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Introduction and Motivation��

! "Future linear collider experiment(ILC) 

Two-photon process 

Viewed as  a deep-inelastic electron-photon scattering��

! "LHC experiments has started in 2009 

! "We  anticipate the signals of the  new physics will be discovered 

Higgs particle in SM  
SUSY particles 
physics beyond the SM��
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Deep inelastic 
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target 
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Kinematics��

! "We can study the structure of photon 

FL (x, Q2, m2)F2(x, Q2, m2) and��

;Bjorken variable��

;mass squared of the probe photon��

m2 ;quark masses��

Perturbative method�� Non-pertutbative��

F !
2 (x, Q2) = F !

2 (x, Q2)pointlike + F !
2 (x, Q2)hadronic

0
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Photon Structure Functions��

! " Structure functions 

For the real photon target��
Budnev-Ginzburg-Meledin-Serbo(Ô75) 

Absorptive part of photon-photon forward scattering��

(TT T )µ !"# = Rµ! R"#

Rµ! = ! gµ ! +
1

(p áq)2 [p áq(qµ p! + q! pµ ) ! q2pµ p! ]

(TLT )µ !"# = kµ
1 k!

1 R#"

kµ
1 =

!
! q2

p áq

"
pµ !

p áq
q2 qµ

#

! " Projection operator 

F !
2 = x(WT T + WLT ), F !

L = xWLT

W µ !"# = ( TT T )µ !"# WT T + ( Ta
T T )µ !"# W a

T T + ( T#
T T )µ !"# W #

T T + ( TLT )µ !"# WLT
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Photon Structure functions��

! "NNLO QCD analysis performed with 3-loop splitting fns. and 

  2-loop coefficient fns. for massless quarks 

Sasaki-Ueda-Uematsu(Ô07) 
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! " In the case of nucleon target, the heavy quarks are treated as 
being absent in the intrinsic parton components but radiatively 
generated from the gluon and light quarks 

! "For virtual photon target, the heavy quarks are treated in the 
same way as light quarks and  generated from the photon 
target (and also from gluon and light quarks) 

! "Heavy quark mass effects for the real  
    photon case are studied up to LO 
       M. Gluck, E. Reya & A. Vogt,  
       F. Cornet, P. Jankowski & M. Krawczyk, A. Lorca, É.. 

! "Heavy quark mass effects are studied up to NLO in the 
framework of OPE and mass independent renormalization 
group method 

The heavy quark effects in DIS processes��

Kitadono-Sasaki-Ueda-Uematsu(Ô09) 

log
m2

P2

! "The kinematical threshold effects xmax =
1

1 + 4m 2

Q 2

(p + q)2 ! 4m2
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! "Here we investigate the heavy quark mass effects with 
one-gluon corrections in the parton model 

The heavy quark effects in the parton model��

! "The heavy quark mass effects on photon structure fns.          

      in parton model were calculated up to leading order 
Sasaki-Uematsu-Soffer(Ô02) 

Budnev-Ginxburg-Meledin(Ô75) 

Gluck-Reya-Schienbein(Ô01) 

�•�•  �•�•  
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How to calculate��

! "Using Cutkosky rule  

absorptive parts of photon-photon scattering are transformed into box diagrams��

! "Take a trace of box diagrams and apply the projection operators  

! "Structure functions can be written in a linear combination of  

many scalar integrals 

! "Discontinuities of the master integrals are evaluated 

! "Calculation of the leading order as a practice  

(2! )" (+) (k2 ! m2) =
i

k2 ! m2 + i#
!

i
k2 ! m2 ! i#

IBP identity��

! "Scalar integrals are expressed as a linear combination  

  of  fewer master integrals by reduction method 
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Leading order calculation��

! "Cutkosky rule 

(Wµ!"# )LO

(Wµ!"# )LO = DiscAµ!"#
! "Relation between  

(2! )" (+) (k2 ! m2) =
i

k2 ! m2 + i#
!

i
k2 ! m2 ! i#

Box diagram��!
dD k1

(2! )D e4(! )Tr
"

" µ
i

k/ ! p/ ! m
! !

i
k/ ! m

! "
i

k/ ! q/ ! m
! #

i
k/ ! q/ ! p/ ! m

!

! "Taking discontinuities of box diagram, we can get the absorptive �y�y
part of scattering 

!
dD k1

(2! )D ! 1
" (+)(k2

1 ! m2)
!

dD k2

(2! )D ! 1
" (+)(k2

2 ! m2)(2! )Dδ(D ) (k1 + k2 ! p ! q)

Aµ!"# =

������



Calculation of One-loop diagram��

Non-positive �à  irrelevant��

c1b =
! 8x2(x2 + 1)

Q4
i.e.��

(TT T )µ !"#
�º ��! "Applying the projection operator 

B (! 1, ! 2, ! 3, ! 4) =
!

dD k
(2" )D

1
[k2 ! m2]! 1 [(k ! q)2 ! m2]! 2 [(k ! p ! q)2 ! m2]! 3 [(k ! p)2 ! m2]! 4

are written in a linear combination  
   of master integrals by reduction method��

B (! 1, ! 2, ! 3, ! 4), s

! "Taking the disconitinuities 

DiscB (0, ! , ! , ! ) = Disc B (! , ! , 0, ! ) = 0
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Reduction��

! "IBP identityy 

q

p

k

k!

l

l ! q

l − q− p

l ! k

! = l, l ! q, l ! p ! q, l ! k

! "We get many relations among scalar integrals 

    and solve these equations ��

etc.��

1+( ! ) :operator that increase(decrease) power of ��D1

! "Apply above operators to integral 
!

dD l
1

D ! 1
1 D ! 2

2 D ! 3
3 D ! 4

4

We can express a  scalar  integral as  a linear combination of master integrals��

S. Laporta(Ô00) 

From IBP identities��
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Two-body phase-space integral��

!
d P S(2) =

!
dD k

(2! )D ! 1 " (+) (k2 ! m2)
!

dD k"

(2! )D ! 1 " (+) (k"2 ! m2)" (D ) (k + k" ! p ! q)

=
1

(16! )
D
2 ! 1

s
D
2 ! 1

! ( D
2 ! 1)

!
1 !

4m2

s

" D −3
2

# 1

! 1
(1 ! cos" )

D
2 ! 2d cos"

C.M 
frame 

(k ! q)2 ! m2 = ! p áq(1 + ! cos" )
(k ! p)2 ! m2 = ! p áq(1 ! ! cos" )

=
!

dPS(2) 1
(k ! q)2 ! m2

=
!

!
Q2

2x

" 1
1 + ! 2F1

!
1 ! ", 1, 2 ! 2";

2!
1 + !

"
�º ��

Hypergeometric fns.��

=
!
8"

! "Taking discontinuities of the master integral 

! =

!

1 !
4m2

s

= !
Q2

16x!
log

! 1 ! "
1 + "

"

������



(WT T )LO =
!
2"

#!

!
L

"
! 8x2 m4

Q4 + 4x(1 ! x)
m2

Q2 + 2x2 + 2x + 1
#

+
!

1 ! ! 2

!
! 16x2 m4

Q4 + 8x2 m2

Q2 + ( ! 2 ! 1)(1 ! x + x2)
"#

Structure functions in leading order��

L = log
1 ! !
1 + !

! ! = 3
N f!

i =1

e4
i

! " Heavy quark mass threshold effect 

! " Heavy quark mass input 

Numerical plot ��

Budnev-Ginxburg-Meledin(Ô75) 

Gluck-Reya-Schienbein(Ô01) 

Sasaki-Uematsu-Soffer(Ô02) 

xmax =
1

1 + 4m 2

Q 2

mc = 1 .3GeV
(p + q)2 ! 4m2
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Structure functions in leading order��

Numerical plot ��

) 

! "These results are consistent with the previous calculation 

Sasaki-Uematsu-Soffer(Ô02) 

F !
L =

!
2"

#! x
!
! 8x2L

m2

Q2 + 4$x(1 ! x)
"

������



Calculation of One-gluon corrections��

! "Using dimensional regularization  (D = 4 ! 2! )

Infrared and Ultraviolet divergences appear��

! " Renormalization 

! " Kinoshita-Lee-Nauenburg theorem 

Virtual correction 

Real emission 

2-body      
phase space 

3-body      
phase space 
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Virtual Correction��

! "Using Cutkosky rule 

! "Taking Trace 

! "Applying Projection operators 

! "Structure fns. can be expressed  

       as  a linear combination of  scalar integrals 

There appear many kinds of scalar integrals 

! "Virtual corrections have 2-body phase space integral 

! " UV are canceled by counter diagrams  

How to calculate��
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! "We perform reduction of two-loop integrals 

! "Structure function can be written in  

 a linear combination  of master integrals 

(TT T )µ !"# �º ��

���� ��������C1 C2 C3

���� á á á
Master Integrals��

! "UV divergence does not appear, but IR divergence appear 

! "As a check, the sum of UV from master integrals should vanish 

! "Using reduction method, the scalar integrals 
reduce to the smaller number of master integrals 
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Master Integrals��

! "Virtual correction have 23 master integrals 
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Analytic continuation ��

! "When the one-loop integrals  

s < 0, q2 < 0

is positive definite 
The      prescription can be dropped ��

! "The one-loop integrals are expressed in terms of two types 
of transcendental functions 

ln
! n"

i =1

xi

#
, Li 2

!
1 !

n"

i =1

xi

#

i !
! "The analytic continuation is performed by restoring the  

s ! s + i !
i !

!
dD l

1
[l2 ! D ]n

D

We assume          are space-like��s, q2
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Analytic continuation for logarithm��

Li 2

!
1 !

n"

i =1

xi

#
!" Li 2

!
1 !

n"

i =1

xi

#
+ ln

!
1 !

n"

i =1

xi

#$
ln

! n"

i =1

xi

#
!

n%

i =1

ln(xi )
&

=
! 2

6
! Li 2

! n"

i =1

xi

#
! ln

!
1 !

n"

i =1

xi

# n$

i =1

ln(xi )

Li 2

!
1 !

n"

i =1

xi

#
= ! Li 2

!
1 !

1
$ n

i =1 xi

#
!

1
2

ln2
! n"

i =1

xi

#

Analytic continuation for dilogarithm��

|
n!

i =1

xi | < 1For��

|
n!

i =1

xi | > 1For��

ln
! n"

i =1

xi

#
!

n$

i =1

ln(xi )
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Master Integral��

����

!
dPS(2) 1

(k ! q)2 ! m2 + i !

!
dD l

(2" )D

1
l2 ! m2 + i !

! =

!

1 !
4m2

s! =

!

1 +
4m2

Q2

! "Most of the absorptive part of  master integrals 

   can be integrated analytically 

! "UV divergence comes from gamma functions 

! (! )

! "IR divergence comes from Feynman parameter integrals 

!
dD k �d ��

! 1

0
da

1
(1 ! a)1+ !

������

! "For some of the mater integrals, it is difficult to perform 

 the phase-space integral analytically, 

 We perform numerical integration for these integrals 



����

! "UV are canceled 

! "IR are remained 

! "UV are canceled 

! "IR do not appear 

Conclusion of virtual gluon corrections��

! "Using cutkosky rule and reduction method,  

  structure fns. are written in terms of master integrals.  

! "Master integrals are evaluated analytically and numerically 

�•�•  
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Real gluon emission��

Cutkosky rule, projection operator, reduction��

(TT T )µ !"#
�º ��

���� A1 A2 A3 á á á���� ����

Master Integrals��

! "The procedure of the calculation is  

  same as the case of the virtual corrections 

! "Real emission diagrams have 3-body phase space integrals 
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Three-body phase-space integral��

!
dPS(3) =

!
dD r

(2! )D ! 1

dD k1

(2! )D ! 1

dD k2

(2! )D ! 1 (2! )D " D (q + p ! r ! k1 ! k2)" + (r 2)" + (k2
1 ! m2)" + (k2

2 ! m2)

=
1

(4! )D

sD ! 3

! (D ! 3)

!
1 !

4m2

s

" 3D ! 7
2

# !

0
d" sinD ! 3 "

# !

0
d# sinD ! 4 #

!
! 1

0
dy

! 1

0
dz

"
4m2

s
+ (1 "

4m2

s
)(1 " y)z

# ! 1
2

y
D ! 4

2 (1 " y)D ! 5
2 z

D ! 3
2 (1 " z)

D ! 4
2

t

u

u = ( s ! 4m2) ! t

q2t
s! q2

tmax = ( s ! q2)(1 ! 4m2

s )

u =

=
1

(4! )D

1
! (D ! 3)

(s ! q2)3! D
� !

0
d" sinD ! 3 "

� !

0
d# sinD ! 4 #

� (s! q2 )(1 ! 4m 2
s )

0
dt

� (s! 4m 2 ) ! t

q2 t/ (s! q2 )
du

!
1 !

4m2

s ! t ! u

" D −3
2

#
(s ! t ! u) t

$
(s ! q2)u ! q2t

%&D −4
2

p q

r

K

k1

k2

������



Master integral for 3-body phase-space��

=
!

dPS(3)

can be evaluated analytically 

! "The easiest master integral 

! "Other master integrals are difficult to calculate analytically 

������

! "Most of  the master integrals for real emission are hard 
to be calculated analytically 

! "Numerical analysis of these master integrals are in progress. 

p q

r

K

k1

k2

t

u

u = ( s ! 4m2) ! t

q2t
s! q2

tmax = ( s ! q2)(1 ! 4m2

s )

u =



Summary��

Ultraviolet divergence are canceled 

Infrared divergence are remained  

! "Real gluon emission are discussed 

! "Using Cutkosky rule and reduction method, 

     scalar integrals are reduced to the sum of the master integrals. 

! "The master integrals for virtual corrections are evaluated 

! "The heavy quark mass effects on the photon structure function  

 are investigated in parton model up to the NLO 

Canceled by real gluon emissions?��

Analysis is in progress!��
������


