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Spinor Representation

Coordinates:

x� _� = x� � �
� _� =

�
x0 + x3 x1 � ix2

x1 + ix2 x0 � x3

�
=

�
x+ w
�w x�

�
; � � = ( 1l; ~� )

To maintain Lorentz�covariance, introduce two light-like vectors n2 = ~n2 = 0

n� _� = � � �� _� ; ~n� _� = � � �� _�

with auxiliary spinors� and �

x� _� = z � � �� _� + ~z � � �� _� + w � � �� _� + �w � � �� _�

Fields:

q =

�
 �

��
_�

�
; �q = ( � � ; � _� ) ;

F ��; _� _� = � �
� _� � �

� _� F �� = 2
�
� _� _� f�� � � �� �f _� _�

�

f�� and �f _� _� transform according to(1; 0) and (0; 1) representations of Lorentz group
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�Plus� and �Minus� components

 + = � �  � ; � + = � � � � ; f++ = � � � � f�� ;

� + = �� _� � _� ; �� + = �� _� � _� ; �f++ = �� _� ��
_� �f _� _� ;

 � = � �  � ; � � = �� _� � _� f+ � = � � � � f��

similar for derivatives @� ! @� _�

@++ = 2 @z ; @�� = 2 @~z ; @+ � = 2 @w ; @� + = 2 @�w

�  + ; � + ; f++ and � + ; �� + ; �f++ corespond to partonic degrees of freedom, e.g.

f++ (x+ ; x� ; x? ) = i
p

2

Z
dk+

2k+

d2 k?

(2 � )3
k+ � (k+ )

h
e� ikx a(k; � = � 1) � eikx ay (k; � = 1)

i

�f++ (x+ ; x� ; x? ) = i
p

2

Z
dk+

2k+

d2 k?

(2 � )3
k+ � (k+ )

h
e� ikx a(k; � = 1) � eikx ay (k; � = � 1)

i
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Quasipartonic light�ray operators

are de�ned as gauge-invariant products of �plus� �elds �liv ing� on a light-ray

X (zk ) = f  + ; � + ; � + ; �� + ; f++ ; �f++ g ; z � x� ; x+ = x? = 0

O(z1 ; : : : ; zN ) = CX (z1) 
 : : : 
 X (zN )

� Ci 1 ::: i N

�
[0; z1 ]X (z1)

� i 1 : : :
�
[0; zN ]X (zN )

� i N

where Ci 1 ::: i N is an invariant color tensor such that

[(t1)a
k1 i 1 + ( t2)a

k2 i 2 + : : : + ( tN )a
kN i N

]Ci 1 ;:::; i N = 0 :

t a X =

8
<

:

(t a  ) i = T a
ii 0 i 0

for quarks  ; ��

(t a � ) i = � T a
i 0i

� i 0
for antiquarks � ; �

(t a f )b = i fbab0
f b0

for gluons f ; �f
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� The set of quasipartonic operators with given quantum numbe rs is closed
under renormalization

[Oi (X )]R = Z ik Ok (X0) ; Z = I +
� s

4��
H + : : :

�
�

@
@�

+ � (g)
@
@g

+ 
 ik

�
[Ok (X )]R = 0 ; 
 = � �

d
d�

Z Z � 1 =
� s

2�
H

� The operator H (Hamiltonian) is given by the sum of two-particles kernels

H( N ! N ) =
NX

i ;k

H(2 ! 2)
ik

H(2 ! 2)
12 [X i 1 (z1) 
 X i 2 (z2)] =

X

q

X

i 0
1 i 0

2

[Cq]i 1 i 2
i 0
1 i 0

2
[H ( q)

12 X i 0
1 
 X i 0

2 ](z1 ; z2)

� H ( q)
12 are SL(2; R) invariant operators which act on coordinates of the �elds
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Summary of BFKL kernels

X 1 (z1 ) 
 X 2 (z2 ) H [X 1 
 X 2 ]

A
 + 
  + ;  + 
 � + ; � + 
 � + ;

� 2( t a
i 1 i 0

1
t a
i 2 i 0

2
)
�

bH � 2� q

�
X i 0

1 (z1 ) 
 X i 0
2 (z2 )

� + 
 �� + ; � + 
 � + ; �� + 
 �� +

BNS  + 
 �� + ; � + 
 � + ;
� 2( t a

i 1 i 0
1

t a
i 2 i 0

2
)
�

bH � H + � 2� q

�
X i 01 (z1 ) 
 X i 02 (z2 )

 + 
 � + ; �� + 
 � +

BS  + 
 � + ; � + 
 �� +

� 2( t a
i 1 i 0

1
t a
i 2 i 0

2
)
�

bH � H + � 2� q

�
X i 01 (z1 ) 
 X i 02 (z2 )

� 4t a
¼ H d J a (z1 ; z2 )

� 2iz 12

�
( t a t b)¼

�
H + + eH +

�
+2( t bt a )¼H �

	
f a
++ (z1) 
 �f b

++ (z2)

C
f a
++ 
  + ; f a

++ 
 � + ; � 2( t b
aa 0 
 t b

ii 0)
�

bH � � q � � g

�
X a0

(z1 ) 
 X i 0(z2 )

�f a
++ 
 � + ; �f a

++ 
 �� + � 2( t a0
t a ) ii 0P 12 H e; (1)

12 X a0
(z1 ) 
 X i 0(z2 )

D
f a
++ 
 � + ; f a

++ 
 �� + ; � 2( t b
aa 0 
 t b

ii 0)
�

bH � 2H + � � q � � g

�
X a0

(z1 ) 
 X i 0(z2 )

�f a
++ 
  + ; �f a

++ 
 � + +4( t a0
t a ) ii 0H � X a0

(z1 ) 
 X i 0(z2 )

E f a
++ 
 f c

++ ; �f a
++ 
 �f c

++ � 2( t b
aa 0t b

cc0)
�

bH � 2� g

�
X a0

(z1 ) 
 X c0
(z2 )

F f a
++ 
 �f c

++

� 2( t b
aa 0t b

cc0)
�

bH � 4H + � 2 eH + � 2� g

�
f a0
++ (z1 ) 
 �f c0

++ (z2 )

+12( t b
ac0t b

ca0)H � f a0
++ (z1 ) 
 �f c0

++ (z2 )

+ 2 i
z12

�
2H + P 12 � P ac

��
1 � 6 H d

�
J ac (z2 ; z1 )
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SL(2; R) invariant operators

[ bH ' ](z1 ; z2 ) =

Z 1

0

d�

�

h
2' (z1 ; z2) � �� 2j 1 � 1 ' (z�

12 ; z2) � �� 2j 2 � 1 ' (z1 ; z�
21 )

i

[H d ' ](z1 ; z2 ) =

Z 1

0

d� �� 2j 1 � 1 � 2j 2 � 1 ' (z�
12 ; z�

12 )

[H + ' ](z1 ; z2 ) =

Z 1

0

d�

Z ��

0

d� �� 2j 1 � 2 �� 2j 2 � 2 ' (z�
12 ; z�

21 )

[ eH + ' ](z1 ; z2 ) =

Z 1

0

d�

Z ��

0

d� �� 2j 1 � 2 �� 2j 2 � 2
�

��

�� ��

�
' (z�

12 ; z�
21 )

[H � ' ](z1 ; z2 ) =

Z 1

0

d�

Z 1

��

d� �� 2j 1 � 2 �� 2j 2 � 2 ' (z�
12 ; z�

21 )

[H e;( k)
12 ' ](z1 ; z2 ) =

Z 1

0

d� �� 2j 1 � k � 1 � k� 1 ' (z�
12 ; z2 )

� Notation: z�
ik = zi �� + zk � ; �� = 1 � �; z12 = z1 � z2

� j = 1 for quarks and antiquarks and j = 3 =2 for gluons
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Generalization to non-quasipartonic operators

Braun, Manashov, Rohrwild NPB 807 (2009) 89; NPB 826 (2010) 235
� Nonquasipartonic operators:

( mix with quasipartonic operators
( appear starting twist four, e.g.  + F+ �  +

+

+ + +

+

+

+ +

+ + + + + ++ +

this workBFLK constrained by EOM

2

� Algebraic approach: embedding SL(2; R) in SO(4; 2)

Complete results for renormalization of arbitrary twist-f our operators

motivation for this study came from recent developments inN = 4 SUSY:
Beisert, 2004; Beisert, Ferretti, Heise, Zarembo, 2005

V. M. Braun (Regensburg) Scale dependence of SSA HESI10, August 2010 9 / 27



Outline BFLK kernels Application to SSA Models Summary

Application to SSA

Theoretical description of transverse single spin asymmetries (SSAs) follows two lines:

k? factorization in terms of transverse-momentum dependent (TMD) distributions

collinear factorization including twist-three multiparton correlation functions

The scale dependence (evolution) of SSA within the collinear approach was addressed in

Z. B. Kang and J. W. Qiu, Phys. Rev. D79 (2009) 016003.
W. Vogelsang and F. Yuan, arXiv:0904.0410 [hep-ph]

who derived evolution equations for the gluonic pole contributions to twist-three
correlation functions

We have attempted to understand/check their results using O PE
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Operator basis relevant for SSA

All relevant correlation functions can be related to matrix elements of fouroperators

S � (z) = ~s�
h

S+
� (z1 ; z2 ; z3) � S�

� (z3 ; z2 ; z1)
i

S�
� (z) = g�q(z1 )

�
F � + (z2 ) � i 
 5 eF � + (z2 )

�

 + q(z3)

F � (z) = 2 gCabc
� ~s� (1 � P23 � P12 )F �; a

+ (z1 )F b
+ � (z2 )F c

+ � (z3 ) ;

C abc
+ = i f abc ; C abc

� = d abc

S + ; F + are even andS � ; F � are odd under charge conjugation

Here ~s� = � � + � � s� wheres� , s2 = � 1, is the (transverse) nucleon spin vector
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The same operators in spinor representation

S � (z) = �
ig
p

2

�
s� �� Q � (z) � s� �� eQ � (z)

	

Q � (z) = � + (z1 )f++ (z2 ) + (z3 ) � � + (z3 )f++ (z2 ) �� + (z1 )

eQ � (z) = � + (z1 )�f++ (z2 ) �� + (z3 ) � � + (z3 )�f++ (z2 ) + (z1 )

F � (z) = �
ig
p

2
C abc

�

n
s� ��

�f a
++ (z1 )f b

++ (z2 )f c
++ (z3 ) � s� �� f a

++ (z1 )�f b
++ (z2 )�f c

++ (z3 )
o

C abc
+ = i f abc ; C abc

� = d abc

s� _� = � 1
2

n
� � �� _� s� �� + � � �� _� s� ��

o
;

~s� _� = � i
2

n
� � �� _� s� �� � � � �� _� s� ��

o
;
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Support properties of three�parton correlation functions

� in momentum space, functions of parton momentum fractions

hP; sT jS � (z)jP ; sT i = 2 P 2
+

Z
Dxe

� iP +

P
k

xk zk S � (x) ;

hP ; sT jF � (z)jP ; sT i = 2 P 3
+

Z
Dxe

� iP +

P
k

xk zk F � (x) :

� support properties: � 1 < xi < 1; x1 + x2 + x3 = 0

E

B

A

C D

F

x

�e 1

�e 2

�e 3

�E1

�E2

(12)+ 3�

3+ (12) �

(13)+ 2�

2+ (13) �

(23)+ 1�

1+ (23) �

~x = x1~e1 + x2~e2 + x3~e3 = x1 ~E1 + x2 ~E2

(12)+ 3� , x1 ; x2 > 0 (x3 < 0)

V. M. Braun (Regensburg) Scale dependence of SSA HESI10, August 2010 13 / 27



Outline BFLK kernels Application to SSA Models Summary

Relations to other de�nitions

� converting to notation by Kang, Qiu, PRD79 (2009) 016003

T �qFq (x) =
1

4

h
(1 + P13 )S + (x) + (1 � P13 )S � (x)

i

� T �qFq (x) = �
1

4

h
(1 � P13 )S + (x) + (1 + P13 )S � (x)

i

T �
3F (x) =

1

2
(1 � P13 )F � (x)

� T �
3F (x) = �

1

2
(1 � P13 )F � (x)

� The distributions � T �
3F (x) are not independent since

� T �
3F (x1 ; x2 ; x3 ) = �

h
T �

3F (x1 ; x3 ; x2) � T �
3F (x2 ; x1 ; x3)

i
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Evolution equations: General structure

E

B

A

C D

F

x

�e 1

�e 2

�e 3

�E1

�E2

(12)+ 3�

3+ (12) �

(13)+ 2�

2+ (13) �

(23)+ 1�

1+ (23) �

� Two-particle structure: �
d
�

S � �
� s

2�
[H 12 + H 23 + H 31 ]
 S �

V. M. Braun (Regensburg) Scale dependence of SSA HESI10, August 2010 15 / 27



Outline BFLK kernels Application to SSA Models Summary

Evolution equations: �avor�nonsinglet

� The �avor-nonsinglet operatorsS + and S � satisfy the same evolution equation
�

�
@

@�
+ � (g)

@
@g

+
� s

2�
H

�
S � = 0

H = Nc H0 �
1

Nc
H1 � 3CF

H0 = bH 12 + bH 23 � 2H +
12

H1 = bH 13 � H +
13 � P23 H e;(1)

23 + 2 H �
12

� Going over to parton distributionsf z1 ; z2 ; z3g ! f x1 ; x2 ; x3g is a Fourier trafo

[H ik � ](zi ; zk ) =

Z
dz0

i dz0
k H (zi ; zk jz0

i ; z0
k ) � (z0

i ; z0
k )

)
[H ik ' ](xi ; xk ) =

Z 1

�1

dx0
i dx0

k � (xi + xk � x0
i � x0

k )H (xi ; xk jx0
i ; x0

k ) ' (x0
i ; x0

k )

� Complete list of the kernels in momentum fraction space:
,! Appendix A in PRD80 (2009) 114002
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� Evolution equations for Kang�Qiu distributions

�
d

�
T �qFq (x) = �

� s

4�

�
H + P13 H P13

�
T �qFq (x) +

� s

4�

�
H � P13 H P13

�
� T �qFq (x)

�
d

�
� T �qFq (x) = �

� s

4�

�
H + P13 H P13

�
� T �qFq (x) +

� s

4�

�
H � P13 H P13

�
T �qFq (x)
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Evolution equations: �avor�singlet

�
�

@
@�

+ � (g)
@
@g

+
� s

4�
H �

� �
S �

F �

�
= 0 ; H � =

�
H �

QQ H �
QF

H �
FQ H �

FF

�

H+
QQ = H + 4 nf H d

13

H �
QQ = H

H �
FF = Nc

h
bH 12 + bH 23 + bH 31 � 4(H +

12 + H +
13 )

� 2( eH +
12 + eH +

13 ) � 6(H �
12 + H �

13 )
i

� � 0

H �
QF = � in f z13

h
H +

13 + eH +
13 � 2H �

13

i

H+
FQ = iN c (1 � P23 )

1

z13

h
2H +

13 P13 + 1
i

� 0

H �
FQ = � i

N 2
c � 4

Nc
(1 + P23 )

1

z13

h
2H +

13 P13 � 1
i

� Complete list of the kernels in momentum fraction space:
,! Appendix A in PRD80 (2009) 114002
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The gluon pole limit x2 ! 0

� Change to a two-argument notation (Kang�Qiu)

Tq;F (x; x0) = T �qFq (� x0; x0 � x; x) � Tq;F (x; x0) = � T �qFq (� x0; x0 � x; x)

Braun, A.M., Pirnay, Phys.Rev. D80, 09

�
d

d�
Tq;F (x; x) =

� s

�

� Z 1

x

d�

�

�
Pqq(z)Tq;F (�; � )

+
Nc

2

�
(1 + z)Tq;F (x; � ) � (1 + z2 )Tq;F (�; � )

1 � z
� T � q;F (x; � )

��

� Nc Tq;F (x; x) +
1

2Nc

Z 1

x

d�

�

h
(1 � 2z)Tq;F (x; x � � ) � T � q;F (x; x � � )

i �

The two last terms are missing in Kang, Qui, 09, Vogelsang, Yuan, 09
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Second term:

Disagreement due to missing
exchange diagram:

1 2 3

2 1 3
E

F

x

A

B

DC

(12)+ 3�

3+ (12) �

(13)+ 2�

2+ (13) �

(23)+ 1�

1+ (23) �

� Mixing between regions with di�erent partonic interpretation
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First term:

Exact reason unknown

� Important in large x-limit

�
d

d�
Tq;F (x; x)

x! 1
=

� s

�

Z 1

x

d�

�
P NS ;z! 1

q;F (z)Tq;F (�; � )

Single Spin Asymmetry

P NS ;z! 1
q;F (z) = 2 CF

h
1

(1 � z)+
+

3

4
� (1 � z)

i
� Nc � (1 � z)

Structure function F1 (x; Q2)

P NS ;z! 1
qq (z) = 2 CF

h
1

(1 � z)+
+

3

4
� (1 � z)

i

Structure function g2(x; Q2)

P NS ;z! 1
g2 (z) = 2 CF

h
1

(1 � z)+
+

3

4
� (1 � z)

i
�

Nc

2
� (1 � z)

Kang & Qiu are missing the � Nc � (1 � z) term for SSA
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� Di�erent terms � � (1 � z) result in suppression of the twist-three functions

Tq;F (x; x; Q2)=F1 (x; Q2) �
�

� s(Q)

� s(� 0 )

� 2N c =b0

;

gtw : � 3
2 (x; Q2)=F1 (x; Q2) �

�
� s(Q)

� s(� 0 )

� N c =b0

:
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Spectrum of anomalous
dimensions of twist�three
quark-gluon operators vs.
twist-2 quark-antiquark oper-
ators


 N � log N + c + O(1=N )

0 5 10 15 20 25

10

20

30

40

 N

N

F1

g2

SSA

V. M. Braun (Regensburg) Scale dependence of SSA HESI10, August 2010 23 / 27



Outline BFLK kernels Application to SSA Models Summary

WANTED:
models of twist�three correlation functions

Disclaimer:

Everything very preliminary (work in progress)

This is NOT a realistic model YET
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Simplest model: Overlap of light-cone wave functions

Three quarks with orbital angular momentum zero,� uud = 1 =2

jp+ ; + i L z=0
uud = 2

Z
[dx]3 [d2k? ]3

p
x1x2x3

	 123
� ¼k
p

6

�
uy

i " (1)uy
j # (2)dy

k" (3) � uy
i " (1)dy

j # (2)uy
k" (3)

�
j0i

Three quarks and a gluon, with� uud = 3 =2, � g = � 1, Lz = 0

jp+ ; + i L z=0
uudg =

Z
[dx]4 [d2k? ]4
p

x1x2x3x4
� jkl T a

il 	 (1)
1234

h
uy

i " (1)
�

uy
j " (2)dy

k" (3) � dy
j " (2)uy

k" (3)
�

ga;y
# (4)

i
j0i

etc.
Diehl, Feldmann, Jakob, Kroll, Eur. Phys. J. C 8 (1999) 409
X. d. Ji, J. P. Ma and F. Yuan, Eur. Phys. J. C 33 (2004) 75
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Figure: S +
NS at � 2

0 = 0 :5 GeV2 and after evolution to � 2 = 200 GeV2

� gluon pole contributionxg = 0 corresponds to the horizonal axis
� absent on the input scale, is generated radiatively at higher scales
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Summary and Outlook

Complete results available for renormalization of arbitrarytwist-3 and twist-4
operators in QCD

 - �Lego Stones� = two-particle kernels
 - General kinematics: DGLAP, ERBL, GPD

Description of SSA in collinear approach involves six independent three-particle
correlation functions

 - two �avor-nonsiglet
 - four �avor singlet

Evolution equations are derived for each case

 - Gluon pole contributions do not evolve autonomously;
the complete three-particle evolution equation must be used

A computer code available for three-particle evolution (B. Pirnay)

Dynamical models for twist-three distributions based on overlap of light-cone wave
functions

 - work in progress
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