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1.1 ���	��
���������
&('*)U+i-j/21 (Topological Field Theory ����� TFT 3��	��� ) 3��! #"%$'&)(i-�/<1+*!,

$UX+-/.10�*32547698:6<;j-S-�,%=?>@BADCFEG@#H76U3�I�8�>#0#�KJ'L!MBN�O -0/H1�*P,P$#QA3R 8P>B03S2
• 4 r�si- Yang-Mills /H1UTNWWV:@YX TFT (Witten,1988 Z [1], · · ·)

• 3 r�si- Chern-Simons /<15T�W<V[@�X TFT (Schwarz,1978 Z [2]; Witten,1989 Z [3], · · ·)

• 2 r�si- Non-Linear σ-Model Q=9\G=]"$ TFT (Witten,1988 Z [4], · · ·)

• 2 r�si-#^)_<aHbF`A?a�b TFT ( c	d − e ,1991 Z [5])

3�8�fFX�;�-�*Dgh=]"Pi)8�>B01��j*4F2+4�-Dk)l<r�s (2 2 4 r2s ) -j+)m3]nFl(r�s (3 rNs ) -�+
m 3]4Wo�pPT5p<MP*Bq+f#i/r�>W01��;Wfi3ts)8Nr�s%-+;�-�A?u5v1i�;?838<-F.D0+*F2Ywi4BuUv1M#8
4.3WT7@?>D01�x4?"�Qy=tC)Eh@1H603tI[6|-S4F2/k3l(rHs.-U+3m�.10#��zF"+.�2xJ�6]8[6|{�6tT
p<M+*Bq�69QA3 R 8�>W0 3t2<kFl<r�s*-h+�m5T�412'})~%)�T Supersymmetry ( �F� SUSY 3��y� )

A�a�f#X0/21P*#�3�+T�,/f1i [16] 21z1"�Q7=]��@9q+f1X0c<R%d e5g0-�/�1UAW�U$34%3�*).P��$*3�8
6Y4*3�.D01�!.D0�Q7=t2 SUSY 3�����TNW'V[@�>W01�)�)�.- SUSY 3t8K6~-H4 , �<R(T 3YM+$W�/�
o0p*q�*+�1*Pf/i�85$i3<�3T�4F2h6�>%�S�F��.P�F>B��LD�y;1�!�#L32/���%)PM SUSY 3�8h6|uUv� ;1,AY�>D0+*�2Fz1".4D��O%AY�3"+iB�h=Y>7@�Xj/21�.D01���1*�f1XF�/�P.<4D���P. R 6 rigid M
SUSY 4D�/��.��FM/8S-F.#0+*�2!�#*�f1X��/��.5;?�1�h@DH%6j3]0$%3S2!�+��f 3�q�f1X0cSR%d e
g�-j/215T�M�=1�F$FA'\�MU�?i)2/z1"�* TFT T)MfY�>D0D�!zh6|8h6��P 3.)2Dk/lSr2s*-h+�m 4#¡
� SUSY T?���7TNWWV[@Y>D0#�!n)l(r2s.-0+)m%T�4)2 SUSY 354/¡#� W<V 4�, Y�>D��LD��.#0�Q
=�2 3 r�s*- Chern-Simons /�1 41z1"+.<¢K£5-�/21 33@Si#uUv3$�4%3S*3.!�/>D0D��;1���1L 3 r
s%-j/217;W2W¤�¥�¦ _�g�_3§�T?¨�Y�21��©D&��(-#ª�.B« YS¬%@tiP�1iFzS-<�®�AW¯5$�4%3S.�2 2 r
s*-0/21UT�M+$34.3�*#gh=�"Pi�8!>B0 [3] ��bP>!Y�21n)l(r�s 3�kFl%r�s 3]4W°5f)X!Y9r�X Y�07$
WWVT�, Yt>#0D��X3±�2#w�²S-/C)E�.S4#n3l(rHs.-5;0-<4W³ X!MF8�4.3<T7@?i�2)´µ=�k�l(rHs.-
C/E7A5@YXF8 3�I�8!>#0#�

1.2 ¶�·
Witten *#¸�¹/i TFT AYaU�)¬�@SX 3W�FT5JYL3M+4(3BA R f#X�Q 3t8)8�>W0 3t2F>WºH6U7 3�@

i<4)2/}�~.)PTH4UL2MH1%)PMD�HOH/<1�AWu%v1X�8�2F&F»�¼!½Sb�¾�TjJK@Yi0a<b5M 4 r�si-)�)�*-¿ -0/<1%AWu�v/X�8�2+,�$B8%4!À _'ÁFÂDÃFM)L�Q�A'Ä�Å�T�,�$YÆ!Ç!È Y�¾v/i5;5aHb5Mj/H17A<u
v#X�8!2f3�8G6<4.3Y.y@�XD��zF"�.�2#É 4�4BL�MBÊ<17AU@?>x@�X#�3w%L�MH1.)�M#�2O</<1�*P,P$
3!@?>#0#�+z�L!Mj/S1 41jPËPT<43>�±�.��/i�8PM)8%-�.105*�2P,�$.3!@Y>y@)��6Ì�+z(-U/H1�./&
qyJ�6�8K6�L�*<Í!Î�Ï#ÐSL ( Ñ�Ò)ÓNRNc�ÒD¦ ) T)M�f#i/85$BQ)2 3�8h6Y4*3<A'uUv#i/Ô�>B0#��8�>)2
,�$WÑ/ÕKÖ�R�×�R O *�,)f/i0+3� x T<Ø�ÙK@Si)85$.33@t2�>�XBÚ -�+�� y T1zS-/Ñ1ÕKÖ�R�×�RP*
,�f)i)2�z<-DÛ�Ü3Ý

〈O(x)O(y)〉 (1.1)
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* ��� .+�/Xf3�@?>#0D��z(-A3B��T�4Y"�*xJYLPMHWBl%T�M�fFi�8�$DQ32A3Y8:6'4.3BA����Pi)ÔP>
0#�!�3�i4�4�" 4���	5TWØ3Ù�07$?_5T3M3f)iF8�i)2

〈O(x)O(y)〉 =
1

|x− y| , ,�$B8(4 e−m|x−y| (1.2)

3?M Y�>#0#�
��	3t8:6#-<4�À _'Á/ÂDÃ3A��¹W"� ���>�$�;j-�.D01� 314F�1*)21w(LNMH1�AWuUv
>W0 3t2FÀ _YÁBÂWÃD*,LNM����+.1{µ=]{�=N3�6�8�i@S>18�>W0#��zK6 0%$*3t2),!$1À�_?ÁBÂ<ÃFT,W
@Si(4���8%H%6ST1Ô5v�$DQU;�@�"5M/8µ@t2/q 6tÀ _'ÁFÂBÃ�TNWx@YiS4��K����8�H76tT1¯Uv!$#Q5;
@]"5M181��±�Q=S2J#4DQ!,P$������ ( �,^ g����)×j^ g � ÆP§%-�� ) -�� YYT12�À _'Á1ÂBÃ/*D�
@��h=! 1HU6�M�"$#+.�,<"� /2���	 3 R 6�-H4 well-defined T�MFf#i)2&%�Q�'U�)(+Q+$+*+*B07$WL
.D0�*)2�À _'Á#ÂBÃ/*,�$��� -�><X YST��h=� YL.-&/)M%�Yi 2#oPpPT�0U�����K=S8�.x@�>K6?H�6
M�"1# ( 2�v) /2�Ò43PÂ#Ã,w,R1¦ -655L47�8.-5H�6�MDo�p+TW�HO.-!9�8/� ) .(4/2�%�*,:4DfFi)8
$j-3Q!,)L3> Y;'%��(�Q YS>W��LD�=<Bf3�N-BÛ3Ü)Ý (1.1) *1§ (1.2) -�H76�M?>�@�T�M�f/iF8�$*3
07$i3Y2PÀ _'ÁFÂBÃ/*P,P$!A#��@�XDÝ -?� Y�T��G=� C-�.32)&/»�¼�½%b)¾(a<bF` -�H76tM�;0-�*B "�iF8U$W2 3 R v/>B01�4Y"UA broken phase 3Y��C�>#0#�3���ED(x]RNcF¦�M�J2KF`%T�W@Si<4
broken 3?Q unbroken 3?Q)8:6 R 8 � A�@�i1'%��g�f/i5$0XP-1.10�*32)&/»�¼�½%b)¾ -UJ2K�`%T
b�8�i(4FzG698:6 R 8 � A�@?>B��LD�5.#0�Qy=#4769�!L3.U;�'%�;(+Qy='M/8%XP-1.#0�*32f3/;BQ
��2U4Y"+*�FHG3*�'7��g�fFi)85$!H�6tM�I
JP.32/bP>!Y|2#w
FHG3*�K5L�.�85$6L�M ( N
O ) - ¿ .
4B�HO2/H1 3S8h6#-<4 broken phase .1j$PQ<t"PiF8U$*3�uUv1>D0D����O2+UT3,P$+RN&5*!,�f/i)z
-���YST6�h=�8!.F85$3H�6�M�"�#+.D01�%4S"�T�J�@Si�2B��O2/H1.- unbroken phase 3�8h6';�-�A
u%v/i)Ô+>D0#�x4'" 4F2�9�S3m -#�HOH/<1�TC'UT�@Yi38!i32�À _<Á1Â#Ã�;'oPp+T�05�U�V�h=S8!.
@S>�6]Q�;+@]"�M/8�2 3t8K6�/21�.B01�����%)�M?W!XUM�R,& -�� Y�.���=� ]-).H43MU��218<X3 0

Qy=&Y!>3.1oPp+T�0U�5�S{�=�{K=3@Yi)8�$i3S8:6�/<1�.#0#�+z:6]8G6�+�mAWu�v/iFÔPX�8 3�8G6
4%3?.D0#�Pz/".4�Z 4 Y;'��V(PQ YS>W��L�*�2#��O</21%A&�1�Pi)8x� ¿ .)2�4j-�H76�M unbroken

phase -j/H1UT�J)0x$�/$��*#\h=�"3"� /2�F[G)*?K�L3.)8U$ broken phase -#��O</21�TBb�8�i�;
/$�U*1\G=�"$DQU;�@�"5M)8 3Y2�zG698[6�6N7�*P,�f)X5H76�.10#�+z)"+.32/&�»�¼�½%b�¾Sa<bF`
*,\K� B "�MF8!.,]
\UT#j$P^<t"+i�8U$!H76�MD��.U+ -j/<1%AWu7v!$!4.3<T7@Y>#0#�+zG6�0x$.3
§ (1.2) -+H%6�MW_i4�_�/�±)Q=S2D&�q	J5-�HU6�M+;�-)*#uUvU=9"%$DQ 3�838!>D0!3S2C'iW2WWl 3
@Si(4

〈O(x)O(y)〉 =

{
const (x = y)

const′ (x 6= y)
(1.3)

3�8G6Y;h-)* 1 b%-1Ï/Ð/` 3�@�iDu5v5=]"P>B0#��4�".4Bj*4V&<'<a�bHL�TFMFf#iF8�>B0#�/&/»/¼�½
bF¾(a<bF`U*/j�P^<�"�i)8�$!H%6tMD�HO2/<17A<u%v!$i3Y20' WHWDl 4?\�ih&('Sa<b(L�T3M�fFi)8
$i3�8:6<4*3?.#0#�2' W<WBl5*,\�i�&S'(a<bSL�T�M�fFi�8�$�H6tM�+ -j/<1�*1u%vU=�"$.3�8G6
4.3Y./0#�x47698+fFXU4*3?*U6N7�±!f)X5H76�.#0#���<O - broken phase 3?Q unbroken phase 3
Q)2!Z 4 YY,FL!>!YV'7�V(�Qx='MF8,/<1�.10�*�2)&2q�JYL�MPÃ
3UTH-0/H1�*P,fY'v!$U-3QA3�8G6
4%3DA'u%v#i)Ô�>x@F�56Ì�

TFT *D¸U¹Fi!¬)i/rPX<-H4 10 Z�Æ1`+± 3�I!8�>D0#�x4j- 3W� Witten *325476�8h6bah@S8�Ã
3jT<-j/H1�AW����cy@SX<X�-#.#0+* [1][4] 2dT1�S4�J�6#@�i�4�698h6';�-�A<uUv1XH-)Q
'��V(PQy=
M18 3 R 6]Q�2�%�Q1b+>7='M18,/21�A<uUv1X�M/2 3VeU-�f5¹FX�gP*No!Q�fFX 3�I�8!>D0D��w�.�;W2
TFT 3]4#&Hq!%UM�-3Q)2�M)Q�MFQ�MFLA3#; R vFM18U/H1+.10D�!&2q!%�*�h:@�8(-)Q32%J�698h6ji
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/.)PMD�� �A'aUf)i)8�$U-�Q32A3Y8:6'4.3<T#b�8!i/u7v!$i3'M�Q�M)Q ��� MD��*+, Yt>#0D��z/"
.3>�,'w�²H-����+.�2 TFT 3S8G6~-H4�J�6�8G6?;�-�Q 3�8h6~-�A����h@�i)21ÔPL�MF.1uUv1iF8+�
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2
���������	��
 ����������
��������� �"!$#�%'&(�$)$*,+.-0/21�354�687:9$;�<,=?>�@BADCBEF>HGJI�KMLONQP,7:95LR<,=

SMTU7V9?WUXZY\[2]�^\_
(Supersymmetric Quantum Mechanics)

Ta`b6cC?�Z3UdDGae?K
[6] f e?gh2ikj �8lZm"n\o$p�>rqOskt2uv`wTVxU`(e0K f

2.1 yDzQ{,|k}H~F�
[Z]�^U_(�$K�>wq i e0gU���O��%��U���

(Hamiltonian)
@?��G�uZ`\�v�$K�3 i2� �8�"& i #2/

� /F���$/�-
(Supercharge) Q∗, Q

@ ���"�,6V&8���b7Be$K��

Q∗ =
1√
2
σ+

{
1

i

d

dx
− idW (x)

dx

}

Q =
1√
2
σ−

{
1

i

d

dx
+ i

dW (x)

dx

}
(2.1)

Q∗, Q
T:`�6�#2/ � /F���$/�-Z3

2 � d���9 i `F�U� N = 2
�0�U1��8K f [�]�^\_�ov�v� i #k�� /��"�.�Z� h dDGVe?�"  f x hc¡ ]�� ¢�£ i W (x)

h
x
� ¤\¥Q�.¦2§\¨HTU7©e0K f W (x)

� j T
@8#Z/ � /Fª��«��¬U���Ta®\`(e0K f σ h0¯U° � �w±"²´³\µ ���(� ° Ga�8K¶�

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
(2.2)

σ+ =
1

2
(σ1 + iσ2) =

(
0 1

0 0

)
(2.3)

σ− =
1

2
(σ1 − iσ2) =

(
0 0

1 0

)
(2.4)

j <bq h
2
³

2
µ � ³\µ o���� i2·v¸Q¹0º«h

2 » E��8K f �Qj � i2·v¸Q¹0º @?���Q�,6V&$¼«½�e7�¾Q6M�

ψ(x) =

(
ϕF (x)

ϕB(x)

)

= ϕF (x)

(
1

0

)
+ ϕB(x)

(
0

1

)
(2.5)

eZu i
F =

1 + σ3

2
=

(
1 0

0 0

)
(2.6)

@Z¿ZÀc���aÁ«� ºUÂ�Ã ]�Tv7©e$K f j 6$7©e$K�T i 2 » E ·�¸�¹0º �H6:Ä0Å » E(3�¿ZÀ©�b�VÁ��kÆ!Zo » E i�Ç » E�3UÈ�É2�,Æ0!vo » E,@ Êb7ce$K f [v]�^\_�Ë�>rq0¿vÀ���:Á«�83 1 � `«=8>v`o.`F>D7B>Uo,L i8·U¸�¹$º �$ÌFÍ�Î(Ï H 3�ÐZÑvEZÒ�7ce0KÓ�

H ' HB ⊕HF (2.7)

j �"�56ao$¥�ÔU�8W\X�Y«o0�U1«&�o��Z9v`Fe8K f σ+
h ¿vÀB���:Á«�.�.Õ » ÂUÃ ] i σ− h ¿vÀB��:Ák�.��Ö.× ÂFÃ ]�ToHG:e8K f j < h�i 4�\Ä23w4?��ÄZ�QC?`U`\ \�.K�3 i �U�cØD��¬5Ù0��T
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7V9 j 6 � = j T&k7©e?K f � <(� i S��2� i ¿2À©����ÁU�QÆ !2o���� |f〉(∈ HF )
&
Q∗ @��Q>0KT

0
&vorGVe$K¶�

Q∗|f〉 = 0 (2.8)

|f〉
&�¿ZÀB����ÁQ�Z@�
	D6$T K5=�T

0
i ³ ½ K��U=�T

0
TV`b6 j T©�0K f È\É8�«Æ?!2o���� |b〉(∈

HB)
& � `U9«C���Q�

Q|b〉 = 0 (2.9)

�$K f e5T t�e8K�T iQj 6 `�6 j T©�.K��

0

Q

←− HB

Q∗

−→
←−
Q

HF

Q∗

−→ 0 (2.10)

� <(�2��� ��% �U��� h�i T�®F`Fe$K�Ta���"�,6V&$��GVe0KÓ�
H = Q∗Q+QQ∗ (2.11)

(2.10)
>5q?C Pkqa>�oF�Q6R& i

Q∗, Q
TV`�6O� h

2 � I,=FT 0
&�o5GRe K

(σ+
2 = 0, σ−2 = 0

�QG
)
�

Q∗2 = 0

Q2 = 0 (2.12)

N = 2
�

SUSY
T:`�6R� h

BRST
n\ov�Z� i

2 � 3 0
TcoHGae$K f � <�� i ���O��%'������@ �=.& h

(2.11)
�"�,6V&����«o"C$����Q@���� �
� o2`rT:` � o�`F�v�8K f j <,@����Fn�&�� Ã 79 �,=�T i

H =
1

2

{
− d2

dx2
+

(
dW

dx

)2
}

+
1

2
σ3
d2W

dx2
(2.13)

TcoHGae8K f�! 1
§"��� Ã �

σ+σ− + σ−σ+ = 1 ( "�# h ¿UÀc���aÁk�03v`UuDq � <,@?Ö�7:9��bG
(
(

1
0

) @ ( 1
0

) &H6 � 7 )
i ¿vÀ�b�:ÁQ�83Z`(oZ>(�2urq � <k@?�"�Z92ÖZK

(
(

0
1

) @ ( 0
1

) &H6
� K )

T:`b6´¥(Ô f j < h�$ C�7co2` j T?&&%(' KD=8�Z� i�) # � 1
&+*�,ZKw= f )

@ i ! 2
§��

� Ã �
σ+σ− − σ−σ+ = σ3 ( "-# h ¿vÀ���:Á,�$3�`FuHqaÖ�7c92� G i ¿UÀc���VÁ,�83�`(ov>F�urq � <5@?�"��9ZÖ�7/.10-2F#"@ ��� ="T:` 6´¥"Ô f j < h e430& σ3

�(d�= f )
@�5(`�eD7Bu f

! 2
§��0¥(Ô h �w±�²´³vµ �.¼\`�9D7BeM60T��2��T j o.`F�Z�0K�3 i

σ+

3�¿ZÀ©�FÁ«�$�$Õ » Â�Ã] i
σ−
3(¿ZÀ©���aÁ«�0�.Ö.× Â�Ã ]�ov�Z� i

σ+σ−− σ−σ+

��6vE«@
ψ∗ψ− ψψ∗

T:�QCB¼\`U9$I
=�T87ZIvK�LoHGae8K

(
¨

(2.47) 9;: ) f(� erG i ! 2
§ h�<>=
? Æ&@ ² ��A��0§"�$K f�! 1

§"�
(

dW
dx

)2 h8¯v° �0¥�ÔU�vª2�«�2¬��©� i È(É8�kÆ$!2ovª.�«�2¬��B�"�$K f j < h SUSY
� * BUlvm

nUo�C"&Zo��.9Z`Ue0K f2� ewG i È\É$�«Æ !�oZª8�k�8¬v�:��3v#2/ � /\ª.�Q�2¬Z�:�"��D\E�� 2 ��.¼ � 9 i�<�=
? Æ&@ ² �>A2�$§�3U#�/ � /(ª2�k��¬\��"� 2 E D\E«&�FvSUKD=GC���¼ � ="T:`6 j T©�.K f�Q& j �.*1H2�"��I�Jk@GK-L(e8K f e$g i H h
Q∗Q+QQ∗ ��CQov�Z� i M N�O ( P+Q O 3�ReZu h

0)
TorGVe$K f o�SQoDq i H @ ·U¸�¹$º � h 3c ��8ID=�T i

〈ψ|H|ψ〉 = 〈ψ|Q∗Q|ψ〉+ 〈ψ|QQ∗|ψ〉
= ‖Q|ψ〉‖2 + ‖Q∗|ψ〉‖2

≥ 0 (2.14)
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Tco�=0>rq:�.K f j < h SUSY
�������.K f j�j � H

� P�Q �1�,@��(�2eD7Z¾"6 f
• ��� �
	$/ P�Q O 3�R(�����È�É8�DÆ0!Zo ��� �
	$/F3 E

���1�
|b〉
3\dU�2uwT�7ce57v¾�6��

H|b〉 = E|b〉
F |b〉 = 0 (2.15)

30��½Z�.�Z��>rq
Q∗ h ÈFÉ2�,Æ8!2o��1�,@�¿�Àc���VÁ\�5Æ$!�o��1�«&��7©e8K��

Q∗|b〉 = |f〉 (2.16)

� iQj � |f〉 3����\KD=$>D4�6�> i |b〉 ��%�� h `Q=$>D4�6 > i TV`�6 j T0@GK�L�9 �(e$K f
|f〉
�����"3

0
&vo�=$>D4�6�> 7(9 ��e57v¾"6H�

〈 f |f〉 = 〈 b|QQ∗|b〉
= 〈 b|Q∗Q+QQ∗

︸ ︷︷ ︸
H

|b〉

= E〈 b|b〉
6= 0 (2.17)

7Buv3\�.9 i�� g�%���3�`Fe0K f � h2i È(ÉU�$>Dq�����7Be57:u�3 i ¿ZÀc�b�VÁQ�0>wq����7B9«C+��©�.K f j < h SUSY
�

2
����Ê\;Q&�oU�Z9�`(e8K f |b〉 T |f〉 ��Ä«¾�6.4RÊ\;k@7v¾ �Z9v`Q=8>DqB�$K f

• ��� �
	$/ P�Q O 3 0
�����

j ����� h Ä"¾ �,T ��!�3#""�U�Z9F½Ze0K f `\e i

H|b〉 = 0 (2.18)

T o(= i |b〉 3\dU�2uwT�7ce57Z¾"6 f j �,T0½ i %��5@ �Q�29��k�56$T�K5="T i

〈 f |f〉 = 〈 b|QQ∗|b〉
= 〈 b|Q∗Q+QQ∗

︸ ︷︷ ︸
H

|b〉

= 0 (2.19)

T o(=8�Z� i�$ �>��[HTV`(��u#""o j T©3Uo2`rTRK�<"� i �%�"3
0
ov�v�

|f〉
C

0
�8K f Ë>rq i

Q∗|b〉 = 0

Q|b〉 = 0 (2.20)

�8K f %��"�\¿ZÀ©�b�aÁQ�03Uo.`\�Z� i(j < h SUSY
�

1
���ZÊv;��$K f ¿vÀ©���aÁQ�0>Dq�%��7B9"C�
�.�k6:&

1
���ZÊ\;(3'&�q�<�e$K f j < h BPS

�1��T:`�6C$�v�8K f
SUSY

�#( º �.Ê\;k@%�(�2uwT?½�&?ÊF;"�')«½�3c3'* 6+���Q3(drGVe8K f 4Q6,* 6R>wTa®F`(e$KT i
E > 0

�"�,6V& �.-0/ /210/��+*43«�
58�.-Z� h�i )"½vo?ÊU;
(
j ����� h

2
���vÊU;

)
3v�
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½\=.�F&0Xb7©9 i
E = 0

���56:& �
-0/ /218/�� O 3 � 3a<5=��wGG�DG:���Qev���5=�T ��!�3'"
�U�Z9 i ��� h �«G�� 3o$ÊU;

(1
����ÊU;

)
3v��½�e8K f Ê\;��
	�0��v3� 3�L?orG:e8K f j �� 3?o?Ê\;«@

BPS
����T©`v`(e0K

[7] fj <�& � `U9 h �(���,6a&����.eD72¾�6 f *'3«& ² /��T ² /��� ¹�� T:`b6�� h2i ² /��"��«@
g
i ² /��"�#�k@

L
T�K�<Q�

g = eiθL

= 1 + iθL+
1

2
(iθL)2 + · · · (2.21)

�.K f θ h ��-�/ / 1$/(� i.¯U°"h�Zº �.K�3 i L 3 SUSY
��Õ » ]"�5T0½ h A - #�.,� º &voGae8K f � C�7.C i ² /
���2Õ » ] L

3+�1�
|ψ〉
@$ÖH7:9v`Q=

(
K«oZ�(Ä

L|ψ〉 = 0)
T�K5="T i

eiθL|ψ〉 = (1 + iθL+
1

2
(iθL)2 + · · ·)|ψ〉

= |ψ〉 (2.22)

Tco�=.�Z� i«j ���1� |ψ〉 h ² /�«��"�� eiθL
&$X�7B9 $ "�ËwTV`�6 j T?&ZoHGVe$K fF� eHG j�

|ψ〉
Ta`�6 ����Ë � �8Êv;«@�� » 7:9�`\e0K f T j 	83�C�7 i |ψ〉 3 ² /�"�$Õ » ] L

��Ö 3�<
o.`

(
K«oZ�(Ä

L|ψ〉 6= 0)
T�K5="T i

eiθL|ψ〉 = |ψ̃〉 (6= |ψ〉) (2.23)

���,6a& i ��� |ψ〉 ��%�� |ψ̃〉 3����(9D7:e�`\e?K f j ����� h |ψ〉 Ë � � h ² /��Q��"��«&?XZK= $ " Iw@�� � j T©3U�F½vo«L9 i |ψ〉 i |ψ̃〉 ��� �.Ê�;«@�� » 7©e8K fj � j T?@ � �
SUSY

�?p"&! 15�7V9 �Fe,7.¾(6 f �(��=BÕ » ] h Q∗ i Q � 2 "
# dwG�e0K f
• E > 0

�����
���

|b〉
& � `F9#�4�2e$K f j �#��� hZi Q∗|b〉 = |f〉 6= 0, Q|b〉 = 0

3 » G%$ � �v� i �1�
|b〉
Ë � � h SUSY

"��«&0XZKD= $ " I5@�� � j TB3v�F½?g i 2 � ���>� |b〉 T |f〉 �«C$�29� �8ÊF;,@�� » KD= j T &UoHG©e8K f j < h SUSY
�

2
���UÊ\;"�8K f ��� |f〉 & � `F9�4�89«C���Q� ikj �#���rC i

2 � �+�1� |b〉 T |f〉 �QC.��9 SUSY
�

2
���vÊU;,@�� » 7e8K f

• E = 0
�����

��5&����
|b〉
& � `F9'�4��e$K f j �#��� h Q∗|b〉 = Q|b〉 = 0

3 » G%$ � ��� i ��� |b〉Ë � � SUSY
"�k& XZK5= $ " I5@��Q�292`\e?K f j ����� h2i �>� |b〉 Ë � � SUSY

�0Ê
;,@�� » 7ce0K f j < h SUSY

�
1
����Ê�;��$K f

j ���«6R&
E > 0

���0��T
E = 0

�%�0��T:���U]F3�*F�89��Fe0K f j�j ���29��\u �0� � 	0/& ¹ K5=�&�'\¨
E ≥ 0

h
Bogomol’nyi

$
( ¨MT*)U�$<,=vC$�v�
1 � � i(j � $
( ¨Q@ saturate

K
=

( + Ñ 3��w= i�(-, @ » $ 3R�w= )
�>�Q� j T$@

BPS
�>�bT�®(`(e0K f d�=?` h SUSY

�8l�.
�>�bT8CB®(�2e0K f BPS

�>� h
Non-BPS

�1�«&�F�LF9«�QG/� 3 o?Ê\;"&10b7:9Z`Fe$K f BPS
�

�(3
Non-BPS

���«&�2 �?=2& h2� <(Ë �!3 E�o5416 � @�7�&�7Bo � <"�Zo,q g i8�  Uo j T h eg�8 j G+&�e0��  f �$K(>wq ���0�v1��%�0�k& i�9�: o8[�];�R"@!< � 9QC i BPS
��� h

BPS
�

���UeveDTv4erG i
= `�>\� I5@!?�7ce0K fÅ(�!@v1(>wq i �v1Q&
BPS

����3Ud <"�
SUSY

$ "�o l�.����(3��0��K,= j T:38EF>HG�e0K fe�uA«& i �U1,&
BPS

���"3\o � <"� SUSY
$ "«o$l�.-����34����7e$�"  f �.KQ>wq i BPS
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����3Uo � <�� SUSY
3 4 ��n(& � <(e0K f (

XZY�I�3 4 ��nF& � <,=�T h�i ��� ��% �����03\d
=X�Y "��"� $ "��(d(=�&�C$>U>U�wq g i�� �8l�.�����3 � �.X�Y�"��"� $ "Q&�o5qo�`4���5@
®\`(e8K f )

j �"�56a& i
BPS

���k@&K;LZ<Q�
SUSY

3 4 ��n�& � <(9v`k=0>w4�6R>�32E(>�GVe
K

(
S4�Z� i

[8][9][10]) f� <F� � i
BPS

�>�«@���72L K-L«= j Tc&«7©e57$¾(6 f � �%�0�k& h.i SUSY � º (Witten �º T2C`�6 f )

tr(−1)F (2.24)

@ �(�U=$�Z3��	�«�0K
(Witten,1982 
 [11]) f E > 0

�,T?½ h2i ÈFÉU��T?¿vÀ©���aÁ«�03$XQ&Zov�
9��Z9��(e$K��v�

SUSY � º & h�� `U9F½�e?�"  f tr(−1)F
h

BPS
�1��Ë � @���29F½2e$K f ÈÉ8�DÆ8!2o

BPS
���«&0X�7B9 h @ - #

1
� ? ± �b%B7B9 i ¿UÀB���aÁF�5Æ8!2o

BPS
���Q&$X�7

9 h .�0�2\#
1
� ? ± ��% Kw=$��� i

SUSY � ºkh

tr(−1)F = (
ÈFÉ2�,Æ8!2o

BPS
�1�"� º

)− (
¿UÀB���VÁ\�5Æ8!2o

BPS
�>�Q� º

)

= nB − nF (2.25)

TcoHG:e$K f nB = 0, nF = 0
�(d?<Q�

BPS
���"3\o�`rT©`�6 j To��v� ikj �DT ½

SUSY
3 4

�Qn�& � <�9v`«= j T &�oHGVe.K f � �vu�tU& h SUSY � º 3 0
�(d�= j Tc3 ��� �8K f SUSY

� º 3 0
�\o � <"� SUSY

� 4 �Qn � < h 8 j G &�e$��  f39 i ���O��%'���"�
(2.13)

& � `\9 i SUSY � º @�� Ã 7©ew7�¾Q6 f S4��� i nB

@ K;LFu
� <Q� i

Q∗ψ(x) = 0

i.e.

{
1

i

d

dx
− idW (x)

dx

}
ϕB(x) = 0 (2.26)

∫
dx|ϕB(x)|2 < ∞ (2.27)

�����5@&K�L�<���`v`(�Z�.K�3 i CF¨\n�& h ¨
(2.26)

h���� & Ò � 9 i

ϕB(x) = e−W (x) (2.28)

TcoHGae8K f nF

& � `F9"C�&�5& i

Qψ(x) = 0

i.e.

{
1

i

d

dx
+ i

dW (x)

dx

}
ϕF (x) = 0 (2.29)

∫
dx|ϕF (x)|2 < ∞ (2.30)

�QG i
ϕF (x) = e+W (x) (2.31)

TcoHGae$K f Ò (2.28)
3����UKU<�� i

nB = 1
�(dDG i Ò

(2.31)
3��0�FK�<"�

nF = 1
�Fd(= j T

&ZoHGae$K f (2.28),(2.31)
30m4'��?Òk&�o(=$u\tU& h2iQj <�q:3������"�F½vo � <��UowGae0�"  f

(2.28), (2.31)
��C��0Ò"3������Q�F½F=0u\t�& h�i |x| → ∞ � exponential

���(3
−∞

To�= ���
3UdwGae0K f �"j � i W (x)

�
|x|
)\�U���5=��(`�@ i

W (x) ' λxn(λ 6= 0, n 6= 0)
Tv7©9 i

n
�� 

! & � `F9����UE � @k7:9+K�L�9 ��e0K¶�

9



• n =
 º �����

(
KQov�FÄ i

W (x) ' λx2, λx4, · · ·
�����

)

λ
3�R"o5q�

(2.28)
���

(nB = 1, nF = 0)
3 i

λ
3 N o5q�

(2.31)
� �

(nB = 0, nF = 1)3�� ��� ��� o ·v¸Q¹?º @��
�2e$K f �$K">Dq i

tr(−1)F = sign(λ) (2.32)

TcoDGRe?K f?� ewG ivj ����� h SUSY
3 4 ��nU& � <k= j T©3Ud5GRe ��  f S
�2� i n = 2ËwT i

�
1: W (x) ' x2

�����

x

x

W(x)

dW
 dx

�

�	� 


�

dW
 dx

�
�

� i ª.�k�2¬U�©�
V =

(
dW
dx

)2 ����(��.«& l�.��1��3��F½\=8� � �$K�3 iZ� � ��� � 	$/���k3��"�2u�G
0
ËwT©`�6 j Tc�8K f � < h�i W (x)

� j � # @��8Ä����8Ä��,T "4�.9kC i
|x|
)(�\���,@%"(�Zo � <Q�+*�B Ç ����� h � L ¸ >Fo�` i�� 6 `�6����U�.K f j < h� �@����.9�`«=?>DqD% ² �?�«o"!�38K,=$�v�$K(3 i ¦ZE2m(' h�$ x�@��8K f � j�j & h̄

@$#
<�9 i

h̄
�

WKB %�& @cI Gae?K�T i�' �(�)( ¸ §�3+*8/(�kT �Z9��«=8�Z�$K�3 i�� � ' �� �Uº 3 � 9 0
T:`�6 j T©�$K f ��h�i � º T:`b6�� h W (x)

�), % C(Ë � �.-�erG i2� ���/"&)0bqo.`(�Z� i * " �"��% $ "\[�&voU��9Z`«=�T:`�6 j TB�$K f
• n =

! º �����
(
KQov�FÄ i

W (x) ' λx1, λx3, . . .
�����

)

W (x)
3
x→ ±∞

�"1 , @ "
�0957:eM6 �2� i ��� � �� o ·Z¸�¹º"h �4��7:e �� 
(nB =

0, nF = 0) f �8K�>wq i
tr(−1)F = 0 (2.33)

T owG:e0K fF� eMG i«j ����� h SUSY
3 4 �"n(& � <�e$K f S �2� n = 3

Ë5T i

�
2: W (x) ' x3

�����

22
2

3
4

2

5765 298;: 5<65 2 =

2 23 4

6?> 2A@
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� i ��� C i ª��«�2¬��B�
V =

(
dW
dx

)2 �5T j 	�&�.�Q3 ��9��F9 i�� ��*�B ���«� � `«C
�v3 �0� � 	8/ 0

>54�6 >�3�����Tcov�29��k=$ v�$K�3 i�j ���������+� h�i ( ¸ ��ÁZ/.�
Áv/ *$/F�

0
o2 vË � 4 ��h %O� � � ��� � ��� �.	0/\3�Å\3��.9w7©ev�.9 0

�Uo«Lov�.9
7ceM6 i TV`�6 j T©�.K f

j �Q�56©& i � º,h W (x)
�, % C"Ë � ��-«eMG i�� ��� /k&"0 q o�`(��� i `(e W (x)

@
tW (x)

T©#���/.���kÆ @57:9 i 4B ,4© 4)�½"L\7V9 �(e?K f j �kT ½ ·Z¸�	�
 ¨ h�i t �#)Q½0`���0§"3 � `U9DL8=.�Z� i
t2
(
dW

dx

)2

ϕ(x) = 0 (2.34)

T oHG©e8K f ËU>rq i t → ∞ ����U� i�� ��� �.	2/ ·\¸Q¹$º,h dW
dx

= 0
T o�=

x %�� i K«o�(Ä
W (x)

������� %�� &������ (localize)
7e$K f ËU>Hq � ��� �
	2/ ·\¸Q¹$º 3QCQ72C2d�=T�K\<Q� i

W (x)
������� %�� &	Fª�/�% @�� � �D6ao"C8�\&Uo��Z9v`«= h gQ� iv� < h `(�U�

t2
(

dW
dx

)2 ����`�� ��& % - Æ @ 3a<�u������.K f � 6 `b6 ·�¸"¹0º 3Uo�`���G i�� ��� � 	./F�·U¸"¹$º«h drG &Qe0�Q  f u\Ë i�� 6 `�6 ·U¸"¹$º 3Fd���uU>wq�T©`(�Z9 i�� <�3�R��5& � ���� 	8/F� ·�¸�¹?º �Fd\=�T h �HGae?��  f T\G©d1�cg i W (x)
�������� % � dW

dx

3
1
�Q� � @!�

� C8�F@%����e57v¾Q6 :
dW

dx
' λ(x− x0) (2.35)

j �#���k&
W (x)

�����"�
x = x0

 % �U� ·v¸Q¹?º & � `\9�K-LF9��Fe$K f j �5T ½ i W (x)
h

W (x) ' 1

2
λ(x− x0)

2 (2.36)

TcoHG i ��� ��%��\��� h

H ' −1

2

d2

dx2
+

1

2
λ2(x− x0)

2 +
λ

2
σ3 (2.37)

TcoHG:e$K f j �8�b� ��%'�U���8� ! 1
§bT ! 2

§ h�i KUÑ�� ¸ ]"��C,@«7B9Z`F9 i�� � ��� �	$/ P�Q O«h 1
2 |λ|

�.K f � <�� ! 3
§,@"4"6 7k=$>��$K"3 i ���O��%��\���8� ��� �
	$/ P+Q O@

0
&,7:u�`(�Z� i

λ
3 R��,T?½ h�j �0§Q� ��� �.	8/ P�Q O @ −1

2λ
& i

λ
3 N �,T?½ h�j �0§

� ��� �
	$/ P�Q O @ +1
2λ
&0K�<Q�.`U`\��� i

σ3

��C">Dq i

λ < 0
�,T0½

ψ(x) '
(
e−

1
2
|λ|(x−x0)2

0

)
:
¿�Àc���aÁk�

(2.38)

λ > 0
�,T0½

ψ(x) '
(

0

e−
1
2
|λ|(x−x0)2

)
:
È(É\�

(2.39)

3$E�>HG�e$K f W (x)
@
tW (x)

T©#��2/.�"�QÆ @57©u,T ½�� ·v¸"¹ ºQh ÅZ¨F�
λ
@
tλ
&�"(��=0Ë

� �«�FL (
�b� ��%��U���

(2.37)
�kG

)
i

λ < 0
�5T?½

ψ(x) '
(
e−

1
2
|tλ|(x−x0)2

0

)
:
¿�Àc���VÁ«�

(2.40)

λ > 0
�5T?½

ψ(x) '
(

0

e−
1
2
|tλ|(x−x0)2

)
:
È(É\�

(2.41)

TBorGae0K f j <«@�7\98I�GVe0K�T i t @"4© 54B ')Q½�LU7©9$I"�.uDT ½v& ·v¸"¹ º 3����"� %��&#�
� ��K5=$�Z3Q�\L�E�>HG�e$K f evu i λ TV`b6R� h2i dW
dx

3
0
@%$D=�T ½.�

dW
dx

��&5½2�)1 ,

11



�
3: ( % & n )

� ��� � 	./ ·v¸Q¹?º � � ��I�T%����� %�� ��� dW
dx

� &D½«Tc� ¹!�
�����

�

�	�� � �


��

�	�� �




�����

�







� 

�$K">rq i dW
dx

� A - ¿83 ) Å\3�G:&
x � @�$U<Q� �«j &ZÈ(É.�5Æ8!2o ( % & n )

� ��� �.	8/ ·¸Q¹0º
ϕB(x)

38Ì � i dW
dx

� A - ¿23 )QÇ 3MGB&
x � @ $\<Q� �kj &\¿�ÀB� �VÁF�,Æ$!vo ( %+&n

)
� ��� �
	$/ ·v¸"¹0º ϕF (x)

30Ì�ÍrT©`b6 j Tc�$K¶�
S(�Z�

dW
dx

3.�����56�o�C�ËwT

�
4:

�

�	�� �

�

����� ������ �

���

�

�

�

x = xB

&vÈFÉ.�,Æ$!�o
( %�& n )

� ��� �.	$/ ·v¸�¹0º 3��'� 7:9 i x = xF

¿ZÀ�b�:ÁU�kÆ$!�o
( %+& n )

� ��� �.	./ ·�¸«¹$º 3��4� 7e$K f � hviQj < h m 'v& � ��� � 	8/ ·�¸Q¹$º &�o��92`«=0>,T:`Z`\e?K�T i(j �%��� h2� 6Rov�892`Fe ��  f j ����� h W (x) ' x3
o��Z�

10 � /�-��@\1�7©u"�,6a& i È(É.�kÆ0!Zo
( � � )

� ��� � 	8/ ·v¸Q¹?º � º C 0
Ëw7 i ¿ZÀB���aÁ\�kÆ0!

o
( � � )

� ��� � 	$/ ·v¸Q¹?º � º C 0
�$K

(nB = 0, nF = 0) f ( � � )
� ��� �.	$/ ·�¸"¹?º �ºQh

W (x)
�), % n	�D= �(`FË � ��-�eMGVe8KQ�v� i«j �;A - ¿U@���L� 	«h�� tZ92Å�� 	! #"

$ "1C�7B9$Iw=�T i

�
5:
ÈFÉ2�,Æ8!2o

( % & n )
� ��� �
	$/ ·�¸"¹0º T0¿�Àc���aÁF�,Æ8!2o ( % & n )

� ��� �
	$/·v¸Q¹?ºkh � �Z�2XUÖ2×�7B9D7ceM6 f

%'& (*) & (+),- %

. (.0/

1325476813254, -132:9;6<132:9 =-,

( (

. (.	/

12



�Q�56:&�orG i«j <bq h � �v�2X\Ö�× 7©9r7ce�6 j TB32E">MG:e$K f j �+�1� h���hZi %�� � ���� � � `(&�� �(G,��` i ��� � 	./\3��kÄ$ÅF3F��9 i � �v��Ö.×\KD= �1���8K f �.K�>rq i

( % & n � ��� �
	$/ ·v¸Q¹?º � º ) ≥ ( � � � ��� � 	./ ·U¸�¹$º � º ) (2.42)

3 » G $"Ä2e8K f � �0N«P0Kw=�T iQj 6 `�6 j T©�.K��

• nB = 0, nF = 0
�#���

xx

(2.42)
� (�,�$ » $ (2.42)

� (-, » $

• nB = 1, nF = 0
�#���

xx

(2.42)
� (�,�$ » $ (2.42)

� (-, » $
uUËr7 i XFÖ2× h È(ÉF�"T0¿�Àc���VÁk�.� � �U��8 j =.��� i SUSY � º«h "��MG:e0�Q  f �8K>Dq i

SUSY � º @�� Gau � <��������� % � �5= �(`FË � @ K;LZ<Q�.`�`rT:`�6 j TB�8K f
2.2 �����	��
���������
��� p�7:u j T0@0¦�" º &�� �r7©9��(eD7Z¾"6 f ��� hZi ¢\£ h n

" º dwGVe$K��

(x1, x2, · · · , xn) (2.43)

3�U½ h2i ¿�À©���aÁQ� h
1 � Ë � dZ��9 i �w±�²´³Uµ @ Õ » i Ö2× ÂUÃ ]MT:`F�2uU� � �$K�3 iÁ � 5a/ 10/FnF&8¼ � � ikj 6 `b6���6:&0¼ � e$K¶�

(ψ1, ψ2, · · · , ψn) :
¿UÀc���aÁk�$��Ö8× Â�Ã ]

(ψ∗1, ψ∗2, · · · , ψ∗n) :
¿UÀc���aÁk�$�2Õ » Â�Ã ] (2.44)
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¢v£Q3
n "�# dF=8�Z� i ψ C n � � � @!�,Ä2e0K f 3�v½�� �w±�²´³vµ σ−

3Z`\e��
ψ
& i

σ+

3
ψ∗
&&% '«7ce0K f j <�qB�(¿�Àc���VÁ«������ ¹��5h

{
ψi, ψ∗j

}
= gij

{
ψi, ψj

}
=
{
ψ∗i, ψ∗j

}
= 0 (2.45)

� ������orG:e$K f � <�� i 3?�U½«T���8�����0�b�O�
	'�\���v@?��Gauv`F ��.K� i���� � ���� �����

Q∗ =
1√
2
ψ∗j

{
1

i

∂

∂xj
− i∂h(x)

∂xj

}

Q =
1√
2
ψj

{
1

i

∂

∂xj
+ i

∂h(x)

∂xj

}
(2.46)

Ta�Z�vK������

H = −1

2

(
gij ∂2

∂xi∂xj
+ gij ∂h

∂xi

∂h

∂xj

)
+

1

2
(ψ∗iψj − ψiψ∗j)

D2h

DxiDxj
(2.47)

�����! #"
(D $#%�& �('�)�*�+�, " ) - Witten $�. �(/�0�1 ��2�354 � / ���76�8 � �:9<; �>=?A@  �B�C
(1982 D [12]) -�E5F�G M

��B 4 $ �IHKJ�L(M�N�OQP �SR N�TVUKJ  7"XW

Y
6: EIF�G M

��Z\[ 9>]
h

h(x)
x

M

.

 ^C
W
��B 4 � Z�[ 9(]

h
T<_ 3�4I`  (" -�. N � @#a^b 9(] $ h(x)

N^cId�e�fhg�i B� 5" -
. N � @ f5�QjhNSOKP �>k^l�m#n�o�p 1Aq(r a:b 9>] f � ��s#t�T<UAJ 4�u  �BIv P - [ 3 @ $ �
W
N�c7d^e

(x = x0) w:x , 1 y N n Tz_�{ R N�TVU�J^s � � W (x) ' 1
2λ(x−x0)

2
�h�|�} �B~C -� ��c(d�e w�x ,(�K� �h����� T � �SL��

h(x) ' 1

2

n∑

j=1

λ(j)(x
j − xj

0)
2 (2.48)

�h���! (" -|. �ATIc(d�e w�x ,7*�+ " s �
∂h

∂xj
= λ(j)(x

j − xj
0) (2.49)

�>���z (" -|. N � @ f��|jVNAO\P �5k�l�m5n�o^p 1�qIr a�b 95] f � �|s(t , "�m �:�:� $:�
λ(j)

N(����fV� �� 7" -��  λ(j) $ n � +K� �~ (" t|�}�Q�>����f B 4(����� ���z�����#�A�(-
14



�
(2.48)

O�� � h N Hessian ∂2h
∂xi∂xj $ P �������
	 , @ 4 ��� B 4 ��� C��� 1�������� (2.47)N��

1 � � � 2 ��$���� � N , �A. N �� 1������ � $I�
H = −1

2

n∑

j=1

(
∂2

∂x2
j

+ λ2
(j)(x

j − xj
0)

2 +
1

2
λ(j)(ψ

∗
jψj − ψjψ

∗
j )

)
(2.50)

� � � � " -|. � $�! j "�� f 1
):] N$#
%AN �& 1'�������

(2.37) �)(&�+*-,/.10 T B 4 ���" -32 t�� (�� [ 3 @ �4*-, k�5 f � � � " - [ 3 @ $:� λ m76 ,�� �AL98�: 1 <; � T4=?> �
��� λ mA@ ,�� ��LB81: 1 C; � T4=?>�s ��� P .�� , BzC - , " t|� � c5d�e w�x , n�o^p 1q7r a:b 9>] T<UQJ�s ���K. N�D +S, $ a:b 9#] $ (2.38) �E*-,/F T B 4 � 4

Φ(x) ' exp



−

1

2

n∑

j=1

|λ(j)|(xj − xj
0)

2



ψ

∗
i1
· · ·ψ∗ip |0〉 (2.51)

� � � � " -Q.�. , � {ik}k=1,···,p $ λ(ik)

mA@ f � s�OKP �4G3H (�G N<g�% , " - λ(j)

m4@ N G�H
f $ 8�: 1 I; � TJ=3>�s �!� P .�� , " -�. � $ R$K1L �7x7MBN n�o�p 1Aq7r a�b 9V]�, " -�!c(d�e�f$O � 4 � Z|[ 9#] h

N
Hessian

N @ N�P$Q7RAN ] m xSM3N n�o:p 1Qq(r a^b 97] N 81:1 C; �z] f�T1U B � " -�x7M3N n�o^p 1Qq5r a�b 97] NB8�: 1 �; �z] m p
,�� s(cId�e�N�V

] T
mp
,�W " .�� f B � BIv P - mp

N .�� T /�r�X�Y:] ���:��� " - HQJ�L � 17 Z r [ N Y 2
��� m0 = 2,m1 = 6,m2 = 2

, " -1( 4 N:c5d�e�N�\1]�TE%_^ � C SUSY
Y�] $

tr(−1)F =
∑
`ba�c (−1)p

=
n∑

p=0

(−1)pmp (2.52)

� � � � " -� �+d Bfe fAg 354 . N W � Tih�NJj�e�t\� UAJ 45u � B5v P - h(x) ��� P N $ t k B 4 R O
�}� X1l�r513�?min B 4 R �:� B � 0

f x1o�� 4 R �:���~� P .�� , B�C N , � K�v 3 �)pBq T B4Iu � " W

Q∗
t = ψ∗j

{
1

i

∂

∂xj
− it∂h(x)

∂xj

}
, r f Q∗

0 = ψ∗j
1

i

∂

∂xj

Qt = ψj

{
1

i

∂

∂xj
+ it

∂h(x)

∂xj

}
, r f Q0 = ψj 1

i

∂

∂xj
(2.53)

s
t N f $ Q∗
0 � Q0

T ��� C t 3 C ^ � , "�m �A. N ; Z�u r3v7r T ��� s(N $ { � � N , Q∗
t �

Qt

N F f+w 3�4 � �I� , � t T4x @ � B 4$y s � a^b 97] m7z7{�" s(N , � . T ��� C �\� UKJ
� B:v P -� � t = 0

, UKJ � B:v P - a:b 9#] $ j � � .S0 T B 4 � s(t �}|���� " ��� 81: 1 �; �m
p
V � sA~ �

Φ(x) = Φi1,···,ip(x)ψ
∗i1 · · ·ψ∗ip |0〉 (2.54)

N F T<_ K � " - C 2 B Φi1,···,ip(x) $���� N����S��J^f7{ � 4�� (1�9�1� , " -�. ��f Q∗
0

T4�
� [ � s ��� ;�] TJ�S� " �SL

Q∗
0Φ(x) = ∂jΦi1,···,ip(x)ψ

∗jψ∗i1 · · ·ψ∗ip |0〉 (2.55)
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� � � � " - T G p
M *�+ F �

ω = ωi1,···,ip(x)dx
i1 ∧ · · · ∧ dxip (2.56)

f � " s � *�+ d
N�� � $

dω = ∂jωi1,···,ip(x)dx
j ∧ dxi1 ∧ · · · ∧ dxip (2.57)

, " t\� � 8S: 1 �; � N�� ������� ψ∗ $ *�+ F � (
�	� � o u�
 �&� ) dx TV{ � s �~� P���f � Q∗

0 $ � *�+ d
f ��� " s .S� m + t&� � "XW

ψ∗ ←→ dx ∧ (2.58)

Q∗
0 ←→ d (2.59)

� C � Φ(x)
f
Q0

TA� � [ � s ���
Q0Φ(x) = (−1)k−1∂ikΦi1,···,ik,···,ip(x)ψ

∗i1 · · · ψ̂∗ik · · ·ψ∗ip |0〉 (2.60)

� � � � " (ψ̂∗ik
N
̂ $ ψ∗ik

T�� ���Qs �z� P���� ) - T G p
M *�+ F � (2.56)

f � " s � � *+
d
N����9� ���

(adjoint operator) δ
N�� � $

δω = (−1)k−1∂ikωi1,···,ik,···,ip(x)dx
i1 ∧ · · · d̂xik · · · ∧ dxip (2.61)

, " t�� � 8S: 1 �; � N���� ����� ψ $ *�+ F � dx
T � �!�\s �z� P"�9� � " � ^ K$# D�%

(interior product)
f � Q0 $ � *�+ d

N������ �&�
δ
f ��� B � "XW

ψ ←→ d̂x (2.62)

Q0 ←→ δ (2.63)

, " t�� � Q∗
t $ � *�+ d

T � Qt $ � *�+ d
N$���B� ���

δ
T d B(' , 3�4 � 3 C OQP � R N �UAJK� � � " -*)�+�� � (2.53)

O_� � Q∗
t � Qt $ M�N�OQP!f�, @ W " .�� R , @ � "XW

Q∗
t = e−th(x)

(
ψ∗j

1

i

∂

∂xj

)
eth(x)

Qt = eth(x)
(
ψj 1

i

∂

∂xj

)
e−th(x) (2.64)

h(x) $�- � 4 B � P .S� f " s ��� �& 1'���1�3� $
H = Q∗

0Q0 +Q0Q
∗
0

= dδ + δd

= ∆ (2.65)

, " -�. � $ � n ��. � �>, " - , " t�� �0/ N n�o�p 1�q(r a:b 9V] ThUKJ^s ��� P .��<$5� �n ��. � � N n /^r21 � " � ^ K ��3 *�+ F � ThUAJ�s .�� f ��� B � " -�� C � 8�: 1 I; � m
p
V � s k�l $ p

M *�+ F � f ��� B � " - BPS
k�l $ Q∗

0

, R
Q0
, R � [ �\s k15 , BzC^m �

. � $ d
, R

δ
, R � [ �\s *�+ F � f ��� " s7N , � �*3 *�+ F � 2���� P .�� , " - (

6�4 f
$5� � (2.64)

N�OQP!f � eth(x)
f�O:s

conjugation 2�� N65^� m � � � "�m � conjugation
N�7 , �
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�&3 *�+ F � $ ��3 *�+ F � f�P { [ �Qs7N , ��. N ���K$ @ K ��� � ��� K � " ) - p
M ��3 *

+ F � N ] T�� m��7] �~��� bp
,�W B � " -

bp $ 81: 1 �; � m�� � / N n�o�p 1Aq5r a�b 97] N ] T W " N , � SUSY
Y�] $

tr(−1)F =
n∑

p=0

(−1)pbp

= χ(M) (2.66)

� � � � " - � (2.52)(2.66)
O?� �

χ(M) =
n∑

p=0

(−1)pmp (2.67)

m + t&� � "�m ��. � $�� /�rBX 6�8 N s1t	� 6 � B 4�
 �!� 4 � s R N , " [13] - c�d�e x�N 0�r�v 2�� , �:E(F�G N ; �Q� r�] m + t 3�4 B � P ��� P � 6 , " -
� C � � (2.42) � 14 Z r [ N�� 8 t�� �

mp ≥ bp (2.68)

m � ��� K � " (
M Y����

) -
h(x)

•© : x
M N n�o^p 1Qq7r a:b 9>] N8S: 1 C; ��] m
2
,�� s#cId�e

• : x7M3N n�o�p 1Aq5r a�b 97] N8S: 1 C; ��] m
1
,�� s#cId�e

× : xSM N n�o^p 1Qq7r a:b 9>] N8S: 1 C; ��] m
0
,�� s#cId�e

m2 = 2 (≥ b2 = 1)

m1 = 6 (≥ b1 = 4)

m0 = 2 (≥ b0 = 1)

. � $ /�rBX 6�8 f$O � 4� �7F N /�r9X���� � � B 4�
 �}� 4 � s R N , " - mp

m
bp
O?� R

T��KfAx @ � � s(N $5� mp

m c(d�e x�� N 0^r v N u t�� � � s C > �(E(F�G N$x� N � �����[7r T ��J @ ��5 � bp T 6�4 f�!#" B @ � � �Q.�� t\� @ 4 ���%$5-|. �'& ��(9�1�*)��#+�, ,-#. $ s ���$! c(d�e x� f�/ �Ir � T�_�{ a�b 97] (2.51)
jSP B N�0 � � % � T+�
� BzC .��t�� @ 4 ���%$(- 2

{�N a:b 9V] f%0 � � % � m � s ��� �f� p 1�12S,�3 � f�4 , � % �^� O�NO�N�N o^p 1Qq(r65 y m _ K�7�m s .�� m � � ��$7-�. N C > �5x1M3N n�o^p 1Qq(r a�b 97] N] & � / N n�o�p 1Aq5r a�b 97] N ] O?� R T�Kf�x @ � � s$^ � , $(-
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� ��F N /�r�X��6� �
λ∑

p=0

(−1)λ+pmp ≥
λ∑

p=0

(−1)λ+pbp (2.69)

N����:f & ��. N �/� p 1�12 ( $ � ^ K � �4X�v9�&�/� N 1 2 )
TVU���fJ�^�Qs��
	 m � � �%$(-� � 3 � f /�rBX$Y^] m 1 2S��� � s�&� % P}c(d�e�T>UKJ�s ��� a^b 9#] N�0 � � % � &:c5deAT����������&7���f�� 3�4 �Bx � � � � �)� p 1*162 &�������N G?H f�� 3�4 � , s � UQJA�� ��$(-|. N���� ��7�� �I! c�d�eSf�O � s (

8�: 1 �; � N�!�" G_H N
) # � � � 1 T � � 4 �

$ �&% ��')( r · ; Z�u r3v#r T �+* $ s .�� m , @ ��$7- $ �&% ��',( r · ; Z&u r3v>r & 2 -� � [ � s � 0
f � � ��$ N , �/.�G (Witten .�G��!� P )

m �+* [ � ��. ��t�� � ��F N /:r�X
�#� � m ��tI� ��$(-�0�p f({ � 4 & Witten

N�1 8
2
[12]
T4365 7 [ �(-

. N�OKP~f ��(��S�*)��#+�, & /^r�X 6:8 N+7�	 � � 2 T48�9�f�:�; B �%$(-�(��7�*)$� +�,& �#)��#+�, N �)� p 1�162 T � � 4 E5F�G N:cId�e�N�<�f$T � N5{ � m �<T=� @ � /�r9X 6^8T�>�? $ s R N , $(-K. NSOKP �4G�@ & Witten A+B�C � � � � � 4 � � 5 N �4G�@ � � � � B�C
[14] -�. N�D�E 7 f � s 6:8 m � Floer

N 6^8 , $ [15] -
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3 4
���

N = 2 Super Yang-Mills ���
3.1 N = 2 Super Yang-Mills ���
	�������

N = 2
N

Super Yang-Mills
6^8 t��/��� B 4 � TFT

m j�P y�354�� � [ ��s#N�t�T ����4Iu
� B:v P (Witten,1988 D [1]) -�^N��Sf � N = 1

N
Super Yang-Mills

6�8 f>{ � 4 O [ � ��$ s .�� f B ��$ [16] - N = 1
6

8 N E 0 � (multiplet)
f & ��� r3[ # ��� r�[7r�� m � s � � � 1 E 0 ���z� �5��t|� X�� � r# � X! ���1 #�t�� � s � �A� 1 E 0 � m � 3�4 ��( D , M�N�OQP~f � � ��$ W

(A a
µ , λ

a) : N = 1
� � � 1 E 0 � (3.1)

(ψa, φa) : N = 1
� �A� 1 E 0 � (3.2)

� �|� 1 E 0 � & 0 @ � W ; , U|J�s .A� m , @ �$7- , $ t�� � � & � �|� 1 E 0 � &����
(adjoint)

W ; ,�� s � B � BIv P -Q. � �~� � � � 1 E 0 � TE%3^ � 4 N = 2
N�� � � 1 E 0 �f � � ��$ W

N = 2
� � � 1 E 0 �

A a
µ

λa ψa

φa

(3.3)

A a
µ

&�� � � 1
(
X� ��

1) � λa � ψa
&#" � 13X! $��1

(
X� ��

1/2) � φa
& . � X�� � r (

X! ��
0)
, $(- N = 2

N$#
%Qf & ��. � ( DQTi%�^ � 4 1
{�N98�%  (}r � UKJ 4 1

{SN%� � � 1 E 0
���'& � .�� f B ��$5- N = 2

N r�( &�8�: 1 �; � m 2
V � s �~� P .�� , $(-������ λ, ψ �, @ � B�C:m ��. ��� & r f�)4h $ s ��		& � � 4 � ψ1, ψ2 � , R , � 4*� ���>���#-[ 4 � ~,+'&.- r � (�m 1 + < 2\� B ��$ �z� ~$+AT -�$1�1�$/ SO(4)

m

SO(4) ' SU(2)L × SU(2)R (3.4)

� + - B �%$(- ' & z�0 *�1 �z� P�� � , $5- N = 2
N X�r�2�r��#37r [

Qαi, Q̄
α̇
i ( i = 1, 2 )

N
)�� ] &

SU(2)L × SU(2)R

Qαi (
1

2
, 0)

Q̄α̇
i (0,

1

2
)

(3.5)

, $5-5476 N�i�N98 � + m SU(2)L �.476 N�i�N9: � + m SU(2)R

f#{ � 4 N X� �� T W B �%$5-
E 0 � f*; $ s>���=<���N$#�f({ � 4 & �

SU(2)L × SU(2)R

Aµ (
1

2
,
1

2
)

ψi (
1

2
, 0)

ψ̄i (0,
1

2
)

φ (0, 0)

φ̄ (0, 0)

(3.6)
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, $5-�.^. , ψi = (λ, ψ) , ψ̄i = (λ̄, ψ̄) (i = 1, 2)
, $ (̄

&
CPT

��� T W B ��$ ) -��� , ��. N 6:8 t|� TFT
T+��s y � G , $ m � �I��&5M�NSO�P!f B ��$7-�� 5 � N = 2

N
r,( &�8�: 1 I; � m 2

V � s .�� , $7- { � � � X�r,2�r6�73<r�[ m 2
V � s#N , ��. N 2

{�N
���1��JIN

U(2)
N

global
� �1��/ m � s ��� P .�� f � � ��$5-|. N �1��/ T R-symmetry �

�:���%$(- R-symmetry
&

SUSY �9r N R N , $(-�. N R � [ 3 @ N R (Right
N

R) � ,�� � m
*-, ,�� % m�� � N , � R-symmetry

f � B 4 & # D �S��/ (Internal Symmetry)
N
	 2 � I

T
�
� f 2 P .S� f B ��$(-|. N R-symmetry

& � X�r�2�r ��� θi (i = 1, 2)
f � B 4 �

SU(2)I : θi → R j
i θj R j

i ∈ SU(2) (3.7)

U(1)I : θi → e−iαθi (3.8)

NSO�P!f$� � B ��$(-��S� (3.7)
& �

SU(2)I ⊃ U(1)J : θ1 → e−iαθ1 , θ2 → eiαθ2 (3.9)

� � � �%$(- U(1)J

&
σ3

f�O 3#4 � � [ �Ks SU(2)I

N4D +�S, $5-�. N ��� N�7 � � � � ���:��$[
�B� m ���Ks �!� P�����t�� � [ 3 @ N E 0 � N ���$/ m�� � � ��$5- Wα = (λa, A a
µ ) , Φ =

(φa, ψa) � W $����

U(1)I :

{
Wα(θ) → eiαWα(e−iαθ)

Φ(θ) → e2iαΦ(e−iαθ)
(3.10)

U(1)J :

{
Wα(θ) → eiαWα(e−iαθ)

Φ(θ) → Φ(e−iαθ)
(3.11)

� � s .S� m + t&� ��$(- Wα ' λ+ θ∂A , Φ ' φ+ θψ
O?� ��!:� + N�#�N �
��/ & �

U(1)I :





Aµ → Aµ

λ → eiαλ

ψ → eiαψ

φ → e2iαφ

(3.12)

U(1)J :





Aµ → Aµ

λ → eiαλ

ψ → e−iαψ

φ → φ

(3.13)

� � � ��$7-�. N �
�5/ T =
y $&� $ s C >^f �$!^� + N$#QT ' ��� /�� 1 1 f�, @ W BzC ^ �, $5-��
��/ R � J 4 �:E 0 � T R P T��*, � 4 O @ �%$ W

N = 2
� � � 1 E 0 � ��N

CPT conjugate

U(1)I U(1)I

A a
µ 0 A a

µ 0

λa ψa 1 λ̄a ψ̄a −1

φa 2 φ̄a −2

U(1)J 1 0 −1 U(1)J −1 0 1

(3.14)
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A 7 N )�� ] T �\� >�s ���
SU(2)L × SU(2)R × SU(2)I × U(1)I

Qαi (
1

2
, 0 ,

1

2
, −1 )

Q̄α̇
i ( 0 ,

1

2
,

1

2
, 1 )

Aµ (
1

2
,

1

2
, 0 , 0 )

ψi (
1

2
, 0 ,

1

2
, 1 )

ψ̄i ( 0 ,
1

2
,

1

2
, −1 )

φ ( 0 , 0 , 0 , 2 )

φ̄ ( 0 , 0 , 0 , −2 )

(3.15)

� � � �%$(-�. � m �K� R �>6:8 N � { � � � 8 � [ �71 �#6�8 N )$� ] � N , $ m ��. ��T � �
�$[$�71 �>6�8 N )�� ] f�, @ � J�s .S� T B ��$5-�)�� ] N�� u � J�T�� ����$(-X�r,2�r6�=3<r�[

Qαi

N��
i
& # D5+�<^N -�� f 9 $ s�� , � � α

& � D�+6< � s � &�~,+�N
-�� f 9 $ s	� � � , $ m ��. � �>T *-, R N 2\��
 3�4 B � P �|��� P .�� T B ��$(-�. N6��KT��� X �

(twist) �I|�����$(- ] ,BN f6& �1� 3 (diagonal sum)
T ��s �z� P |�� G T B �

$(-���� SU(2)R � SU(2)I � T *-,C2|��
 3I4 � SU(2)R′ � , @ �%$ W

SU(2)R′ = SU(2)R

�����
⊕ SU(2)I (3.16)

. � & )�� ] N�: �+* , $5- X! 
� N�% � f�O 3I4 SU(2)R′

N )�� ] &5M�N�OKP�f � � ��$ W
SU(2)L × SU(2)R × SU(2)I × U(1)I SU(2)L × SU(2)R′ × U(1)I

Qαi (
1

2
, 0,

1

2︸︷︷︸
)−1

�������
−→ (

1

2
,
1

2
)−1

Q̄α̇
i (0,

1

2
,
1

2︸︷︷︸
)1

�������
−→ (0, 1)1 ⊕ (0, 0)1︸ ︷︷ ︸

Q : BRST � �"!$#

(3.17)

Q̄α̇
i

f�O � 4 � X! 
� 1/2 � X� �� 1/2
N4% � fSO_� X! 
� 1 � X� �� 0

m , @ � BzC (1
2 ⊗ 1

2 =

1⊕ 0) -,4 6 N9:�7�N �
� & U(1)I
��3<r [ � $ � ^ K&% r�X � ] T W B �%$(-K. � ,�' m y � Ct 3 C t �f|����%$�����.^. f (0, 0) �!� P N m � 45` ��$ m ��. ��& �B�$� � X$� � r�, � ) &

BRST
��3>r3[ f �:3I4 ����$7-�)�+�� 2 ( B 4 0

f � � ��$ ( ) + f 4 t9>�s .�� m , @ �%$ ) -
. �QT Q � , �5.S� f B ��$7-� t�� �A. � m BRST

; Z�u r_v7r f � s�OQP �76^8 f 	\� 4 � ���z� P}N�T =�4�u s .S�f B � B�v P - $ � ^ K � N = 2
N (��
� �>6^8 t\� )�� ] N*) u � J:T B 4 BRST

� � �>6:8T+��s �z� P .�� , $5- j�P B 4 .>� � .S� m y � C � t�&	+-, + t � �%$5-
. � �E* ,7.�� TS8
: 1 }; � f#{ � 4 R � ����$5- XIr$2�r6��3#rB[ � 8
: 1 �; � � & )

� ] & *-, , $ t�� *-,7.S� m/. . � ��$(- ���AT , @ 7 $�� M�N�OKP�f � � ��$ W
SU(2)L × SU(2)R′ × U(1)I

ψa
µ (

1

2
,
1

2
)1

χ+a
µν (0, 1)−1

ηa (0, 0)−1

(3.18)

X� 
�
1
N
ψa

µ

&�� � � 1�, $ m �3��� � ) , $5- { � � % r X � (Ghost)
, $7- χ+a

µν

&10�2	3

� (Self-Dual)
�

2 F � , ��� % rBX � , $ (
0�2�3 � t � 0	2�3 � (Anti Self-Dual)

t*& $ � �
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� . � � f�O_� �%$(- ) - ηa
& X�� � r�, $(- χ+a

µν � ηa
&
ψ̄i

T� � X � B 4�� � � C�R N , $(-R � R � 8�: 1 }; � m 2
V � 3 C 6�8 t�� � � � � 1 � 0	2	3 � � 2 F � � X5� � r m � 4I`4 � t � � � ��� m $ s � , $ m �$) & . � m�� � P � � & � � ��$�� Yang-Mills

� ��XBvB���
� N�� [
	 �	��+�<:N ��� f��� C � % ����$���ANA#Kf#{ ��� & �

SU(2)L × SU(2)R′ × U(1)I

Aµ (
1

2
,
1

2
)0

φ (0, 0)2

φ̄ (0, 0)−2

(3.19)

� $���� #����'&�� � � R N � $�� � ��� 6�4 f#&����1# H � �"! � �|�z�S� � �$# � $ m �&%' #�( > � H = 0 ��)h�%$��
N = 2 *,+.- &�/"0214365�0,7 A�89-�:6;=< 1 >�?�# 5,@A7CB�D�E )GFIH�� �KJ �ML�N�O�P 5@,72QSR�R : N = 1 T,N.U 3
5�@,7 � 2 V,W � �
XA��Y[Z ��Q\B � X�F�H^]

N = 2 T,N.U 3
5�@,7

U(1)I

ψa
q −1

qa q̃†a 0

ψ̃†aq 1

U(1)J 1 0 −1

(3.20)

ψq _
` N 3�a.bAcK3 (
a9bAd

1/2) e,: q _ f6g a T�U�P (
a.bAd

0) e&H�hCFA(,: q, ψq #�i�H[Z\jk _ l$m e�:�nI#&j k � R
Qpo.q�r : q̃, ψ̃q _ R #�s�t�j k R∗ -&iu)KF�H�hAv,wAx _ U,y�U d�z{ d # ∫ d2θ

√
2Q̃ΦQ ( Q = (q, ψq) , Q̃ = (q̃, ψ̃q) ) #�|�v�x.}�~p��F���F[)G�,:

U(1)I :

{
Q(θ) → Q(e−iαθ)

Q̃(θ) → Q̃(e−iαθ)
(3.21)

U(1)J :

{
Q(θ) → eiαQ(e−iαθ)

Q̃(θ) → eiαQ̃(e−iαθ)
(3.22)

QM� ��F�H�h�n J }�~S:��,�
�C������vAw�x B �6}u��F&H�]

U(1)I :





q → q

ψq → e−iαψq

q̃† → q̃†

ψ̃†q → eiαψ̃†q

(3.23)

U(1)J :





q → eiαq

ψq → ψq

q̃† → e−iαq̃†

ψ̃†q → ψ̃†q

(3.24)
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n J ~\� �������&o X���H Q :
SU(2)L × SU(2)R × SU(2)I × U(1)I

ψq (
1

2
, 0 , 0 , −1 )

q ( 0 , 0 ,
1

2
, 0 )

q̃† ( 0 , 0 ,
1

2
, 0 )

ψ̃†q ( 0 ,
1

2
, 0 , 1 )

(3.25)

�
	[<�- � �KF&H�h�n J ~M-�V R ��;��&N a 1��� < Q : ����� _ :
SU(2)L × SU(2)R′ × U(1)I

ψq (
1

2
, 0)−1

q (0,
1

2
)0

q̃† (0,
1

2
)0

ψ̃†q (0,
1

2
)1

(3.26)

Q�� �KF�H�h�n���L�N�O
P 5�@�7 -�V R � _ n�n&e _�� R F���� B :���N a 1 )G(�L$N�O$P 5,@7 _�� c�� P 3 (monopole) �����
e����! \F�H (Witten,1994 " [17]) h# ��:9n�n�}�~ _ /[0 1 3�5,@�7 -�$ �&%  MF�H�h�F�'(��N a 1 �*).��n J ~M� BRST v,w+ B-, < � Z�}�e�H B :.n J _ ; Q ; Q �/.1032$v,w9}�~54�6"n QGB eCX,F�H�h87 J _�9�: � Q; ��Z���e�H B/<>= � Z���e&?A@B MF&H�h BRST v,w + _
δA a

µ = iεψµ

δψµ = −εDµφ

δφ = 0

δφ̄ = 2iεη (3.27)

δη =
1

2
ε[φ, φ̄]

δχµν = ε(Fµν +
1

2
εµνρσF

ρσ)

QM� �KF�H�h a P,O
P�C
D�P z Q ��EMP a 1F� _ 1 e�H�}�~ (Q _ Q̄α̇
i ( E�P a 1G� 1)

� ��N a1  \��Y�H*I���e ) :����8E P a 1J�K�MLON J�r/P �&v�w + B�Q�RTS*U e$XAFIH�h/VTW�� H
��X�J

��Y�ZC-�[T\�H�Z Q : Q2 = 0 ( δ2 = 0 )
Q � �SF�H�h
],P z vAw.��|1^�x _&_ ��F�H B :CX 9 �Qa` *CeCX�F�H�hb -$U�y�U d�z { d (Lagrangian) e�H B : o X��- MF&H Q :

L =

∫

M
d4x
√−g tr




1

4
FµνF

µν +
1

4
Fµν F̃

µν

︸ ︷︷ ︸cedGfhgidkjldnm
+

1

2
φDµD

µφ̄

−iηDµψ
µ + iDµψν · χµν − i

8
φ[χµν , χ

µν ]
︸ ︷︷ ︸oqphr5sutwv dyx
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− i
2
φ̄[ψµ, ψ

µ]− i

2
φ[η, η]

︸ ︷︷ ︸oqp r5s twv d x
− 1

8
[φ, φ̄]2

︸ ︷︷ ︸����� s����� d�	�
�




(3.28)

QSR <&	"<S- � �SF�H ( I �  F̃ µν = 1
2ε

µνρσFρσ) h n&��U�y�U d�z { d ;���� �����K�  K� R F
H�h�n��CU�y�U d�z { d�BAR��&R�� |���� � x�� � W 9 F�H�hb - a 1��Ka ·  d"!p3 (Stress tensor)

� ^$#> SFIH�h a 1%�Ka ·  d"!p3uQSR < � _'& 1)(+*0
(metric)

�-,  pv N I Q X,-6U,y$U d�z { d�B-, � = ~ R v/.�Z&}�e���F � : b �A	"<S- � �
F&H�]

δL =
1

2

∫

M
d4x
√−g δgµνTµν (3.29)

Tµν = tr

{
(FµσF

σ
ν −

1

4
gµνFστF

στ )

+
i

2

[
(Dµψσ −Dσψµ)χ σ

ν + (µ↔ ν)− 1

2
gµν(Dλψσ −Dσψλ)χλσ

]

−1

2

(
DµφDν φ̄+ (µ↔ ν)− 1

2
gµνDσφD

σφ̄

)

−i
(
Dµη · ψν + (µ↔ ν)− 1

2
gµνDση · ψσ

)

−2i(φ̄ψµψν −
1

2
gµν φ̄ψσ · ψσ) +

i

2
gµν · φ [η, η] +

1

8
gµν [φ, φ̄]2

}
(3.30)

Q10�� n Q _ :
n�� a 12�Ka ·  d�!�3CB�3 Z24�� � � BRST v�w.- � H�� R Z Q�R <Mn Q e�H ]
Tµν = {Q,λµν} (3.31)

λµν =
1

2
tr

(
Fµσχ

σ
ν + Fνσχ

σ
µ −

1

2
gµνFστχ

στ

)

+
1

2
tr

(
ψµDνφ̄+ ψνDµφ̄−

1

2
gµνψσD

σφ̄

)
+

1

4
gµνtr

(
η[φ, φ̄]

)
(3.32)

n&� λ - BRST vAw �)5 H Q Y�Z a 1��Ga ·  d6!S3 - � HA� R F�H ( V3W$� � X$J � R6�AR �
e�7 ��B e�Z�}�;�8 J F���� B:9 �/;
- _ Q'<�= e�H�h ) hR F 4

b'> �"? B H�I 5:@�R3P -I���BA�+ � ^1#> kI R ��eA: & 1-(:*I0�B�C�D e�H�h17 J6B
� ��bE> � Chern-Simons A�+ QGF < Q n � e�H�h Chern-Simons e _�& 1)(:*&0��  \eCU�y�U dz { d�BAo.q F�H�h  M}  K:�H ��b�>/��Q & 1I($*�0�B
�AR Q U�y�U d�z { d�BAo"q F/�A��h�J�&PLK � K H�Z&��- & 1�(�*�0�B�C�D e&H�h � }�~\F�' & 1)(B*I0�B,R Z��,e�H B :*7�� & 1)(B*0 -/0  \�:A�+ B , < v/.CZ�} �BM Z�- _ a 12�\a ·  d�!S3 � @��(�)N�O��
q�J�r�� ��F��A��h
n�n�e�P�QC-:R'SL; � � _ a 1�� a ·  d6!S3.B BRST-exact

��QGR < n Q e�H�h�TEU[-+V"A �
O
B

BRST-exact e 3 Z Q _ : 3 Z2V"A � O′ B63 HA��:
O = δO′

=
{
Q,O′} (3.33)

B � �XW�V�n Q*�BY6R F�H�h BRST v�w QGR <�� _:Z 9 ;�-6[�\ 3^]2_"d ; � ]�P z v�w9e�H�h
BRST-exact

����QGR <�� _ ],P z �a`$b-c  M} �AR ��e 9 �L; � V�AL; � `:b-c Q\R <S� B$�=M� H�� 1�(:d { 3 (trivial)
�/� - � H�� R FIH�hT7 J
B�e3R �Bf1^�e�H�h � }�~�: & 1)(B*�0 -
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T M � HA� R Z3	"<�- MON Z��,e�H B :�Y _ � D ���3� _ BRST v,w9� ��� - o.q � R ��:�]�Pz v�w.�A	[<S- MON Z���e3],P z |�v �6��q -�V R ���"Z Q 7 J _"& 1I(�*�0 - � ~ �AR�Q\R <
n Q e�H�h

BRST |�v � O Q _ BRST v�w �-5 H Q���N Z � ��n Q e�H ]
δO = 0 (3.34)

n.< R < O � BRST-closed
Q���	 FIH�h9n"< R <M;&� B ]�P z |,v �/� QG� H���n J }[~�
� H

Z ��Q�� �KF�H�h6T�� BRST-exact
�*��QKR < � _ b�� { ],P zE��Q � N Z���e�:�V'AL; � `�b

c � W 9 F��
��h BRST-trivial
�/� e�H�h1VEA � QSR < � _ exact

���/�6q����  K� LON Z��Ae�:
O1,O2

�
BRST-closed

�*� : O′ �'3 Z)V'A ��Q  �I Q X�:
O1 = O2 + δO′

=⇒ O1 ∼ O2 (3.35)

Q  \�A:���� ��� z P � ^��AFIH ( ��� ��� z P6-&V R � _ : Appendix � � ) h O1

Q
O2

Q _ ]�Pz v,w�� �6�6q"!6� Z&�Ae,:-VEA ��Q  S� _�#�$ �[Q � < QKR <Gn Q e�H�h9nI�A	.< -� S��^$F�H
I���� ��� z P � BRST �"� ��� z P Q�R�R FIH�h BRST vAw δ

� 8&%$� d
Q 0(' # � J6r : 9*)

< , de Rham ��� �+� z P Q 0,'  \F�H�h&-/.�. � _ ��� ��� z P 0 U a ����-( \} � ~ ��R�QR <�n Q e�H�h
7 J e,: # H�X�� a 1%�Ka ·  d�! 3 (3.31)

�IM FIH Q BRST-exact
�I�E� - � H�� R FIH��

eBV�A ��Q  S� _ 1-(�d { 3L�"QKR <Mn Q e&H�h a 12�Ka ·  d�!p3�B 1)(:d { 3 �"Q�, < � ZI}QSR�R F�H Q : b �
	[<�- � �KF&H�h 0 N,r :
〈O1(x)O2(y) · · ·〉 (3.36)

�
	[< � -1. . � � L�N I Q X�-�:=n&� x
� D x ��N�O I R�Q  MF&H�h
7 < H[Z Q :

∂x〈O1(x)O2(y) · · ·〉 = 〈[T,O1(x)]O2(y) · · ·〉
= 〈Q(λO1(x)O2(y) · · ·)〉
= 0 (3.37)

	�� :2-/.3. � 〈O1(x)O2(y) · · ·〉 _ x 435.- � ~ ��R�Q�R <Gn QKB �
} ��FIH�h"6�-$|,v � - � H
� R Z QSR < n Q e�H�h(-/.3. � � x

� D x Q�R < � _ ��� +Ce 3&JCr : a 1��Ka ·  d6!p3 e�7
}K \� N"O Z�. q e&H B : a 1��Ka ·  d"! 3CB BRST-exact

�I�E� - � H�� R Z QSR <Mn Q _ a1%�Ga
·  d6! 3�B(8 } ��R : Q\R < n Q e�H�h a 1%�Ga ·  d�!�3�B Y'� 0

� ��e,:�93: 3<; PQ }(=37 � Q } _ Y1Z �O= : � }�~>-1.3. � _ ��?9- � ��F��
�&h[n&��@ �S� 0�A
B : 1 B
e Y H
I @�C A D�� broken phase

Q } unbroken phase
Q } R < n Q/� j! G� R F�H�h aFE��Ga ·  d!�G9B

BRST-exact
QKR <�� _ :�9�: G�; P Q }(= 7 � _ V�A � e _ �AR Q Y HA��Z:. q e�:'QH Q _ F <JI K��9n Q��"L�M  G� R F�H�h�T'U�N&.�0T2 � A�D�}�~PO�Q! G����N aRE�� TS�QGaE%�Ma

·  d�!�G _ C ' BRST-trivial N � �KF&H�hQ n � e�UWV S T�V @�DC� x�� B�3 �KF&H�h # H�X _ aXE%�\a ·  d�!�G�B BRST-exact
� H

I���e�H B U�Y _ U9U�y�U d�z { d V BRST-exact N � HA� R F�H�h�V�W$� �MX
J � RC��R ��e
n J V ' J Z�Y�Z�x B�3 Z��,e�H B U 9 �6;[N _ Q'<�= e�H^]

L = {Q,V } (3.38)

V =
1

4
tr(Fµνχ

µν) +
1

2
tr(ψµD

µφ̄)− 1

4
tr(η[φ, φ̄]) (3.39)
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n J V Y�Z[N � }[�CZ�n QGB eCXAF�H�h�n J V)P6Q/N�� R x6��e.n S R S n QGB�3 Z Q P6Q/NBR
4 � n QMB�� n.�KF�H�h�n���	 S�� n Q }�~GA D B , � ����� N � H,� = Z�}�e�H B U������
�� H�Z Qwb ��	 SS� x�� � W$V�n QMB ��} �SF�H�h
F*' b �	�
���
� �&L(N F�H ]

Z =

∫
DX exp

(
− L
g2

)
(3.40)

DX = DADφDφ̄DψDχDη

n�n�e����^ � g
� 7�}  G�&�CFK ) S h
7 S H�Z Q U

δZ =

∫
DXδ

(
− 1

g2

)
L︸︷︷︸

{Q,V }
exp

(
− L
g2

)

= −δ
(

1

g2

)∫
DX

{
Q,V exp

(
− L
g2

)}

︸ ︷︷ ︸�����������������
total derivative

= 0 (3.41)

QM� � U�� �1. � Z
B � ��^ � N � ~ ��R�QKR S n Q\B �6}u��F�H�h�� ��^ � N � ~ ��R�QKR S

n Q _ �!��^ ��� Q X =#" ZI}%$ #�=&" Z&} , H 9 e1V R�R�QSR S n Q e�H�h$e&H�}[~'�
( g
�

0

N[V�H�� R H,� L(N �$F&H�h g QSR S � _ U h̄ N�-*)O GF�H�h � }�~2U g � 0 N�V*H�� R H�� LON
Z Q WKB + ,<N � Z���e�H B U WKB + , B exact

��Q Y H��9Z�. q e�H�h�n J _ L = {Q,V }
}[~.- R F�H�h WKB +!, B exact

QKR S n Q _ ��( /!0�1 �32 � r�R,R �,e�H B /�0!1 _ R = V
}���O=U & P54�P$e L�M #�J Z���e�U�7$��O=U & P64&P�N�V R �7�$�,H J�r�R�R�QSR S n Q e�H�h
7���/!0!1 _ Y1Z Yang-Mills ��N d�a 4 d E d N � H�� R FIH�h"nI� Z

� & E�(:*	8 e�v�� �9"
Z Q U

δZ =

∫
DX −1

2g2

∫
d4x
√−g δgµνT

µνe
− L

g2

= 0 (3.42)

QM� � U 0
QM� ��F�H�h����!�
���%:'c<N & E-(�*8 _ X H,��n ��R Q  G� R F&H�h

7 J e3U TFT ��|��1� �[Q n � _ b �A	 S�� n Q e�H�h9F�' & E-(�*	81� WOH��!; ��R�Q A
D B�o�q F&�
�&h�n J _ ��� B���R e�H�h/? B H*I�<�=6eBA3D � L3M  /	 S&Q ��H*I�~ & E�(�*98B
��R Q�o=q F�����h ? B H�I�<�=1N/0  \� _"& E)(�*8�B U @ C�B$C6D���QKR S � _ T1U -�0
D�� Z 9 e�H�}�~2U Q N�} = & EI(:*8�B$C"D�� . q e�H�h V 9 � � Chern-Simons _ R14�e�H�h
Chern-Simons _ ? B H�I <�=6e1V & E)(:*78A�  \e�A�D B�o9q F&H�h  K}  T$U<N _�& E)(:*78B�C6D�� . q e�H�h Q n ��B P�Q/NB��� � n Q�� ��e�H B U�A3D9� invariance �!>6} K e3U�?
@
NIW(H,��;
I & E-(1*	8 N�V R � 91) H Q 79}  G��V�A D _ v A! MF*�O��h
� �
^ � QKR S �WV
?�@WNIW(H,��;8I���e�H B U.n��%���8^ � N�V � �SF/�A��h � }�~�U=n��:A D _�Z 9 ;�N/ 0/;� A D�N 9 ��;�N%B 9 �- MF�H�� R Z���e3U ��� D/; ��C�b �	D  R VFE _ ��� e6X6Z Q5L�N ~J F�H�h�= 7��T��� �HG I�H Q n ���Cq U����8^ � g

�
0 N[V�HA� R H,� L�N � R Z���eIKJ �q7L HA�CXA��U%M NT�	N �6Z$n QMB e6X,F�H�hA7 J eO9}*O�� = Z:. q e�H B U*O��!;8IWV�� _P P a[Q � ZRQ @�R M � & E)(�*	8 N � ~ ��R�� N � H�� R F&H�h�VCF � 6 -�|�v � e�H�h�Q @R

M �	S �7T�N I Q X�N&U	UWV � & E)(:*78 � X�J �KX 3 Z�. q e�H5X�U Q � 33N '�Y
Z�;*N XJ � NW[ Z:. q e�H�h Q n � X�U�Y _"& EI($*%8 � X$J ��N � ~ ��R QKR S . q,� ��e�U!Q @�R
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M � Ei� � z P �Cq N( K} � ~ ��R�� X O,��;�I Q\R S n Q e�H�h & E)(:*%8 � X�J �WN � ~ �R 	 S N� �	 S�Q �AH�I Q X3N,U aRE2�Ga ·  d�!�G � 0 N( G�  � S � _���� H�� � H�h TFT

e _ V�H Q %���N���H,� R Z:. q e3U3],P z |�v �
	 8 4�P1N�� J9r 0
� U QKR S n Q e�H�h aE��Ma

·  d6!�G _"& EI($*%8 NA	�HA� R6�,R QKR S . q e _ 3 � � �A��h � HA� R Z/� ��q�,
V BRST-exact

� SCe- K} � H�� R
��R h> \}- BRST |�v�x.��>�$e3U 9 ��;*N _ � HA� R
�R Q\R S n Q e�H�h
7 J e�U WKB +�,6X!E  R ��eIKJ�� ���CR ��= 7T�T�8�C�	1 �)NK[ �,�� H�h WKB +�, Q\R S � _ O�} Q\R S�Q U � ' UIKJ���/�0L; �"Q n �T�	L HA�T76� � .��K�
Gaussian Fluctuation

� e L HA��;=Z QKR S V���e�H�h
7 J 	.� P _ h̄ X!EC� [ X�e X HA��;"ZQ n � e�HKX�U�7=n _
� � � H�h
7 J X WKB + ,�e�H�h
7 J e _ = 7������ _ , � �B�'� }�e�H5X3U�U�y�U d�z { d��+M � H Q ],P z ����Y � _ U

FµνF
µν + Fµν F̃

µν =
1

2
(Fµν + F̃µν)(F µν + F̃ µν) ≥ 0 (3.43)

QM� � � H�h�� & EI($*%8 _ Euclidean
� ��e�
 m  \��� #\R (F̃µν F̃

µν = 1
4εµνρσε

µνλτF ρσFλτ =

FµνF
µν) h n J _ P����9e�H�}�~ U 0

Q � Z Q n � X(=�7��T�1�Ce�H^]
Fµν = −F̃µν (3.44)

n J _�� `����10 � ],P z ��e�H�h V Q V Q _ e �$�T],P z ��N�V R ���
�!�C� � H�Z _ ' � H
I���e�H5X�U.n S R S f�^1NIH�Z Q �
�!�6� _�� `����30 � ]AP z �9����� �Cq NB 9 �- � SQ\R S n Q e�H�h�H � . 9 �
�!�6� � H�Z���� X�N d�a 4 d Epd�� J> P K Z Q\R S ����N&H �
v .�� � H�hA]AP z ��N�V R �������
������� _ N d�a 4 d E d � � z � UIN�=! P �	�
�<NB
9 �  � R � H�h
N d�a 4 d Epd�Q\R S � _ O[U & P 4�P � WOH�� R � H9��e�7
��O[U & P 4�P
N&V R ���9�
�6e�H�h � z�� U�N =" QSR S � _ N d�a 4 d E d ��O"U & P64&P6��=# ,e�U M Q
o X � H�h TFT

QSR S � _ � I�4�� M�$ }�~ H�Z Q U � � Q �a`Bb)c � � H,� R ZH�
���
� �&%
� `:b)c��7�
�1N � e�B Q  G� well-defined NIH�Z ` ��' �	TAN � R Z�U Q%M Z�n Q V&e
X � H�h
� z�� U N�=( ���O=U & P54�P
� � N&V R � ,  � D> �  ) S h R � U � `)�)�30 � �&6 XM VC}1H�I Q  � H^]

Fµν +
1

2
εµνρσF

ρσ = 0 (3.45)

n S R S V&� �+M V q I Q X�N,UT],P z � A
� 9<) H Q 7�}- \�,� � H ]

Aµ → Aµ + δAµ (3.46)

I �  2U�%W$�v�A # �AI�)�e<V � `�����0,x.��*�+ � G I  G� R Z Q  �  ) S h�n J _ U.n��
v A.�*�-, � H�I�~ UAN d�a 4 d Epd _ N d�a 4 d Epd � �.�
/0� H,� R Z QKR S n Q e�H�h87S H�Z Q U9n����T�1�C}�~ v!A
�1N�V R ���/�����WX O,��; � H^]

DµδAν −DνδAµ + εµνρσD
ρδAσ = 0 (3.47)

sAv,%$�1N k J Z�]�P z � _ Background Field e�H�h � I3U�n&��v,w5X�]AP z vAw ��Q V � ~ �R ��e�U b ��	 SS� *�+ �&1  � H ]
δAµ 6= DµΛ (3.48)

n J _ U b ��	 SS� ],P z *�+ �21 H�n Q e G I #�J � H ]
DµδA

µ = 0 (3.49)
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n&����D _ U f R

0 → V0
DA→ V1

D+
A→ V +

2 → 0

Λ δAµ χµν

(3.50)

NIV R ��U H1 = KerD+
A/ImDA

� [�\  S� R Z�n Q N � � � H�h ����� \ � D+
A _

> �6U,y�U dz { d
(3.28) N1V��A�$e R � H ( χµν = 1

2(δµ
ρδ

ν
σ + εµν

ρσ)χρσ ) h dimH1 X���} J9r���� ^'A�}
~pN d&a 4 d E d ��O"U & P54�P6� � ( 	 � z*� U�N�=# �� bE> ) X��C}�� � H�h�n J�
TP ����D
_ ?A@  � H6X U%��� _� = 82~ J � R �  G��UT]�P z��-� SU(2), N d�a 4 d E dk� � k

Q H
Z Q U

dimM = 8k − 3

2
(χ(M) + σ(M)) (3.51)

QM� � � H�h
I �  χ(M) _ M � _ N"U&P � U σ(M) _ M ����� � e�H�h ( TEU<N _ dimM =

4hk − 1
2(χ(M) + σ(M)) dimG

QI� � � H [22] h h _ � G � dual Coxeter
� e�H (33 ��P z �

� ) h )
P * C �K�)�
R ��j�H Q U

χ(M) = b0(M)− b1(M) + b2(M)− b3(M) + b4(M)

= 2− 2b1(M) + b2(M) (3.52)

σ(M) = b+2 (M)− b−2 (M) (3.53)

b2(M) = b+2 (M) + b−2 (M) (3.54)

	9� U
dimM = 8k − 3(1 − b1(M) + b+2 (M)) (3.55)

Q�� � � H�h 4
b">�� P 8 (�*�� =0 �e _ dimM = 8k − 3 e�H�h�n��%��� _�� �CZ
n Q N  �

 ) S h
��c _ ['\ G ]�_.d �/����=�7T����� �&L(N � H^]

Dµψ
µ = 0 ( η ��v���}�~ ) (3.56)

Dµψν −Dνψµ + εµνρσD
ρψσ = 0 ( χ ��v��6}�~ ) (3.57)

n J ~ _ � (3.47)(3.49)
Q # $ e�H�h # H�X���� _�� `�����0���6=} ~G��' JK��L M  G� R Z �� H�I��,e&HKX,U�7 J X/[�\ G ]X_9d ������=�7����1� Q T��  � H�hAV � � U3IFJ$}[~G��' J N

V R � _ U���� d ���C�! u~ � Q [�\ G ] _�d ���C�� u~&�X #�$#" Z%$ R8�  S� R �,U Gaussian

Fluctuation X�&1c('3D d 	�G  � H [23] h*)ET _ Z�� _ �+� �6q e�H�h,
� ��I*�&��U � z3� U�N =" �� bE>(� 0

Q  � H�h=n J _ ,/S R S.-�/ } QKR,R � H Q U�Nd�a 4 d E d X�O[U & P 4�P � WOH,� RC�AR U�H � . 9�0 WB G� R Z -�/ e�H�h�n$n&e�U���� d�
3 V � Q �A�

Φ = (A,φ, φ̄) (3.58)

Q o X(U ['\ G ]%_9d�� 3 V � Q ���
Ψ = (η, ψ, χ) (3.59)

Q o X � H�h87 J e�U�U�y�U d�z { d�� 2
b ��1 � e o X�O&H Q

L(2) =

∫

M
d4x
√−g (Φ∆BΦ + iΨDF Ψ) (3.60)
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QM� � � H�h�n�� Gaussian �
� � Y  H�Z Q
Pfaff(DF )√

det ∆B

=
∏

i

λi√
λ2

i

= ±1 (3.61)

X � ~ J � H�hI��� _ ��� d }"~ O�I/VI�Ae�� � _ [�\ G ] _�d }[~ O�I�VI�Ae&H�h Pfaff _ O [��{ d
(Pfaffian)

Q �$rIJ Z�VI��e,U �� �
� G P E e&H�h3I �  �+�
X�OCZ�n Q X 3 � � H�h�7��
� � � E � N&�W�CZ%� D _ P�Q/N D  R �,e3U.n�n&e _ ?
@  � H [19] h
� SUSY X X H�� R Z��,e�U

iDF Ψ = λΨ (3.62)

∆BΦ = λ2Φ (3.63)

X�� � W 9 � H ( I �  �U λ 6= 0 eIH ) h9��(��!��. � _ U 0 W  wI�N dIa 4 d E d ��� T
�	��N �,U
Z =

∑

i

(−1)ni (3.64)

QM� � � H�hb N�U Donaldson |�v � X , � � V ��} QpR S � � >*$B � H [18] h ��>/$  �
Z �,D _ Witten

� 1988 ".��� 0�� ��e�H5X [1], n&����� e Y S�Q U+4<N9O�} ��
 ;[N�  R V�� �7T�N I�� R S
�,e _ �(= �3U ��
 e L(N ~������1I�6 -
|�v �O��,1S � S ���:A�D�e ,/S � S ��� q eWV�H��
� D���� r ���$}���� SS� ��}����[��I�� � V�� �����  �I���� S n ��!���" � }�~ UK)�<�#%$
�'&	(�)5X � �*��� S }3U�+-,-.0/AI1� �3254 !*6�78"96�:�62U8;
+1N=<�>�? Seiberg-Witten @A D5X*O=?�B�CKX�D EGF � 607 (1994 H [20]) "*I1@ AKJ # N = 2 Super Yang-Mills

A�J @8L�M
1N. T5O�P�Q @�!8�1"RI%@ N = 2 Super Yang-Mills

AKJ . � ��?�S�TR.�U [RP �	�WVX@�X�Y�Z�@[ A @�\�]�!�!�^ P�_ V�`�<aF�b�60?�cKd=�-!9V 4 ��e�fg6�7�E-h1!1�%"i7�jiI�I%@�k l�!�#%m
n�o O @%p�q�.U�r�? n P cRIRV n VtsvuN<�w�x1y�@�zi@ A�J {�| >�?KciI}V n V Q @K~3�����
D���.8�G��I5� { ~-^ P cKd�@%���5@�I �0j�>v7�E h1~1�%�9� F | O3� cKd�@1�i@���B}. Q V��
6��g6v�XU�r P I �`}6�b�6v�iV��

BRST �=D-< [ A ����6	?}� 4 < Q @ {�� O5���RP :=~8� { c%b �a� >v^1@ BRST D o (3.27)

.'� n�� 6�b�6v�iVG�

δAµ ' ψµ

δψµ ' Dµφ (3.65)

δφ = 0

���R�' }¡ ~1����I�I3~ φ
�

BRST �KDi`�<�>v? n P @�~�cv¢-@�£v¤ ¥8��Di<���.3¦=§W6�b8�¨�

W0(P ) = trφ2(P ) (3.66)

P
� �-©�.'ªW6�b8�1��I ��Q BRST �KDi`�<�>v? n b%�«�

δW0(P ) = 0 (3.67)

d � ~ n b k ¬- �

Z(k) =

∫
DXe−

L

g2

k∏

i=0

W0(Pi) = 〈W0(P1) · · ·W0(Pk)〉 (3.68)
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.'¦v§W6�b%�1�RI8@ _ V < Q @�@ � b*F�� Donaldson ��D��*�����NI��'`R60b}61� V ���
	�� M

��U�r P 7�K`�I3@ _ V <%��� � O b3���5I � : � c W0 @3��������>%? n �1I���� � O b3��� W0

@������5��FXb8�1��d V�� P � 1 ��� { ~�^1? n P 4 ~�� { c I � � Y � ¢�@ _ VX`3ª � � b3� �

dW0 = {Q,W1} (3.69)

W1 = trφψ (3.70)

I �i� c � >�^�@�� (3.65) : � ���3`��i:� ��� b%��� ��� `vc W1 @������i� P ��c

dW1 = {Q,W2} (3.71)

��< P 2 ��� W2 @��! { m O b'�1�-I � �-� 4 � 4�" F$# 6	? n ��� W @
%'& { ~�^1b'�1� 4 ¢( <�@=~=c 4 �)� W4 b�~
{ �* g6�b%� (dW4 = 0) � W @'%'&+�'�5^-,�� �X¢�@ _ VX`=<*FXb8� �

0 = {Q,W0} W0 = trφ2 4

dW0 = {Q,W1} W1 = tr(φψ) 3

dW1 = {Q,W2} W2 = tr(1
2ψ ∧ ψ + iφF ) 2

dW2 = {Q,W3} W3 = tr(iψ ∧ F ) 1

dW3 = {Q,W4} W4 = tr(−1
2F ∧ F ) 0

dW4 = 0

(3.72)

. @ ��/ ��0 Wi ( i = 0, 1, 2, 3, 4 ) @21�¤�y4365�7¤ ¥�~8�1� φ @�1�¤�y83 � { 2 ~ | P I���: �

IRV	< P I�� { � :aF�b8�1�*I8@!%�&9� descent equations ( :�,';���� ) � m n b8�1�
n b BRST �KD5<!<)=?>K¤*@�=
Ag�K60? � b � W0

{�| F b�607 { c Wk ( k = 1, 2, 3, 4 )
Q

d �+B �DC n Q @�~ � | F�b 2�4 ��E O?F W1 �'G-?'H P �ciI �R� BRST D o � P �JI O b2i4
(dW0 `K<

P : � ) ��I O < n hR� Q total derivative <�E hv~����5jK: �LK �g60?�H ��F 0

��<�>�?*6�bWV�@�~ K � 60?
H �MF nKn �+N ��>��DO�N�I
P � {�| P 4 j-hi��Tg��:�I 2 P : � c
Wk ( k = 1, 2, 3, 4 )

QDQ `'R�Sa� n V0I���~%�1�KjK: � <�=*>v¤!@2=�A+�*N � >i�UT*HW6	? � O�P
I��3`R6�b}6��iV �_ �WV5E �NP @ � W2 <v@=~��

{ c I�I3~ �
X�Y ` Wk ��Z n b%�1�}I � � k ¢�@��)�?����~| F c k [?\iw�A�]�~ K � { ¦=§-~-^�b��«�

I(γ) ≡
∫

γ
Wk (3.73)

^ Q 6�c�I%@ k [!\Rw_A γk

{ c k + 1 [!\Rw_A βk+1 @a`�b�`=<�>v? n P ��� P �0c Stokes @�¦A _ Ftc

I(γ) =

∫

γk

Wk =

∫

∂βk+1

Wk

=

∫

βk+1

dWk =

∫

βk+1

{Q,Wk+1}

→ 0 (3.74)

��<aF b%�%�=;?ci@-d�e � c?f?g9��h->�7 � 0 `�< P � n Vji2kK~%����~1�-: � I(γ) � γ @?l-mn ¥1¤ · w�x%y�@'o5` _KP �G��<aF b��%�
¢5`�c Donaldson ��D�� { � 4 < Q @K<�@=:1¦v§�� P I��'`�6�b%��� X'Y `
�
	���@�¢ ( @!p

�5@�¢ ( c���<�E2N)q�r�¢ ( � n V @ �
s)t ~1� (Appendix 70 u�¤5¥�v�w ) � ^ @ 4 ¢ ( ��	��
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@8z � � 2 ¢ ( ~%�1��T�� s�t�� � n�n b%�W�0c X Si` � q!r�¢ ( @*[*\Rw�A�����@
	�¬ � ��d�G� @�� K ��	? � OKP I�� { ~�^ P � n V �=B {�| FXb3�1��I � ��	�¬'��� (intersection form)

� n�n b����-d � ~ Donaldson ��D���~1� { c W2 ��Z n ?�c����K¢-@ _ V	`�¦v§ � � b%�¨�

〈
p∏

i=1

∫

Si

W2

p′∏

j=1

W0(Pj)〉 (3.75)

[ A�� i�k � ¢ @ _ V�< Q @K~1��� W2 @
���i`������b��%� W2 � n V	@
� ��� φF @-�+�

�? n b%� { c φ Q F Q�� & ~Kc���\��3y����1@ ���"!N>�? n b��1�-d � ~ n b�c φ {�#%$ c�f
g ��!R>v? n ?�c'E O*F'& 3 ;)(�`-S n ? non-zero `+*5b�>v? n P ���b,v� V � d9V � P �0c
F @ & 3 -)�i`-S n ?�. K ��� � V'I-�3`K<*F	b%�1�K��<KE)N Si �0/G� flux ( 1%2 ) � �}O ? nP I-�`=<*F b%����d � ~=c 0 Si �0/a� flux `
S n ?a&43�� P c�dK@ _ VX<-I-����H F b%�1�
56 K �K� P �3^K`vc�£=¤ ¥3z5@�\7�%y�89� 3:��@';v� {'< >v?
= P @K~1� { c 0 \>��y�89� 3?�{+@ . Si �A/*� flux ��U�r�?
&43�� P cvd�@ _ V <-I-���_Hi>1? n b8����d V n V Q @ { c I8@$ r�@3������D��5`K<K>=? n P � n VXE-h�~�����I�V n V�� � l�m n ¥1¤a� n >�B
C�D � <'���
��D�� _ F Q c � >��FE�G�<'������D���~����2�'	2���U�r P @�`�c*�'	��-j-h � O ? n B�@�~��H FJIN�D� ��� < n ��d�I3~=cvd�@'] `�£v¤-¥'z+�K!i>v?�^�? Yang-Mills

A�J �f�L%� P cN�n V'I �
��H F	b�����s�`-\7��y%8%� 3:�1@+;=�}`+M2k {�| P'�*� c��5V n VON-¦ `8� P+� � n
V1�0c�b ��P�Q ;K�2� { \>��y�89� 3?�?�0R4S�� P�_ V <-x4T�xU��¥��V�?��!�>v?�=-b��%� X!Y
` � d�@'W F�@�XY n ��Z�[9\ {'< >=?
= P @�~1� { cKd9V n V ��Z4[9\ { <N�?Kc WKB ]�^{ \_��'<�>v?�0bWV _ V	<AN-¦5`3� P �5dWV � P �0c'` ¡ `'��	�� @�]-@�\>��y%8%� 3?�Faij
h?��&U3_0?�c�dgV n V Q @K@'b����U�r P I-�3` _ >=?=c ( @!�'	2�5`-S n ?�@�B4c {'d ���P � n V'I-��~��%�5~�� �*� c � <aFeE GN<5I-�
��HR>�? n b%����Y � c Donaldson ��D�� � �
�f�8�N`�%� P ��D���~Kc!�!	2�-@a�Ug�<Ah9i+�"j�klFm-^vb����UC4D �%n �����KD�� _ F QK_
F mVo%��~=c���Z J%�%n ������D��G���*�NI-� Q ~�^vb%���

3.2 N = 2 p)qlr�sut�v>wyx Donaldson z7{V|
��� ` Donaldson ��}���`aS n m Q V��~��~=��U�r9m�o�b%� (Witten,1994 � [21]) � �U� �� .5` � R N < ��� `vc [4�V��� � Hf�'\������_V>��m8��� � �"�4���B n � ~�� { cKd � B

�` N = 2
����� � N = 1

�'�4� `
O �X�W� n V0�-�
� �)� b%�1�ib � c N = 2
�'���V�'� w

3 A2� s4�5� c
A a

µ

λa ψa

φa

(3.76)

~ |7� c�� �-� N = 1
�
� \ix�A�� s
� � N = 1

�A� w 3 A�� s
� { ��� � �+m=~�^'BV� � ~8�1�
j �*� c'@}x�@Nx=`7Fm,b � F N = 1 `'�V��m��b n b1����� � B2 � \Nx�A2� s�� ` mass

term ( i�� � ) ∫
d4xd2θ m trΦ2 (3.77)

�"� � mKc�� � �1c9V��*� s �%"m�H � b����-d Vt�,�i��c � \}x�A � s���� ; � ��� ~5^�m�c
N = 1

�
�9� `�O+NKb1���,� � � �9� mass perturbation ���4�5b�=�5V��,� � �%Q��N� Y �
BRST-trivial ~%����~�� ��� BRST �4} n � � � ��� �����K~ � c [�� � ` � T���Fm n n n �
n V0���3` n�� b����
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d � ~Kc�� V Fm N = 1
�+�4� `>Fm,�b n B n � � nKn b%�9��c N = 1

������� ; { [4�� ` familiar j ��� ~%��� N = 1
����� � n V �K� QCD `A] n ��� ~=c asymptotic freedom (

�
] ����� h )

{�|�� c dimensional transmutation ( ¢ (���� )
{
	 � � b%��� ~1� ��� c Λ � n V

length scale ��� � �� {�| ��m�c�¢ ( �K!�S�� �� m Λ
� ¦ ��� � n�� b8�����}V n V������1c��� ` mass gap

{ �! ��u�5��m n b��1� mass gap �K!�S � n�� ������� `%m � �0cv¢ �5_ � n
� ��~1�����=y����2��E � F��� [?\"! ��#%$ w1y�` < � m�c'&)(LA 3+*U�V� �-,.� g �0/�r>�
�4�b���� d � �8^1c�1�2?A%31¤ ,.� g � 1�2!A43�¤2r�5*� n6� ��� �=y���� �
7�8 � � 1 `�9
E~0b3�1���B { �'m�c 7�8 �0k;:+�i^ ���m n ���<1�2!A=3�¤)r'5 {->-? � �5�A@ � � n �'m =
b8�1�;1B2?A�31¤�C�D � ��E ( F�G-��E ) c & 1 H 	 ��E-c & 2 H 	 ��E c��I�BE {.J n m n � �
h�~1� { c 7�8 �k=:
�5^��UKm n ��B��3^K`vc & 1 H 	 ��E � 1B2?A43�¤ { FBG���E � 1�2*A
3%¤-bK~+` ¡ `+]-K n m
=7� � c*� n�� � � {�L�M � n ��m
=-b��1� & 1 H 	 ��E � 1�2*A43�¤{ �"���"��, { ��m��
�'��j-hR�0c | � �
�BN1~!Sf� �U� ��m�d �-O ]�, { � n n z � c gap

{
| �5� n�n b��1� gap

{-| ��F c!� K { �� � ~ | ��m�� &�X H 	 ��Eg�AF�G;��E9� � r�` �� � rB5 {�$ ^=b1�%� gap
{9n n �0c
F�G-��ER` | �QP�Z�� �R @ � 1B2?AS3�¤�~)�'��m�H 	 �AT

�U� � { ~-^=b1�1� Coulomb phase ( w%¤ n ��� ) o9B n n � � ~��1� N = 2
�'�U� � n�� ���| b � familiar ~ � |�� b T �1� � ¤�8= �R��U ~1���5~�� �a� c asymptotic freedom

{�|,� c
dimensional transmutation

{'	 � � b��%�  �  mass gap
� n n c�d ��nV� ��� ~%�1�

FB { �'m N = 1
�+��� � N = 2

�+��� � ��W�� � ` �X �IY n � ��� ~8�1��� � m � mass

perturbation ~ N = 2
�'�9�R�

N = 1
� �U� `'O�N%��� nZ� WU� �%n.[�\5{-| � � ~�c�b �

N = 1
���4� �Ka�] Fm=cvd ����� N = 2

���4� `��>�-� nV� �������b8�1�%B=j�c N = 1
���

� �
N = 2

����� �_^��'m Internal
n�`�a h SU(2)I

{4n n � ~vc8d � b=bv~ � TFT
� ~�^ n n� ~�� {�b�c � m
H��'m'o�b3�1�u �  c�d � bKbv~ � H � � ��� {�| � � ~vc � ¤�y}� n ���
	

��`Xd'e+��S5h�b3�1� � ¤�yN� n �_�
	)��� Kähler �
	)�a��	b3�1��� � z � mass perturbation

�K� � m�� BRST �U}�h ��f B � b��%�;g � Kähler �!	2� � z � ` � � � X�h y=¤�i�¤)5 73¤
¥ { c'� n � N BRST j�k�Z5`� ¡ �7��� � { � � b%����d �+H �5`
� ��� B BRST jBk4Z {�|
��B�1c mass perturbation � � h'B
l-~�� BRST �4}�h �mf B � �-� nV� ����~%�1�
d � ~ Kähler �'	��G� ��nV� ~%� { c)� �i� B2N � I n
o"p �'	���~�c o"p'q;r {�s � � Q� � ��~���}�` n�� b����5b4B�l n�t (X¤ { SO(4)

���
U(2) `aO�N�b��«�

SO(4) ' SU(2)L × SU(2)R −→ SU(2)L × U(1)R ' U(2) (3.78)

X�Y ` TFT
�
N = 2 u0v n n � � � n n �K~1� { l n�t (	¤ { SO(4)

���
U(2) `aO�N m n �� ~Kc

εα̇iQ̄α̇i = Q1

δα̇iQ̄α̇i = Q2 (3.79)

��Fmvc BRST jBk�Z5`�� ¡ �>�4� � { 2 S*� � b3��� � ¤�yN� n �_�
	)� ` n�� d'e+�xw�h4���y�z ¥ � A n ��� � 3|{ n ¥ � A n �4� � { �.}=~ n ���-� {�|���� �%�9� �R� � n z � ~ y�z
¥ � A n �4� � 3�{ n ¥ � A n �4� � { ��}=~ n � � � n�� L�M � �9g nBL�M ~1����� � ~-S n
m����__/�r7�4� �m~7 � v� � �

N = 1
����� ~+� �Q� �1� ^ £v¤ ¥X�9� G �4 , £v¤ ¥3z+� Aa

µ, £v¤ ¥�¤ t � λa �4 � ���
x�T�x4�v¥��V� �

L =
1

e2

∫
d4x
√−g(−1

4
FµνF

µν − λ̄α̇σµ
αα̇iDµλ

α) (3.80)
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�X� �
� ����� � � �
C�D �%n U(1)R

`�a h9��!�N � �¨�
λα → eiγλα

λ̄α̇ → e−iγ λ̄α̇ (3.81)

S �l� �f� �5��� \Nx_A n.`Ba hi~1�1��� � { \>��y98%� 3?��~ � ��m�� � m�� `Ba h { Z2h ~� ~!O N � �1� h � dual Coxeter
� ~ SU(N)

� z � � N ~�� ( ¢�ª�v)w ) �

� x4��w ¢ ( dual Coxeter
�
h

SU(N) (N ≥ 2) N − 1 N 2 − 1 N

SO(N) (N ≥ 2)

[
N

2

]
1

2
N(N − 1) N − 2 (N ≥ 4)

Sp(N) N N(2N + 1) N + 1

E6 6 78 12

E7 7 133 18

E8 8 248 30

F4 4 52 9

G2 2 14 4

Z2h

���
7
�R� � n T�x y � � t���� ¤ �	� k ��� � m�= � �%�

�
7: � t���� ¤ � � � 3 
�T�� y

������

�

�
�

�

�

� � 3 
!��� y	� A6(D<V���+�+����� � � �'m4� t������ �	 ) ��!#"�$��&%�')(+*-,�.�� m $ ��&/ � %�')(0* � 2 1 ��� �4(32 C2 �0 �m54 �6! (∂µJ
µ ' C2F F̃ )

" � � 2 1 ��� �%(32+� dual

Coxeter 7%~68)9�: �#!#"=�6;)<�J>=@? �&A ��B `�a&C U(1)R �)2 tD�E�F� /�80G =�? �&A �HB`�a+C
Z2h ~6I-J �6!#" 1�~�� ��8�G =@? ��A �HB ?�`�a+C � �LK-= ~��@M�N Z2 ~ � / I-J �!#"

Z2

`Ba�CPO

λ → −λ
λ̄ → −λ̄ (3.82)

� $ �RQ�S-T�U �WV)X��5Y Q@Z � $\[ U6T / ! ���-] T `�a+CPO�^ �`_6a&b � Tdc ~De � MfN $��!5" :hg)�)i	N Z2
O �jM � [ ��kml ��nfo�" / !@prq �#s ?@thujv �xwLM Zdy k t�p � $+$�z! �H{ 2h÷2 = h |-kml z6!#" SU(2)

T�})~ O
2 |>k�l z6!6" ]3M O N = 1 Super Yang-Mills V

X T SUSY �)7 / !#"� N�]0] / { N = 2
T#�-�6� l z#!#" � i0�6�&�E:Hg+���+� �+� �#B T notation

,�� : QP�
N (Wk → O(k)) {

dO(k) =
{
Q,O(k+1)

}
(3.83)
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O(x) = O(0)(x) = trφ2(x) (3.84)

Zµν(x) = O(2)(x) = tr(φFµν − iψµψν) (3.85)

I(Σ) =

∫

Σ
Zµνdσ

µν Σ ∈ H2(M ;Z) (3.86)

T � [ ��� � z :�� [ "����	� 7\�):HN O

〈O(x1) . . .O(xr)I(Σ1) · · · I(Σs)〉 (3.87)

,�. � z#!#"

 { U(1)R �� �� T ���)a�� ,�. � z6!��

∆U = 8k − 3

2
(χ+ σ) (3.88)

] T��@T���� O 1 T � [W? U�T / !5" U(1)R � _6a�� � anomalous
� ? i�N $Pt T / {

∂µj
µ = aF F̃ + bRR∗ + cRR∗∗ (3.89)

��� l��fJ z#! (a, b, c
O �57 "fz g R∗

αβµν = 1
2εµνρσR

ρσ
αβ , R∗∗

αβµν = 1
4εαβγδεµνρσR

γδρσ)
"� 	! �

" $ N O$#�%�& 1 ' T)( ,�. � t T / ! �+{+*�,.-d�/5�@i&N $-t T / { � q � & 2 'd{ & 3 '
�) �N#4 z�!5"�& 1 ' O1032&! t54 8k

4�? l z765"�& 2 '@{ & 3 ' U98+: 6rt�4 { σ, χ ;3< z�6#"
]3M / { � (3.88) ;3<�N	4 z$6#" 8�=@{ � (3.87)

T?>A@ �B� �� @ � ,1C � 6rt54 {
∆U = 4r + 2s (3.90)

4�? l z�6#" ]�M�;){ (3.88)
4 8)9 6rt54 �5{ (3.87)

T7D�E�F ; 6= 0
� ? l z$6#"

8)G � N = 2
T V+X / O U(1)R �.� @ � ; anomalous

/ 6
(
�

(3.88))
" : g�;0i5N+{ 2+H5�

7I TfU#T O�J � ?@t T / { �K��� 7 (3.87)
,D. � t ] 4 � ? l z�66" 8+=d{ N = 4

T V+X / O
U(1)R �5� @ � ; non-anomalous

4D? l 2+H�� 7 ,�. � t ] 4 �7�� ;�krl z�6#" " z lRV+X �
2L7MON @ ;@k t#p w [Fp / �K��� 7 ,�. � t6pP2�H�� 7 ,D. � t6p T$Q�R ;3<�N	4 z�65"� N�I&M / N = 2

T V0X / �K��� 7 , 8�: 6mt ] 4 � : z :�� [ "S4�O R i�N UAT�Ud�WV :X Nmw [ZY i&g q R�RjT p�[?\ U " � z�n>o�" IP] / {$] \�O�^ : X ? R�T / 6 ;+{ N = 2
T V

X ?�o Z@y w�V+X5; mass gap
,`_ " 4 R [ba � ,1c � z�65" I5M / w [Z6rt�p / 6 ;+{ z�; k td

X
T7D	E+F ,

normalization
,�. � ? R /

〈X〉 (3.91)

4 � X ] 4 � : z�6#" I [Z6mt4e2+H?� 7 O

〈1〉 (3.92)

4 �Py z�6#"
f.g J�� i 4 A a �3h ?1i X , : z765" R z *�,3- M

T�j@�+k � N$lWm gµν

, R M z765" I#Mpxq { t 4 R [on � k�@p�@ ,9_ i�N	4�N&{ k � NWlWm gµν

,r[Foq49r1s.t � nxt ] 4�,�. � z76u�

gµν → tgµν ( t→∞ ) (3.93)
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I [ 6�tK4 { M O��rt?4 ]����	-��	� � ? l zP66" I T 4 � ��
m��� 23H?� 7 O w [h?�t	p /6 ;){
〈1〉 = e−Leff (3.94)

Leff =

∫
d4x
√−g (u+ vR + wR2 + · · ·) (3.95)

4 R [� � ?@t4L. � q M z�6#" ]�] / { u, v, w, · · · O �57@{ R O � � � @ /�� / 6#"���� �����aP� 2 a Leff

4 :HN O ] T � [ ? U#T : p kml z�n�o6"
1 ��� d T 1��; n

T��	:��
U
,`_ i�N54jN

∫
d4x
√−g U (3.96)

4 R [ d ,�. � zW6 4 {�]hM O t4−n ����
 6 t � � � @ 4�? l z76#" R z k � N1l1m ��� q3? R d,�. � N R t T / {��f��� t T O n ; 4
T 4 � Z@y / 65" I	M / { n ; 4

T 4 � 4 R [ T O /�� T
2 � T ' Zjy ; �f��� l z76#" I#M O 2 !�"-kxl z :3N � i&� T χ

4
σ
/ 6#" / 6@pxq

topological

invariant
?$2�H�� 7 O

〈1〉 = eaχ+bσ (3.97)

4�? l z�6 (a, b
O �&7 )

"
" z l a � 4 :3N O {�# p V : R non-local

? /$� Y { % X T /$� ,�& y N 0�2 :hg � [ ? UT O0? R 4 : � [ { local
? ' @�p	Z@y / �Py N R t�4 : � [ { 4 R [ ] 4 / 6#" s ?@t�( �*)�yt d ,�& y N 032 :hg U6T O)? R 4 : z765" R z mass gap ;�k t V+X ,�. � N R z�6fpxq {�+ �,�- ,�.	/10 i 4�2 � s � :3N Yrt4 {0k t43 /*5 ]6i5N R t exitation

O
decay :3Nr: z�[ {�%X z /*6 p�? R { 4 R [ ] 4 ; 5 ]Pl z�6#" massless

Z 4�7 /80 i 4�st N R X T / % X T �?�
;�k t�o Z@y wh{ mass

�$�	9 N k � N�l$m ,m[Fo�4;: � :hNr: z ����< 3d=�? U�T�Zdy / �>y N
: z R z�6#" I [ R [ X1= / 66" I [ 6rt54 { χ 4 σ : p�? X ? l z$6#"
I&M / 1 � ����� 7 ,Ai XE: z :+� [ " 
 4�>@? X1= ,�A [P4 �K��� 7 O�B 7 2�C :3N+{

〈O(x1) · · · O(xr)〉 = 〈O〉r〈1〉 (3.98)

4�? l z�65" mass gap ;@k+i�N topological invariance ;�k t�p�q ] [ R [ ] 4 ;$� l �fJ z$6#"
] [ R [ T , { cluster decomposition

4ED R z�65"�z g�{
〈I(Σ1)I(Σ2)〉 (3.99)

; w [W?@t�p@,�. � N ( z765" Zµν

O { � i+� T�� (3.85)
T  / :hg�;�{@]3M � mass gap

T i X,4A i	g q w [W?dt6p { 4 R [ ] 4�,D. � z�65" I(Σ)
,

1
" Zdy�� :hN�: z�[�4 { R1F�� �HG :

N J � ? l z�6 �
〈I(Σ)〉 = 0 (3.100)

J � ?>q ? RHI 8 T�J$K CfO 2
" T$L

Σ1 , Σ2
�

intersection ( M F l ) ;+k t }5~ / 65" intersection

; ? R5}�~ O�2 ��N :3Nr: z i5N J � / � z�6 ;�{ intersection
O�>O?E(@? T / 2 ��NE: � [ ;�k

l z6nfo#" intersection
p�q THP�QjZdy ;�� l z$65" I [o6xt�4 { 2

(� 7 O

〈I(Σ1)I(Σ2)〉 =

∫

Σ1×Σ2

〈Zµν(x)Zpq(y)〉dσµν(x)dσpq(y)

= η · ](Σ1 ∩ Σ2)〈1〉 (3.101)
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4�? l z�65" g Z :3{ η O ��� T �&7�{ ](Σ1 ∩ Σ2)
O

Σ1
4

Σ2
T M ( 7 / 6#" T.Ud���3R�� i	g�	�-/ 6 ;+{ mass gap ;jk6M � ] T � [ � clustering

, :3N){ TUf��
 i� R+8�: ; / � z$6#"
I [o6xt�4 {�� � 7 O

〈
exp


 ∑

Σa∈H2(M)

αaI(Σa)



〉

= exp


η

2

∑

a,b

αaαb · ](Σa ∩ Σb)


 〈1〉 (3.102)

i.e.
∑ 1

(2n)!

〈
(
∑

αaI(Σa))
2n
〉

=
∑ 1

(2n)!

(2n)!

2nn!


∑

a,b

η · αaαb · ](Σa ∩ Σb)




n

〈1〉

4�? l z$65" 3 ����d{ 4 ����� O0? R 4 : z :3g " g Z :h{���� M ( 7 O$C � ��� MdN R z�65"
I5M /�� < {

〈
exp

(∑
αaI(Σa) + λO

)〉
= exp

(
η

2

∑
αaαb · ](Σa ∩Σb) + λ〈O〉

)
eaχ+bσ (3.103)

;�� q M z�6#" ]�M / J�� i 4�� - =j? � ? ;r:HN54 z :3g " N = 2
T V)X ?+o Zfy w mass gap,1_ " 4 :3N R z�6 T / ] \+O�!f?+o Zfy w3{P] T�� O�pj? l u#" ��$.RxU#T / 6#" g Z+R � R

� ; M@N R z$66" Z prq J5� i 4&%.^ : ? y M �PR�y z�nfo#" N = 2
T V0X � mass perturbation,�& y N N = 1

T V+X � I 4 6 Fjy / 6 ;�{ N = 1
T V+X ODujv ; 1

" / O krl z�nfo6" � i+�D i�g � [ � udvdO ��- h |>k�l z$65" ] T�D�E�F ,�' i	N R t�4 ]�� O I&M)(&M T u@v � " R
N D	E+F ,�' i�N R z�6 T / { ^ : X O N = 1

/ O
〈

exp
(∑

αaI(Σa) + λO
)〉

=
∑

ρ

exp

(
η

2

∑
αaαb · ](Σa ∩ Σb) + λ〈O〉ρ

)
〈1〉ρ (3.104)

/ 6#" ]HM / U � Z+*�,P� ^.- / O kml z6n�o ; �K�	� 7 T � � 7 T0/ %S4 :3N-] TP� ,W_ i	N
4 z :)� [ �

�K��� 7 T � � 7 =
∑

ρ

exp


η

2

∑

a,b

αaαb · ](Σa ∩ Σb) + λ〈O〉ρ


 eaρχ+bρσ (3.105)

"dO ] [ R [21	3 4 R [ T O+4 # T = /+� q MfN R N){ Donaldson Y Q d T05�6 �	V 4 R�R z$6
(Kronheimer & Mrowka [24])

" 8+G � O JK� i 4F; M z$6 ;+{ K3 / LjT � [ ? hyper Kähler *
,.- T#}+~ � O ]HM /7 i�g l / 65" hyper Kähler *�,- / ? R	})~ O {&1 T � [ � . � z :+�[ "

N = 2
T V0X , N = 1

T V0X � I 4e6 � O mass perturbation
,�& y t Ffy / 6 ;){ mass

perturbation
O ��� ?8	v / O

m

∫
d4xd2θ trΦ2 (3.106)

4�? l z�6#" ]�M , /P;@i&g 8	v / w [ � X p / 6 ;�{ z#;	9	: T�; 2 ,

d4xd2θ → d2zd2z̄d2θ (3.107)

4 � � Sr� z�66" d2z
T�; 2 ;�<0= / 6 ;+{-]�M OP^�> 2

 �
dz1∧dz2

/ 6#" ��� ?8�v / O�^>
2
 � O0?�@ : z�6 ;){�/);ji&g 8&v)AjO 8�G � OP^�> 2

 � O�?@ : z6n>o�" : p : 4 l3k� ; { ^�> 2
 � ; ?@�6xt /�;)i5gP*$,�-CB D � t ] 4 �FE z765"�^�> 2

 � ; ?�@	6xt /P;)i
gP*P,.- 4 R [ T O�"dO hyper Kähler *P,.- 4�G � A$6#" I T ^�> 2

 � B ω
4 � X ] 4 �HE z6#" I [ 6rt4 dz1∧dz2 O ω

� ? l z�6 T A mass term
O

m

∫
ω d2z̄d2θ trΦ2 (3.108)
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4 �Py z�65"
hyper Kähler *�,- T#}+~P� O ω

O
non-vanishing

^�>
2
 � 4D? l z$65" w5] AU J � ? qH? R o Z prq w6] A U)E i p l mass ; � t4 R [ ] 4 A$65" I [Z6xt54 � i+� T i X

; A � N0{ clustering decomposition
4Hp@?+o 4�p ; ^- � D � z�6#"�4 ]���;){ UCE ω ;mw	]p�A�J � ? i�g 4�6mt4 {+IP] A0O mass ; J � ? i	N E z R z�6#" IP] A�O mass ; � � z�6dpq { Coulomb phase ������� � �ml z$66" I [Z6 t54 I>] prq %.^ ;3<&N	� z�65" mass ; J � �t ; 2>O

2 
	� T�; 2 *P,5- � �0i&N){	I-] p�q&%�^ ;3< z�65" mass ; J � � t ; 2 B cosmic

string
4Hp

vortex line
T � [ ��( � E N %.^ T�8�: B E z�66" ]3M B��0J o 4�Yxt T O V E R A6#"3^�>

2
 �dT ] 4 B canonical class

4;D [ T A {>] [ R [ canonical class ; � � t4 ]���B
canonical divisor

4 D R z�6#" � i)� T�5)6 �&V 4ED [ T O canonical divisor
� " R N T	� Eej� T 1	3 A � p MfN R t T AP6 ;+{-]HM B�)V�� � C��36mt54 N = 2

T V)X B N = 1
T V0X �

I 4 6 mass perturbation
4����dt R [ ] 4 AP6#"
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4 4
���

N = 4 Super Yang-Mills ���

 :-O

N = 4
T

Super Yang-Mills V�X p�q < K E N0{ TFT ;rw [ Y i	N 5 � � M t T p B� 9 g R o	A�6 ;){�]�M O&p �ml�� (�� i�g i X � � l z$6 (Vafa &Witten, 1994 	 [25])
" 
 z

A$Y i�g�] 4	43p �ml ��� t ; 2 U krl z�6 ;+{�
 � ;jk t T O S-duality
T6� A$65"

4.1 N = 4 Super Yang-Mills ���� S-duality

z��
N = 4

T *��+' O w [ � t�p�A$6 ;�{��������h� a ; 4 |�� E RjT A { N = 2
T�� m �

�3*�+' 4 N = 2
T�� � n @ *.��'HB minimal

� � l"!�� � nrt ] 4 B�D � z$65" �#� n @ *.�
' O03 � ��$#% A D � t ] 4 ; A � t T A {>])] AjO�&(' $ % A D � z E � [ " ]�M A N = 4

T
*.��'; A � z�6��

N = 2
� m � ��*��' ⊕ N = 2 (

&�' $#% )
�#� n @ *��+'

A a
µ ψa

q

λa ψa qa q̃†a

φa ψ̃†aq

(4.1)

]+] A { λ, ψ, ψq , ψ̃q

4 �.R N R t T ;)�������h� a (
��*&a 1

2 )
A { φ, q, q̃ 4 �3R N R t T ;�+-,

� � � @ (
��*	a

0)
A�6#" I [Z6mt4 { } O ,�; A wWM Zdy k t6p 4ED R z$6 4 {





� m � � 1 | : Aµ�.* L/� 4 | : ψi i = 1, 2, 3, 4� � � @�0 | : φm(
"

) m = 1 ∼ 6

(4.2)

Z@y krl z�65"
] T�})~ { R-symmetry

O # p�4 D R z�6 4 { N = 4
A$6�pmq21	[

U(4)I ' SU(4)I × U(1)IT � [ ���>� z�6 ;&{ "@O SU(4)I
� �ml z765" I T V43 O 
 T % l A�65" U(1)I

T ��� � B B
4

$ E z�6S4 {
[Qαi, B] = i

N − 4

4
Qαi (4.3)

;�� l��)5 z$66" N = 4
T 4 � �  3!�O 0

� �ml z$6 T A { B 4 Qαi

4�O , N T ��6 �87 E N >?:9�; B E z�6#" 4 ]���;+{ N = 4
T *�+' O CPT self-conjugate � T A (48 < @ �8=?> ) { B @A N�+ ,4B @ +1

2 C �#6 4 −1
2 C � 6 �(7 EED >O?F9�; B E � X D @ � q:� { B C 9�; @ 0

� �
l z�6#" E g�;@i D N = 4 C R-symmetry @ SU(4)I

A$65"
SU(4)I @ SO(6)I

4 < 3 >HG A$6��

SU(4)I ' SO(6)I (4.4)

�I�/�J� � a @ SU(4)I C 4 
�� � m � ��$ % A {LK?M a @ SO(6)I C 0 
�� � m � � $ % 4 �mlz�6 �

�������h� a : 4 of SU(4)I

KNM a : 6 of SO(6)I (4.5)
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� ) {f] C 4 @ SO(6)I C $ % 4 E/D @ �.* L/� � { 6 @ SU(4)I C $ % 4 E D @ 2
��� 7�� , a

� � � � l z�6#"
I�� p�q N = 4 C V)X @ �.@�p ��� ; 0

A�6
:

β(g) = 0 (4.6)

w [ EED I [ � t6p 8�: E/D)( z E � [ " N = 2 C SU(Nc) V0X C �3@?p �	� @ 1 � @ ! C P�QE p krl z�n>o ;){ 1 � @ ! C �.@�p ��� @&{�
 X � q � D+R t � [ � {
β(g) = − bg3

16π2
(4.7)

b =
11

3
C2(G)−

∑

RS

1

6
T (RS)−

∑

RF

2

3
T (RF ) (4.8)

T (R)δab = tr(RaRb) (4.9)

C2(G)δab = facdfbcd (4.10)

4 � l z$66" C2(G) @�� G C 2 
 C � +.�� A { T (R) @($ % R C Dynkin index
A�66"

Ra @8$
% R C $ %���� A { RS , RF C g���� S, F @+I��)(�� " C � � � @ { " C �.* LE� p�q C P	Q B$ E z�65" G = SU(Nc) C 8 {

C2(SU(2)) = Nc (4.11)

T (
&(' $ % ) = Nc (4.12)

T (
� m � �?$ % ) =

1

2
(4.13)

A$65" ] C � � B ; R#D { N = 2 C � m � �*��' 4 �?� n @ *���' � " RND {�� � b B�� � D( z�6#"

• � m � �.*��+' � " R#D� m � �5; 1 |@{ " C �4* L �?; 2 |f{�+ , � � � @ ; 1 |-k t C A {
b =

(
11

3
× 1− 1

6
× 2− 2

3
× 2

)
Nc = 2Nc (4.14)

4 �ml z�65"

• �?� n @ *��+' � " R#D
+ , � � � @ ; 2 |@{ " C �4* L �?; 2 |Pk t C A {

b = −
(

1

6
× 4 +

2

3
× 2

)
× 1

2
= −1 :

� m � �#$#% (4.15)

b = −
(

1

6
× 4 +

2

3
× 2

)
×Nc = −2Nc :

&�' $#% (4.16)

4 �ml z�65"

 D ��D)R t N = 4 C *��' (4.1)

� @�{ N = 2 C � m � �.*��+'�; 1 |f{ & ' $#% C �#� n @
*.��'; 1 |-k t C A {

b = 2Nc × 1 + (−2Nc)× 1 = 0 (4.17)
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4 ��l z$6#" E g	;�i D { �.@?p ��� ; 0
� ��l z$6#" �@?p ��� ; 0 � C A { ��� ����� ;@k

l z6nfo6" " z l��	� ��
 � �	�CA$6#" E p� { ��4��4 massless C ��� A�6dp�q���� � �	� @��������;0krlR{�� �.; d � �)A��� g�� z765" ��� R � �.� A T3U@��� � � ���)A�66" d � � �o�AP6 ; T�Ud� �	��� �0$�R {"! l�� (	J�K 4 R �$# y A � X ] \ ����� ;.< � R {	I o � ���
C %'& C 
 AP6#" g'#� C �'� C ^ -�@W] \ @�
 X 2@p l z�n>o�"
I�� prq duality ( ( 7 � ) C � A�6 ;�{ N = 4

A �>� 
 � ;�k t C @ S-duality (Strong-Weak

duality)
A766"

N = 4 C � � @ S-duality C �*) C g ��� A k t � 4 ; D�E � � D�R zW65" S-duality

C ��) 4 @5{ ����+*,�-�. �$)�y t/+0- 41,�- B � �0) � t �0) C 2�3 A { �	� C ,"4 � 4 � N �5 B � � ) � t ��) C � 4 A�6#" ��� C � ~ � � B g { u@v 6 B θ
4 6 t4 { S-duality C � ) @	{

4π

g2
→ g2

4π
(4.18)

θ → θ + 2π (4.19)

4 R � 2
" C ��) pmq ��� � � t'� C AP6#" � (4.18) B [ � � 2fp�t � � � { � ~ � � C 7 � B'-t � � �&{ ��� C 8 � ~ 9�: 4<; � ~�9	: B � � ) � t � ���=��) A�65" � C S-duality C � )@ #	% { SL(2,Z) �	) 4 EED D � z�6#" g 4 θ B zq4�� D {">@? � � ~ � � B

τ =
θ

2π
+

4πi

g2
(4.20)

4 ��� E { SL(2,Z) C � C τ
�87 6xtH9L; B

SL(2,Z) 3
(
a b

c d

)
: τ 7→ aτ + b

cτ + d
(4.21)

4�6 � � { S-duality C �	) @ SL(2,Z) � ) 4 �	- 1
7

1
�87�A E z�6 �

S-duality C � ) ←→ SL(2,Z) ��)
4π

g2
→ g2

4π
←→ τ → −1

τ
(θ = 0) S ��) (4.22)

θ → θ + 2π ←→ τ → τ + 1 T � ) (4.23)

S �	)d{ T �	) B ���#$	B 6DC�4 {
(

0 1

−1 0

)
: S ��) (4.24)

(
1 1

0 1

)
: T ��) (4.25)

4 �FE z�6#" SL(2,Z) � ).@	{G� C S ��)f{ T � ) � �*H D �)� � � z$66".^�- � @�{ S-duality

C �	) � �*H D	I+@ � �5; � E Q H ? � C � �JELK 6��
I�@ � � G

τ





−→
S-duality �	)





I+@ � � Ĝ

aτ + b

cτ + d

(4.26)

Ĝ @ G
�

dual � � A�65" Ĝ 4 G C weight lattice ;0M Rf� dual
� � H D+R C54 R � �5� AP65"
P����N

G = SU(2) C 4 � N Ĝ = SO(3)
A�6

[26]
" EPO E �'� A @+I C � 4 � " RND @'Q	KFE- � E � R � 4 � E K 6#"
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S-duality ��) C ��4��'� ; �'� A Q C 9 E 4 R � C B %�& � D H ? � @ Montonen
4

OliveA$6
(1977 	 [27])

" � �HB Montonen-Olive duality
4;D R K 65"���� @ %�& N = 2 C ��� � "R#D �D� R �/� 4 B D R < E ?�� A$6 ; N ] \ @ N = 2 C �'�#A @ � C duality @��
	���@7� E

� H D)R K��� " N = 4 C �	�#A�� E���� 4 D�� � ��K 6 [28][29]
" ��� R �2D��A= C ��� 4 � C� C @$# O 4 D R K 6 4 N � � R � ��� � @ � N�� 5 ;3< D � C�4 R � � 4 A�6#" �540�4<���

�L@ ,04 � ;�Q C C AP6 ; N ����� � B�� H X E! �"J��# A N �%$ � 5 B�,04'&(# �*)
+ EED-,C ��#/. A*0�C # ) �/��# A "21�3 C # 0 � duality . � E���� C @ N ,"4*& C�4 <�56�8729�# �$ � 5 C
4 <:5;�!7<9:# C = �	)>�2. 0@?BA � C�C'D "E1 N = 4 C ��� ��@2F:G-H<II� (
�J$ �5

) .�K D � C � D "%. N SUSY .'Q C O � F�GEH2I�� �ML<N<O�PH9 ELK�"21Q3 C L�N�O .N5�R��S�T H 0 #VU:W N = 4 C � 5�� � L<N�OXPVY��[Z K�"21 4 * 5 1 C � C . 1 \ N 4 * 5 1/2 C �
C . 4 \ N 4 * 5 0 C � C . 0 \�K D�] KE"E1 D " O � exact ^E_'` C S-duality . � E�����a<b
��. Q ELK�"-1�c<d N = 2 e �	� D�f F�GEH�I2g f�4

h 5
1/2 # 4

h 5
0 e � e D

L�N�O�P�i E
K-"E1 N = 2 e L�N
O � f�4

h 5
1 # 4

h 5
1/2 # 4

h 5
0 e � e
. =�H�j ) ?�e D N exact ^

_'`*e S-duality . � Ek�%l K���E1?�# N N = 2 e �'� D
� lJR H #�� Y(Z ? Y e duality f

�
E���l0K-"-1�3<m'. Seiberg-Witten e �'� D

nQo P �Qp Z K Z ? [20] 1
1 q D

�sr
t K Z ?�. N N = 2 e�u � D
f U(1)R vQw I�x�. anomalous D "E1��Ee�#
0My<z%{

|
f 0 ��^ H�j Z K~}�e D N�)���)'� ^��

P���� " C # 0 ��� {<{ | PM����Z ^
��m'��^ � ^ ? j N
32m%. Donaldson �
�Q�%�
^JEPK-"E1'c<d N = 4 e-u
� D�f U(1)R v%w I%x<. non-anomalous

D "21 D "
O �!y<z'{ |

f non-zero #�^X� N y�z�{ | P�� �����*#s.�_Q` P/� l���"-1<�*GV� $ I
.Q����� S }��X# ) }Be f

�
8: �%G�� $ I P KE"Q���@�Q7��

�M���¡ 

¢

¢
£

¤

¥

# ) }����X�*7�� PE�
� "*m@� )Q)'¦ � D "21*�
�
Y e2g%I�§ P ��¨Mg�©�ª�«2.Q¬@�2e D "J.�

N = 4 eEu
� DQf�® 5��¯g
L�N�O�°

2 \%2±Q²�³*I L�N�O�° 2 \X�
¨Vg[©�ª@«E. ) �-e D 
3�m´ e U(1)R v%w I�x�e�µ
¶*.�l@R�} S�· w «M¸<g Z ��" ( ® 5;�¹g
L�N
O e���¨Vg6©sª�« 1 \�e

µ�¶ f +1 �±
²�³�I L<N�O e'��¨�g[©�ª@« 1 \�e-µ�¶ f −1 D "21 ) 1��*� ) f
º e�»@} °�� � j¼ )�)

D "-1 N = 2 e-½�¾�¿ f SU(2)× U(1)R D J�/m%. N = 4 e�u��%e2½�¾�¿ SU(4) e�À °

f �Á�8Â C �E"�e D
Ã*Ä � & f �/ÅsI 4 Å 4

° ^>����"21Æ# ) }M��# f U(1)R v%w I%x P�Ç(Z�È¼ e f 0
° ^�É j ) ��# ) }��'# D "21

3<m D
y�zJ{ |

f #�Ê
) �E"(#/2Ë �'� | P τ , Ì�I�xMÍ P G # Z j

Z(τ ;G) =

∫
DX exp

{∫

M
d4x
√−g

(
1

g2
trF 2 +

iθ

8π2
trF F̃ + matter part

)}
(4.27)

#V^��B�-"-1 θ f
Î*Ï � D "-1 Vafa # Witten f S-duality Ð2Ñ�# Z j  º e�Ò PMÓ'ÔÁZ � Z�ÈÖÕ

ZM (−1

τ
;G) = ±

(
τ

i

)−χ(M)
2

ZM

(
τ ; Ĝ

)
(4.28)
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È � Z 

ZM =
q−

χ(M)
12

]Z(G)

∞∑

n=1

χ(Mn)qn (4.29)

q = e2πiτ = e
− 8π2

g2 +iθ

Mn : n− ²�« 4
� «���«-e2F�x��Q7M² Ï��

]Z(G) : Í G e*À	�Qe�
�e-\ | ( ��<� ]Z(SU(N)) = ] ZN = N )

�Vm%.	� ������� S }�� P �Mm%� ´ v ¨��-5 ZVÈ ) e D "�.��c��
°
f
� Z "�� j�� e�����»�}

.'�~�/���! -1%3�� D
L�"�#

M # Z j	$ ��%�&@^ ¼ e P�� É j ] j�')( P+*-,�° ":�*��# P��
2�-"21 M . hyper Kähler

L�"-# e A�. . */, D "21 hyper Kähler
L�"�# e��(# Z j f K3 01 ,

4
º 
2� I�7 4 T 4 3 .Q�~�B��" (Appendix 465 ) 1 M . hyper Kähler

L�"�# e87� ¼ # ¼
#Me���9�x�:2g@^Eu
�[#;� H=<2x�:2g�^Eu��%. 3�> ° ^~���E"-1 y�zJ{ | P@? > ">�BA�C� HD<
x�:2g�^Eu
� °@E É j ? > Z j )�) # ) }M��# D "-1

S } Z j �X} ) }GF�H ° ^%�E�># ) }Be f
Appendix (74 I'I�x ) D

, �
�'# °�Z � Z RJ} 1
�Vm�� ´  N = 2 e-u
�Je Î)J P@Z j  N = 4 eEu
� D � H=<2x�:-g�^Eu
�

P�i �Q��# °�Z
��"21%3�m D

y
z%{ |
(4.27)

PK? > Z�È )Q¦ � D "%.
;LNM f ��m%.2²X« 4
� «���«-e ÇÁZPO/Q° ^%�
�%# P+R(Z  T ´ ° 32m P explicit

°	S/T ��# ) }��'# D "-1
�	U��VE² 4 �

PXW ) �E"E1 N = 4 D "��
´
4 I�³QI v%w I%x<. 4 \��:����" Õ

Qαi i = 1, 2, 3, 4

Q̄α̇
i i = 1, 2, 3, 4 (4.30)

��m ´ f 32m6Y2m SU(4)I e 4
º 
�Z�[ 4  4̄

PMi É j ) �E"-1 N = 2 e A�. #VU "@° Internal ^ÇJP
Space-Time e Ç�°B\@0@] ��E"-1 Space-Time e Symmetry f SO(4) ' SU(2)L × SU(2)R

D "�.� SU(4)I e 4
º 
8Z�[�e 4

P
SU(2)L × SU(2)R e	Z�[Á# Z j S }_^�}��:# ) }V��#/.�`a #�^>����"21~�/m ° f 3 �*a2b�¿J.*�>�s� Z j

(SU(2)I,L × SU(2)I,R)

(i) (
1

2
, 0) ⊕ (0,

1

2
)

(ii) (0,
1

2
)⊕ (0,

1

2
)

(iii) (0,
1

2
)⊕ (0, 0) ⊕ (0, 0)

.Q�~����"218b)c%e'À�eed�� y . SU(2)I,L e 4
h « P �b�c�e�À2eBf�� y . SU(2)I,R e 4

h «P Z Z ��gE1X�Ee 3 �'e v;h ² 4 .*�*�
¦ � D g�.�ei f (ii)

PXj6k �-l °�Z �Bg-1 (0, 1
2 )
� ��^´

N = 2 e A�. lnm ? U:W D g21 N = 2 e/o h I'. 2 \J���/lqp[} ')( ° ^�É j p'��g21J� È 
SO(6)I esr º 
8Z�[ 6 f SU(2)L × SU(2)R e�Z�[tl Z j

(SU(2)I,L × SU(2)I,R)

(0, 1) ⊕ 3(0, 0)
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D ���-lP^�}���l
°�Z �Bg21 N = 4 e ��A���� e���� | f

�	� e�
;� D g
Õ

(SU(2)L × SU(2)R) × (SU(2)I,L × SU(2)I,R)

Qαi (
1

2
, 0) 2(0,

1

2
)

Q̄α̇
i (0,

1

2
) 2(0,

1

2
)

Aµ (
1

2
,
1

2
) (0, 0)

ψi (
1

2
, 0) 2(0,

1

2
)

ψ̄i (0,
1

2
) 2(0,

1

2
)

φm (0, 0) (0, 1) ⊕ 3(0, 0)

(4.31)

È � Z  ψi = (λ, ψ, ψq , ψ̃q), ψ̄i = (λ̄, ψ̄, ψ̄q,
¯̃
ψq), φm = (φ, φ̄, q, q̃, q̄, ¯̃q) D gE1 N = 2 e l 0 lMU"  SU(2)R l SU(2)I,R

° ��p j V-² 4 �
P@W p'�Bg Õ

SU(2)R′ = SU(2)R

����
⊕ SU(2)I,R (4.32)

�BU 4 I�³�I v�w I�x
° �6p j f

Qαi → 2(
1

2
,
1

2
)

Q̄α̇
i → 2(0, 1) ⊕ 2(0, 0)︸ ︷︷ ︸

BRST �����
(4.33)

lV^��B�	g-1 (0, 0) . BRST � � � D gE1:��¨Mg[©sª@«
° �)p j f

SU(2)L × SU(2)R′

ψµ, χ̃µ (
1

2
,
1

2
) �'a ] ^ ® 5 � g

χ+
µν , ψ̃

+
µν (0, 1) �����
½J^ 2

Y Ò
η, ζ (0, 0) 4 :J7�I

(4.34)

lV^��B��gE1 (χ+
µν , η) f ψ̄i e ® 5 �¹g

L<N
O e)V�² 4 � �
´  (ψ̃+

µν , ζ) f ψ̄i e-±�²�³QI L�N�O e
V�² 4 � �

´��(´ m�� Z�È 1��! �« ° �6p j f
SU(2)L × SU(2)R′

Aµ (
1

2
,
1

2
) ® 5 � g

B+
µν (0, 1) �����
½J^ 2

Y Ò
φ,C (0, 0) 4 :J7�I 3 �

(4.35)

l�^����	g-1 φ f
"$# ^�e D 2 � l | ��	gE1 È:?
T  Qe A . = É j ] ��g%� ´&% .('�p� D g

.
@�Vm�. S } , É j()+* g>�E��,����/l °�Z � Z RJ} 1J��U%ª�²�7�I | . S } , É j A e-u
�°.-:P K+g%� l�p6}V�6l P l�R¹É!l �  j C �
Z R�} 1 *6, ^ A�. � ´ K�/ Z j 1032 P14[Z U��5 I�x h «E� �M§ Z j p ? ��l °�Z �Bg21

4.2 687:9<;�= 1 ( >8?A@CBEDGF3H 1)

��U
JI�KML y .ON3P º 
'eJL y D �*�
A�.XPM�  j C ��g21���m fJQ ½�¾*�M�

o	R
C
È p*^¼ e D g21 M

P
d (= 2n)

º 
Je=o�«M³�5 � ^+S 0�T � ´ m È<L�"-# l Z  V P S 0�T � ´ m È
7
«�5 d e(U ® 5 �¹g	V l

Z ��gOW V eYX ��Z��O[ P gab l]\_^-Y`�L P

(v, w) = gabv
awb , v, w ∈ V (4.36)
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l Z �Bg(W ��� Í f SO(d) l�^>�s��gOW ui

P
M e�������M l Z ���¨�g[©sª@« ψi 	 M e�
 ®

[��¹gtl Z �Bg ( i = 1, · · · , d ) W Q ½<¾*�M�
o	R�

f �<¨/g(©Bª@«�lPp6}�e f
� y�� Ò;lPp6}������� È W

BRST � ] f
δui = iεψi

δψi = 0 (4.37)

� g(WJ� È  ε 	�� p È BRST � ] 	���� �  δ0 l Z�g:�/l ° � �	gOW�� ���

δ0ui = iψi (4.38)

� g(W� m*� ´ l��¯ÉDl 1�� p�e � g�! V e�"$# 	 2 � ��� �  χa(u),Ha(u)( a = 1, . . . , d ) l Z� �	gOW χa(u) f V e�"�# � ��a ]&% �Q Ha(u) f V e�"�# � a ]'%�(�)+* � g�W�",# l�Ê;}�l- Q/. � g0!��1 f
2 � y e�3+4 { | eJ�/l � g(W V e,5
«�[�!�3+4 { | e�� y e | ° �76 � �

gOW~��m ´ e BRST � ] f
δχa = εHa − εδ0uiA a

i bχ
b

δHa = εδ0u
iA a

i bH
b − ε

2
δ0u

iδ0u
jF a

ij bχ
b (4.39)

� g(W A a
i b, F

a
ij b f�® [ � gYV V e8
+9�lB0�: � g(W~�Ee BRST � ] f U�A 2 ¬�;X�Dl 0

°�% �
�Bg(W� m � 5��5
«�x��%« 	

L = δ0W (4.40)

W =
1

2λ
(χ,H + 2is) =

1

2λ
χa(Ha + 2isa) (4.41)

i.e. L =
1

2λ
(H,H + 2is) +

1

λ
gabχ

a ∂s
b

∂ui
ψi − 1

2λ
Fijabψ

iψjχaχb (4.42)

l Z�g:�/l ° � �	gOW λ f Ë
. 2 | �  sa f V e�"�# � gOW y�zJ{ | f
Z =

1

(2π)
d
2

∫
dudψdχdHe−L (4.43)

l % �B�	gOW��	U� H ° �)p j L y � j ;@É j 05��+5
«<x<��«�� ´ (+)<* H 	�=<> g>�-l

Z =

(
λ

2π

) d
2
∫
dudψdχe−L (4.44)

L =
(s, s)

2λ
+

1

λ
gabχ

a ∂s
b

∂ui
ψi +

1

2λ
Fijabψ

iψjχaχb (4.45)

l % �B�	gOW. j J�-eJL y 	 ? > � È p ¦ � � g0!� � e È6T�° λ → 0 e�?_P l λ → ∞ e�?AP � ? >
gX�Q��l 	 � 2�	gOW>�Vm f TFT e�@�A ��B � g(W
�	U λ→ 0 e�?AP 	 lE�Dl�

sa(u) = 0 ( a = 1, . . . , d ) (4.46)
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��� e�µ�¶�!�� z���°+% �*�Dl ! y �(�/��g�W~�Vm f 1 q � ;JÉ È�� � l
	�� � gOW�g % ¦ l<�� ³ ����� «�� w g W 	�� p j

sa(u) =
∂W

∂ua
(4.47)

l Z�g l�,5
�<5Q«2x���«2e ��� «�� w g�e�� f
(
∂W

∂u

)2

+ ψ̄
∂2W

∂u2
ψ (4.48)

l]\�� j ,��'m È��J°<% ���Bg(W6�'�Á�  W e
�����<µ�¶ � ��!�L yJ°
� p j ^<��gOW� m � i ¼ �  s !�� Pα

°�� p ���!6� � È 1 "#�%$&� 	 � � l�g:�/l/ s '
sa = f(a)u

a ( a: not summed ) (4.49)

l]\��2�	gOW u→ 0
�
s ' 0

° � T ^<��g(W � }GgX�Dl 1 ()�
$��Q� ´ �<µ�¶*'
(
λ

2π

) d
2
∫
duadψadχa exp

{
−(fau

a)2

2λ
+

1

λ
faψ

aχa

}
=

d∏

a=1

fa

|fa|
= ±1 (4.50)

l % �B�	gOW>�,+*'� 2 - � ;JÉ È Ë/.tl,	0� ¼ � °<% É1��p'�Bg(W � È !QÉ1� y
z%{ | '
Z =

∑

Pα

εα

εα = sign

(
det

(
∂sa

∂ua

)) ∣∣∣
Pα

(4.51)

l % �B�	gOW32�4 � ^ � $��'� ´ �2µ�¶ 	 Ç � ��p65�lPp�} ¼ � °<% É1��p'�Bg(W
i87*' λ→∞ �8?$P 	 l-�-l��5��<5
«�9���«���: 1  2 �*'%;1< � ^�� ( g % ¦�= s = 0 l� È »�} % ')( ) �> z%{ | '

Z =

(
λ

2π

) d
2
∫
dudχdψ exp

{
1

2λ
Fijabψ

iψjχaχb

}

=

∫

M
du

1

(2π)
d
2n!

Pfaff(F ∧ · · · ∧ F︸ ︷︷ ︸
n ?

)

=
∑

α

εα (4.52)

l % �  2 -���Ë1.tlA@1B � �eg(W1: 2
W ��C+L >1D/>*' ® [ �FE�V���ª<²&5 ��G

� g(W�H3I*� 3
4�' | R �(2�J � g�W��
�2Ò�'�p ¦8K � Poincaré-Hopf �O2�J ( ® [ �FE+V��<ª<²'5 �

| ! ® [ �
E+V*��"�#��em��8�
$&� ��H3L�� ´ >'�%�/l�p[} ¼ � )

° �&6 � ��pQ�eg(W � g�� ´ ���� � � �� � ´ '<ª<²75 � | !�M���N'�	gOW

4.3 687:9<;�= 2 ( >8?A@CBEDGF3H 2)

¼ } 4 � Â/O � É È�*8.@° �)p8� ;�É���O'�Bg(W 5 � 9 h « 1
� ' s ��$���'%!)� � ��p È �� g,!�ei37)' � +�!Q�'�QP�!Á� 	 � É���p@� *�.�° ��p � � �� � �%} W s = 0 l % �RD/> 2 "# ! º 
 dα 	 � � M ��D8> 2 "6# Mα � union

° @3B8g:�/l � � � ��} W
Mα � ��S �  Mα

°
normal

%�T S1��"�#8�B�8> 	  normal
%�T S3� ��M ui (i = 1, · · · , d− dα)

	U� p8�
sa = fa

iu
i ( a = 1, · · · , d− dα ) (4.53)
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�
9: "�# s �%$&� � . ! º 
 dα 	 � � M ��D8> 2 "6# Mα

°�% É1��pJ�.W

M

s

u

M

α

d-d   +1
, ...... ,ud,u, ...u

1 d-d α α

lnZ � � � ��} (fa
i 6= 0) W���������� T S ° ' s '���� � ��p % p;l � �	gOW Mα

°
tangent

T
S1��"�#&�e��>*'

sa = 0 ( a = d− dα + 1, · · · , d ) (4.54)

l % �B�	gOW
�,+ ° ��p�� 5 � 9 h « 1 lU	 �E�/l 	 ;�É���O'��g�W W�� fa

i ' Mα

� � � �*�
¨RE�©BªJ«
���
	 W�� � �:� ( Ò (4.45) »@����/: �V§GZ�«�������! gabχ

a ∂sb

∂uiψ
i l % �
�/l °���� ) 

d−dα←→ dα↔

d− dα l

dα l




 massive

 fermion

O




↓
massless fermion

(4.55)

� g(W 5 � 9 h « 1 lR	 "  Mα

O � (s = 0
° � É È ) L >*� ´ ª�²/5 ��� !8M��� Mα

°
normal%
T S (s 6= 0) ��L >%� ´ 2�4$! M���gOW>»�É���>���� � '

Z =
∑

εα · χ(Vα)

Vα : (tangent
T S )

εα : (normal
T S ) (4.56)

l %�� �	gOW Vα ' ® [ � E�V 	 Mα

°�� P � ÈJ¼ � � gOW� +)'���� �tl � �&' LNM �2Ò (4.29) l"!$@ ° � p ¼ � °+% É���p$#	gOW�g�%�5O^
+-p % Ò��& �(' p ' �/'	% ) G �+* 	 ,�+�,8M���p
#�g(W 1950 -�.*� � R �EË3. ��&�/ 51032 +$465%�� g [30]1 W�i)� ��7 ' � � � R ��81. 	 	���9 R � :�;
<�= � >�? � 4 l p ' 5�� � g(WA@CB)�D
(4.29) E�F�G�HJI E3'LK�E+M � 9JNPO�Q(RTS � %
U +�, %V� #PW�X+Y
1 Z\[\]_^\`badcfehgij_kdlCmonqpqrCs1t uwv_xzy|{~}~�"�1�|�ib�C�z�+gqgz�q�\}~�"�~�|�~�q�����C�1�����|�i\�C�d�C�~�����i\�C��
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4.4
���������

3 (N = 2→ N = 4)

	�
� '
>�� � � ������3'��8>�� & Mα E���� � normal � T���� tangent � T�� E�> U # �
4+Y tangent

T!�#" ��>�' Mα

" :$ %'& � � � � & normal
T!�#" ��>�'%2�4 � � � #(� 4�Y#)

7*' � " 2&4!� �
� 	'
+*�, I � � ��-�. #+HLY�M/&&9 N�O 1
&

2 � ,!
0*�� 4 � � '2143 N = 2"�5/6 ��HLY�7+&*9�J 7 �8' & Aµ 8 u E & ψµ 8 M
"�9/: ;=< EfE��+>?� #�H�Y0@ "4A�B %'&0CD 7�&!E2F4G "+H %�I+&!J�E2��>?�T#+HLY N = 4 � D 5 'LK �NM�CPO4Q 8RTS � � #�H�YVUWV�X�Y 8 � W #�H�Y

UW���Z6I�4P[ &

s = u2 − a (4.57)

� � 
0*\ I#] ' ��^ ��-_.L#+H�Y0`Va " 4�[ & ��b D2cVd+e�f ��H�YPU ' H I � & s = 0
"�� �




a > 0

"(� �
u = ±√a ( sign

(
∂s

∂u

∣∣∣
u=±√a

)
= ±1 g Yih2j )

a < 0
"(� � k � � (4.58)

� �ml_#�H " � & b�n�o�p D &

Z =
∑

u=±√a

sign

(
∂s

∂u

)
= +1 + (−1) = 0 (4.59)

��HLYTq�W_� XVY �(�r�s���4 \it U ��H 8 & U�q�� &�u 4/�'v�B y �$5 
�*��* &

s1 = u2 − a− y2

s2 = 2uy (4.60)

� �T#�H�YPF�p(�'w , � 4 " � &0x�y$D 5�w ,z	 � \ � \ U #�W�X (dimM = rankV ) ]�l ) Y�U
q�� & s1 = 0, s2 = 0

"
2 * "+{| ��- .+}�H�Y	�*�~

s1 = 0, s2 = 0
� HJI � ~ (4.60)

" k D ~
{
a > 0

"(� �
y = 0, u = ±√a

a < 0
"(� �

y = ±√a, u = 0
(4.61)

��HLYTq "�� �0~

det




∂s1

∂u

∂s1

∂y
∂s2

∂u

∂s2

∂y


 = 4(u2 + y2) (4.62)

D�� E2� � � 
+*�\ }PHLYPU "���� D ~ ^�. , a > 0
"_� � ��Z�W�, ~ ∂s1

∂u
= 2u

�
∂s2

∂y
= 2u

" ]� E h(��XVY ����HV5 " 8 2 ��� I�� 2��LHLYP�V}ml�F�p(�'w , � *#~ x�y$D 5�w , � *��P� D
8 � � ��I#] � E���� 	 W *\ }+HLY
4.5

���������
4 (N = 4 �_�����(��� � )

\ ] \ ] ~ TFT
"0� E���lr}LH�Y�q'W�}/� " -P��� TFT E��i�=�'}T�� � Y�MV&�E N+O 3

�F/pT��w , �'}T��� 8 ~ q'W 8!  � �0¡ N = 4
"05P6 E��#>¢�'}LHLY N = 4

"
topological
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Yang-Mills
��7!" M4C/O4Q_� ~ � & A�< p U �+b��=� *�� �����	��� }�H � ~

U = 2 φ

U = 1 ψµ ψ̃+
µν ζ

U = 0 Aµ B+
µν C H† H̃µ

U = −1 χ+
µν χ̃µ η

U = −2 φ̄

(4.63)

� �ml }�H�Y (H†, H̃µ)
D�
� C!��H�Y � & A�< p 8 U = j

" � "��
U = −j " � "�� D���� p 8� � S � 
�*\ }�HLYTq � \=� " � self-conjugate �P� I � \=���i\ x ����}�HLYTq " N = 4

�
7�"

self-conjugate �!��� ~ b4n!o2p " XiY 8 � W�}�H�Y\ } R�� 3 M
� � * D 7&VE����6O���=�� A �P3��!  [� � " ��-_.+}�H�Y�U0Wi�#"%$ s

�
� *�& �(' 
�* S I2�/��H 8 ~

s(A) = F+(A) (4.64)� \?�)� " ��-�.0}LH�Y�qPq�� D s
D�* o�p!� H�Y s = F+(A) = 0

" k D,+.-,/#0 � 9	1 � H�Y
H�� t   $fO A J
O < O���2z��}+H�Y s = 0

"�3%4_� \ � " D $(O A J
O < O "�H %I�&�J2& "�34 � � 
�*\ }+HLY654����q W D $fO A J$O < O " ;�E87P%�$ 3%4 ��HLY
9

10: $(O A J
O < O " ;!E	7/%'$ 3:4

n=1

n=2

..

.

The Space of Gauge Field {A  }
(up to gauge transformation)

Instanton Moduli Space {A  |F (A)=0}
(up to gauge transformation)

µ

µ

� � $ O A J
O < O "+H %I�&�J�& "�3:4 E�;<�H I 3:4 E�� \�* " �ib D XiY 8 � � � IP] �
E0� �+*4\ }�H�YVUW D�= [ * � } � q � E�HVI � ~ topological Yang-Mills

��7�" b�n�o�p D
Z =

∑

n=1

χ(Mn)qn (4.65)

qn = e
− 8π2n

g2 +inθ

� �ml }�H�Y�q "#>@? qn
D ¡ q����BA I2� � \/\ }�H � ~ ; 9@C ���bV�D�EAV}�H�YF " ��� D ~ p8Gi�#HI� Wi��8�J_��K \ }�HLY0Q � �,L 7 � � �M� \4\ X#��H 8 ~8N � X ¡ �� }�W�X�Y!}#� ~ M � � * D K3 O,P��)Q lr}+HLYTq " ;�E@7/%'$ 3R44",S	T ��U%V * ? }�H�YW%X " LZY D �,[8\ 	 X ",]@^ �LH [31] Y�},_ ~ K3 O#PZ` " $fO A J$O < O "�a E	7/%'$ 344" e�f�D

dimMk = 8k − 3

2
(χ+ σ)
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= 8k − 3

2
(24 + (−16))

= 4(2k − 3) (4.66)

� ��I#q � 8 HI�NW *4\ }�H�Y
) ~ $JO A J
O < O�p k �)'i� K3 O�P8` " SU(2)

�
E �2-_.�}�H�Y SU(2)

� � \ � " D
SU(2) 7+&�E'C:5 ��� 
* S 5 	r\ Y�q "_� �+~�� } \ ;�� � L � � 
*�~���� " p 8 2k− 3 	� ��I#] � � H0(M ;L−1 ⊗E)

" ��
_�)"R$ s 8 �5 1 ����
H I#] � E ��}�H�Y@;�� � L
� \

� " D
essential E �V
* U(1) 7+&�E'CV��H�Y s D ��
�������o�p " q � ��HLY q�W D Q � � ���

S H �NW *4\ IPq � �LHLY#^_.� 2
e#f�� PZ` E�� ����� "�� 8 �$I � � *#~ U " `i� A4B %�&

C��'-�.�}+H�Y�� � E! � 8 ��I4] � � 5/6 �+HLY�U "4AB %'&0C "�" � x�y�D � k S � ~ U+W D
� � E �#� � '   }�HLY � D�$ ��% ? � \ � � " � ~ A�B %'&C_�!&6E�' ���(��}+H�Y�U " �P[ ~� �

(  � ) 8 n (8� \ 5 � ~ A�B %'&+C D � � � n ) " ��� ��'�� q � E��Tl }+HLY4��}ml ���" e p 8  � "�* 	 � +,+ � }+H�Y�q#q2� ��
* I " D ~ 7&�E'C L−1 ⊗E �-&4C � � * ' 
0*
AP� � � E ~-��� " p 8 2k− 3 	 � �
I#] � �2��
.���Vo2p 8 ��5 1 ������H(I � \ � q � ��H�Y\ } K3 O#P` E 2k − 3 	 " � 8 ��} 
�*\ I t U �LH 8 ~ U " � ��� \/* q " � �-/10�H I#q� ��- .}�H�Y � ������W�� � 8 � � }�H 8 ~�2 E � 8 ¡ " S � \ F13 " - � � �(' 
�*�\ I��� \=� " ��q " �,� " � � x ��4 \ � U }�H�Y K3 O�P D 4

e#f ��H!�D� 1 � " �#� �4��l 4 �" - � � 8 �Tl }�H�Y��LHV��� ~ � " F3 " - � � D ~

4(2k − 3) (4.67)

� �Tl ~ a E874%�$ 3%44" e�f � �5 ��}+HLY ef 5 U �'Z6ZV4W7� ~ K3 O�PZ` " $6O A J�O <
O "�a E�7�%�$ 3@4 D ~ K3 O�P " 2k− 3 	 ",8.9 &!�   [0� � "4" ] � E � .�}PHLY2p 8�: .��\�\ � \z��� " � D ��l }�W X 8 ~ a E�7% $ 3@44" /0 ",] x � � * q � \z� � " 8P �; X � �
l }�H�Y�U�q�� ~ K3 O,PZ` " $fO A J�O < O "�a EZ74%�$ 3%4 D ~ 1�<1=fE D ��>� (K3)n/Sn" 3 � ��l }+H�Y n e " ��>? Sn ��@JI " D n 	 " K3 O#P "�A WG .�E�� \P*�B �4�>�� � "
� -_.�I � \ �DC#E ��F�G.H�&�I�J#�!�LKz�r�!] � � � " ��F�G4�5 � � � 8�M �i� 
 � � q�N DO C ����P�W,� \ P�}�Q#R�G M ��� 
 � � q�N D a E�7%�$ 3@44"�S�T ��U �+>z��}�F�G \ } ~ K3

O,P8` " $WV A J#V < V "�a EZ7P%�$ 3%4#"X8�Y�a[Z E�& ( \4$�%�&0p ) �'�#����� \ " � ~ q "S�T � � k,] � *�^ S`_.a�8 ��l }�F�G4U�q2� ~ ��>� "�S1T � 8 -cb U k�] (resolution)
	 Wi�3%4 ��- .+}�F�G�q "�3R4 D ~ n � "�d � : � < A�e &#f �hg ��Wji � " ��F [32] G1/ Y � � *#~

��>�� Xn/Sn
resolution−→ d � : � < A�e &#f ˜Xn/Sn (4.68)

� � \ i4q � U �r}�F�G�k�l D ˜Xn/Sn

� � ��_ U+~ X [n]
� �Xm }�F 8 ~)F "�nXo�"�p : ` ~ q �� S q � U � }�F�G d � : � < A#e &7f ˜(K3)n/Sn

� D ~ ^�.�� n = 4 5 � ~

˜(K3)4/S4 =



 , , , ,





�5T� ~ ^_.� D
K3 O,P 8 h(� �XU 4 � > ��q *4\ i � " �(21F�G
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" q � � F�GP��>4� (K3)n/Sn

" C : U D K3 O�P 8 > �1q�� � " D a E87P%'$ 3:4/"�S.T � U
��q *\ }�F 8 ~ d � : � < A�e &,f " C : U D S.T � � A f+&�I U �r� � " 8 � *�� }�W�}�F�G
q " Q l�� \ D A <�� V�� � Y " \4&
	����&���� U�� WWi � " ����� x�� D � S HI� W�� \

}�F [33] G!�5������ U D Weil �! #" \ q0��$�%4p@G'& _.a � F�G(�r���*)J D�+P� U P-, \ �.�/�. � `ia U10�2 � }�F�G
}�_ ��354 /�687:9<;:= }�F�G X 9 3R4 "8� ~ cVd ? Γ &�UW U C �>�?� \ i � . "8��}�F�G

}#� ~ �,i γ ∈ Γ
. C � U�@ �?����� / \.� &V�,iA"�� ~ �!� / \ � . ��B 9 Xγ " ��m }�F�G

}#� ~ γ " <G�F i Γ
.�C ��B 9 Nγ " � S q5" U � }�F�G \ }!q . Xγ . 8�Y�ajZ E!D 9E;:=

}�FGF
H∗(Xγ) (4.69)

H�I 4�U D \�J:K<D�p 9 ��� � � \/t P � ~ML�NPO p . <�Q8R 9 ��� Fji4q�" U / l }�Fi� � ~ }
_�q � \z��� .S. 8�Y#aWZ E�D 91;T= }�F�G�U�W��M� ~ H∗(Xγ)Nγ

9 ~
Xγ . 8�Y#a Z E�D � ~ Nγ. C � . � "VUSW / � . "�� ~ Hγ = H∗(Xγ)Nγ "E2(� }�F�G�U � F[i5" ~

H∗ (X/Γ) = ⊕γHγ (4.70)

" / lr}�F�G%;XRTY Γ
. �A� .�Z�[ � U � \ �-"Vl }�F�G�q�WAY ¡!��\?� q\" �-" \ � " ~ γ �] �_^NWV� � .S. ` U Y Nγ &1` m }�F��M� ~ Nγ

U � \ �8Y��8a @ > / � . 5,P 9 "!q��
b�i5"\ � q'" � F�G H!D#I�J � 9 K1FT] � / � . � F�G
qPq � Γ & @ >1? Sn 5�q��� ¡�� / i�� ;:= }-��� � G!}/� ~ 3R4 X "��?��Y ~ (K3)n 9

;c= }�F�G Sn
.!Z�[ �TY n

.�d JTe �/b�@�f5gXV�� 9 9 � \ ��/�01Fji#q5"?& � m }�F�G�^ = �
n = 4 5-" ~
S4
.!C5.Xd J:e���b�@ 1 + 1 + 1 + 1 2 + 1 + 1 2 + 2 3 + 1 4

l l l l l
S4
.�Z![ � . Q2 C (1)(2)(3)(4) (1, 2)(3)(4) (1, 2)(3, 4) (1, 2, 3)(4) (1, 2, 3, 4)

l l l l l

gXVS� 9

l l l l l

˜(K3)4/S4

� F�G_q . d � L �ihkj e D,f . 8�Y#aWZ!l D . e C dimH∗( ˜(K3)n/Sn)
9 �X� ����m . � F5& ~
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q � U ��m8��Y������ � � 9 �'m/��/�0A&P��� }�F�G n = 4
.�	 5-" ~

g�V�� 9

l l l l l

˜(K3)4/S4

l l l l l
Fock

3:4 .�C
αa
−1α

b
−1α

c
−1α

d
−1|Ω〉 αa

−2α
b
−1α

c
−1|Ω〉 αa

−2α
b
−2|Ω〉 αa

−3α
b
−1|Ω〉 αa

−4|Ω〉

"Mm ��@�
 9E; = }�F�G1F /��   ~ K3 O�P'& l 	 > / qX�Sm�i � (l
d J e �#" g M� " U ���

�0� � )
9��

l ��� 6�� U�� i 1 � � 6�� "�� ��� ����F�G����� γ = (1, 2)(3, 4) "cF[i5" @ >"!
Y 2
d Jce�#\& 2 	%$�R�& 6�� � F5&�  . " m Nγ = {(1, 3)(2, 4), (1, 4)(2, 3)} � F�G�F /��%'  

2
d JTe�#(�") .+*", U / �-��F�G
• Nγ 3 (1, 3)(2, 4) :  1  2  3  4 7→  3  4  1  2

• Nγ 3 (1, 4)(2, 3) :  1  2  3  4 7→  4  3  2  1

. 3WU Y n
.�d Jce�#%/�0cY

n =
∑

l

lnl (4.71)

"21 P+��F�G nl Y l
d Jce�# .43 � F�G  . " m Nγ Y

Nγ =
∏

l

Nγ(l) (4.72)

" / �-��F�G � �  Nγ(l) Y l
d Jce�# .�*�,�5 B 9�6 ����F�G7��8:9 3T.�d JTe�# 9 $<;�= =

i�>@? /A*",�5 B .�B�C � F�G+���� l d JAeD#\& nl E � i5" m  �F .7G Y�H�Z�l D�Y H∗(K3)⊗nl

" / �D��F�G  � �  dimH∗( ˜(K3)n/Sn) &"I7�J�D��F�G(^LK U  5 � . n
U+M m�� ;�N U m �

��f i5"� α−i1 · · ·α−im |Ω〉 (i1 + · · ·+ im = n)
.�OA.�P�. &�Q n

URM m��+S�T �U �F � KM& '7V
?RW Fock XZY 5 B 9�[ �U��F�G G Y\HjZ�l D�"Vm]? . YA^%/ O�_ � FZ`�KD L�N O 3 &\a 3A.7P. Y1HLb�V4 L N�O 3 &\c 3A.(P�. Y��<d�#]e \�V UAfhg ����F�G%i�j .�;%k U >�qX�� 

∞∑

n=0

qn dimH∗
( ˜(K3)n/Sn

)
=

∏∞
n=1(1 + qn)bodd(K3)

∏∞
n=1(1 − qn)beven(K3)

(4.73)

" / i  "?&"/7`J�D��F�G%/�lT&�H�b�V+`�K .�m%n �  �/%o5&\��d�#pe \ V�`qK .�m<n � F�G /^ . 3A4 /+_ "8�M��Y" Göttsche
.4r�_ "Mms? P�. & � � [34]  <t�uPD V 9�v m<�<t\K N e Y D

# .�w V#h ZLx D . ���'� >�b-yzK � �Sm%��{ F
∞∑

n=0

qnPt(
˜Xn/Sn) =

∏∞
m=1(1 + t2m−1qm)b1(X)(1 + t2m+1)b3(X)

∏∞
m=1(1− t2m−2qm)b0(X)(1− t2mqm)b2(X)(1− t2m+2qm)b4(X)

(4.74)
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��&��U Pt(X) Y Poincaré
��� _ �

Pt(X) =
dim X∑

i=0

bi(X)ti (4.75)

� {�� 	 =��  

P1(X) =
dim X∑

i=0

bi(X) = dimH∗(X) (4.76)

P−1(X) =
dimX∑

i=0

(−1)ibi(X) = χ(X) (4.77)

� {�� Göttsche
.RrL_

(4.74) ����m��� X = K3  t = 1 " { i5"� _ (4.73) &�	zK � �\{
�
)��% �I����`�q"�+/���� 3 (4.65) Y" 

Z(τ) =
∞∑

n=0

qnχ (Mn)

=
∞∑

n=0

qnχ
( ˜(K3)n/Sn

)

=

∏∞
n=1(1− qn)bodd(K3)(=0)

∏∞
n=1(1− qn)beven(K3)(=1+22+1)

=
∞∏

n=1

1

(1− qn)24
(4.78)

" / �D�R{��  � Y��Lb�� N e · j h������ . /���� 3 "��8B7� 8 O 9 �?��m��R{�� G(τ) " m]?� 9

G(τ) =
1

q
Z(τ) =

1

q
∏∞

n=1(1− qn)24
(4.79)

 �!�" {$#5"�  � Y Dedekind
.
η � 3  1&%+�\{ F
G (τ) =

1

η(τ)24
(4.80)

η(τ) = q
1
24

∞∏

n=1

(1− qn)

Dedekind
.
η � 3 Y�mSm�'�(�) 9�*&+�, m ,  

G(−1

τ
) =

(
τ

i

)−χ(M)
2

G(τ) (4.81)

η

(
−1

τ

)
=

(
τ

i

) 1
2

η(τ) (4.82)

&R� �.- ' ��{
� � `�K ZM (τ)
90/ b1�SY P ?325476�8�9
:�;  {<9� �=<>?4��R{���@54Vm�6

8A� M m , Y0B�8DC [25] EGFIHIJLK?m��DMONIP���Q� 

ZM

(
−1

τ

)
=

(
τ

i

)−χ(M)
2

ZM (τ) (4.83)

9�RTS ,  S-duality U�V (4.28) 90W �.- M �X 9
Y�`I K�ZZ��{��
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K3
��� i���� ���
	 � M�� , Q16�8�9� 4����<#��   CP2 � ALE X7YO� M�� , ����� �

��6D8<9�� K Z , � #����  {��  �\T C ��Q��������! �� S-duality Q1W#".-<���$���%"  τ &
%  �&� τ̄ P(' +�,!) ��{�� �
*�+ #-,�.0/�1�2?�43 (holomorphic anomaly) X(5 � Z , � # P
�  {��76��7> ?4� P ��� M
� , Q�8�&�8�&�9:�2/7` +�, � � � ��9�;�<Z& X RTS=8\{��
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A
���������

6��
	��  Q� ���������!�����IP
�
� E&4�8�{�� 3 ��P ����) ����� ��Q 6R& * K��A�+  �! P#"�$ X&%�' � M
� , 6O8 4�� � X)( � 8�{��ZF�Z+*�Z��-,/.T� M
� ,  �F��/0��-132�C34&E576 , � ) 8�{0�   �@ 4 � 6 X E�y "-� ��8 Q�F ' K�E�1:9 4 , J$K � �3;�<���=?>I%����@�
� 5�A ��� ��B�C X 4 , Q [35] 93D7" 8\{��
A.1 E�F?G
8 � �=� 	 (manifold) �#��` K&H �8\{ [36] � n 9-I �=� 	 M X � ?4�DQ���J3K ��R +�,  

M � W � L��
� � ,�P  �F���	�MI9 n 9�I-N�37O � PRQ XZY���> ? ��S�SD#�XZY�� 6 X  {
���T P<�VU3W (n WL/ ) 9�XL%D#<>h? �\XZY��06 X  {ZY

[
11: n 9�I ����	 M ( \RP)] U, V ��F�Z3*�Z�� T U�W (x1, x2, · · · , xn), (y1, y2, · · · , yn) 9 '�+0,� #G� )

VU
x

x

y

y
1 1

nn

M ��^ BLC U X F�6��R1Z`�Z+_�� T U�W (x1, x2, · · · , xn) E C *�` , \aPV] X � ? R �@b E 4 8
{��3\cPV]�d e!�#f * "G��Q�U�W:g@h�� _ 9 ! 87" 8\{��3\cPV] ( i3jOZ ) EkU3W3g�h�� _ �L4k_
9 +�,�l " C */` _ ( m � C */` _ )

P ��9 �=�!	  {��@U-W�g�h�� _ E 5�, �#\cPV]%Y  �n�o� 
D�#%> ? �  ) # X ) M Eqp f ��� 	 X ���3r ^%/�s�t  DI#<>h? �  ) # X ) M E�^%/:s t��� 	

X ���3r ,�.  D�#%> ? �  ) # X ) M Eu�� ��� 	 X R � 8R{�����
	
X � ? �DQ r �@��� �/v:w  {��%6���j��AK�8yx 8�������z:{&E ' Z #�6 X �Z> +�, r

���:�DP!��):|&E~}3�L# X � ?�6 X EA4 8R{�Y
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:���@���
hyper Kähler

�=�!	
↑

Kähler
�=�!	
↑

Hermite
�=�!	
↑

:� �=�!	
↑� ����u/O���� P#O����3� [37] "�:� �=�!	 �43�2T�u���3� [38]

↖ ↑ ↗
^%/�s�t �=�!	

↑
p f �=�!	

�	��
 ? �OQ 6�� 6 � r �� �=�
	 r Kähler
�=�
	 r

hyper Kähler
���!	

X � + _ ) Z � �~z3{
E * + _ P �  {������ P ��� M
� ,�  O9:D<# b Q#1-2OC-4 EGF<HIJ K � ��� ��M3MAQ � ���
u�O���� P
O �=��	 X � + _ r���� P�� � z3{ � ���
	 P � o G�� H���� 3
�/� �hW  >����TE��
4�8\{���! ��" X 4 , r 2 9�I$# � S2 �&%('<�0� T U3WLE ' Z , �!8�{�� 2 9�I�# � Q S2 =
{

(x1, x2, x3) | (x1)
2 + (x2)

2 + (x3)
2 = 1

}  6 K�Z # P �  {ZY

[
12: 2 9�I$# � S2

y

z

.

 

S

.N

x

.θ

ϕ

2 9�I(# � � ' Z #qU-W X 4 , Q r�) U-W (θ, ϕ) 9�9 �2y]K Z , � 8�{A9 r 6�Z�Q�� T U3W  Q
D "(8 `!* �0��+0��K r-,�) N(0, 0, 1) E/. ! {$# (θ, ϕ) 9�0��  �$� θ = 0, ϕ = 1 ! X � +�,
4(8 ? ` K  {���2 ) S(0, 0,−1) � M�� ,�P d �  {��  {Z`�K r 6��!354 �uU�W�� ' Z b  Q r
,�Y$�16�8<9  ) 8 `!* �<F�6  r v � K.Z #���9�- 	�6�7 � b$8  {��!8
� r U = S2−{N} �9 4 , r-: �;3<4 � b=8  � T U�W (x, y) E /�' 4 8�{�Y
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[
13: \ Pu] U = S2 − {N} � ��� T U-W (x, y) � /�'

.
.

.

x , x

x , y

x

N

(x, y)

(x , x , x )

3

32

2

1

1

(x, y) X (x1, x2, x3) X �O� � Q : �!354 ���7" 8�{ :

(x1, x2, x3) =

(
2x

1 + x2 + y2
,

2y

1 + x2 + y2
,
x2 + y2 − 1

1 + x2 + y2

)

(x, y) =

(
x1

1− x3
,

x2

1− x3

)
(A.1)

6 Z  r U = S2 − {N} � 9 4 , � T U-W 9 '&+ _ * %  {A9 r-,�) N � 9 4 , Q�� T U3W&9'�+�, � 8 `	* ����6  � ��Q V = S2−{S} � 9 4 , r�: �!3�4 � b$8  � T U�W (u, v) E /�'
4�8\{ZY

[
14: \ Pq] V = S2 − {S} � ��� T U-W (u, v) � /�' (v ����> ) Q��TS , 6 �;3<4 ��� +�, �

# � v �&E x2 � X d	�u> ) �
�T# X r \ Pu] U X V � l "�� */` �� (A.6) 9 w = 1/z̄ X�� ,
. ��� +�, 4 8 4 � )

x , u

x

x3

2

1

. .
.

(u, v)

 v

(x , x , x )S 1 2 3

(u, v) X (x1, x2, x3) X ��� � Q : ��354 ���%"(8�� :

(x1, x2, x3) =

(
2u

1 + u2 + v2
,

−2v

1 + u2 + v2
,
1− u2 − v2

1 + u2 + v2

)

(u, v) =

(
x1

1 + x3
,
−x2

1 + x3

)
(A.2)

6�� 2 ���#\ Pk] U, V
 

2
: I�# � S2 ��� , �#L<� 9 4 , � T U�W E ' ZL#�6 X 9  ) 8T4k_
�

\ Pu]�9 2 �?DI#��  r U ∩ V = S2 − {N,S} �-d�� L<� 9 4 , r U X V X  �� �I#�� T U�W0�� 9������ K�ZL#�6 X ���7" 8����-"&S � r L (x1, x2, x3) = (0, 1, 0) Q U
 Q (x, y) = (0, 1)

 r
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V
 Q (u, v) = (0,−1)

 �
� � 	 P�� r U  ��� T U�W (x, y) X V  ��� T U-W (u, v) X �����
U�W:g@h�� �Q r  (A.1)

r
(A.2) 30"

(x, y) =

(
u

u2 + v2
,
−v

u2 + v2

)

(u, v) =

(
x

x2 + y2
,
−y

x2 + y2

)
(A.3)

X � " 8 ���
2
: I�# � S2 Q� (A.3) 30" 2

: I ���
	�s�t=%�� �!	  ��9 r %<Q 1
: I��/���� � 	 �� � +�, � 8 ���(% ' r z = x+ iy, w = u+ iv X� %�� r  (A.1)(A.2) 3�" r

z =
x1 + ix2

1− x3

w =
x1 − ix2

1 + x3
(A.4)

X � " 8 �<9 r
(x1)

2 + (x2)
2 + (x3)

2 = 1 ⇐⇒ x1 + ix2

1− x3
=

1 + x3

x1 − ix2
(A.5)

30" r
w =

1

z
(A.6)

X �7" 8����$6 Z�Q r U ∩ V = S2−{N,S} ��� � , ,�.  ��� 2
: I�# � Ek:��� �
	 X 4 , �

_ X ) r � 3�2&� # � (Riemann Sphere) X 5�� 6 X 93D7" 8
���
l " � */` 9�,�.�� X � 4����AQ � 4�� r ���� �
	 ���%"�� #���� : I � ��	�s t!� �
	 Q" � "$#&%.Z 8���� 6 Z " % 1

r
2
: I �
���� �
	 ��' � , r ��� 4q_ � X ( � 8�����(�)�Q+*, ��- ��� 3 ��.�/ �1012 " %+3�4 * X �65�7 � � X 618�9���9 r 6�6�9�Q:�
	�;  � �?O=< �> E � 	 P
�
� " 
 5�7 r �
��0�� r@?�A � CCB EA4 7 � � X � 4EDGF:H �I� 4q_ � X ( � 8����

���&�
� " 
 � ��' � 7 Q [39] E F�HDJ$K � �

A.2 1 JLK
MLNaE-F?G
8#��Q r 1

: I����� � 	 �#�O9��<9 r 1
: I����� � 	 QQP 3�2IR � (Riemann Surface) X� 5 �0Z 7 � 7 r <TS �&� 3OPO��Q�U�� g ( V
�@� ) 9�	�W K Z 8
�ZY

U�� [ "

g = 0
.

1
: I@:� 6�7GX � CP1

g = 1
2
: IY< 3 ��D T2

g ≥ 2 Z g
81[ "]\ )�^ Σg
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U��A9 0 � � � X U!��9 1 � � �OQ�� � 9 r U!�A9 2 ���!� � � X�� |��	� � 8 ���%6���
 " %���� _ � X ( � 8����
1. 1

: I��� 6�7GX � CP1

K 5 ) ���� _�3<4 �=< S ����� �6��Q�# � X d	� 9 ���-g�h��@�AQ
z =

1

w
(A.7)

9 � _���9 r ���<P!��� � X � 7
dz = d

(
1

w

)
= − 1

w2
dw (A.8)

��� %�Z 8 ���
8#��Q r 1

: �
	�; ���2 S�8
��Y
ω = fz(z)dz = f̃w(w)dw (A.9)

6 Z<Q r W���� (canonical bundle) �~j����~2AS 7 ��� 6 X ��� "48����~W���� X � 4 ��Q r
n
: I����� �
	 � 5 _ % r (n, 0)

: ��	1;����� ��	 �! 3LG� [ 5 " 5�7 ��� � ��9��@� �
�/j�� X Q r�"$# P�� ( � �
	 � 	 910�2&% Z:_ ) (n, 0)

: ��	�;� X � 4 �  �9
����0 A �
j�� X R 5 _L% r	'�( ���)� ( � \ "�* Z�� ��� 9 � (

[
15 1:9 ) �

[
15: +�, H.-�3�� E

π→M �
j�� s

E

M
x

s π

 (x)π−1

 (A.8) � r  (A.9) �0/ ' � � X r

fz(z) = −w2f̃w(w) (A.10)

��� % Z 8
�@�G9 � " %�� 4 \ Pq]G�21 � X −w2 X � 443����	5 " " 8
�@����� (0
: ��	

;  ) �.6�3�7��	5 " " 8 `�* �
� O < � > ��'�8 7 6 r

X = f z(z)
∂

∂z
= f̃w(w)

∂

∂w
(A.11)

3$" r d:96� � 7 r

f z(z) =
dz

dw
f̃w(w) = − 1

w2
f̃w(w) (A.12)

58



����� r ��� 6 − 1
w2

� 8 443�7���5 " ��� ���
% 7
	�	 9 r�� � � 	 8 ( ��9� ��O9 ) ��� � 1

: �G	�;  r �RO < � > ��'�8 7 2�� ���� 4 � 	�� % 6 r z = 0 � ����� ��\aPu] U 9�6 r
zkdz k ≥ 0 : ��� � 1

: ��	�;  (A.13)

zl ∂

∂z
l ≥ 0 : ��� � � O < � > (A.14)

�  � � ���3g@h�� (A.8)
r

(A.12) � ? 8 � � r
zkdz = −w−k−2dw (A.15)

zl ∂

∂z
= −w−lw2 ∂

∂w
= −w2−l ∂

∂w
(A.16)

��� � 	 � ��	 " �!� ��� 	 ��"��#�
 6 w = 0 � ����� � \%$V] V 9��'& G9 ��� 	(�
%2� � � � 	 8)���I9+* � _-,!��6 r w = 0 � ���%� � \.$u] V 9 � ���I9 � � � � � %� 8���9 r

k ≥ 0, −k − 2 ≥ 0 ⇒ ���;3<4 � k 6)/�0 � � 8 (A.17)

l ≥ 0, 2− l ≥ 0 ⇒ l = 0, 1, 2 (A.18)

��� % � � ��� � ��� 3 r�� � � 	 8���� � 1
: �
	�; �6 �21 r�� � � 	 8���� � �23 <

� > 6 l = 0, 1, 2 � > � � 3 '
� � 8 4 	 � 9���� 	 � 	 � ��4�5G9 r
dimH0(CP1; [K]) = 0 (A.19)

dimH0(CP1; [−K]) = 3 (A.20)

� & � � ��� [K], [−K] 6/j��+� g�h � ��.G0
9����(0�66� [mK] ( m ∈ Z>0)
�  8-7 �8 6�9���� m

: �G	 9�* � 	 � �;:�< ��= [−mK] ( m ∈ Z>0)
�  8�7 � 8 6�9���� ��3

< � > � m >�?IR�@ � 9�* � 	 � �;:-< � � ��� H0 � 0 6�9�����8�7 ��A ��� � 8 4B:+<
9����
	�	 9�C 7�D 7 3 '+�'��� � �23 < � > 6FE�; >�G  9�H 1JI % � 7 � ��9 �@��K
�+@�L /
�
�'M�N / Ln 6

: � O2P �RQ�S�T�U ��V 8XW 	 ��Y�Z / 9 =
Ln : z → z + εzn+1 ∂

∂z
(A.21)

z � zn+1 � �R[ % � � 8\P T�U 9 ��� = 	 � zn+1 �)]_^�� � � = �-� 3 '�6 L−1,L0,L+1

� 9�` � � �@� 	(� 6)a 6 SL(2,C)
T�U �FM�N / � � 5�7 8 7 =Rb�c ��d 5�7 � invariance

��& � 7 8 � ���
* � degree �'e � � � 8 � 8 � �)fhg � degree

� 6)i " �kj 8 � � � =�"�l�m � j 5�7 '( �:� ( 9�� ) �)n+o+���h� 	 � 9
�qp
deg(Σ; [mK]) = [mK] � T�U � �(d
' '�( ��� �)n+o+�Fr�� (A.22)

s ��� = % 5 8 � 3 '"�'��� � �23=< � > �@'�8 7 6 =
1 · ∂

∂z
= −w2 ∂

∂w
: z =∞ (w = 0) 9 2

: �)n
z
∂

∂z
= −w ∂

∂w
: z = 0 (w =∞) , z =∞ (w = 0) 9 1

: �Xn (A.23)

z2 ∂

∂z
= −1 · ∂

∂w
: z = 0 (w =∞) 9 2

: �)n
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O � =

deg(CP1; [−K]) = [−K] � T�U � �Rd
' '.( �:�
�Xn�o-�'r��
= 2 (A.24)

�;� �k� �@��r��)� � , ��� �.6 = n�o-�����h�	3�7��:' � 7�� � ��� �
	 � (A.23) � s �� 7 � 	 " � O P � = degree
� 8\P!��6 T�U � �����9�* � ���;����� ��� 3 <�� > � �

7 � ��� 9 	 � T�U � ���!0 � 7 � 8�� n-o��Fi�rh* � " � 8_PJ�����������! � � 5�7 8��	�"
� 7F4+5 � � 7 =

h1,0(Σ) = dimH0(Σ; [K]) (A.25)

�$#�1 	 � � � �%	�" hp,q
� '�8 7 6�&O9�' B � �%	 (71 ()+*-,. )

"
1 �!/�0!1 X+2 �
3

8 7 6 =

h1,0(CP1) = 0 (A.26)

9 	�" 	 � h1,0 6:U54 g
�$687 � ��	 p

h1,0(Σg) = g (A.27)

2. 2 ��/ <9);:�D T2

<<)=:�D�� >�> 6 � 7�?@� �	� 8 ��	�"BA )=:�C�6��+� O2P �
D �k��	 p

E
16: 2 �5/ A )=:�C T2

C

ω

ω

Ο

2

1

� 6�F z ∼ w ⇔ ∃m,n ∈ Z, z = w +mω1 + nω2

� O�G!H = 	 ��I�J�K%L5M ��NO���L=�P �RQ # ��LS� P�T�U G 3 8VH A );:�C T5W+8 N T �!��	�"� [ 1 �!XVY5M�Z�[-\�� ��] � P " 1 ��XVY5M�Z"� T�U 6
dz = dw (A.28)

� � W = S_^�` 6 A�a K-b%� W 	�" 	�� T A )S:�C���c!d W 	�"+� 7���� � ( e�[(dh7 � 8 )

9�f T 8 1 3 *_g
h W 	 T = 2 i5j�k=l%4 6�e � n-o+�Fr84 T�m ]on � W =�� g � 	!p ���� 9_f+q�r!4h�=s)� ] h-* �!�)fhg�"t] 7 T G!H
h1,0(T2) = dimH0(T2; [K]) = 1 (A.29)
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�����!�
	�"
(A.27) h � = g = 1

� n P 	 � � ���!�%	�"�� 7 = n+o T ��n � W degree q 0W 	 p
deg(T2; [K]) = 0 (A.30)

� 3 A ��� �
3 n H;s = T�U q A-a K�b
� W 	 h � =
dimH0(T2; [−K]) = 1 (A.31)

deg(T2; [−K]) = 0 (A.32)

�������
	�"
��� , �
	�� =��	��
 3 A � 1 �5/���������� ��3 n H�q

����
 3 A � 1 �5/���������+ �54 g = h1,0 deg(K)

CP1 0 −
T2 1 0

Σg ( g ≥ 2 ) g 2g − 2

��������	�"
�� h � * � ��!�	 g!s�" ��] H�q =$#�% �'&-))(�*,+�? � @ � ( C A.- C · ? � @ � ) Tµν (µ, ν =

1, 2)
T * ����	�" #�% �/&�),(	*'+�? � @o��q =,0,1 ��3 n H32�4 (Tµν = Tνµ)

W 	�"5� 7 =)6798 �
traceless "�:,;

∂µTµν = 0 ( ν = 1, 2 ) (A.33)

T µ
µ = 0 (A.34)

[=< n g � =
∂1T11 + ∂2T21 = 0 (A.35)

∂1T12 + ∂2T22 = ∂1T12 − ∂2T11 = 0

����� =
Tzz ≡ T11 − iT12 q z "�> 8 l
4 = Tz̄z̄ ≡ T11 + iT12 q z̄ "�> 8 l%4 ��� g�? � T Y_h ��
	�" > 8 N�Y Tzz

��3 n H�q = > 8 �RQ�S�T�U z → w = w(z) "8O W =
Tzz(z)(dz)

2 = Tww(w)(dw)2 (A.36)

�kT�U ]���	�" ] 7 T G�H Tzz q 2 ��X_Y � ���@��	�" ?�"hO P � s�"�"BA W9C g � ? p > 8 �
s"Vq n�1 3 *g�h W 	 T = aSq =

dimH0(Σg; [2K]) = 3g − 3 (A.37)

��� g�? � T I � � H n���	�"V6 6 � q =
dimH0(Σg; [mK]) = (2m− 1)(g − 1) m ≥ 1 (A.38)

T N �EDGF,��	�" c � g = 1 " � 8 q 3�H�� 0
W 	�" ?"�LI"'e;qGJ�)C A 4=bIKML a ) � lMN]O��	�"�P G	Q �SR � g b, c J�)VC A " T�U,T q �9��U9� [2K], [−K]

W 	�" W 	 h � :�V5: � *
b � [ D g � 8�� q��G""O P �)W,X � ������	�"

cz∂z̄bzz (A.39)
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? � [ = dz∧dz̄ W � Y 	 g � C��S:%)�+ � � �@��	�" (�*����VZSq
∂z̄bzz = 0

∂z̄c
z = 0 (A.40)

��������	�" ?�" � 8 =

b "Fn��V)	� "%4 = dimH0(Σg; [2K])

c "Fn��V)	� "%4 = dimH0(Σg; [−K]) (A.41)

W 	 T = ?"�
 T i�� ��� G�H 8 ��	�" �54r G � O �� =

dimH0(Σg; [2K]) − dimH0(Σg; [−K]) = 3g − 3 (A.42)

T N � DIF3��	�"V6 6 � q
• Riemann-Roch �����

dimH0(Σg; [D])− dimH0(Σg; [K −D]) = deg(D)− g + 1 (A.43)

T * � = ? � h � N5Z T�� h � ��	�"

A.3 2 �������������
� � 2 �5/3�B���3�� ( �'�"! c ) "Fe �$# �@��	

[40]
" Y�% ['& l�m � # 8 ��]�( P%p

−K T ample ( )+* ) CP2, ruled surface
m

K = 0 K3, T 4

K
T

ample general type

2 �8/9�'�����, B" S_^8` ��3 n HVq =

fdz1 ∧ dz2 = f̃dw1 ∧ dw2 (A.44)

[-\�-�g�? � � ������	�"

1. 2 ��/,���!081,. 2 CP2

1 ��/,���!0�1�. 2 " � 8 q = D  �0815"/��0 W21 A Q�S�324 [ ��5 ]O� ] 7 T =76�8 q'9
� Q�S [=< n H = 1 A Q�S�3�4 [ ��5 ]���	�"I� [ 3

3 "����4
(z0, z1, z2) ∈ C3 − {0} (A.45)

[S<�: ] H =

(z0 : z1 : z2) = (w0 : w1 : w2)
def⇐⇒ ∃λ ∈ C× , (w0, w1, w2) = (λz0, λz1, λz2) (A.46)

� n Po� 6�F [ J n���	�" (z0 : z1 : z2) [$9V� Q�S � n8n'�
	�" ?�"79_� Q�S�:  T 2 �8/
�B��051�. 2 CP2

W 	 p
CP2 = {(z0 : z1 : z2)} (A.47)
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 ��� �5] H�q
U0 :

{(
z1
z0
,
z2
z0

)
, z0 6= 0

}
(A.48)

U1 :

{(
z0
z1
,
z2
z1

)
, z1 6= 0

}
(A.49)

U2 :

{(
z0
z2
,
z1
z2

)
, z2 6= 0

}
(A.50)

[ � g�? � T8W�8 ��	�"�� G 8 " CP1
��3 n H = ?""O P ��� ] ��[ 	 g � =

CP1 = {(z0 : z1)} (A.51)

(z0 : z1) = (w0 : w1)
def⇐⇒ ∃λ ∈ C× , (w0, w1) = (λz0, λz1)

U0 :

{
z1
z0
, z0 6= 0

}
(A.52)

U1 :

{
z0
z1
, z1 6= 0

}
(A.53)

�M� � �
	�"
z = z1

z0
, w = z0

z1

�$#��  = Q�S+T�U "�ZSq =

z =
1

w
(A.54)

�M� �@�
	 " W = � G 8 " CP1 "�r
	 � 6�78	 g�? � T Y_h �@��	�" N �8/3�B��081�. 2
CPN

��3 n H=s��M� � =

CPN = {(z0 : · · · : zN )} (A.55)

(z0 : · · · : zN ) = (w0 : · · · : wN )
def⇐⇒ ∃λ ∈ C× , (w0, · · · , wN ) = (λz0, · · · λzN )

Ui :

{(
z0
zi
, · · · , zN

zi

)
, zi 6= 0

}
(i = 0, · · · , N) (A.56)

" O2P � r�	 � � ��	�"
� ��  �Y�� [%\"- �
	�"�� [ CP1 " �  �Y��=q =�
 ��� U0 ( Z (A.52))

� ]\^ ] H =

CP1 ' C︸︷︷︸
z0 6=0

∪{∞}︸ ︷︷ ︸
z0=0

' C1 ⊕C0 (A.57)

�M� g�? � T Y+h �@��	�" z 6= 0 " � ? p q U0

W�� n =
z0 = 0 " � ? p � 6 o=[���- � 

CP1 � � g �on P�? � W 	�" �M� � CP2 ��3 n H=s =3
 ��� U0( Z (A.48))
� ] ^ ] H =

CP2 ' C2
︸︷︷︸
z0 6=0

∪CP1
︸ ︷︷ ︸
z0=0

' C2 ⊕C1 ⊕C0 (A.58)

�M� g�? � T Y�h � �
	�" N �5/3�B��051�. 2 CPN " �  5Y�� s��=� � =

CPN ' CN ⊕ · · · ⊕C1 ⊕C0 (A.59)

�=������	�"������ � q CN
��g W 	 T =�� " � ? p ��� F ?�� � T � g)" W ="! � =# �

Cj (j < N) [ 3 � H �,�=
%$ A'&V	 g �on P<? � W 	�"
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� � CP2 " SV^8` [�\"- � ]�( P " CP2 q=�'� 2 ��/'"3���� � " W = ����" c ���=[-\
-g�? � � � � �
	�" 
 ��� U0, U1

W =

U0 : d

(
z1
z0

)
∧ d

(
z2
z0

)
=

1

z3
0

(z0dz1 ∧ dz2 − z1dz0 ∧ dz2 + z2dz0 ∧ dz1)

U1 : d

(
z0
z1

)
∧ d

(
z2
z1

)
=
−1

z3
1

(z0dz1 ∧ dz2 − z1dz0 ∧ dz2 + z2dz0 ∧ dz1) (A.60)

�M� � �
	 " W = �9� � "5lMN q =

d

(
z1
z0

)
∧ d

(
z2
z0

)
=

(
z1
z0

)3

d

(
z0
z1

)
∧ d

(
z2
z1

)
(A.61)

�M� � �
	�"
degree

��3 n H�q
deg(CP2; [−K]) = 3 (A.62)

�M� � �
	�"
� � =

deg(M ; [−K]) [ 1st Chern class
� n8n

c1(M)
� # 8 ��	�"6 6 � 081,. 2 ��3 n H�q =

c1(CPN ) = N + 1 (A.63)

����� ��	�" �9� W
1st Chern class

T i��5i��+h � n5n'��	 � = ? � T ���+ M [���)�� � A� 	 g��
	�M���V)L���I" (1-loop " )
� )��!l
45"MNV4 b0

� � G�H n g
h � W 	 :

b0 = −c1(M) (A.64)

��	5M���V=L��� � n P "8q = a )9L �(c Σ h � S�� . 2 (target space) M ��"���� ϕi(z, z̄) (i =

1, · · · ,dimM) [M<�: ] H = :	V�: � *�b � [
L =

1

2
gij(ϕ)∂zϕ

i∂z̄ϕ
j (A.65)

gij :
S�� . 2 NB"���+

W�� -�g G	Q "G? � W 	 (
E

17 ,. ):

E
17: �
	�M���VL���

M

Σ

ϕ (z,z)i

S%� . 2 �_] H CP1 � CP2 [ � g � b0
T���� � ����	 " W QCD

�G� G�Q �� � ��	�"
1st

Chern class
T n � � gO� > q
c�� W = G�Q ��� �ST �"! C #�)!� $ T3T T � �@��	�"

1st Chern class
W

2 �5/3�B���3�� �[-Y�% 	 g � �'" O2P � � �@��	 p
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c1 > 0 (−K T ample) CP2, ruled surface
m

c1 = 0 (K = 0) K3, T 4

c1 < 0 (K
T

ample) general type

A.4
����������	�
��

� � �� ����*�) Q "���[ ]���	 [41]
" ��� � -���XY��������, M " �� ����*�) Q "����� r ] �%	�" ? � q de Rham � Q ��� S� H n g8s" W 	�"	� � M N W X�Y!M5Z=[�\"- ��] (� "

p �B"%XY8MVZB"��! �. 2 [ Ωp(M)
�o##",��]�( � "%$ XVY d q p &B"%XY8MVZ;[ p+ 1 &

"�X_Y�MZ � � 3 	 D <�� W('�)  � � q�&B"#* � � r�	 � � ��	,+

d : Ωp(M)→ Ωp+1(M) (A.66)

dω = d(ωi1,···,ip(x)dx
i1 ∧ · · · ∧ dxip)

= ∂jωi1,···,ip(x)dx
j ∧ dxi1 ∧ · · · ∧ dxip

$ X_Y�q 2 - � g � 0
� � �@��	.+

d2 = 0 (A.67)

? � q ' � $ A �%/%0 W � ��132 "�4 m Z div·rot= 0 , rot·grad = 0 576�8 ]���9�"T!:
(A.67) 5!* � �� �;��*�) T r�	 W "9��9�" � "(<!=>5 '�? MVZ (closed form)

'�@ : M
Z (exact form)

�A� �� gVs"+[ 'CB ]���9�"�� � ' 2 D W BRST
�� �;��*�)�"�� T�E H�F �] < T(' � " �G" s BRST H�I=q 2 - � g � 0 5 � ����] <�J W 9 h � ' BRST "���s �� ���K�L � "=s"�5 � g)" W 9 J? M�Z ω

� q $ XVY d [NM 9 �PO -�gVs" W 9.+

dω = 0 (A.68)

p &'" ? MZ :  �[
Zp(M) = {ω ∈ Ωp(M) | dω = 0} (A.69)

� �Q9 ? � 5 ]O��9 J BRST
�� ��� K�L "�R�S W q '%? M�Z�q F�( ��T BRST-closed

� +U576
8 ]���9 J BRST H�I �on � "�q�V%WNX�Y3Z � ��� � LUK H�I W 9 " W%' BRST-closed

� + � n
� "Vq � LUK $>H � +;[-\�-�H n g�? � 5 � �@��9 J� < ' p &G" @ : MZ+q�&B"#* � 5�r�	 � � ��9.+

Bp(M) =
{
ω ∈ Ωp(M) | ω = dη, ∃η ∈ Ωp−1(M)

}
(A.70)

BRST
�G ��� K�L "�R[S W q 'G@ : M5Z � n � "�q ' F+( ��T BRST-exact

� +U576\8 ]��G9 J
BRST-exact

� + � n � "�q�]�^�b�� L#K 5 � G�H n g%* � � + W%' A�a�_ bGX � + W 9 JT!:
(A.67) 5!* � '�@ : MZ+q ? MZ W 9 JQ`(a;lMN q�&B"#* � 5 � G�H n'��9.+

Bp(M) ⊆ Zp(M) ⊆ Ωp(M) (A.71)

? � W p &B" de Rham
�� �;� K�L Hp(M)DR

T r�	 W "3��9.+

Hp(M)DR = Zp(M)/Bp(M) (A.72)
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? MVZS[�\ -�< n ��� � � T s 
 T�@ : M5ZU5 � G�H n g8sS"5q�� 19��� - ' �on � ? � W 9 J 9���'F '

Hp(M)DR 3 [ω1] = [ω2] ⇔ ω1 − ω2 = dη ∃η ∈ Ωp−1(M) (A.73)

� n � ? � W 9 J ω1

�
ω2

� T
dη
� �	� G
H n �, � 1 �� �C� KGL $�
 C�5�� ]@�G9 J Hp

DR(M)

"��5S2 ] H�q '�� �  �$n ����� W������ [�� � H � ] ��9 J BRST
�� ��� K�L "�R(S W q '

� L#K $%H � +;[%\ -[< n ��� � � T s � L#K H>I W # ��� -VgVs)"Vq�� 1�� � - ' � n � ? �W 9 J
?�? W Poincaré ( !5b � � - ) "�"�# � n � i�� � r(� T�� � ��9.+

• Poincaré �%$�& : ��' � .)( M ( * - %+ L $ a � � .,( )
W q ? MVZ+q @ : M�Z 5 � g

Zp(M) = Bp(M), Hp
DR(M) = 0 (A.74)

-/.10�2 W>'
divB = 0 * � B =rotA

��� g A
T 7�3 9 g �on � statement

T � �@��] < T(' ?� q Poincaré "�"�#5"54�* W 9 J%�5' � .,(5q768!U� K�L T 6 a�_ b�X W(' � "�<�=>5 de Rham�G �\� K�L T:9 5 � ���G9 J � ? p T�' .;(	"<6=! � K�L T 6 a�_ b�X W � !=��>/?�! g � '[?
M�ZG"�A W�@ : MVZ W%@ �,��n s)" T�R � ?�"%? ' de Rham

�� �;� K�L T � 9 5 � ����9 J�A� �
de Rham

�� ��� K�L T .,(,"B68! � K�L [DC,E ]F?!"3��9 J � "�>/G ��H�I [ � ]	?!n g
" T de Rham "�r�� W 9,+

• de Rham � ��� : de Rham
�� ��� K�L q  ��� K�L "5J�2�.,( W � g J

Hp(M)DR ' Hp(M) (A.75)

 �;� K�L � n � "5q '�K 6 $QH�+ ( .,(_[�L�M � 5GH8M ]	? sNH � � ��n + ) " 1 A W�� � ' .
(,"�&%N ����O�P [�Q >�?!n g8s" W 9 J ��� T(' XVY�RVZ W r�	 � � g de Rham

�G ��� K�L
h � S � g � n �UT�V1W 9 J ��� K�L 5/A n;?5X BZY ��9 J de Rham

�� �;� K�L 5 � �1[ p &�\�]�R;^#5)2�_ 9Z[ "` '
p � W�acb (p-chain) d � � [�e " W 9 J p � W�afb)d�g &%h�i\5:j >%? '�k5l  M " p &

�m�] k�l  B"G?,d W 9 J p � W:anb :  fo Cp(M)
W �>9 ?,d�5fY	pZY ( � J $ \;] d 5)2%_ 9[ "1g�q1r1s�t�u ∂

W 9 JZv�w)g '�� [ � W:anb�o�x;y:q;rzd�{ >�?�|c[ � W�afb�5 � A 9 d |� s�t W�} 	 � w~p 9 J 9 { ��� q;rno�d [ d | � s�t W 9 JZv�y5q;rfo�� [ d | � s�t ∂
e �

gZ� 2 - � [ d 0 5�{��Fp 9.+

∂2 = 0 (A.76)

p(< ' p & ? R1^ ' p & @ : R1^#5:�%_ 9�[ y ` ' x�w;�%w p ��ac�AX (p-cycle)
'
p ���%b���� L

(p-boundary) d ��� w [�e y W 9 J)x�w����;��y:� � o
Zp(M) = {γp ∈ Cp(M) | ∂γp = 0}
Bp(M) =

{
γp ∈ Cp(M) | γp = ∂γp+1,

∃γp+1 ∈ Cp+1(M)
}

(A.77)

dU��Y	p 9 J%`>a��:�fg�&�y�* � 5�{ >%?�| p 9.+

Bp(M) ⊆ Zp(M) ⊆ Cp(M) (A.78)
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v	w W p &,y  � � K�L�� ` }��)W " p 9,+

Hp(M) = Zp(M)/Bp(M) (A.79)

�%ac� Xno�����< | ���
	 w T e ' 1 &��� |� y%�%ac� X~y�q1r 5�{ >�?�|�[�e y�g<6�� _�� X� d � � ' d | � v�d W 9 J� ? '
de Rham y } �\5��7� pZY�� � J�vDw ` T � { e y���o 2c[ <�=Q5 ' H�� o

< γp, ω
p > =

∫

γp

ωi1,···,ipdx
i1 ∧ · · · ∧ dxip ∈ R (A.80)

γp ∈ Cp(M)

ωp = ωi1,···,ip(x)dx
i1 ∧ · · · ∧ dxip ∈ Ωp(M)

W�}�� Y�p 9 JZv�y H�� g  � � K�L � 
�� d��  � � K�L � 
�� y 2 5��B�Fp 9 J T�� Y ? �
d |�| p 9 d '
• ��a��7X γp � W ' dηp−1

�
	� { [ 2 A,y p &%\;]�R1^ ωp
1, ω

p
2 o
� ] 9Z["!��

∫

γp

ωp
1 −

∫

γp

ωp
2 =

∫

γp

dηp−1 =

∫

∂γp︸︷︷︸
0

ηp−1 = 0

• p &�\�]�R;^ ωp o '�# ` ∂γp+1 5�{ >�?�|c[ 2 A,y p ��af�AX γ1
p , γ

2
p �

W � ] 9�[$!��

∫

γ1
p

ωp −
∫

γ2
p

ωp =

∫

∂γp+1

ωp =

∫

γp

dωp
︸︷︷︸

0

= 0

d�{ [ �Z� W 9 J;* >%? ' v5y H�� g Hp
DR(M)×Hp(M) y H�� d�Y ? well-defined

W 9 J&%fd '
v:y H�� `�'�( Y�{ | d | � v,d:o*) � { 	 w �%| 	 { | y W 9 ` ' x/w ` de Rham y�+�, } �
5�{ � p 9 J

Hp
DR(M) ' Hp(M)

W 9 ��� ' Hp
DR(M) y�&� d Hp(M) y�&� `�- Y�.�{���p 9 J�v�y�&�

y)v)d:o�/10$2 (Betti) 3 d j | p 9.+

bp(M) = dimHp
DR(M) = dimHp(M) (A.81)

p(< ' Z�a 
 L (Euler) 3 χ(M) g�/10$2�3cy�4 ��5 W%}��1� w)p 9,+

χ(M) =
dimM∑

i=0

(−1)ibi(M) (A.82)

| . A6�5*�o �87 p�Y�� � J
1. 2 &� 6 L 
�� T2 ' S1 × S1

• 0 &��/10$2�3 b0

0 �%a��NX d | � y�g�9�y)v�d W 9 ` ' 1 ��a�� X�y:q�r�5�{ >%?%|c[ ( :1] W�;�< [ )e y�g�� 1 d 2 {�Y ? '�=8> { e y `�?�@ % [ ��d |BA v�d5o��C��p 9 J8D 18 y�E A
5�F 2 G� 6 L 
�� � y 2 9;g�:�] W�;�< p 9 y W F =8> {�9;g 1 A W 9 JfY < ` >�? F

b0 = 1 (A.83)

W 9 J14�HC5�F/L ; {�I�(�y 0 G�J/K0*2�3cg 1
W 9 J
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D 18: 0 ��af�AXcy X B�D � :;] W�;�< [ 0 ��ac�NX ( 9 ) � � g�����d���{ 9 J

x

x x

x

• 1 G��/10$2�3 b1

1 ��ac�7X d |BA y�g�X L�� y~v)d W 9 ` F 2 ��ac�7X~y5q1r	��{ >�?�|f[ ( 
 ` V w[
)
e y;g�����d��){ZY ? F =8> { e y `�? @ % [ ��d | A v)d5o��C��p��J&D 19 �� |;? F;p��,��af�7X α g
 ` V w [ y W 6�� _�� Xf{%��af�NX���{ �Fp���J�� ���K�L y5 d�Y ? g 0

W ��J�
 ` V w,{ | ��a~�AX d�Y ? g�F β, γ ` %Z��p���Jfv:y 2 A
y���af�7X β d γ y�(���
fo V [ v,d�g W�� p� � ��� FcvDw ��g�� | � =&> {%��a
��X W ��J���af�NX β d β′ d�g�(��
 ` V w [ y W ���F��af�NX d �1| p��J~p���F� y�
 ` V w~{ | ��af�NXfg�F 2 A~y���af�NX β d γ y �� W @ 	 p���J1* � � ��a
�7X δ g β + γ y�E A ��{ � p���J�Y!� ` >�? /K0*2�3cg

b1 = 2 (A.84)

W ��J

D 19: 1 ��ac�NX�y X#" D � 
 ` V w [ 1 ��af�AX ( X L�� ) � � g�����d$�){%��J

  γ
β βαδ

• 2 G��/10$2�3 b2

2 G� 6 L 
�� � � |�? g 3 ��ac�AX d | A�e y `�& 3 YD{ | y W F 2 ��ac�AX ` 3 �
ac� X~y�q�r���{ >�?%|c[ d |BA v�dDg %��('~p%� �) =8> { 2 �%a��AX d |BA y�g 2

G� 6+* 
�� x;y e y W �8�Z� F�/K0$2�3cg
b2 = 1 (A.85)

W � )

Z�a 
 *�3fg
χ(T2) = b0 − b1 + b2 = 0 (A.86)

d�{Z� p�� )
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2. 4 G� 6 * 
�� T4 ' S1 × S1 × S1 × S1

; ��� 	 @ � p��zd*F�/K0*2�3cg
b0 = 1

b1 = 4

b2 = 6 (A.87)

b3 = 4

b4 = 1

W � ) 4 G�� 6+*�� � d | A y1g 4 A)y S1 y�� � W �&��� F b1 = 4 d |BA ; � g�F 4 A~y { [ S1 �
	 �
� . =6> { 1 ��a��� ` 4 A&% [ d | A v�d*�Z� � ?�| p� ) b2 = 6 d |A ; � g�F���A�y  { [ S1×S1 �
	 ��� . =8> { 2 �%ac��� ` � A6% [ d |BA v�d"��� �?�| p�� ) 3 ��af��	�/A |;?~e�� l W � )
� a���*�3fg

χ(T4) = b0 − b1 + b2 − b3 + b4 = 0 (A.88)

W � )

3. K3 ��� [42]

K3 ���zd | A y;gJF 1st Chern class
`

0
W F b1 = 0 ( % [/| g���L ; ) { 2 G�� ��b
�

������u k%l �)y��� W � ) K3 ���,y"! d1Y�#;g�F Kummer ��� d | A�e y ` %�� p� )
Kummer �$�,g�% A'&�( #/s [ ��d |�| p��zd F�p���F 4 G)�*� *+� � T4 o, ( # � # Z2

s�t W�- �Fp�� ) x1y�d � � 24 = 16
@ y�.  9 `�/ #10�p� ` F)v	wco�2 � * � 0 � Y��e y ` Kummer �3� W � )465 y K3 ���1y | .��87 e:9 . � Kummer ��� `�&1; Y p%� )

K3 ����y�/K0*2�3cg

b0 = 1

b1 = 0

b2 = 22 (A.89)

b3 = 0

b4 = 1

d�{ [ v�d `�< � w=# | p� ) v�wco � ��> d@?+A [ y�g)v�v$71g17 � p%� > ) � � F � (� y Kummer ��� � d"F b2 = 22 d | A y�g�F e d e d�y T4 y�m�]=7 b2 = 6 F�.  9~o"2� * � 0 � Y��/m�] ` 16
@ % [ y17 b2 = 16 Fcd | A v,d ���@B/h�i ��g�]6��� p� ) p �� a���*�3fg
χ(T4) = b0 − b1 + b2 − b3 + b4 = 24 (A.90)

7�� )

� y3!6��� eCED 7 � p�� ` F bn−r = br dD{ ( # | p�� ) v	w)g Poincaré y3F�� }EG d | Ae y�y"H ; 7�� �
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• Poincaré
���������

:

Hn−r(M) = Hr
DR(M) 0 ≤ r ≤ n (A.91)

v	w d de Rham y }1G d�o	��
���p� d
Hr(M) = Hn−r(M)

‖ ‖
Hr(M) = Hn−r(M)

(A.92)

`  � > � p�� )
n = 2k ( �J3�G)� ) ynd � F����G��)y ( � ) � ����� * ��g3.  {�������� �	p�� ) ���G��

y��/y � ����� H���9=7���� �z�! ��)y 7�F�4 9�"$# (intersection form) � }�� 7 �  �� �

Q : Hk(M)×Hk(M)→ Z (A.93)

k �&%c�
��y�+�')( } A�w � v�w �+*$, ��)+7 �  �� ) vDw)(�4 9 *$,.- |�|  �� ) .#� k = 2l

( �c{�
 � n = 4l) y�/�F�4 9 *�,�� �) *�, ��{��0 � )
K3 �"�67 � F�4�9 *�,��

(−E8)⊕ (−E8)⊕
(

0 1

1 0

)
⊕
(

0 1

1 0

)
⊕
(

0 1

1 0

)
(A.94)

- {�1�v - � < ��w=# |  �� ) E8

-32 | �1y � � * � E8 y&4��)5$6 *�, 7� �

E8 y&4��)5$6 *�, ( I87 - { ( # | 1  �9 � �+# 0)




2 −1

−1 2 −1

−1 2 −1 −1

−1 2 −1

−1 2 −1

−1 2 −1

−1 2

−1 2




(A.95)

D 20: E8 y Dynkin D (Cartan
*$,:�

Dynkin D��Z�3;&< 7 � 1 ) E8 y Dynkin D)7 � ! � � F= 9 3
-

8
� : 9 7 ; � w � � F = 9 1

-
8
� : 9 7 ; � w=# | { | ��F�v5y)v - � Cartan

*�,
7 (3-8)

 $9
= −1 F (1-8)

 $9
= 0 7 %>1�v - ����?��81 ) )

 7 6 5 4 3 2 1

8
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4�9 *�, (�� � ( �)1 - F E8 y�� 9 y������:��� #
	 ��{>1��6A�F
b+2 = 3 : 	�y�������y�3
b−2 = 19 : �cy���
�cy�3 (A.96)

�'��Uw: �� ) v	w�75���=7 22
@ 7� )���� 3 �

σ(M) = b+2 − b−2 = −16 (A.97)

- { �  �� ) � H���� 4 G)� ��� 6������)y ��� 3 � 16 y���3 - { �0 �� (Rohlin y }1G )
) {� F K3 �"�=7 E8 � / #E0 1 - |BA y&����� � ��� 0/� · � ����6� �7�!
"�{�# * � � y 1 �>�

E8 ×E8 ��{>1 - |BA%$�& ����?('�# |  � )) 9 !
"����;� 7 � de Rham ��� ����� * (��C�� *'�����F"�;u����,� 7 � Dolbeault �������� * - | A �/y�(�� ��1�v - ��7 �  �� )�+�, � F�- ) 9 d y.:
 �!�
∂̄ = dz̄i ∂

∂z̄i
(A.98)

(��C�� �� ) v�w)� 2 / & 1 - 0 ��{Z�  �� ) 7��8�Z� de Rham ��� ��� � * - � � �
Ωp,q(M) = {(p, q) "$# } (A.99)

=
{
ω = ωi1,···,ip,j1,···,jqdz

i1 ∧ · · · ∧ dzip ∧ dz̄j1 ∧ · · · ∧ dz̄jq

}

Zp,q(M) =
{
∂̄ − � (p, q) "�# } (A.100)

=
{
ω ∈ Ωp,q | ∂̄ω = 0

}

Bp,q(M) =
{
∂̄ − 0�� (p, q) "�# } (A.101)

=
{
ω ∈ Ωp,q | ∃η ∈ Ωp,q−1, ω = ∂̄η

}

- | A �/y�(�� �� �� ) ∂̄ � (p, q) "�# ( (p, q + 1) "$#�� A � ��132�4=7�� �

∂̄ : Ωp,q(M)→ Ωp,q+1(M) (A.102)

Dolbeault �� ����� * �

Hp,q(M) = Zp,q(M)/Bp,q(M) (A.103)

7 }��1� w� �� )  ��F Hodge 38(

hp,q(M) = dimHp,q(M) (A.104)

7 }�� '	 �� ) Kähler ���,��y ! � �

br(M) =
∑

p+q=r

hp,q(M) (A.105)

y��:���  � > �  �� ) �> � F Kähler ���,��y ! ��� � /10$2�38(5	�6�F78	�6:9� 9 � 9 	
1�; - ��7 � #�F E��=<
>�?5@�A���7 �  �� ) � H��

hp,q = hq,p (A.106)
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�  � > �89 7�F
b2 = h2,0 + h1,1 + h0,2 = 2h2,0 + h1,1 (A.107)

- ? �! �� ) K3 ����9 ! � �

b2 = 22 (A.108)

7�:��F ��� �

h1,1 = 20 =

{
19

1 : Kähler class

h2,0 = 1 : 	�6 2 "�#
h0,2 = 1 : 7�	�6 2 "�# (A.109)

- ? �  � ) ;9 Kähler class
- 	
6 2 "�# - 78	�6 2 "�# - � � ( � 9 b+2 = 3 ������'	 �� )

;�9 3 ��� J3,J+,J− 96E A ?�� - ( � � '  �' # hyper Kähler ���1��93.
	 - ?��3 �� ) K3 �
� � hyper Kähler ������9�.�� 7� ) hyper Kähler �����93! - ':#�F � � � 4 G)�*� *�� � &
ALE (Asymptotically Locally Euclidian) I�� (K3 �$��9 non-compact ��* �� 6 ) � %��3 �� )

A.5 (Hyper) Kähler �����
hyper Kähler ���,��� ��� #�� " '  �� ) hyper Kähler ���;�#� � 3 � 9�����4
�����
%��

 �� ) � �84������ ��� #�� ' � � (:'  *'�� A )
M (8;3;�7 � 2n G ��!����,� - ' F "$#$%�&8(

(x1, · · · , xn, y1, · · · , yn) (A.110)

75� '  � ) ;�' ( n G ��9$��4����;�#� ( � '�� � - '  � )�( ;$7JF��)�84���� (*)�'=# 2n@ 9�%�& ( 2
@ �$��!��6F,+8����- > 7$��4�%�&

(z1, · · · , zn) (A.111)

(�.+A�1 - � A ; - (:'  �� ) M 9,/ I�� TpM 9�+�' - ':#
(
∂

∂x1
, · · · , ∂

∂xn
,
∂

∂y1
, · · · , ∂

∂yn
,

)
(A.112)

(�, ( #E0> %� ) �)��4���� I
- � A 9 � ;�9�/ I>� ��0 . :�"�1$2 7 2 / & 1 - −1 �3?�1���9

7� �

I2 = −1 (A.113)

'���� ( #�F I - � A 9 � +�3=��3 i 9�E A ?���9�7�� ) I ( � ( � 9�+�'	��1�2 � � 1 -

I j
i

∂

∂xj
=

∂

∂yi

I j
i

∂

∂yj
= − ∂

∂xi
(A.114)
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��?�1 - '  �� ) ? � F *�, �J)��)1 - F
(

O 1n×n

−1n×n O

)
(A.115)

7� ) ( A �)1 - F
I j
i

(
∂

∂xj
−
√
−1

∂

∂yj

)
=

∂

∂yi
+
√
−1

∂

∂xi
=
√
−1

(
∂

∂xi
−
√
−1

∂

∂yi

)

I j
i

(
∂

∂xj
+
√
−1

∂

∂yj

)
=

∂

∂yi
−
√
−1

∂

∂xi
= −
√
−1

(
∂

∂xi
+
√
−1

∂

∂yi

)
(A.116)

- ? �! �� 9 7�F:;�9 9 � 7$��4�%�&)(�. A>1�; - � 7 �  � �
∂

∂zi
=

∂

∂xi
−
√
−1

∂

∂yi

∂

∂z̄i
=

∂

∂xi
+
√
−1

∂

∂yi
(A.117)

; '�7�F$" #���� � ��4�%�&8(�.+A>1�; - ��7 � 1�9 7�����F�;*' � 	 7 � ��#�9��10*2$� 7��
� ��
 ����	�6 - ?�1JE A ��F��84�%�&)(�.=A>13; - � 7 �  %� > )�( ' � � Nijenhuis ��6�� �
� 0 �3?�1 - � A��
	 ���� 7� ) ( 9�@�A � ;�;37 ����� '  � )� #���� - � A 9 � � - � -

g : TpM × TpM → R

gij = g

(
∂

∂xi
,
∂

∂xj

)
(A.118)

7�. �1� ' #
�$ �'!� ) ;�9�������� ��4���� - A  .���� 0�� ' ?�� - � 	  %� > )�( ;37�G89��	 (�� ) '	 ��
g(u, v) = g(Iu, Iv) u, v ∈ TpM (A.119)

;�9 ��	 (��	�������9 ; - (��E�! * �"��� - ���� � ) ;�;$7�F Kähler form

ω(u, v) = g(Iu, v) (A.120)

(�. � '	 'J� A ) ; ' � 7�#� +7� �

ω(u, v) = g(Iu, v)

= −g(u, Iv)
= −g(Iv, u)
= −ω(v, u) (A.121)

$ � 3�� 2 �89�/&% � ��77�#) 7��6�(' F ;�' � 2 G ) 9 "�# - � �*) 7 �  � ) Kähler ���+ - � F:;�9 Kähler form �����#$� 1���9�7�� �

dω = 0 (A.122)

; '��&����, � � *-%6� � (�.+A� �� ) ;�' ( Kähler class
- � �> �� ) ;�9 ��	 �

∇I = 0 (A.123)
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- � ��7
%>1�; - � < ' ' # �> � ) ; '�� � *���� 9:� - ����4
��������1 � - � A 9>(�� '

��	� '�# � 1 # 7�� ) � �84$��� ��
 9�9,/
I��>(�	
6&F�7�	
6�9 2 �89�� 9 � 9� 1 9���
(���. � 1���9�7�����F ( 9 9��� ����� +���+ 7 A  � � � � ( # � 1 - � A ; - 7� )��� � hyper Kähler ��� + - � ?�� (�� " '  �� ) hyper Kähler ��� + -	� F � *���� 9��- ��1 ? 3 ��9�� �84���� I F J F K ��� ( #

I2 = J2 = K2 = −1

IJ = K, JK = I, KI = J (A.124)

�  ����� F - � A Kähler ��� + 9 ; - 7� ) ;�9 3 ��9��)�84���� � ' 3 �89 Kähler form �
1 ': �� �

g(Iu, v) : Kähler class

g(Ju, v) +
√
−1g(Ku, v) : 	
6 2 "�#

g(Ju, v) −
√
−1g(Ku, v) : 78	�6 2 "�# (A.125)

;�9 3 �>��� ( � 9 K3 ���89�!	��� ( � b+2 = 3 9���9�� � ��'  �� )� 9�. 	 � G89&E A ?��9)7�� �

• � ��  *>� SO(4)
� ' SU(2)  �7"!$#>1

• &&%�' (Canonical bundle) � ��(*),+3�
��?�
�#
1st Chern class = 0 (Calabi-Yau

��	
)

;�9 - �
no-where vanishing ?�	�6 2 "�#�� � � 1 � &�; �81

� ��  *$�"!$#>19 � %$-�'# � - ���$ � -/.  � .

∇µI = 0 µ = 1, 2, 3, 4 (A.126)

0 � .

[∇µ,∇ν ]︸ ︷︷ ︸132 I = 0 (A.127)

- ? �  �� ) [∇µ,∇ν ] ���	4 (���� *�, ?�9)7���� . ;�;�7*5 ( # � 1�9 �". # (A.127) � � (
,>� - �6- ; -/. � ?�
�# *�, 9 �$6
%��"!�#1# � 1 - �6- ; - 7�� ) ��4 (���� *$, - �6- 9��.�7 % � �)(98;:*< 93� *�=�>*? ( # 7 % � �8( � *���� '�# ��@ � � � - � > . � 9 7 % �
� - % ' � � ��'�# � 1 � (,��A *$, 7*A ) �B4 (,��A *$, 9��$6
%���!�#1# � 1�9)7 .�C�D  
 *>�*!E#� BAGF

SO(4) ' SU(2)L × SU(2)R

↓
U(2) : Kähler ��� +

↓
SU(2) : hyper Kähler ��� +

(A.128)
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C D   *&� SO(4)
� ' SU(2)  E7	!�#�1 - % - ?�1 � - ���& �A - . SO(4) ' SU(2)L×SU(2)R

9	�$<$> � -�� Φ
αβ̇ 9 2 ��9���� 9 - # .�� � � %&- 7�� 0 �5?>1 - � - ; - 7*A ) !$#�	 C;D  �
:( SU(2)L

� -������.
SU(2)R 9�� β̇

� �	4�(���� ?$��9)7 � ( # �?E� #�� 0 ��?�� .( 9�� 9 � � (�� %�� � '#
����� 9����$2 � ( * ( #:� G A � 1�
(' ?$� - �6- ; - >3? �0 
A� ;9 ; - > 0 � . ��� � 4"��? G A - �"! D � 4"��? G A���#�$�>�? �! BA% 
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;�9������ ��. 1998 � 11 � 24 � 27 � 9����!��> � � # �"! B$#=7 * 
�' 	&% '���GF)( *+)G #�. ,$�$� II ( ��- F/.1032 .&465 F 3������ 9 G A - ( 9 @$7 ) >8(:9���#�1 ' '�	���9�7
A� 6�<; 9>=$? �>@ 9>A �@7 ' 	� 

11 � B�C B � ( CED ) B � (
� D )

24 � � @ F N = 2 � @ F N = 2

25 � � @$F N = 2 � @ F N = 4 � @ F N = 4

26 � G�4�H IJ# G84�H IJ# K�#�L�����MJ# - , 
 �ON3A
27 � 3����OKJP�N�A (OHP)
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