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Part I
Diagrammatic method for 

computing transport coefÞcients
YH, T. Kunihiro(Õ10)



Static observables
Pressure, susceptibility, ....

are well calculated by Lattice simulation 
and (resummed) perturbation theory

Dynamical observables
Transport coefÞcients, spectral 
functions, ..... 

are more difÞcult......



Perturbation theory

e.g., Pressure
Static

Kajantie, Laine, Rummukainen, and Schršder (Õ03)Zhai and B. Kastening(Õ95)

Arnold and C. Zhai(Õ94)Toimela(Õ83)Kapusta(Õ79)Shuryak (Õ78), Chin(Õ78)

P/T 4 = c0 + c2g2 + c3g3 + ( c!
4 ln g + c4)g4

+( c!
5 ln g + c5)g5 + ( c!

6 ln g)g6 + O(g6)

e.g., Shear viscosity
Dynamical

We know only the leading order....
Arnold, Moore, Yaffe (Õ03)

! /T 3 =
1

g4(c!
1 ln g + c1)

(1 + · · · )

cf., AdS/CFT ! /s=1/4!



Soft: ÒclassicalÓ Þeld
E ! mT

E

f (E)! (E )

bosonic spectrum

Zero mode: conserved charge (Hydro mode)
T0µ , n

Hard: quasi-particle
E ! T " mT



:molecular sizea

Classical case 

n :density

aR

∼ 1/R3

!
! 0

= 1 + c1na3 + c2(na3)2 ln(na3) + á á á

ÔÔVirialÕÕ expansion

n ! T3
Relativistic, high T, scalar theory

a3 ! !/T ! " 2/T 3

�	�O�B�J�W�F�
�F�Y�Q�B�O�T�J�P�Ona3 ! ! 2

! 0 !
p
"



Goal
Derive a self-consistent equation 
for transport coefÞcients.

Keyword
Beyond the Boltzmann equation,
Pinch singularity, 
EliashbergÕs method.



as a Low energy effective theory
Hydrodynamics

Hydrodynamic equation is universal.

! µ J µ = 0! µ Tµ ! = 0 ,
Conservation law:

Transport coefÞcients :

Equation of state :
Details of theory are reßected by

η, ζ, á á á
P = P(! , n)



Kubo Formula
Transport 
coefÞcient

Green function

Kubo and Tomita(!54), Nakano(!56), Kubo(!57)

Shear Viscosity:

Bulk Viscosity:

! =
1
20

lim
ω! 0

1
"

!
d4xei ωt #(t)! [$ij (x), $ij (0)]"

! =
1
2

lim
! →0

1
"

!
d4xei ! t #(t)! [P(x), P(0)]"

! ij (x) = Tij (x) + gij P(x)where P(x) = ! T i
i (x)/ 3,



Develop SYSTEMATIC METHOD  
for calculating transport coefÞcients.

Our aim

Apply ELIASHBERGÕs METHOD (Õ62)
to relativistic quantum Þeld theory.

Can start with FUNDAMENTAL  THEORY.

Can go BEYOND THE KINETIC THEORY
Can apply FIELD THEORETICAL TECHNICS .

Why diagram?



Eliashberg(Õ62), ...

Jeon(Õ95), Jeon and Ya" e(Õ96),
Carrington, Hou and R. Kobes (Õ00), 
Basagoiti (Õ02), Wang and Heinz (Õ03)

Aarts and Martinez Resco (Õ03), (Õ04), (Õ05)O(N) model, 2PI expansion:

Leading order:

Fermi liquid:

Diagrammatic Method
PREVIOUS WORKS

Gagnon and Jeon (Õ07)

Scalar theory:

QED:

4PI expansion:

Carrington and Kovalchuk  (Õ07), (Õ08), (Õ09)

Carrington and Kovalchuk  (Õ09)

Next to leading order:
Moore (Õ07)Scalar theory:

QCD, 3PI expansion:

Fernandez-Fraile and Nicola(Õ06)Chiral perturbation theory:



Perturbation theory

�¼�¼ �¼�¼�™ �™

in mediumin vacuum



Formalism



Real time formalism

D ab =
!

D11 D12

D21 D !
11

"
Propagator

0

Imt

Ret

! t i t f

t f ! iσ

! t i ! iσ

! t i ! iβ

Complex time path

! 1

! 2

D 12 = e!k 0
f (k0)! (k) D 21 = e! ! k 0

(1 + f (k0)) ! (k)

D11 =
i

k2 ! m2 + i!
+ ( f (k0) + " (k0))#(k)

! = 1 /T



D �!" = U!
aD abUb

"
Rotation

D !" (k) =
!

0 ! iD R (k)
! iD A (k) 0

"

U =

!
e( ! ! " )k 0

! 1
! (1 + f (k0))e! " k 0

(1 + f (k0))

"

�,�F�M�E�Z�T�I���C�B�T�J�TU =
!

1/ 2 1/ 2
1 1

"

D !" (k) =
!

! (k) coth " k 0

2 ! iD R (k)
! iD A (k) 0

"

�3���"���C�B�T�J�T



Real time formalism in R/A basis

�3���"���C�B�T�J�T

D !" (k) =
!

0 ! iD R (k)
! iD A (k) 0

"
�1�S�P�Q�B�H�B�U�P�S��

Aurenche and Becherraw(Õ92)

DA(k)Advanced propagator:
k

DR (k)Retarded propagator:

k

= DR (! k)



because of causality.= 0=

Vertex: # 4 theory for simplicity

= (1 + f (k1)) ! f (k1)

= (1 + f (k1))(1 + f (k2)) ! f (k1)f (k2)

= (1 + f (k1))(1 + f (k2))(1 + f (k3))

! f (k1)f (k2)f (k3)

Loss Gain

k1

k2 k3

k4



DA (k)DR (p + k)DA (k)DA (p + k)DR (k)DR (p + k)

One loop diagram
k

k + p

p
+ +



�/�P���Q�J�O�D�I���T�J�O�H�V�M�B�S�J�U�Z�1�J�O�D�I���T�J�O�H�V�M�B�S�J�U�Z!
1
!

DR (p + k)DA (k)
DA (p + k)DA (k)
DR(p + k)DR(k)

! i!

Pinch singularity

k0 k0



Quasi particle approximation

for small p

Inverse of LHS in Boltzmann equation

�"�U���������������


:spectral function! (k)

p = 0

DR (k)DA (k) =
1

|k2 −m2 − ! (k)|2 =
1

2Im ! (k)
" (k)

DR (p + k)DA (k) =
2!iz 2

k

p0 ! p ávk + 2 i" k
#(k0 ! $k ) + á á á

(! t ! vk á! )f (x, p) = ! C[f ]

Pinch singularity



From transport theory

This is the same order as the one-loop diagram.

Maxwell(1860)
! !

1
3

øpn" mfp

! ! mfp!
1

Im ! (k) !
1
! 2

Shear viscosity at one-loop

cut

!
1



2

Squared scattering 
amplitude

Imaginary part of 
loop diagram

Optical theorem



Resummation

1
! 2

!

!

1
! 2

!

!

1
! 2

!

!



!+=

Resummation: leading order

=Linearized Boltzmann Equation
Jeon(1995)

+ quasi-particle approximation

Left hand side

2pµ ! µ f C[f ]
Collision Term



!

Correlation function

! [Txy (x), Txy (0)]" =

=

Resummation: leading order



Collision operator 
in the leading order  

L :Collision operator

!

(! 1, L ! 1) ! 0

Lkµ = 0
(! 1, ! 2) =

!
d4k

(2" )4 (1 + f (k0))#(k)! !
1(k)! 2(k)

Self-adjoint:

Positive-semideÞnite:

Collision invariant: 

Inner product:

(! 1, L ! 2) = ( L ! 1, ! 2)

= f ! 1(k0)L !



Beyond the 
Boltzmann Equation

YH, Kunihiro



Eliashberg("62)
EliashbergÕs method
Decompose four point function to them with 
the pinch singularities and the others.

Both side connect to pinch diagrams.

One side connects to pinch diagrams.

Both side do not connect to pinch diagrams.



= +

= +

+

= +

Resummation of Pinch Singularities
Full four point function



Leading order

Energy Momentum Tensor

! [Txy (x), Txy (0)]" =

= +

Beyond the Boltzmann Eq.
Including higher orders

YH, Kunihiro

+ no pinch singular diagrams



Correction to scattering amplitude

= + +

Beyond the Boltzmann Eq.
YH, Kunihiro

AmplitudeLeading Many-body 
scattering

á á á+



Vertex correction

Beyond the Boltzmann Eq.
YH, Kunihiro

= + +

++

á á á+

=



Vertex correction

O(! ) O(! 2)O(1)

The vertex correction is the same 
order as the contribution form 3 $ 3 
collision term

+ +

For shear viscosity

YH, Kunihiro



Spectrum

Quasi-particle spectrum Full spectrum

Beyond the Boltzmann Eq.
YH, Kunihiro



Collision operator in full orders  

L :Collision operator

!

(! 1, L ! 1) ! 0

Lkµ = 0

Self-adjoint:

Positive-semideÞnite:

Collision invariant: 

(! 1, L ! 2) = ( L ! 1, ! 2)

? maybe, yes, 
need proof

= f ! 1(k0)L !

YH, Kunihiro



! µ j µ (x) = 0

= !pµ

p + k

Jµ

k

p + k k

Ward-Takahashi identity
and collision invariant

 Conservation law:



= 0!J0 J0

Collision invariant

= !pµ

p + k

Jµ

k

p + k k

Ward-Takahashi identity
and collision invariant



Apply to models
! �� model

�/�B�N�C�V�r�+�P�O�B���-�B�T�J�O�J�P���N�P�E�F�M
Study the chiral phase transition.

Check our method works.



! 4 model

= + + á á á+

= + á á á+

= + á á á+



Physical processes

Four point function 2 to 2 scattering

2
cut



 1

 1.5

 2

 2.5

 3

 3.5

 0  0.5  1  1.5  2

Shear viscosity in ! 4 model 

!
! 0

Moore(Õ07)

mT /T
Jeon(Õ95)

Jeon

Ours

Ours

0 1 2

2

3

1

�5�I�F�S�N�B�M���N�B�T�T

! 0 = 3030.
T3

" 2

! 0 = 3034.
T3

" 2! 0 = 2860.
T 3

" 2

Differences are a numerical error(?)

m2
T = !

T 2

24



NambuÐJona-Lasinio  model

! = 650MeV
G = 10.02 ! 10! 6MeV! 2

Parameters

L = ! (i /" ! m0)! +
G
2

!
(!! )2 + ( !i# 5$a! )2"

Nf = 2

Lagrangian

Corrective mode

=

!, "

+ + · · ·

m0 = 0 chiral limit



!, "

Diagrams corresponding 
collision term

+=

= +

+ +

Self-energy

Four point function

cut

+ á á á

+ á á á



Time

iM qq = +

Quark-quark scattering

iM øqq = +

Quark-antiquark scattering

Physical processes

!, "

and iM øqøq antiquark-antiquark scattering.
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Shear viscosity/Entropy

1 1.5
0

5

4

3

2

1

0.5

No strong singular behavior at 
the critical point.

T/Tc

 0.95

 0.96

 0.97

 0.99  1  1.011.0110.99

0.97

0.96

0.95

Prelim
inary

Chiral limit, " =0

! /s



Soft mode at the scalar channel, quarks also 
becomes soft.

Chiral phase transition (m 0 =0)

!
!

t ! 4m2
q

t ! m2
!

" 2

Þnite

2

!
mq ! 0
m! ! 0

t ! 0

Critical endpoint (m0 !0)
soft mode in density channel, quark mass is Þnite.

!
divergent

2

! ! t ! 0

Small viscosity?

m!
! ! 0!

t ! 4m2
q

t ! m! 2
!

" 2
mq != 0



Summary
Part I



Summary
¥Applied EliashbergÕs method to QFT.

¥Leading order: Boltzmann Equation.

¥Higher order: ModiÞcation of spectra �|

vertex renormalization, and many-body 
scatterings.

¥Ward-Takahashi identity 
<{ collision invariant



Applied to ! 4 model and NJL model.

! = ! micro + ! macro

#micro in NJL model has no anomalous 
behavior at critical point in the chiral limit.

this work contribution from soft mode.

Summary



Transport coefÞcients at the critical 
endpoint.
Contribution from hydro mode coupled 
with soft mode.

Relation between diagrammatic method and 
mode coupling theory

+ + á á á

quasiparticle mode hydro mode

soft mode

Outlook



Transport properties 
in the semi quark gluon plasma

Phys. Rev. D78, 071501 (2008),  Phys. Rev. D80, 074504 (2009), 
Phys. Rev. D81, 076002 (2010), Phys. Rev. D80, 036004 (2009)

Based on

Part II



Order Parameter ?

Polyakov Loop
� =

1
Nc

trL

0

!

L = P exp
!

ig
" 1/T

0
A0d!

#

x!

Global Z(Nc) symmetry

L ! Ω  (! )LΩ(0) = zn Ω  (0)LΩ(0)

zn = e2! in/N c ∈ Z (Nc) ⊂ SU(Nc)
Yang-Mills action is invariant under ! (β) = zn ! (0)

where

! ! zn !
not invariant



Test quark

Heat bath

Polyakov loop

It costs ! = ! tr L r " # e! f r /T

ConÞned phase:

DeconÞned phase:

f r = !

f r != "

! = 0

! != 0



!     ConÞned    " ! Semi" !    Complete QGP  "    

  ~ 1/2$

! Tc

! 4 Tc

T/Tc"
12Tc#

Gupta, Hubner & Kaczmarek(Ô07)

Lattice: ren.Õd triplet loo pure SU(3)

!



0.0

0.2

0.4

0.6

0.8

1.0

 100  150  200  250  300  350  400  450

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

T [MeV] 

Tr0 
Lren

N! =4
6
8

Cheng et. al.
(2007)

2+1flavor

Semi-QGP Complete-QGPHadronic

Semi-QGP Window

Tc

Semi-QGP Window

Pressure, susceptibilities change 
dramatically in the semi-QGP.
How about transport coefÞcients?

Maybe RHIC probes the 
semi-QGP!!

T [MeV]

0.3

0.8Tc ! 2 " 3Tc

!



A Model of Semi-QGP



A Model of Semi-QGP

L = Peig
R

d!A 0 = !   eiQ/T !! =
1

Nc
tr L ;

�1�P�M�Z�B�L�P�W���M�P�P�Q

�b�W�B�D�V�V�N�`���Q�S�P�Q�F�S�U�Z���D�I�B�O�H�F�T��

! ! " # 0 ! ! " #= 0

�D�P�O�p�O�F�E �E�F�D�P�O�p�O�F�E

�*�P�O�J�[�J�O�H���P�G���D�P�M�P�S

Quarks and gluons move in the background Q.



Semi-classical expansion
We use the Ôt Hooft basis (gluon =double line, quarks=single line) at Þnite Nc.

Distribution function 1
exp(! − iQ a + iQ b) − 1

Propagator 1
(k0 + Qa ! Qb)2 + k2

Double line notation
Qa ! Qb

Covariant derivative
iD0A

ab
µ = ( k0 + Qa ! Qb)Aab

µ

Q corresponds to imaginary chemical potential.

Amplitude in realtime
Furuuchi(Ô06)

ik 0 + iQ a ! iQ b " ! ± i "

Quarks and gluons  propagate in the background Þeld                .A0 = Q/g



HTLÕs in the semi-QGP

Hard

Soft

Tadpole, ghost diagrams

Hard Thermal Loop approximation

Ordinary HTL approx. term
The thermal mass changes.

Debye mass

gluons don’t propagate.

Semi-QGP phase

Complete QGP

where

ConÞned phase

hab = ! ab

hab < 1

hab ! 0

m2
D =

1
6

Ncg2T2[m2
D (Q)]ab = m2

D ! hab(Q)

= ( m2
D )ab

!

δµ0δ! 0 !
"

d!
4π

(P)0 öK µ öK !

P á öK

#

! if ab
c"(J c)0#

"
d!
4π

öK µ öK !

P á öK

! µ ! (P) =

K, Q ! T

P ∼ gT +

Y.H., Pisarski(Õ09)



Eigenvalue-distribution function

with! (" ) ! (a) = Qa/T

1
Nc

trL n =
1

Nc

!

a

ein ! a
=

"
daei ! (a) =

"
d!" (! )ein !

Take Nc ! "

Example: trace  of distribution functions

!

a,b

1
e(E ! i (Q(a) ! Q(b)) /T ! 1

=
"!

n =1

e! nE/T |trL n |2

Pressure (leading order)

P =
T 4

π2

!!

n =1

1
n4

"
2 (|trLn |2 ! 1) + 4Nf(! 1)n +1 RetrLn

#



Spectral density

ConÞned phase 

Constant distribution

All Polyakov loops vanish

!

!

!

1
Nc

trL n =
!

d!" (! )ein! = 0 n != 0for



Delta function dist.,

All Polyakov loops unity

Spectral density

Complete QGP

!

!

1
Nc

trL n =
�

d!" (! )ein! = 1



Step functionGross-Witten model

Use two eigenvalue dist.Õs.

!

!

!

!

Spectral density

Semi-QGP

1
Nc

trL n =
!

d!" (! )ein! < 1



Transport CoefÞcients



Boltzmann Equation

Kinetic Theory

Collision term

Two body scattering:

Shear viscositySolving Boltzmann eq.
complete-QGP

Arnold, Moore, Yaffe (Õ00), (Õ03)

p4, d

p3, c

p2, b

p1, a
M =

2pµ ! µ f a = !
!

color ,spin ,ßavor

"
dΠ|M| 2f af b(1 ± f c)(1 ± f d)



Results



Y.H., Pisarski(Õ08)

Viscosity in the semi-QGP:
pure glue

f
(L

)

! ! "

Gross-Witten
Step function
Leading order

0
0

0.2

0.2

0.4

0.4

0.6

0.6

0.8

0.8

1.0

1.0

1.2

1.4

Cusp

Suppression

3.31
�2

1 + �2

! 1 + 1.47
!

(1 " ! )

! ! 2

Little change between two eig. dist.Õs.
Suppression at small�Y! R(L) ∼ ! 2

Ratio:
f

(L
)

R
(!

)

R (! ) =
" semi-QGP

" complete-QGP



Why small viscosity?

Maxwell(1860)Shear Viscosity: ! !
1
3

nøp"
Mean Momentum: p̄ ! T

Mean free path:

Small viscosity
Large cross section

Complete QGP
! ! g4/T 2! !

T
"! ! 1 ! n"

Semi-QGP  at small loop

Color dependentMean free path:

Small viscosity!!

even a small coupling
at small 

! !
T
"

#2

�

! ! 1 =

!
ab nanb" ab!

a na
!

a

na ! ! 2

!

ab

nanb! ab ! "2!



Viscosity in semi-QGP
Y.H., Pisarski(Õ08)

Suppression! Cusp

f
(L

)

�! �

Nf/N c = 0
Nf /N c = 1 / 3
Nf /N c = 2 / 3
Nf /N c = 3 / 3

0
0

0.2

0.2

0.4

0.4

0.6

0.6

0.8

0.8

1.2

1.4

1.0

1.0

! ! 2f
(L

)

! ! "

R
(!

)
Ratio: R(! ) =

" semi-QGP

" complete-QGP
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!/
s

la
t
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0.1

0.2
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! = 8

! = 32

! = 64

Viscosity/Entropy

Lattice data from Cheng, et.al. PRD77, 014511(2008)

        :two-loop
 running coupling

Large increase from Tc to 2 Tc.  
Clearly need results beyond leading log.

g2(Tc)
4!

! 0.3

g(T)

�-�)�$�3�)�*�$
! !

99.0 " R(L)
g4(T) ln( c/g(T))



Summary
Part II



Summary

¥ Shear viscosity suppressed, near Tc,
�™�Y  2. 

¥ RHIC - probes semi-QGP?  If so, not only ! , but 
RAA, real photons, dileptons, also suppressed by 
powers of �Y.

¥ LHC - into complete QGP?  
If so, LHC " RHIC, a BIG shear viscosity at LHC at 
short times, and a large multiplicity,
unlike strong QGP.



Outlook
Dileption production

Heavy quark energy loss

!

ø!
q

øq

q q

Q Q
! !

! ! 0


