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MOTIVATION
Probe the hadron structure 

size, charge radii, magnetic moment 

Effect of heavy quarks 

Previous work: heavy quark shrinks the mesons
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OUTLINE
Lattice QCD 

Electromagnetic (EM) form factors 

Parameterisation 

Lattice Formulation 

Simulation Details 

Results 

Summary and outlook

3
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Two key equations:
sum over Hamiltonian eigenstates (hadrons)

path integral (quark d.o.f.)

Tools of the stat. physics: 
Importance Sampling

e-S acts as the Boltzmann factor  

Euclidean action to tame the oscillation 

Wick rotation to imaginary time

Discretize the space-time continuum 

Non-perturbatively regularizes theory 

Solvable by computers 
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Charge Radii & Magnetic Moment
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EM FORM FACTORS
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1. PACS-CS generated 32
3
x64, β=1.9, 2+1 flavor 

(u/d,s) lattices  Phys. Rev. D79 (034503) 

I. Gauge action: Iwasaki, Fermion action: 
Clover  

II.  a = 0.0907(13) fm,  a-1 = 2.176(31) GeV 

III. Box Size: (2.9 fm)
3
 x 5.8 fm 

IV. 𝜅ud = 0.13700, 0.13727, 0.13754, 0.13770, 

i. mπ ～ 700, 570, 410, 300 MeV 

V.  𝜅s = 0.13640, 𝜅c = 0.1246 

2. Clover action for all valance quarks  

I. cE = cB = 1/(u0)
3 
(FermiLAB method) 

II.  𝜅c  tuned to 1S M𝜂-J/𝜓 , MD-D* , MDs-Ds* 

3. Point-split (conserved) vector current: 
renormalisation not necessary 

4. Connected diagrams only 

5. Multiple Shell source - Wall sink pairs  

I. t =12 a separation 

II.  Smearing: <rl> ~ 0.5 fm, <rc> ~ <rl>/3 

III. Wall sinks: no need for sequential inversions, 
caveat: increased noise!  

i. Coulomb gauge fix: wall smearing is 
gauge dependent 

6. Stat. errors single-elimination Jackknife 
analysis

SIMULATION DETAILS
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FIG. 5: Same as Fig. 4 but for the electric form factors of ⌅++
cc and for the magnetic form factors of ⌅+

cc. We show the data val values we consider.
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𝜅ud = 0.13700/70 

p-value criteria
9 (7) 4-mom insertions for 
electric (magnetic) form factor

kuc, G. Erkol, B. Isildak, M. Oka, T. T. Takahashi,  JHEP05(2014)125

Good fits to the dipole form 

EFFs are normalised to unit charge
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FIG. 5: Same as Fig. 4 but for the electric form factors of ⌅++
cc and for the magnetic form factors of ⌅+

cc. We show the data val values we consider.
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RESULTS 
plateaus: 𝛴c , 𝛺c , 𝛺cc 
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𝜅ud = 0.13700 

p-value criteria
9 (7) 4-mom insertions for 
electric (magnetic) form factor
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FIG. 8: The chiral extrapolations for electric charge radii
of Σ++

c , Ξ++
cc and Ω+

cc in (amπ)
2. We show the fits to con-

stant, linear and quadratic forms. The shaded regions are the
maximally allowed error regions, which give the best fit to
data.

B. Lattice evaluation of the data

In order to evaluate the magnetic moments, we need to
extrapolate the magnetic form factor GM to −q2 ≡ Q2 =
0, while the electric charge, which is defined as GE(0),
can be directly computed. We use the following dipole
form to describe the Q2 dependence of the baryon form
factors:

GE,M (Q2) =
GE,M (0)

(1 +Q2/Λ2
E,M )2

. (17)

It is well known that this dipole approximation gives
a good description of experimental electric form-factor
data of the proton. Note that the electric charges of the
baryons, GE(0), are obtained in our simulations to a very
good accuracy.
Fig. 6 and 7 display the electric form factors of Σ++

c ,
Ξ++
cc and Ω+

cc, as normalized with their electric charges,
and the magnetic form factors of Ξ+

cc, Ω
+
cc, Ω

0
c , Σ

0
c and

Σ++
c as functions of Q2. We show the lattice data and the

fitted dipole forms for all the quark masses we consider.
As can be seen from the figures, the dipole form describes
the lattice data quite successfully with high-quality fits.
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FIG. 9: The chiral extrapolations for magnetic charge radii
of Σ0,++

c , Ξ+
cc, Ω0

c and Ω+
cc. We show the fits to constant,

linear and quadratic forms.

We can extract the electromagnetic charge radii of the
baryons from the slope of the form factor at Q2 = 0,

⟨r2E,M ⟩ = − 6

GE,M(0)

d

dQ2
GE,M (Q2)

∣∣∣∣
Q2=0

. (18)

To evaluate the charge radii with the above formula, we
will use the dipole form in Eq. (17), which yields

⟨r2E,M ⟩ = 12

Λ2
E,M

. (19)

Then the charge radii can be directly calculated using the
values of dipole masses as obtained from our simulations.

EXTRAPOLATIONS

300 410 570 700m𝜋 ~ MeV

54 27 0070
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FIG. 8: The chiral extrapolations for electric charge radii
of Σ++

c , Ξ++
cc and Ω+

cc in (amπ)
2. We show the fits to con-

stant, linear and quadratic forms. The shaded regions are the
maximally allowed error regions, which give the best fit to
data.

B. Lattice evaluation of the data

In order to evaluate the magnetic moments, we need to
extrapolate the magnetic form factor GM to −q2 ≡ Q2 =
0, while the electric charge, which is defined as GE(0),
can be directly computed. We use the following dipole
form to describe the Q2 dependence of the baryon form
factors:

GE,M (Q2) =
GE,M (0)

(1 +Q2/Λ2
E,M )2

. (17)

It is well known that this dipole approximation gives
a good description of experimental electric form-factor
data of the proton. Note that the electric charges of the
baryons, GE(0), are obtained in our simulations to a very
good accuracy.
Fig. 6 and 7 display the electric form factors of Σ++

c ,
Ξ++
cc and Ω+

cc, as normalized with their electric charges,
and the magnetic form factors of Ξ+

cc, Ω
+
cc, Ω

0
c , Σ

0
c and

Σ++
c as functions of Q2. We show the lattice data and the

fitted dipole forms for all the quark masses we consider.
As can be seen from the figures, the dipole form describes
the lattice data quite successfully with high-quality fits.
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FIG. 9: The chiral extrapolations for magnetic charge radii
of Σ0,++

c , Ξ+
cc, Ω0

c and Ω+
cc. We show the fits to constant,

linear and quadratic forms.

We can extract the electromagnetic charge radii of the
baryons from the slope of the form factor at Q2 = 0,

⟨r2E,M ⟩ = − 6

GE,M(0)

d

dQ2
GE,M (Q2)

∣∣∣∣
Q2=0

. (18)

To evaluate the charge radii with the above formula, we
will use the dipole form in Eq. (17), which yields

⟨r2E,M ⟩ = 12

Λ2
E,M

. (19)

Then the charge radii can be directly calculated using the
values of dipole masses as obtained from our simulations.
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FIG. 8: The chiral extrapolations for electric charge radii
of Σ++

c , Ξ++
cc and Ω+

cc in (amπ)
2. We show the fits to con-

stant, linear and quadratic forms. The shaded regions are the
maximally allowed error regions, which give the best fit to
data.

B. Lattice evaluation of the data

In order to evaluate the magnetic moments, we need to
extrapolate the magnetic form factor GM to −q2 ≡ Q2 =
0, while the electric charge, which is defined as GE(0),
can be directly computed. We use the following dipole
form to describe the Q2 dependence of the baryon form
factors:

GE,M (Q2) =
GE,M (0)

(1 +Q2/Λ2
E,M )2

. (17)

It is well known that this dipole approximation gives
a good description of experimental electric form-factor
data of the proton. Note that the electric charges of the
baryons, GE(0), are obtained in our simulations to a very
good accuracy.
Fig. 6 and 7 display the electric form factors of Σ++

c ,
Ξ++
cc and Ω+

cc, as normalized with their electric charges,
and the magnetic form factors of Ξ+

cc, Ω
+
cc, Ω

0
c , Σ

0
c and

Σ++
c as functions of Q2. We show the lattice data and the

fitted dipole forms for all the quark masses we consider.
As can be seen from the figures, the dipole form describes
the lattice data quite successfully with high-quality fits.
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FIG. 9: The chiral extrapolations for magnetic charge radii
of Σ0,++

c , Ξ+
cc, Ω0

c and Ω+
cc. We show the fits to constant,

linear and quadratic forms.

We can extract the electromagnetic charge radii of the
baryons from the slope of the form factor at Q2 = 0,

⟨r2E,M ⟩ = − 6

GE,M(0)

d

dQ2
GE,M (Q2)

∣∣∣∣
Q2=0

. (18)

To evaluate the charge radii with the above formula, we
will use the dipole form in Eq. (17), which yields

⟨r2E,M ⟩ = 12

Λ2
E,M

. (19)

Then the charge radii can be directly calculated using the
values of dipole masses as obtained from our simulations.
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FIG. 8: The chiral extrapolations for electric charge radii
of Σ++

c , Ξ++
cc and Ω+

cc in (amπ)
2. We show the fits to con-

stant, linear and quadratic forms. The shaded regions are the
maximally allowed error regions, which give the best fit to
data.

B. Lattice evaluation of the data

In order to evaluate the magnetic moments, we need to
extrapolate the magnetic form factor GM to −q2 ≡ Q2 =
0, while the electric charge, which is defined as GE(0),
can be directly computed. We use the following dipole
form to describe the Q2 dependence of the baryon form
factors:

GE,M (Q2) =
GE,M (0)

(1 +Q2/Λ2
E,M )2

. (17)

It is well known that this dipole approximation gives
a good description of experimental electric form-factor
data of the proton. Note that the electric charges of the
baryons, GE(0), are obtained in our simulations to a very
good accuracy.
Fig. 6 and 7 display the electric form factors of Σ++

c ,
Ξ++
cc and Ω+

cc, as normalized with their electric charges,
and the magnetic form factors of Ξ+

cc, Ω
+
cc, Ω

0
c , Σ

0
c and

Σ++
c as functions of Q2. We show the lattice data and the

fitted dipole forms for all the quark masses we consider.
As can be seen from the figures, the dipole form describes
the lattice data quite successfully with high-quality fits.
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FIG. 9: The chiral extrapolations for magnetic charge radii
of Σ0,++

c , Ξ+
cc, Ω0

c and Ω+
cc. We show the fits to constant,

linear and quadratic forms.

We can extract the electromagnetic charge radii of the
baryons from the slope of the form factor at Q2 = 0,

⟨r2E,M ⟩ = − 6

GE,M(0)

d

dQ2
GE,M (Q2)

∣∣∣∣
Q2=0

. (18)

To evaluate the charge radii with the above formula, we
will use the dipole form in Eq. (17), which yields

⟨r2E,M ⟩ = 12

Λ2
E,M

. (19)

Then the charge radii can be directly calculated using the
values of dipole masses as obtained from our simulations.

300 410 570 700m𝜋 ~ MeV

54 27 0070
170 150 100 100

�ud (137-)

stat.
(𝛴c ,𝛯cc)

130 100 100 100(𝛺c , 𝛺cc)

* PDG values
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FIG. 10: The chiral extrapolations for magnetic moment of
Σ0,++

c , Ξ+
cc, Ω

0
c and Ω+

cc. We show the fits to constant, linear
and quadratic forms.

The magnetic moment is defined as µB =
GM (0)e/(2mB) in natural units. We obtain GM (0) by
extrapolating the lattice data to Q2 = 0 via the dipole
form in Eq. (17) as explained above. We evaluate the
magnetic moments in nuclear magnetons using the rela-
tion

µB = GM (0)

(
e

2mB

)
= GM (0)

(
mN

mB

)
µN , (20)

where mN is the physical nucleon mass and mB is the
baryon mass as obtained on the lattice.
Our numerical results for the form factors are given

in Tables IV and V, in Appendix. We give the electric
and magnetic charge radii in fm2, the values of mag-
netic form factors at Q2 = 0 (GM,B(0)) and the mag-
netic moments (µB) in nuclear magnetons at each quark
mass we consider. These numerical values are illustrated
in Figs. 8, 9, 10 with their chiral extrapolations for the
electric radii, magnetic charge radii and the magnetic
moments of the baryons, respectively. To obtain the val-
ues of the observables at the chiral point, we perform fits
that are constant, linear and quadratic in m2

π:

fcon = c1, (21)

flin = a1 m
2
π + b1, (22)

fquad = a2 m
4
π + b2 m

2
π + c2, (23)

where a1,2, b1,2, c1,2 are the fit parameters.

In order to evaluate the quality of the fits, we find
their χ2 per degree of freedom value and the p-values.
The chiral extrapolations with linear and quadratic forms
deviate from each other with their one to two standard
deviations in some cases, in particular for Σc. A closer
inspection with the χ2 per degree of freedom and the p-
values taken into account reveals that the quadratic form
is favored in the case of charge radii and the linear form
is favored in the case of magnetic moments.

In the case of charmed-strange baryons Ωc and Ωcc,
the pion-mass dependence is solely due to sea-quark ef-
fects. As can be seen in the lowest panels of Fig. 8 and
Fig. 9, the dependence of charge radii for these baryons
fluctuates as we approach the chiral limit, in contrary to
the naive expectation. This fluctuation may also be due
to uncontrolled systematic errors. An intuitive model is
to fit these data to a constant or a linear form, since a
more complex form is not known for sea-quark depen-
dence. Unfortunately, the fluctuating data results in a
poor fit to a linear or quadratic form in the case of Ωc

and Ωcc charge radii. Note that the data in other cases
can be nicely fit to linear or quadratic forms.

In assessing the best fit function to data, we also
account for the consistency between the properties of
the baryons as extrapolated to the quark-mass point
m2

π = m2
ηss

. Unfortunately we do not have the value
of mηss at the SU(3) symmetric point. However, we
can make an estimation using the value mηss = 0.39947,
which was extracted by PACS-CS on a lattice with κud =
κsea = 0.13700 and κs = 0.13640. The charge radii and
the magnetic moments of Ξ+

cc and Ω+
cc, as well as those

of Σ0
c and Ω0

c , are expected coincide at this point. The
properties of the Σ++

c baryon as extrapolated to this re-
gion can be compared with those of an unphysical baryon
similar to Ω++

c but the s quarks are assigned with elec-
tric charge 2/3 —a state that can be easily created on
our setup with trivial replacements.

* PDG values

kuc, G. Erkol, B. Isildak, M. Oka, T. T. Takahashi,  JHEP05(2014)12513
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FIG. 10: The chiral extrapolations for magnetic moment of
Σ0,++

c , Ξ+
cc, Ω

0
c and Ω+

cc. We show the fits to constant, linear
and quadratic forms.

The magnetic moment is defined as µB =
GM (0)e/(2mB) in natural units. We obtain GM (0) by
extrapolating the lattice data to Q2 = 0 via the dipole
form in Eq. (17) as explained above. We evaluate the
magnetic moments in nuclear magnetons using the rela-
tion

µB = GM (0)

(
e

2mB

)
= GM (0)

(
mN

mB

)
µN , (20)

where mN is the physical nucleon mass and mB is the
baryon mass as obtained on the lattice.
Our numerical results for the form factors are given

in Tables IV and V, in Appendix. We give the electric
and magnetic charge radii in fm2, the values of mag-
netic form factors at Q2 = 0 (GM,B(0)) and the mag-
netic moments (µB) in nuclear magnetons at each quark
mass we consider. These numerical values are illustrated
in Figs. 8, 9, 10 with their chiral extrapolations for the
electric radii, magnetic charge radii and the magnetic
moments of the baryons, respectively. To obtain the val-
ues of the observables at the chiral point, we perform fits
that are constant, linear and quadratic in m2

π:

fcon = c1, (21)

flin = a1 m
2
π + b1, (22)

fquad = a2 m
4
π + b2 m

2
π + c2, (23)

where a1,2, b1,2, c1,2 are the fit parameters.

In order to evaluate the quality of the fits, we find
their χ2 per degree of freedom value and the p-values.
The chiral extrapolations with linear and quadratic forms
deviate from each other with their one to two standard
deviations in some cases, in particular for Σc. A closer
inspection with the χ2 per degree of freedom and the p-
values taken into account reveals that the quadratic form
is favored in the case of charge radii and the linear form
is favored in the case of magnetic moments.

In the case of charmed-strange baryons Ωc and Ωcc,
the pion-mass dependence is solely due to sea-quark ef-
fects. As can be seen in the lowest panels of Fig. 8 and
Fig. 9, the dependence of charge radii for these baryons
fluctuates as we approach the chiral limit, in contrary to
the naive expectation. This fluctuation may also be due
to uncontrolled systematic errors. An intuitive model is
to fit these data to a constant or a linear form, since a
more complex form is not known for sea-quark depen-
dence. Unfortunately, the fluctuating data results in a
poor fit to a linear or quadratic form in the case of Ωc

and Ωcc charge radii. Note that the data in other cases
can be nicely fit to linear or quadratic forms.

In assessing the best fit function to data, we also
account for the consistency between the properties of
the baryons as extrapolated to the quark-mass point
m2

π = m2
ηss

. Unfortunately we do not have the value
of mηss at the SU(3) symmetric point. However, we
can make an estimation using the value mηss = 0.39947,
which was extracted by PACS-CS on a lattice with κud =
κsea = 0.13700 and κs = 0.13640. The charge radii and
the magnetic moments of Ξ+

cc and Ω+
cc, as well as those

of Σ0
c and Ω0

c , are expected coincide at this point. The
properties of the Σ++

c baryon as extrapolated to this re-
gion can be compared with those of an unphysical baryon
similar to Ω++

c but the s quarks are assigned with elec-
tric charge 2/3 —a state that can be easily created on
our setup with trivial replacements.
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FIG. 8: The chiral extrapolations for electric charge radii
of Σ++
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cc in (amπ)
2. We show the fits to con-

stant, linear and quadratic forms. The shaded regions are the
maximally allowed error regions, which give the best fit to
data.

B. Lattice evaluation of the data

In order to evaluate the magnetic moments, we need to
extrapolate the magnetic form factor GM to −q2 ≡ Q2 =
0, while the electric charge, which is defined as GE(0),
can be directly computed. We use the following dipole
form to describe the Q2 dependence of the baryon form
factors:

GE,M (Q2) =
GE,M (0)

(1 +Q2/Λ2
E,M )2

. (17)

It is well known that this dipole approximation gives
a good description of experimental electric form-factor
data of the proton. Note that the electric charges of the
baryons, GE(0), are obtained in our simulations to a very
good accuracy.
Fig. 6 and 7 display the electric form factors of Σ++

c ,
Ξ++
cc and Ω+

cc, as normalized with their electric charges,
and the magnetic form factors of Ξ+

cc, Ω
+
cc, Ω

0
c , Σ

0
c and

Σ++
c as functions of Q2. We show the lattice data and the

fitted dipole forms for all the quark masses we consider.
As can be seen from the figures, the dipole form describes
the lattice data quite successfully with high-quality fits.
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FIG. 9: The chiral extrapolations for magnetic charge radii
of Σ0,++

c , Ξ+
cc, Ω0

c and Ω+
cc. We show the fits to constant,

linear and quadratic forms.

We can extract the electromagnetic charge radii of the
baryons from the slope of the form factor at Q2 = 0,

⟨r2E,M ⟩ = − 6

GE,M(0)

d

dQ2
GE,M (Q2)

∣∣∣∣
Q2=0

. (18)

To evaluate the charge radii with the above formula, we
will use the dipole form in Eq. (17), which yields

⟨r2E,M ⟩ = 12

Λ2
E,M

. (19)

Then the charge radii can be directly calculated using the
values of dipole masses as obtained from our simulations.
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[fm2] [fm2] [fm2] [fm2] [µN ] [µN ]

Σ0,++
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FIG. 2: The light-quark spatial distribution |ψ(r⃗3)|
2 for Mq = 330 MeV with R = 0.06 fm (left), R = 1.2 fm (center), and

R = 2.4 fm (right). The brighter region has higher probability, and the black circles denote the positions of the heavy quarks.
The figure is a part of the whole volume, and the actual calculation is performed in enough large volume.

TABLE I: Numerical results for the different light-quark masses Mq and the different mesh sizes ∆z(= ∆ρ). The calculation
listed here is done with the 128×128-mesh. The omitted length unit is fm.

Mq [GeV] ∆z
√

⟨x2⟩(R=0.06)
√

⟨x2⟩(R=1.2)
√

⟨z2⟩(R=0.06)
√

⟨z2⟩(R=1.2) ⟨Lmin⟩(R=0.06) ⟨Lmin⟩(R=1.2)

0.33 0.08 0.41 0.42 0.43 0.53 0.67 1.61

0.10 0.42 0.41 0.45 0.53 0.67 1.60

0.12 0.40 0.40 0.46 0.55 0.68 1.60

0.50 0.08 0.36 0.36 0.39 0.47 0.58 1.53

0.10 0.35 0.35 0.39 0.49 0.59 1.53

1.0 0.05 0.27 0.29 0.30 0.42 0.46 1.44

0.10 0.27 0.28 0.32 0.42 0.47 1.43

2.0 0.05 0.20 0.23 0.23 0.37 0.35 1.36

0.08 0.20 0.22 0.24 0.37 0.36 1.36

We adopt the variational calculation inspired by the
renormalization group (RG) method. The schematic pro-
cedure is shown in Fig. 1, and its concrete process is as
follows. First, we start with a 2×2 mesh and the spacings
∆ρ(1) and ∆z(1). We minimize E(R), and then obtain
the 2×2-solution ψ(1)(l, m). Here the site (l, m) corre-
sponds to (ρ, z) = (l∆ρ(1), m∆z(1)) (l, m ∈ Z). Next,
we turn to a 4×4 mesh with the twice finer mesh size,

starting from the initial condition ψ(2)
0 (l′, m′) from the

2×2-mesh solution. The 2n+1 × 2n+1-mesh initial condi-
tion is set from the 2n × 2n-mesh solution, as

∆ρ(n+1) =
1

2
∆ρ(n), (8)

∆z(n+1) =
1

2
∆z(n), (9)

ψ(n+1)
0 (2l, 2m) = ψ(n)(l, m), (10)

ψ(n+1)
0 (2l − 1, 2m)

=
1

2
{ψ(n)(l, m) + ψ(n)(l − 1, m)}, (11)

ψ(n+1)
0 (2l, 2m− 1)

=
1

2
{ψ(n)(l, m) + ψ(n)(l, m − 1)}, (12)

ψ(n+1)
0 (2l − 1, 2m − 1)

=
1

2
{ψ(n)(l, m) + ψ(n)(l − 1, m − 1)}. (13)

We repeat this procedure N times, finally obtain the
2N × 2N -mesh solution with the spacings ∆ρ ≡ ∆ρ(N)

and ∆z ≡ ∆z(N). With this RG inspired variational cal-
culation, the solution is expected to converge rapidly to
the absolute minimum. To estimate the discretization er-
ror and the finite-volume effect, we calculate with several
mesh sizes and mesh numbers.
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1. Cottingham Formula
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feature of the SELEX measurements is the fact that the observed
doubly charmed baryons are all produced at xF > 0.1 (SELEX only
has sensitivity in that region); i.e., at a significant fraction of the
projectile momentum. This is consistent with the ISR measure-
ments of the Λc [9] and the Λb [10] at high xF , as well as
NA3 measurements at CERN [11] which showed that two J/ψ ’s
are hadro-produced at high xF in pion-nucleus collisions; in fact,
each π A → J/ψ J/ψ X event measured by NA3 has four charmed
quarks with a flat longitudinal momentum distribution for xF >
0.4 [12]. The SELEX and NA3 measurements cannot be explained
if the heavy quarks only arise from gluon splitting; however, this
is a natural consequence of the existence of intrinsic heavy quarks
in the projectile [13–16], such as the rare |uudcc̄cc̄⟩ Fock state in
the proton or the |ūdcc̄cc̄⟩ Fock state in the π− . Since the momen-
tum distribution in such Fock states is maximized at low invariant
mass, all of the quarks tend to have the same rapidity and small
transverse momentum. The heavy quarks have the maximum mo-
mentum fractions in such configurations since equal rapidity im-

plies xi ∝
√

m2
i + k2

⊥i . The doubly charmed ccq baryons are then
formed in a collision by the coalescence [17,18] of the comoving
heavy quarks with a light quark of the projectile — the domain
where the wave function of the produced doubly charm hadron
is maximal. This mechanism also explains why doubly charmed
baryons are not readily produced in e+e− annihilation; in that
case it is rare for the two charmed quarks to be in the same
kinematic domain. The intrinsic charm mechanism also accounts
for the non-factorized nuclear-target dependence [19,20] of J/ψ
hadroproduction [17,18]. It also points to the high xF domain of
hadroproduction as the best kinematic region to search for heavy
hadron systems in general. Thus the best opportunity to create su-
perheavy hadrons and test their properties is in hadron–hadron
collisions at high xF using the intrinsic heavy quark Fock state
mechanism — for example, at the LHCb, or at future fixed-target
experiments using the 7 TeV LHC beam.

The last section contains a brief summary of our results.

2. Implications of a large isospin splitting

It is instructive to ask the question: What does a large isospin
splitting imply for the doubly heavy baryons? Isospin splittings
originate from two sources — the u and d quark mass difference
as well as electromagnetic contributions. The interference pattern
of the two different contributions to the mass differences can be
easily understood. The repulsive (attractive) Coulomb interaction
gives positive (negative) contribution to the electromagnetic (em)
self-energy of the baryons, so that the baryon with more abso-
lute electric charge has more em self-energy. The sign of the quark
mass difference contribution reflects the fact that the down quark
is heavier than the up quark. Hence, for the Ξcc and Ξbc , the in-
terference is destructive while for the Ξbb it is constructive. The
sign of the em contribution to MΞ++

cc
− MΞ+

cc
is the same as the

SELEX data, however, the em and the quark mass term interfere
destructively substantially reducing the em effect. Thus, in order
to quantitatively understand the SELEX data an unusually large em
contribution to the mass differences is necessary.

In the case of heavy particles the em effect is Coulombic since
the magnetic contribution is negligible. To quantify the em con-
tribution, one may employ the Cottingham formula to analyze the
contribution of virtual photons. It can be used to relate the em
self-energy to the em form factor of a particle, see e.g. [21]. Then
the em self-energy is given by [21] (neglecting the inelastic contri-
butions)

Mem = αQ 2

4π2

∫
d3q
q2

[
G E

(
−q2)]2

, (1)

where α = 1/137.06 is the fine structure constant, Q is the to-
tal electric charge in units of the proton charge, and G E (t) is the
Fourier transform of the charge distribution of the particle. Tak-
ing a dipole distribution with a mass parameter m in units of GeV
(which is sufficient for our purpose)

G E(t) = 1
(1 − t/m2)2 , (2)

one can perform the integration analytically, and gets

Mem = 5
32

αQ 2m. (3)

For a first estimate, let us consider the ccq as a two-particle sys-
tem with charge 4/3 and eq . Therefore, the em contribution to the
isospin splitting of the doubly charmed baryons δΞcc ≡ MΞ++

cc
−

MΞ+
cc

with 'Q 2 = 3 is

δem
Ξcc

= 15
32

αm = 0.0034 m. (4)

The mean square radius of a particle is obtained by taking the first
derivative of its em form factor. For a heavy particle with the em
form factor given by Eq. (2), it is

〈
r2〉 = 6

dG E(t)
dt

∣∣∣∣
t=0

= 12
m2 . (5)

Since the Ξ++
cc and Ξ+

cc contain ccu and ccd quarks, respec-
tively, the contribution to δΞcc from the quark mass difference is
negative, i.e. δ

strong
Ξcc

< 0 because the u quark is lighter than the d
quark. Hence, the em contribution must be larger than the total
isospin splitting of the doubly charmed baryons, δem

Ξcc
> δΞcc . If we

take 9 MeV as the isospin splitting, one gets m > 2.65 GeV from
Eq. (4), and
√〈

r2
〉
< 0.26 fm. (6)

This value is much smaller than the typical size of a hadron
containing light quark(s). In fact, it is of similar size as the dis-
tance between the two heavy quarks ∼ 1/(mQ v), with mQ and v
the mass and the velocity of the heavy quark, respectively. If we
use a larger isospin splitting, e.g. 17 MeV, instead, the resulting√

⟨r2⟩ < 0.14 fm is even smaller.
Therefore, we conclude that a large isospin splitting would im-

ply the doubly heavy baryon to be very compact — the larger the
splitting, the smaller the size. This conclusion can be easily un-
derstood because a large isospin splitting would mean a large em
self-energy which, being proportional to ⟨1/r⟩, in turn would mean
a small size of the doubly heavy baryon.

One intriguing possibility is that doubly charm baryon states
have a linear geometry Q –q–Q where the light quark q oscillates
between the two heavy quarks Q , analogous to a linear molecule
such as carbon dioxide CO2 = O–C–O. In this case the overall size
of the baryon would be relatively small. A lattice gauge theory in-
vestigation of this possibility would be interesting. However, we
are not aware of a mechanism in quantum chromodynamics (QCD)
which can keep the light quark in line and close to the heavy
quarks. In particular, if we take a Coulomb plus linear poten-
tial as the interquark interaction, the distance between the light
quark and a heavy quark scales as (σmcons)

−1/3 ∼ 1/ΛQCD with the
flavor-independent string tension σ being the coefficient in front
of the linear potential and mcons the constituent light quark mass.
The numerical value for

√
σ is about 430 MeV from Regge trajec-

tories of light mesons and also from heavy quarkonia spectrum,
see e.g. [22]. Thus the size of a heavy-light hadron is expected to
be around 0.5 fm, much larger than the size needed to explain the
observed large isospin splitting.

2. Dipole form for EM form factor
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use a larger isospin splitting, e.g. 17 MeV, instead, the resulting√

⟨r2⟩ < 0.14 fm is even smaller.
Therefore, we conclude that a large isospin splitting would im-

ply the doubly heavy baryon to be very compact — the larger the
splitting, the smaller the size. This conclusion can be easily un-
derstood because a large isospin splitting would mean a large em
self-energy which, being proportional to ⟨1/r⟩, in turn would mean
a small size of the doubly heavy baryon.

One intriguing possibility is that doubly charm baryon states
have a linear geometry Q –q–Q where the light quark q oscillates
between the two heavy quarks Q , analogous to a linear molecule
such as carbon dioxide CO2 = O–C–O. In this case the overall size
of the baryon would be relatively small. A lattice gauge theory in-
vestigation of this possibility would be interesting. However, we
are not aware of a mechanism in quantum chromodynamics (QCD)
which can keep the light quark in line and close to the heavy
quarks. In particular, if we take a Coulomb plus linear poten-
tial as the interquark interaction, the distance between the light
quark and a heavy quark scales as (σmcons)

−1/3 ∼ 1/ΛQCD with the
flavor-independent string tension σ being the coefficient in front
of the linear potential and mcons the constituent light quark mass.
The numerical value for

√
σ is about 430 MeV from Regge trajec-

tories of light mesons and also from heavy quarkonia spectrum,
see e.g. [22]. Thus the size of a heavy-light hadron is expected to
be around 0.5 fm, much larger than the size needed to explain the
observed large isospin splitting.

3. Insert to formula and integrate
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feature of the SELEX measurements is the fact that the observed
doubly charmed baryons are all produced at xF > 0.1 (SELEX only
has sensitivity in that region); i.e., at a significant fraction of the
projectile momentum. This is consistent with the ISR measure-
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is a natural consequence of the existence of intrinsic heavy quarks
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plies xi ∝
√

m2
i + k2

⊥i . The doubly charmed ccq baryons are then
formed in a collision by the coalescence [17,18] of the comoving
heavy quarks with a light quark of the projectile — the domain
where the wave function of the produced doubly charm hadron
is maximal. This mechanism also explains why doubly charmed
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Mem = αQ 2

4π2

∫
d3q
q2

[
G E

(
−q2)]2

, (1)
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G E(t) = 1
(1 − t/m2)2 , (2)

one can perform the integration analytically, and gets

Mem = 5
32

αQ 2m. (3)
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cc
−

MΞ+
cc

with 'Q 2 = 3 is

δem
Ξcc

= 15
32

αm = 0.0034 m. (4)
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〈
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dG E(t)
dt

∣∣∣∣
t=0

= 12
m2 . (5)
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Table 1
Predicted isospin splitting of the doubly heavy baryons. The electromagnetic and
quark mass difference contributions are given in the second and third rows, respec-
tively. The final results are shown in the fourth row. The results in Ref. [31] are
given in the last row for comparison. All values are given in units of MeV.

MΞ++
cc

− MΞ+
cc

MΞ−
bb

− MΞ0
bb

MΞ+
bc

− MΞ0
bc

EM 4.2 ± 2.3 4.0 ± 1.5 1.6 ± 1.1
Strong −2.7 ± 1.5 2.3 ± 0.8 −2.5 ± 1.4
Total 1.5 ± 2.7 6.3 ± 1.7 −0.9 ± 1.8

Ref. [31] 2.3 ± 1.7 5.3 ± 1.1 −1.5 ± 0.9

the latest precise lattice determinations of the light quark masses,
λ = 0.029 ± 0.002 [33]. Note that in both cases the value for λ
refers to the masses without the em shift. In what follows, we
will ignore this difference, as it is expected to be a minor effect.
Therefore, these values correspond to

(MD+ − MD0)strong = (2.67 ± 0.30) MeV,

(MD+ − MD0)em = (2.10 ± 0.32) MeV, (16)

where the superscript “strong” and “em” denote the effects from
the u,d quark mass difference and the virtual photons, respec-
tively. If we use the mass differences among the pseudoscalar
bottom mesons, MB0

s
− MB = 87.0 ± 0.6 MeV and MB0 − MB+ =

0.33 ± 0.06 MeV [7], then we get different values

c̃ = (87.0 ± 0.6) MeV, d̃ = (−2.0 ± 0.3) MeV, (17)

which corresponds to the decomposition

(MB0 − MB+)strong = (2.3 ± 0.3) MeV,

(MB0 − MB+)em = −(2.0 ± 0.3) MeV. (18)

The values agree within uncertainties — the differences between
these two sets of values may be understood as flavor symmetry
breaking corrections of order O(ΛQCD/mc).

Using these parameter values, the mass difference between the
Ξ++

cc and Ξ+
cc can be easily obtained. One can also get the isospin

splittings for the doubly bottom baryons Ξbb and the bottom-
charm baryons Ξbc . All of the predictions are listed in Table 1.
To minimize the uncertainty from heavy quark flavor symmetry,
the results for the Ξcc and Ξbb are given using the values of c̃
and d̃ extracted from the charmed and bottom mesons, respec-
tively. The results for the Ξbc cover the values obtained using both
sets of parameter values. Now let us discuss the other possible
uncertainties. Except for the ones from c̃ and d̃, there are still un-
certainties from neglecting higher order counterterms and loops
in the chiral expansion. Since our predictions concentrate on the
isospin splittings, the relevant corrections from higher order terms
in the chiral expansion should be of order O(Mπ/Λχ ) ∼ 15%, with
Mπ the pion mass and Λχ ≃ 1 GeV the chiral symmetry breaking
scale. In addition, there should also be corrections to the heavy
quark–diquark U(5) symmetry. These corrections should be of or-
der O(rQ Q /rqQ ) = O(ΛQCD/(mQ v)) which describes the relative
size of the neglected heavy quark separation with respect to the
distance between the light quark and the heavy diquark. Con-
servatively, we take O(ΛQCD/(mQ v)) ∼ 50%,30% and 50% for the
Ξcc , Ξbb and Ξbc baryons, respectively. The same isospin splittings
were also calculated in an approach based on a parameterization
inspired by heavy quark effective theory and utilizing some data
to fix the parameters [31]. For comparison, their results are given
in the last row.

One can get both spin-3/2 and 1/2 doubly heavy baryons from
binding a spin-1 heavy diquark and a light quark. Because the
spin of the diquark is the same in both cases, they are related

to each other by the heavy quark spin symmetry, and have the
same isospin splittings as given in Table 1. Corrections to the
spin symmetry are suppressed by ΛQCD/mQ . These corrections
are expected to be small as confirmed by a comparison with the
results of a quark model [30] which takes into account the spin-
dependent interactions, namely MΞ−

bb
− MΞ0

bb
= 6.24 ± 0.21 MeV

or 6.4 ± 1.6 MeV using different inputs, which is quite close to
ours.

4. Isospin splittings of quadratically heavy pentaquarks

The analysis can be extended to pentaquarks containing four
heavy quarks and one light quark. One should notice that the size
of the four heavy quark cluster is not three times larger than the
distance between two heavy quarks, rQ Q . Being in an S-wave,
if the four quarks are of the same flavor, they should be spa-
tially symmetric. Hence, the size of the cluster is the same as
rQ Q ∼ 1/(mQ v), which is again much smaller than 1/ΛQCD in
the heavy quark limit. Moreover, in a pentaquark, the four heavy
quarks are in a fundamental representation of the SU(3) color sym-
metry group, which is the same as one quark. Hence, to a first
approximation they can be treated as one object, to be called
quadra-quark in the following. For the four heavy quarks of the
same flavor being in an S-wave, Fermi statistics requires their
spin wave function to be symmetric. Hence, the quadra-quark is
a spin-2 object. Analogous to the U(5) symmetry between the
heavy diquark and heavy anti-quark, the symmetry for the heavy
quadra-quark and heavy quark is U(7). One may find an interest-
ing phenomenology for the pentaquarks using the U(7) symmetry.
Here, we are only interested in the isospin splittings. It is easy to
find the following relations to lowest order in isospin breaking:

Mccccd̄ − Mccccū = 4(MD+ − MD0)em + (MD+ − MD0)strong

= (11 ± 5) MeV,

Mbbbbd̄ − Mbbbbū = 4(MB0 − MB+)em + (MB0 − MB+)strong

= −(6 ± 3) MeV. (19)

The splittings are large, but certainly more of an intellectual cu-
riosity at present.

5. Summary

Using the Cottingham formula to compute the Coulomb elec-
tromagnetic shift, we have shown that the large SELEX value of
the isospin splitting of the Ξcc states implies that double charm
baryons are very compact; i.e., the light quark must be very close
to the two heavy quarks. A novel possibility is that the quarks in
the doubly charm baryons are arranged as a compact state c–q–c
with a linear geometry. This possibility could be checked using lat-
tice gauge theory simulations. However, the infrared behavior of
the light quark is expected to be governed by the non-perturbative
confining interaction, and thus the size of any hadron contain-
ing a light quark should be of order O(1/ΛQCD). A conventional
approach exploiting this is based on quark–diquark symmetry. It
allows us to predict the isospin splitting for doubly heavy baryons
Ξcc , Ξbb and Ξbc at NLO in the chiral expansion. These predic-
tions for the doubly charm baryons give isospin separations much
smaller than the SELEX measurements. Therefore, the compactness
implied by the SELEX data appears to call for a significant viola-
tion of heavy quark–diquark symmetry — today no mechanism is
known that can provide this. However, it should be noticed that
among all the four Ξcc states in the two reported isospin dou-
blets only the mass of the Ξ+

cc (3520) has been measured with
certainty.

We can input our dipole masses1 to Cotthingham 
formula and roughly estimate EM contribution to 
the splitting  
1 kuc, G. Erkol, B. Isildak, M. Oka, T. T. Takahashi PLB 726 (2013)

Large isospin splitting (9 and 21 MeV) indicates a compact baryon. 
S.J. Brodsky, Feng.-K. Guo, C. Hanhart, Ulf-G. Meissner PLB 698(2011)

⌅++
cc (3541)⌅+

cc(3520)
isospin splitting

u/d mass difference
EM contributions

⇤⌅++
cc

= 1.476 GeV ⇤⌅+
cc

= 2.409 GeV
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FIG. 2: The light-quark spatial distribution |ψ(r⃗3)|
2 for Mq = 330 MeV with R = 0.06 fm (left), R = 1.2 fm (center), and

R = 2.4 fm (right). The brighter region has higher probability, and the black circles denote the positions of the heavy quarks.
The figure is a part of the whole volume, and the actual calculation is performed in enough large volume.

TABLE I: Numerical results for the different light-quark masses Mq and the different mesh sizes ∆z(= ∆ρ). The calculation
listed here is done with the 128×128-mesh. The omitted length unit is fm.

Mq [GeV] ∆z
√

⟨x2⟩(R=0.06)
√

⟨x2⟩(R=1.2)
√

⟨z2⟩(R=0.06)
√

⟨z2⟩(R=1.2) ⟨Lmin⟩(R=0.06) ⟨Lmin⟩(R=1.2)

0.33 0.08 0.41 0.42 0.43 0.53 0.67 1.61

0.10 0.42 0.41 0.45 0.53 0.67 1.60

0.12 0.40 0.40 0.46 0.55 0.68 1.60

0.50 0.08 0.36 0.36 0.39 0.47 0.58 1.53

0.10 0.35 0.35 0.39 0.49 0.59 1.53

1.0 0.05 0.27 0.29 0.30 0.42 0.46 1.44

0.10 0.27 0.28 0.32 0.42 0.47 1.43

2.0 0.05 0.20 0.23 0.23 0.37 0.35 1.36

0.08 0.20 0.22 0.24 0.37 0.36 1.36

We adopt the variational calculation inspired by the
renormalization group (RG) method. The schematic pro-
cedure is shown in Fig. 1, and its concrete process is as
follows. First, we start with a 2×2 mesh and the spacings
∆ρ(1) and ∆z(1). We minimize E(R), and then obtain
the 2×2-solution ψ(1)(l, m). Here the site (l, m) corre-
sponds to (ρ, z) = (l∆ρ(1), m∆z(1)) (l, m ∈ Z). Next,
we turn to a 4×4 mesh with the twice finer mesh size,

starting from the initial condition ψ(2)
0 (l′, m′) from the

2×2-mesh solution. The 2n+1 × 2n+1-mesh initial condi-
tion is set from the 2n × 2n-mesh solution, as

∆ρ(n+1) =
1

2
∆ρ(n), (8)

∆z(n+1) =
1

2
∆z(n), (9)

ψ(n+1)
0 (2l, 2m) = ψ(n)(l, m), (10)

ψ(n+1)
0 (2l − 1, 2m)

=
1

2
{ψ(n)(l, m) + ψ(n)(l − 1, m)}, (11)

ψ(n+1)
0 (2l, 2m− 1)

=
1

2
{ψ(n)(l, m) + ψ(n)(l, m − 1)}, (12)

ψ(n+1)
0 (2l − 1, 2m − 1)

=
1

2
{ψ(n)(l, m) + ψ(n)(l − 1, m − 1)}. (13)

We repeat this procedure N times, finally obtain the
2N × 2N -mesh solution with the spacings ∆ρ ≡ ∆ρ(N)

and ∆z ≡ ∆z(N). With this RG inspired variational cal-
culation, the solution is expected to converge rapidly to
the absolute minimum. To estimate the discretization er-
ror and the finite-volume effect, we calculate with several
mesh sizes and mesh numbers.

A. Yamamoto, H.Suganuma, H. Iida shows light quark is situated in the bright region 
Phys. Rev. D 77, 014036 (2008)
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finite-mass-quark effect for the reduction of the effective
string tension between the two heavy quarks in QQq sys-
tems. Sec. IV is devoted to the summary and the con-
clusion.

II. FORMALISM

A. Hamiltonian

The Hamiltonian of three quarks in baryons is con-
structed from kinetic terms and a three-quark interaction
term as

H =
3

∑

i=1

Ti + V (r⃗1, r⃗2, r⃗3). (1)

In the QQq system, we treat two heavy quarks as in-
finitely heavy particles, and one light quark as a non-
relativistic constituent quark with the constituent mass
Mq. The non-relativistic quark model is one of the suc-
cessful models to describe baryons even for the light-
quark sector, and have been used for the study of
baryons by many theoretical physicists even at present
[16]. Apart from irrelevant constants, the Hamiltonian is
simplified as

H = Mq −
1

2Mq

∂2

∂r⃗2
3

+ V (r⃗1, r⃗2, r⃗3), (2)

where the subscripts 1, 2, and 3 mean the two heavy
quarks and the light quark, respectively. Although we
adopt the non-relativistic formalism, we still call this
finite-mass quark the “light” quark in this paper.

As the three-quark interaction V (r⃗1, r⃗2, r⃗3), to treat
the light-quark effect as precisely as possible, we adopt
the lattice QCD result of the static 3Q potential [5]. This
3Q potential includes the confining potential as the three-
body force, instead of the simple sum of the two-body
force in ordinary quark models. The static 3Q potential
obtained by quenched lattice QCD is

V (r⃗1, r⃗2, r⃗3) = σ3QLmin −
∑

i<j

A3Q

rij
+ C3Q, (3)

σ3Q ≃ 0.89 GeV/fm, A3Q ≃ 0.13, (4)

where rij = |r⃗i − r⃗j |, and these values in Eq.(4) are re-
lated to the QQ̄ case as σ3Q ≃ σQQ̄ and A3Q ≃ AQQ̄/2
[5]. Since we are not interested in a constant shift of the
energy in the non-relativistic formalism, we set C3Q = 0.
The symbol Lmin is the length of the color flux tube min-
imally connecting the three quarks, which is described as
follows. When all the angles of the 3Q triangle is less
than 2π/3, the Y-type flux tube is formed and

Lmin =
1√
2

[

r2
12 + r2

13 + r2
23

+
√

3(r12 + r13 + r23)(−r12 + r13 + r23)

×
√

(r12 − r13 + r23)(r12 + r13 − r23)
]1/2

. (5)

FIG. 1: The schematic figure of the renormalization group
(RG) inspired variational calculation. The finer-mesh calcu-
lation is done with the initial condition constructed from the
rougher-mesh result.

When one of the angles of the 3Q triangle exceeds 2π/3,

Lmin = r12 + r13 + r23 − max(r12, r13, r23). (6)

Once the heavy-quark coordinates r⃗1 and r⃗2 are fixed, the
interaction depends only on the light-quark coordinate
r⃗3. We can calculate the ground-state light-quark wave
function ψ(r⃗3) with the variational principle of the energy
of the system

E(R) =

∫

d3r3ψ∗(r⃗3)Hψ(r⃗3)
∫

d3r3|ψ(r⃗3)|2
. (7)

We determine the ground-state QQq potential VQQq(R)
by minimizing E(R).

Here, we comment on the three-quark interaction
V (r⃗1, r⃗2, r⃗3) with finite-mass quarks. The finite-mass
effect changes the simple Coulomb interaction to the
Fermi-Breit interaction [14], which includes spin-spin and
spin-orbit interactions. These relativistic corrections are
suppressed by the inverse of the quark mass. In the QQq
system with infinitely heavy quarks, most of them give
zero contributions as 1/MQ → 0, and the interaction re-
mains the simple form. However, the finite-mass effect
on the quark confinement potential is unknown. Here,
for simplicity, we assume that V (r⃗1, r⃗2, r⃗3) in the QQq
system can be written with the static one. Equivalently,
the finite-mass effect is assumed to be taken only via the
light-quark wave function spreading.

B. The renormalization-group (RG) inspired
variational calculation

We exactly solve the energy variational problem in dis-
cretized space. We take a cylindrical coordinate (ρ, θ, z),
and locate the two heavy quarks on (0, 0, R/2) and
(0, 0,−R/2). The ground-state light-quark wave func-
tion is mirror symmetric to the z = 0 plane and rota-
tional symmetric around the z-axis. Thus, we have only
to calculate on the two-dimensional plane (ρ, z) (ρ ≥ 0,
z ≥ 0). We discretize the space with an “isotropic” mesh
as ∆ρ = ∆z, and vary the light-quark wave function on
each sites to minimize E(R). This is equivalent to solving
the Schrödinger equation exactly, and we have no Ansatz
about the functional form of the light-quark wave func-
tion.

Exact solution: minimising E(R) by varying the light 
quark wave function 
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baryons by many theoretical physicists even at present
[16]. Apart from irrelevant constants, the Hamiltonian is
simplified as

H = Mq −
1

2Mq

∂2

∂r⃗2
3

+ V (r⃗1, r⃗2, r⃗3), (2)

where the subscripts 1, 2, and 3 mean the two heavy
quarks and the light quark, respectively. Although we
adopt the non-relativistic formalism, we still call this
finite-mass quark the “light” quark in this paper.

As the three-quark interaction V (r⃗1, r⃗2, r⃗3), to treat
the light-quark effect as precisely as possible, we adopt
the lattice QCD result of the static 3Q potential [5]. This
3Q potential includes the confining potential as the three-
body force, instead of the simple sum of the two-body
force in ordinary quark models. The static 3Q potential
obtained by quenched lattice QCD is

V (r⃗1, r⃗2, r⃗3) = σ3QLmin −
∑

i<j

A3Q

rij
+ C3Q, (3)

σ3Q ≃ 0.89 GeV/fm, A3Q ≃ 0.13, (4)

where rij = |r⃗i − r⃗j |, and these values in Eq.(4) are re-
lated to the QQ̄ case as σ3Q ≃ σQQ̄ and A3Q ≃ AQQ̄/2
[5]. Since we are not interested in a constant shift of the
energy in the non-relativistic formalism, we set C3Q = 0.
The symbol Lmin is the length of the color flux tube min-
imally connecting the three quarks, which is described as
follows. When all the angles of the 3Q triangle is less
than 2π/3, the Y-type flux tube is formed and

Lmin =
1√
2

[

r2
12 + r2

13 + r2
23

+
√

3(r12 + r13 + r23)(−r12 + r13 + r23)

×
√

(r12 − r13 + r23)(r12 + r13 − r23)
]1/2

. (5)

FIG. 1: The schematic figure of the renormalization group
(RG) inspired variational calculation. The finer-mesh calcu-
lation is done with the initial condition constructed from the
rougher-mesh result.

When one of the angles of the 3Q triangle exceeds 2π/3,

Lmin = r12 + r13 + r23 − max(r12, r13, r23). (6)

Once the heavy-quark coordinates r⃗1 and r⃗2 are fixed, the
interaction depends only on the light-quark coordinate
r⃗3. We can calculate the ground-state light-quark wave
function ψ(r⃗3) with the variational principle of the energy
of the system

E(R) =

∫

d3r3ψ∗(r⃗3)Hψ(r⃗3)
∫

d3r3|ψ(r⃗3)|2
. (7)

We determine the ground-state QQq potential VQQq(R)
by minimizing E(R).

Here, we comment on the three-quark interaction
V (r⃗1, r⃗2, r⃗3) with finite-mass quarks. The finite-mass
effect changes the simple Coulomb interaction to the
Fermi-Breit interaction [14], which includes spin-spin and
spin-orbit interactions. These relativistic corrections are
suppressed by the inverse of the quark mass. In the QQq
system with infinitely heavy quarks, most of them give
zero contributions as 1/MQ → 0, and the interaction re-
mains the simple form. However, the finite-mass effect
on the quark confinement potential is unknown. Here,
for simplicity, we assume that V (r⃗1, r⃗2, r⃗3) in the QQq
system can be written with the static one. Equivalently,
the finite-mass effect is assumed to be taken only via the
light-quark wave function spreading.

B. The renormalization-group (RG) inspired
variational calculation

We exactly solve the energy variational problem in dis-
cretized space. We take a cylindrical coordinate (ρ, θ, z),
and locate the two heavy quarks on (0, 0, R/2) and
(0, 0,−R/2). The ground-state light-quark wave func-
tion is mirror symmetric to the z = 0 plane and rota-
tional symmetric around the z-axis. Thus, we have only
to calculate on the two-dimensional plane (ρ, z) (ρ ≥ 0,
z ≥ 0). We discretize the space with an “isotropic” mesh
as ∆ρ = ∆z, and vary the light-quark wave function on
each sites to minimize E(R). This is equivalent to solving
the Schrödinger equation exactly, and we have no Ansatz
about the functional form of the light-quark wave func-
tion.
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finite-mass-quark effect for the reduction of the effective
string tension between the two heavy quarks in QQq sys-
tems. Sec. IV is devoted to the summary and the con-
clusion.

II. FORMALISM

A. Hamiltonian

The Hamiltonian of three quarks in baryons is con-
structed from kinetic terms and a three-quark interaction
term as

H =
3

∑

i=1

Ti + V (r⃗1, r⃗2, r⃗3). (1)

In the QQq system, we treat two heavy quarks as in-
finitely heavy particles, and one light quark as a non-
relativistic constituent quark with the constituent mass
Mq. The non-relativistic quark model is one of the suc-
cessful models to describe baryons even for the light-
quark sector, and have been used for the study of
baryons by many theoretical physicists even at present
[16]. Apart from irrelevant constants, the Hamiltonian is
simplified as

H = Mq −
1

2Mq

∂2

∂r⃗2
3

+ V (r⃗1, r⃗2, r⃗3), (2)

where the subscripts 1, 2, and 3 mean the two heavy
quarks and the light quark, respectively. Although we
adopt the non-relativistic formalism, we still call this
finite-mass quark the “light” quark in this paper.

As the three-quark interaction V (r⃗1, r⃗2, r⃗3), to treat
the light-quark effect as precisely as possible, we adopt
the lattice QCD result of the static 3Q potential [5]. This
3Q potential includes the confining potential as the three-
body force, instead of the simple sum of the two-body
force in ordinary quark models. The static 3Q potential
obtained by quenched lattice QCD is

V (r⃗1, r⃗2, r⃗3) = σ3QLmin −
∑

i<j

A3Q

rij
+ C3Q, (3)

σ3Q ≃ 0.89 GeV/fm, A3Q ≃ 0.13, (4)

where rij = |r⃗i − r⃗j |, and these values in Eq.(4) are re-
lated to the QQ̄ case as σ3Q ≃ σQQ̄ and A3Q ≃ AQQ̄/2
[5]. Since we are not interested in a constant shift of the
energy in the non-relativistic formalism, we set C3Q = 0.
The symbol Lmin is the length of the color flux tube min-
imally connecting the three quarks, which is described as
follows. When all the angles of the 3Q triangle is less
than 2π/3, the Y-type flux tube is formed and

Lmin =
1√
2

[

r2
12 + r2

13 + r2
23

+
√

3(r12 + r13 + r23)(−r12 + r13 + r23)

×
√
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FIG. 1: The schematic figure of the renormalization group
(RG) inspired variational calculation. The finer-mesh calcu-
lation is done with the initial condition constructed from the
rougher-mesh result.

When one of the angles of the 3Q triangle exceeds 2π/3,

Lmin = r12 + r13 + r23 − max(r12, r13, r23). (6)

Once the heavy-quark coordinates r⃗1 and r⃗2 are fixed, the
interaction depends only on the light-quark coordinate
r⃗3. We can calculate the ground-state light-quark wave
function ψ(r⃗3) with the variational principle of the energy
of the system

E(R) =

∫

d3r3ψ∗(r⃗3)Hψ(r⃗3)
∫

d3r3|ψ(r⃗3)|2
. (7)

We determine the ground-state QQq potential VQQq(R)
by minimizing E(R).

Here, we comment on the three-quark interaction
V (r⃗1, r⃗2, r⃗3) with finite-mass quarks. The finite-mass
effect changes the simple Coulomb interaction to the
Fermi-Breit interaction [14], which includes spin-spin and
spin-orbit interactions. These relativistic corrections are
suppressed by the inverse of the quark mass. In the QQq
system with infinitely heavy quarks, most of them give
zero contributions as 1/MQ → 0, and the interaction re-
mains the simple form. However, the finite-mass effect
on the quark confinement potential is unknown. Here,
for simplicity, we assume that V (r⃗1, r⃗2, r⃗3) in the QQq
system can be written with the static one. Equivalently,
the finite-mass effect is assumed to be taken only via the
light-quark wave function spreading.

B. The renormalization-group (RG) inspired
variational calculation

We exactly solve the energy variational problem in dis-
cretized space. We take a cylindrical coordinate (ρ, θ, z),
and locate the two heavy quarks on (0, 0, R/2) and
(0, 0,−R/2). The ground-state light-quark wave func-
tion is mirror symmetric to the z = 0 plane and rota-
tional symmetric around the z-axis. Thus, we have only
to calculate on the two-dimensional plane (ρ, z) (ρ ≥ 0,
z ≥ 0). We discretize the space with an “isotropic” mesh
as ∆ρ = ∆z, and vary the light-quark wave function on
each sites to minimize E(R). This is equivalent to solving
the Schrödinger equation exactly, and we have no Ansatz
about the functional form of the light-quark wave func-
tion.

Mq = 330 MeV 
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TABLE I: Comparison of our results with various other models. All values are given in nuclear magnetons [µN ].

Our result [1] [2] [3] [4] [5] [6] [7] [8] [9]

Lin. fit Quad. fit

µΣ0
c

-0.852(133) -1.073(269) -1.78 -1.04 - -1.043 -1.60 -1.391 -1.17 -1.015 -1.6(2)

µΣ++
c

1.569(253) 2.220(505) 3.07 1.76 - 1.679 2.20 2.44 2.18 2.279 2.1(3)

µΞ+
cc

0.411(15) 0.425(29) 0.94 0.72 0.785+0.050
−0.030 0.722 0.84 0.774 0.77 - -

µΩ0
c

-0.608(45) -0.639(88) -0.90 -0.85 - -0.774 -0.90 -0.85 -0.92 -0.960 -

µΩ+
cc

0.405(13) 0.413(24) 0.74 0.67 0.635+0.012
−0.015 0.668 0.697 0.639 0.70 0.785 -

Baryon Fit Form ⟨r2E⟩q ⟨r2E⟩Q ⟨r2M ⟩q ⟨r2M ⟩Q µq µQ

[fm2] [fm2] [fm2] [fm2] [µN ] [µN ]

Σ0,++
c Lin. Fit 0.347(49) 0.032(18) 0.403(67) 0.098(80) 2.369(362) -0.099(21)

Quad. Fit 0.390(86) 0.066(32) 0.604(118) 0.236(183) 2.943(732) -0.059(36)

Ξ+,++
cc Lin. Fit 0.386(33) 0.068(5) 0.426(60) 0.082(6) -0.410(51) 0.430(8)

Quad. Fit 0.410(46) 0.095(9) 0.612(115) 0.089(11) -0.516(117) 0.433(16)

Ω0
c Lin. Fit 0.330(32) 0.064(10) 0.398(44) 0.056(19) 1.710(150) -0.099(14)

Quad. Fit 0.398(52) 0.069(22) 0.484(70) 0.054(38) 1.915(279) -0.083(28)

Ω+
cc Lin. Fit 0.287(31) 0.078(7) 0.350(44) 0.095(9) -0.370(26) 0.441(12)

Quad. Fit 0.422(51) 0.104(13) 0.534(72) 0.101(16) -0.428(58) 0.453(22)
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SUMMARY & OUTLOOK

Summary 

Charm quark shrinks the baryon’s size, they are compact! 

Magnitude of the observables are systematically small compared to the that of 
i.e. proton’s. 

CoM is closer to Charm quark(s). 

 𝛯cc is peculiar 

Doubly represented quarks have the dominant contribution. 

Outlook 

Almost physical point calculation on 𝜅ud = 0.13781 (mπ ～ 156 MeV) PAC-CS 
configurations. 

Spin-1/2 states as well as spin-3/2 states (results were too preliminary to show).

20



THANK YOU



BACKUP SLIDES



0.8

1.2

1.6

2

   =12a
   =14a

t1

Q2=1
t2
t2

t1

R(
t 1,

t 2;
0,
p;

! 4
 ; 
μ 

=
 4

)

0.8

1.2

1.6

2

Q2=3

0 2 4 6 8 10 12

0.8

1.2

1.6

2

Q2=6

0

0.5

1

1.5

2

2.5

   =14a
   =12a

t1

Q2=1

R(
t 1,

t 2;
0,
p;

! j
 ; 
μ 

=
 i)

0

0.5

1

1.5

2

2.5

Q2=3

0 2 4 6 8 10 12
0

0.5

1

1.5

2

Q2=6

t2
t2

6

0 2 4 6 8 10
0.6

0.8

1

1.2

1.4

1.6

1.8

R
(t

1,t
2;0

,p
;!
j ;

 μ
 =

 i)

t1
0 2 4 6 8 10

0.6

0.8

1

1.2

1.4

1.6

1.8

R
(t

1,t
2;0

,p
;!
j ;

 μ
 =

 i)
t1

0 2 4 6 8 10

0.4

0.6

0.8

1

R
(t

1,t
2;0

,p
;!

4 
; μ

 =
 4)

t1
0 2 4 6 8 10

0.4

0.6

0.8

1

R
(t

1,t
2;0

,p
;!

4 
; μ

 =
 4)

t1
0 2 4 6 8 10

0.2

0.4

0.6

0.8

1

R
(t

1,t
2;0

,p
;!

4 
; μ

 =
 4
)

t1
0 2 4 6 8 10

0.4

0.6

0.8

1

!cc
++

R
(t

1,
t 2
;0

,p
;!

4 
; μ

 =
 4
)

t1

0 2 4 6 8 10
0.6

0.8

1

1.2

1.4

1.6

R
(t

1,t
2;0

,p
;!
j ;

 μ
 =

 i)

t1
0 2 4 6 8 10

0.6

0.8

1

1.2

1.4

1.6

R
(t

1,t
2;0

,p
;!
j ;

 μ
 =

 i)

t1

!cc
+

FIG. 5: Same as Fig. 4 but for the electric form factors of ⌅++
cc and for the magnetic form factors of ⌅+

cc. We show the data val values we consider.

Excited State Contamination
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FIG. 3: A comparison of the electric form factor of ⌅cc for
the heaviest quark mass, as obtained using a simple plateau
fit, the phenomenological fit form in Eq. 16 and the summa-
tion method. The small panel depicts the summed operator
insertions for three time separations and for the first four mo-
mentum insertions with their linear fits.

For the vector current, we consider both the local,

V

µ

= q(x)�
µ

q(x), (14)

and the point-split lattice current,

V

µ

= 1/2[q(x+µ)U†
µ

(1+�

µ

)q(x)�q(x)U
µ

(1��

µ

)q(x+µ)],
(15)

which is conserved by the Wilson fermions, therefore does
not require any renormalisation. Both results are in good
agreement, thus we report only the point-split one.

In our simulations, the source-sink time separation is
fixed to 1.09 fm (t

2

= 12a). Statistics limit the upper
value of t

2

; as we increase the separation the statistical
errors grow rapidly. Therefore, we must choose the small-
est possible separation value ensuring that the excited-
state contaminations are avoided. As for the nucleon
axial and electromagnetic form factors, a separation of 1
fm has been found to be su�cient [2, 13]. A similar con-
clusion has been made for the ⌦� electromagnetic form
factors [14]. To check that a separation of t

2

= 12a is suf-
ficient for the charmed baryons, we compared our results
with those obtained using a separation of t

2

= 14a. As an
illustration, in Figs. 1 and 2 we show the ratio in Eq. (4)
as function of the current insertion time, t

1

, for the elec-
tric and magnetic form factors of ⌅

cc

with t

2

= 12a and
t

2

= 14a. As can be seen, the plateau values obtained
from the two time separations are consistent with each
other, implying that the shorter source-sink time separa-
tion is su�cient. As compared to t

2

= 12a, the error bars
for t

2

= 14a are at least twice as large. Other baryons
we study exhibit a similar behavior, therefore we use the
shorter separation i.e. t

2

= 12a in all of our analysis.
To further ensure that the ground baryon state is

isolated from the excited-state contaminations we per-
formed a secondary analysis and fitted the ratio in Eq. (4)
to a phenomenological form

R(t
2

, t

1

) = G

E,M

+ b

1

e

��t1 + b

2

e

��(t2�t1)
, (16)

where � is the energy gap between the ground and the
excited state. In the case of nucleon form factors us-
ing the sequential-source inversion method, this approach
has proved to be useful in a more systematic analysis ac-
counting for the excited-state contaminations (see e.g.

Ref. [15] for a rigorous test). One obstacle we have in
the case of charmed baryons is that the energy gaps are
unknown. Hence we take � as a free parameter together
with b

1

and b

2

, yielding a larger uncertainty for G

E,M

.
One other caveat is that the source and the sink we utilize
are asymmetric in smearing, which implies b

1

6= b

2

.
In Fig. 3 we compare the electric form factor of ⌅

cc

as
obtained using a simple plateau fit and the phenomeno-
logical fit form in Eq. (16), for three illustrative momen-
tum transfers and for the heaviest quark mass. It can
be seen that the two fit forms give completely consistent
results, the error bars being twice as large for the phe-
nomenological fit form. In Table I we give the parameter
values of R(t

2

, t

1

) in the case of electric form factors of
⌅
cc

for all momentum transfers. The statistical error in
� values is quite large as expected. Note that we do not
intend to interpret � as the physical energy gap at this
stage. On the other hand we have not been able to obtain
a good fit to the phenomenological form for the magnetic
form factors. For all the momentum transfers, the statis-
tical errors in the parameters of the fit to R(t

2

, t

1

) are too
large to allow a precise determination of G

M

. Therefore,
we use solely a plateau fit in extracting the ground state
matrix elements of electric and magnetic form factors.

TABLE I: The parameter values of R(t2, t1) in the case of
electric form factors of ⌅cc for all momentum transfers and
for the heaviest quark mass.

Q2 GE(Q
2) � b1 b2

[ 2⇡
aNs

] [a]

1 0.910(18) 0.220(100) 0.026(18) -0.087(18)

2 0.839(42) 0.186(90) 0.045(34) -0.143(35)

3 0.775(85) 0.169(110) 0.064(56) -0.174(71)

4 0.703(27) 0.285(108) 0.082(33) -0.154(22)

5 0.664(53) 0.212(122) 0.079(47) -0.171(41)

6 0.634(202) 0.174(160) 0.078(113) -0.197(169)

8 0.594(889) 0.145(251) 0.062(418) -0.210(672)

9 0.552(908) 0.160(356) 0.066(466) -0.205(700)

One strategy that can be used to remove the excited-
state contaminations is to vary the source-sink separa-
tion and extract the ground state matrix elements by us-
ing summed operator insertions [16]. This method has
the advantage of computing matrix elements with re-
duced excited-state contaminations, however it is compu-
tationally more demanding as multiple source-sink sepa-

Excited state systematics in extracting nucleon electromagnetic form factors T.D. Rae
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Figure 1: Left panel: Plateau fits to GE for several ts for the smallest non-zero momentum transfer, Q2.
Excited state contamination effects for the smallest ts are clearly visible (the asymmetric distribution of
points is a remnant of the non-zero momentum transfer). Right panel: Summation method for GE . Both
panels are shown for our lightest ensemble (mp = 277 MeV).

3. Systematics of extraction

Correlation functions must have reached their asymptotic behaviour for a reliable and unbiased
determination of the form factors. However, we observe exponentially decaying excited states
from both the source and sink. Therefore, simple plateau fits (left panel fig. 1) show a trend of
higher values for small source-sink separations, i.e. for decreasing ts. To control systematics, it is
important to take these excited states into account. Contributions to the ratio from the ground and
excited states may be factorised

R(~q, t, ts) = R0(~q, t, ts)
⇣

1+O
�
e�Dt�+O

�
e�D0(ts�t)�

⌘
(3.1)

where D and D0 are the energy gaps of the initial and final nucleons respectively. With the assump-
tion D = D0 = 2mp

1 we take the excited states into account using a fit to

R(~q, t, ts) = GE,M +b1e�Dt +b2e�D(ts�t) +b3e�Dts . (3.2)

An alternative without the need for the assumption D = D0 = 2mp uses summed operator insertions
[10]:

S(ts) =
ts

Â
t=0

R(~q, t, ts) ! c(D,D0)+ ts
⇣

GE,M +O
�
e�Dts

�
+O

�
e�D0ts

�⌘
. (3.3)

This allows the form factors to be extracted from the slope, from computing S(ts) for several ts
(right panel fig. 1). The excited states should be more suppressed for this method than for a fit to
eq. (3.2), because ts > t,(ts � t).

1This is not strictly true when there is a momentum transfer, however we find this to be a small effect as the data
is well described by eq. (3.2). Further to this, the results agree with the summation method, which does not require an
assumption for the energy gap.

4
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TABLE II: The charmed meson and baryon masses at each quark mass we consider, with their chiral fits to linear and quadratic
forms. We also give the experimental values and PACS-CS results for comparison.

u,d
val m⌘c mJ/ mD mD⇤ mDs mD⇤

s

[GeV] [GeV] [GeV] [GeV] [GeV] [GeV]

0.13700 3.019(3) 3.116(5) 2.027(5) 2.180(10) 2.075(5) 2.220(9)

0.13727 3.006(3) 3.097(4) 1.982(5) 2.112(12) 2.052(4) 2.179(8)

0.13754 2.992(3) 3.079(4) 1.934(8) 2.077(16) 2.033(5) 2.155(8)

0.13770 2.984(2) 3.071(3) 1.915(9) 2.045(16) 2.028(4) 2.156(7)

Lin. Fit 2.979(2) 3.063(3) 1.895(6) 2.021(13) 2.018(4) 2.138(7)

Quad. Fit 2.977(4) 3.064(5) 1.893(9) 2.035(22) 2.022(7) 2.156(13)
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FIG. 6: The electric form factors of ⌃++
c ,⌅++

cc and ⌦+
cc as normalized with their electric charges as functions of Q2, for all the

quark masses we consider. The dots mark the lattice data and the curves show the best fit to the dipole form in Eq. (17).

where m

N

is the physical nucleon mass and mB is the
baryon mass as obtained on the lattice.

Our numerical results for the form factors are given
in Tables IV and V, in Appendix. We give the electric
and magnetic charge radii in fm2, the values of mag-
netic form factors at Q

2 = 0 (G
M,B(0)) and the mag-

netic moments (µB) in nuclear magnetons at each quark

mass we consider. These numerical values are illustrated
in Figs. 8, 9, 10 with their chiral extrapolations for the
electric radii, magnetic charge radii and the magnetic
moments of the baryons, respectively. To obtain the val-
ues of the observables at the chiral point, we perform fits
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where m

N

is the physical nucleon mass and mB is the
baryon mass as obtained on the lattice.

Our numerical results for the form factors are given
in Tables IV and V, in Appendix. We give the electric
and magnetic charge radii in fm2, the values of mag-
netic form factors at Q

2 = 0 (G
M,B(0)) and the mag-

netic moments (µB) in nuclear magnetons at each quark

mass we consider. These numerical values are illustrated
in Figs. 8, 9, 10 with their chiral extrapolations for the
electric radii, magnetic charge radii and the magnetic
moments of the baryons, respectively. To obtain the val-
ues of the observables at the chiral point, we perform fits
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where m

N

is the physical nucleon mass and mB is the
baryon mass as obtained on the lattice.

Our numerical results for the form factors are given
in Tables IV and V, in Appendix. We give the electric
and magnetic charge radii in fm2, the values of mag-
netic form factors at Q

2 = 0 (G
M,B(0)) and the mag-

netic moments (µB) in nuclear magnetons at each quark

mass we consider. These numerical values are illustrated
in Figs. 8, 9, 10 with their chiral extrapolations for the
electric radii, magnetic charge radii and the magnetic
moments of the baryons, respectively. To obtain the val-
ues of the observables at the chiral point, we perform fits
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quark masses we consider. The dots mark the lattice data and the curves show the best fit to the dipole form in Eq. (17).

where m

N

is the physical nucleon mass and mB is the
baryon mass as obtained on the lattice.

Our numerical results for the form factors are given
in Tables IV and V, in Appendix. We give the electric
and magnetic charge radii in fm2, the values of mag-
netic form factors at Q

2 = 0 (G
M,B(0)) and the mag-

netic moments (µB) in nuclear magnetons at each quark

mass we consider. These numerical values are illustrated
in Figs. 8, 9, 10 with their chiral extrapolations for the
electric radii, magnetic charge radii and the magnetic
moments of the baryons, respectively. To obtain the val-
ues of the observables at the chiral point, we perform fits
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quark masses we consider. The dots mark the lattice data and the curves show the best fit to the dipole form in Eq. (17).

where m

N

is the physical nucleon mass and mB is the
baryon mass as obtained on the lattice.

Our numerical results for the form factors are given
in Tables IV and V, in Appendix. We give the electric
and magnetic charge radii in fm2, the values of mag-
netic form factors at Q

2 = 0 (G
M,B(0)) and the mag-

netic moments (µB) in nuclear magnetons at each quark

mass we consider. These numerical values are illustrated
in Figs. 8, 9, 10 with their chiral extrapolations for the
electric radii, magnetic charge radii and the magnetic
moments of the baryons, respectively. To obtain the val-
ues of the observables at the chiral point, we perform fits
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quark masses we consider. The dots mark the lattice data and the curves show the best fit to the dipole form in Eq. (17).

where m

N

is the physical nucleon mass and mB is the
baryon mass as obtained on the lattice.

Our numerical results for the form factors are given
in Tables IV and V, in Appendix. We give the electric
and magnetic charge radii in fm2, the values of mag-
netic form factors at Q

2 = 0 (G
M,B(0)) and the mag-

netic moments (µB) in nuclear magnetons at each quark

mass we consider. These numerical values are illustrated
in Figs. 8, 9, 10 with their chiral extrapolations for the
electric radii, magnetic charge radii and the magnetic
moments of the baryons, respectively. To obtain the val-
ues of the observables at the chiral point, we perform fits


