwisted hiﬁtwisted ht}iulisted h?t’ulisted
Ze-1I 48 3 1 28 6
Ze-T | 48 3 1 32 10

(C.2.83)

(C.2.84)

(C.2.85)

(C.2.86)

(C.2.87)

Table C.22: The Euler number and the hodge numbers of the Zy orbifolds on the (As)? x

(A1)? lattice.
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orbifold 0 ¢ X hiﬁtwisted hi’nltwisted hilljlisted h?{ulisted
(—1,-1,1) | (1,-1,-1) | 96 3 3 48 0
(b,—1,a) | (=1,1,—1) | 48 3 3 28 4
Ly X Ly | (b,—1,a) | (—=1,b,—a) | 24 3 3 16 4
(b,b,—1) | (=1,—-1,1) | 24 3 3 18 6
(b,b,—1) | (=b,—1,b) | 24 3 3 12 0
Zox Ty | (4,—-4,1) | (1,-1,-1) | 120 3 1 58 0
ZyxZs| (4,—4,1) | (1,4,—4) | 180 3 0 87 0

Table C.23: The Euler number and the hodge numbers of the Zy X Zy orbifolds on the
(A1)® lattice.

The Euler numbers and the hodge numbers of the Zy x Zj; orbifolds on the (A;)°
lattice are listed on table C.23.

o Zyv=_(1,1,—-2)/4,
The point group element is given by the Coxeter element,

0 -10 0 0 O
1 0 0 0 0 O
_ 2 2 .y 10 0 0 -1 0 0
0=(B)"(A) =44 -De=10 5 1 0 o o |- (C.2.88)
0O 00 0 -1 0
oo 0 0 0 -1/
o Zg-l:v=(1,2,-3)/8
The point group element is given by the Coxeter element,
000 —-10 0 000 —-10 0
100 0 0 O 100 0 0 O
_ {010 0 0 O {010 0 0 O
6=BB=1g01 00 0| |oo1 oo o] (©28
000 0 0 —1 000 0 0 —1
000 0 1 0 000 0 1 0

o Zs-Il: v =(1,3,—4)/8
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The point group element is given by the Coxeter element,

—1

0= B4D2 = B4(A1)2 =

OO o - O
SO o= OO
OO = O OO
O OO OO
| o O O O
[
O OO OO
o OO o - O
S OO~ OO
OO = O OO
O O O OO
o O O O
O OO OO

=)
|
—_

0 -1/
(C.2.90)

The Euler numbers and the hodge numbers are listed on table C.24.

orbifold | X | Ayruisted | Pamtwistea | Puisted | Mewisted
Ly 48 5) 1 26 6
Zg-1 48 3 0 24 3
Zg-11 48 3 1 28 6

Table C.24: The Euler numbers and the hodge numbers of the Zy orbifolds on the (A;)°
lattice.
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