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Figure 1: Spectrum of the known charmonium states. Blue squares represent
the charmonium states that are established and well measured, red squares show
charmonium(-like) states which were discovered recently at the B-factories. The
empty rectangles indicate the prediction by the potential models [2]. The horizontal
line shows the open-charm threshold.

2 X(3872)

The X(3872) meson was discovered by Belle [3] in B± → X(3872)K± with X(3872)→
J/ψπ+π− in 2003, and quickly confirmed by the BaBar, CDF and D0 experiments [3].
Its mass is known very precisely, 3871.4± 0.6 MeV/c2, and its width is less than 2.3

MeV at 90% confidence level. This state is very close to the D∗0D
0

threshold which
is at (3871.8 ± 0.4) MeV/c2. This resonance was also observed in the final state
J/ψγ [4], which implies that its C quantum number is equal to +1. The study of the
π+π− invariant mass distribution by Belle and an angular analysis by CDF shows that
JPC = 1++ is favored (although 2++ is still possible) [4]. It has also to be noted that
a search for a charged partner was performed by BaBar, but no signal was found [4].

The BaBar experiment has recently performed an update of the study of the
decays of B+ → X(3872)K+ and B0 → X(3872)K0 with X(3872) → J/ψπ+π− [5],
using 413 fb−1 of data. The invariant masses of the J/ψπ+π− combination are shown
in Fig. 2 for the two channels. A clear signal is observed in the charged channel,
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S. Godfrey and S. L. Olsen, 
Ann. Rev. Nucl. Part. Sci. 58, 51 (2008)

“Exotic” = “Non-standard”?
BaBar Collaboration

Why we call them exotic hadrons? 
! Charmonium-like XYZ mesons are discovered

XYZ mesons could not be simply 
explained by a constituent quark 
description as quark and anti-
quark bound states
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Figure 2
Schematic representations of molecular states, diquark-diantiquark tetraquark mesons, and quark-antiquark-
gluon hybrids.

identify unambiguously a light multiquark state in an environment of many broad and often
overlapping conventional states. The charmonium spectrum is better defined, so new types of states
can potentially be more easily delineated from conventional charmonium states. The observation
of the X(3872), the first of the XYZ particles to be seen, allowed researchers to hope that a
multiquark state had definitively been observed.

Two generic types of multiquark states have been described in the literature. The first is a
molecular state, sometimes referred to as a deuson (41), that comprises two charmed mesons
bound together to form a molecule. These states are by nature loosely bound. Molecular states
bind through two mechanisms: quark/color exchange interactions at short distances and pion
exchange at large distance (5, 41, 42) (see Figure 2), although pion exchange is expected to
dominate (5). Molecular states are generally not isospin eigenstates, resulting in distinctive decay
patterns. Because the mesons inside the molecule are weakly bound, they tend to decay as if they
are free. The details of this process are reviewed by Swanson (5).

The second type of multiquark state is a tightly bound four-quark state, known as a tetraquark,
which is predicted to have properties different from those of a molecular state. In the model of
Maiani et al. (43) the tetraquark is described as a diquark-diantiquark structure in which the quarks
group into color-triplet scalar and vector clusters and in which the interactions are dominated by
a simple spin-spin interaction (see Figure 2). Here, strong decays are expected to proceed via
rearrangement processes, followed by dissociation, that give rise to (for example) decays such
as X ! !J/" ! ##J/" or X ! DD̄" ! DD̄$ . A prediction that distinguishes multiquark
states containing a cc̄ pair from conventional charmonia is the possible existence of multiplets that
include members with nonzero charge (e.g., [cuc̄d̄]), strangeness (e.g., [cd cs]), or both (e.g., [cucs])
(44).

2.3. Charmonium Hybrids
Hybrid mesons are states characterized by an excited gluonic degree of freedom (see Figure 2),
which have been described by many different models and calculational schemes (45). A compelling
description, supported by lattice QCD (46, 47), views the quarks as moving in adiabatic potentials
produced by gluons by analogy to the atomic nuclei in molecules moving in the adiabatic potentials
produced by electrons. The lowest adiabatic surface leads to the conventional quarkonium spec-
trum, whereas the excited adiabatic surfaces result from putting the gluons into more complicated
color configurations. In the flux-tube model (48), the lowest excited adiabatic surface corresponds
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“Standard” states can be defined in potential models　
→　Does it sound reliable?



! Interquark potential in non-relativistic quark potential models

Vcc̄ = −4
3

αs

r
+ σr +

32παs

9m2
q

δ(r)Sq · Sq̄ +
1

m2
q

��
2αs

r3
− b

2r

�
L · S +

4αs

r3
T

�

Cornell potential spin-dependent potential 

S. Godfrey and N. Isgur, PRD 32, 189 (1985). 
T. Barnes, S. Godfrey and E. S. Swanson, PRD 72, 054026 (2005)

• Spin-spin, tensor, LS terms appear as corrections in powers of 1/mq 
• Their functional forms are determined by one-gluon exchange at tree level
→ There are large theoretical ambiguities for higher-mass charmonia 

A reliable charmonium potential directly derived 
from first principles of QCD is important.

Phenomenology of quark potential models



even a pure Coulomb potential, ! = 0, implies a non-vanishing !e! at finite t ! r.
Of course, the symmetry of the Wilson loop under interchange of r and t also implies
that no plateau in V (r, t) can be found, unless t " r. For smeared Wilson loops, one
would still expect a similar 1/t2 approach (with a di!erent coe"cient) of !e! towards
the asymptotic limit, while e!ective masses, V (r, t), will approach V (r) exponentially
fast at any r.

4.7.2 The quenched potential
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Figure 4.2: The quenched Wilson action SU(3) potential, normalised to V (r0) = 0.

In Figure 4.2, we display the quenched potential, obtained at three di!erent " values
in units of r0 # 0.5 fm from the data of Refs. [173, 29]. The lattice spacings, determined
from r0, correspond to a # 0.094 fm, 0.069 fm and 0.051 fm, respectively. The curve
represents the Cornell parametrisation with e = 0.295. At small distances the data
points lie somewhat above the curve, indicating a weakening of the e!ective coupling
and, therefore, asymptotic freedom. We will discuss this observation later. All data
points for r > 4a collapse onto a universal curve, indicating that for " $ 6.0 the scaling
region is e!ectively reached for the static potential. Moreover, continuum rotational
symmetry is restored: in addition to on-axis separations, many o!-axis distances of the
sources have been realised and the corresponding data points are well parameterised by
the Cornell fit for r > 0.6 r0. Prior to comparison between the potential at various ",
the additive self-energy contribution, associated with the static sources, that diverges
in the continuum limit has been removed. This is achieved by the parametrisation-
independent normalisation of the data to V (r0) = 0.
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4.1 Wilson loops

The Wegner-Wilson loop has originally been introduced by Wegner [174] as an order
parameter in Z2 gauge theory. It is defined as the trace of the product of gauge variables
along a closed oriented contour, !C, enclosing an area, C,

W (C) = Tr
!

P
"

exp
#

i
$

!C
dxµ Aµ(x)

%&'

= Tr

(

)

*

(x,µ)!!C

Ux,µ

+

, . (4.1)

While the loop, determined on a gauge configuration, {Ux,µ}, is in general complex,
its expectation value is real, due to charge invariance: in Euclidean space we have,
!W (C)" = !W "(C)" = !W (C)"" = 0. It is straight forward to generalise the above
Wilson loop to any non-fundamental representation, D, of the gauge field, just by re-
placing the variables, Ux,µ, with the corresponding links, UD

x,µ. The arguments below,
relating the Wilson loop to the potential energy of static sources go through, indepen-
dent of the representation according to which the sources transform under local gauge
transformations. In what follows, we will denote a Wilson loop, enclosing a rectangular
contour with one purely spatial distance, r, and one temporal separation, t, by W (r, t).
Examples of Wilson loops on a lattice for two di!erent choices of contours, !C, are
displayed in Figure 4.1.

t

r1   
r2   

Figure 4.1: Examples of rectangular on- and o!-axis Wilson loops with temporal extent,
t = 5a, and spatial extents, r1 = 3a, and, r2 = 2

#
2 a, respectively.

In Wilson’s original work [1], the Wilson loop has been related to the potential
energy of a pair of static colour sources, by use of transfer matrix arguments. However,
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∝ e−V (R)TR

r0 ≈ 0.5 fm

Lattice QCD exhibits the “Cornell-type potential” at the zero-th order 
in 1/mQ expansion (pNRQCD)

Cornell-type potential

VQQ̄(r) = −A

r
+ σr + V0

Static heavy quark potential from Wilson loops

Wilson loops
= infinitely heavy QQ system

N. Brambilla et al. , Rev. Mod. Phys. 77, 1423  (2005) 



Static heavy quark potential from Wilson loops

Lattice QCD simulations
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Spin-dependent potentials appear at O(1/mQ2) in 1/mQ expansion 

Quenched QCD results by using multi-level algorithm: 
Koma-Koma, Nucl. Phys. B769 (2007) 79
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4.1 Wilson loops

The Wegner-Wilson loop has originally been introduced by Wegner [174] as an order
parameter in Z2 gauge theory. It is defined as the trace of the product of gauge variables
along a closed oriented contour, !C, enclosing an area, C,

W (C) = Tr
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= Tr
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While the loop, determined on a gauge configuration, {Ux,µ}, is in general complex,
its expectation value is real, due to charge invariance: in Euclidean space we have,
!W (C)" = !W "(C)" = !W (C)"" = 0. It is straight forward to generalise the above
Wilson loop to any non-fundamental representation, D, of the gauge field, just by re-
placing the variables, Ux,µ, with the corresponding links, UD

x,µ. The arguments below,
relating the Wilson loop to the potential energy of static sources go through, indepen-
dent of the representation according to which the sources transform under local gauge
transformations. In what follows, we will denote a Wilson loop, enclosing a rectangular
contour with one purely spatial distance, r, and one temporal separation, t, by W (r, t).
Examples of Wilson loops on a lattice for two di!erent choices of contours, !C, are
displayed in Figure 4.1.

t

r1   
r2   

Figure 4.1: Examples of rectangular on- and o!-axis Wilson loops with temporal extent,
t = 5a, and spatial extents, r1 = 3a, and, r2 = 2

#
2 a, respectively.

In Wilson’s original work [1], the Wilson loop has been related to the potential
energy of a pair of static colour sources, by use of transfer matrix arguments. However,
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B

time

space

They are calculated in terms of the expectation values of Wilson loops 
using lattice QCD as well.



But, the results are not satisfactory:

• applicability of 1/mQ expansion is doubtful at the 
charm mass

• quench approximation (not applicable in full QCD)

• an issue on spin-spin (hyper-fine) potential

Static heavy quark potential from Wilson loops



Contents
• Bethe-Salpeter amplitude (HALQCD) method
• application to heavy quarkonium potential

• basic results from 2+1 flavor lattice QCD

• Systematics
• scaling behaviors (lattice discretization errors)

• heavy quark mass limit (compared with the Wilson loop results)

• Applicability (recent progress)
• test the validity of the potential description

• something beyond the quark potential models 

• future perspectives 



Bethe-Salpeter amplitude method
= HALQCD method



HALQCD approach

Quantum Field Theory：equal-time Bethe-Salpeter amplitudes φ(x,y)

Quantum Mechanics：  two-body relative wave-function ψ(r)

Calculate eigenvalue E and eigenstate ψ in first-principles calculation

Obtain the expression of the Hamiltonian from QCD（inverse problem）

HQCDψ(r) = Eψ(r)

ignore pair production of particles

N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99 (2007) 022001.
S. Aoki, T. Hatsuda and N. Ishii, Prog. Theor. Phys. 123 (2010) 89



HQCDψ(r) = Eψ(r)
Non-relativistic approximation

Schrödinger equation with non-local potential

−∇
2

2µ
ψ(r) +

�
dr�U(r�, r)ψ(r�) = E�ψ(r)

v = |∇/(2µ)| velocity expansion

central spin-spin tensor spin-orbit

U(r�, r) =
�
V (r) + VS(r)S1 · S2 + VT(r)S12 + VLS(r)L · S + O(∇2)

�
δ(r� − r)

HALQCD approach

N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99 (2007) 022001.
S. Aoki, T. Hatsuda and N. Ishii, Prog. Theor. Phys. 123 (2010) 89

L = r× (−i∇)
S = S1 + S2



HQCDψ(r) = Eψ(r)
Non-relativistic approximation

Schrödinger equation with non-local potential

−∇
2

2µ
ψ(r) +

�
dr�U(r�, r)ψ(r�) = E�ψ(r)

v = |∇/(2µ)| velocity expansion

central spin-spin tensor spin-orbit

U(r�, r) =
�
V (r) + VS(r)S1 · S2 + VT(r)S12 + VLS(r)L · S + O(∇2)

�
δ(r� − r)

HALQCD approach

!"#$%&'(%)'*%!!+,-../0"　!"#$%&''(#)"#*+,'(#-"#./0%12/#

近年、青木、初田、石井達に開発された 新しい手法+

●　格子123+から第一原理的に、核力ポテンシャルを決められる+

●　核子散乱データを必要としないため、予言が可能+

●+　素粒子ー原子核4宇宙　の連携+

5678

Nuclear force from QCD

N-N system

N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99 (2007) 022001.
S. Aoki, T. Hatsuda and N. Ishii, Prog. Theor. Phys. 123 (2010) 89

L = r× (−i∇)
S = S1 + S2
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Figure 2: Plots of !2!(r)/!(r) = 2µ(V (r) " E) in PS channel (a)
and V channel (b) for each quark mass. The potentials show the
linear plus Coulomb form.

and 3 (V2(r)). The values of the string tension obtained in
this study are comparable to those predicted from Wilson
loop within the errors, while Coulomb coe!cients in V1(r)
are larger than those predicted from Wilson loop. Since
our simulation includes all the quark mass e"ects, V1(r) is
modified by the higher order e"ect of 1/mq expansion. As
shown in Table 3, if we employ the fit function V2(r) in
which O(1/mq) terms are taken into account, the Coulomb
coe!cients become smaller and are comparable to the val-
ues from Wilson loop. The fit functions V2(r) are shown
in Fig. 3 with solid curves.

5. Discussion and summary

We have studied the inter-quark potentials between
a quark and an anti-quark (q̄-q potentials) from the q̄-
q Nambu-Bethe-Salpeter (NBS) wave functions. For this
purpose, we have utilized the method which has been re-
cently developed in the calculation of nuclear force from
QCD [8, 9]. We have calculated the NBS wave functions
for the q̄-q systems with four di"erent quark masses in
pseudo-scalar and vector channels and obtained the q̄-q
potentials through the e"ective Schödinger equation. In
this framework, the q̄-q potentials basically contains full
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Figure 3: Plots of the potential with arbitrary constatnt energy shift
V (r) " E = !2!(r)/(2µ!(r)) in PS channel (a) and V channel (b)
for each quark mass.

quark motions with the finite masses. As a result, we have
found that the shapes of the q̄-q potentials are the linear
plus Coulomb form which is similar to the infinitely heavy
Q̄-Q potential obtained from Wilson loop.

For the fitting, we have employed two types of fitting
functions. One is the linear plus Coulomb form regarded
as the leading order (LO) terms in the 1/mq expansion.
The other function includes the next leading order (NLO)
terms in addition to LO terms. The fitting results with
LO terms reveal that the Coulomb coe!cients depend on
the quark masses and are larger than those predicted from
Wilson loop. On the other hand, if we have employed the
NLO terms together with the LO terms, the Coulomb co-
e!cients become smaller and are comparable to the value
from Wilson loop. With the both fitting functions, we
have obtained the string tension which is comparable to
the value from Wilson loop.

This is the first step to study the q̄-q potentials from the
NBS wave functions, and the main purpose of the present
study is to show that the method is applicable to the q̄-q
potentials. We find that the obtained q̄-q potential has the
basic property of that obtained from Wilson loop. There-
fore, this method can be used for the study of the q̄-q
potentials with finite quark masses.

4

Quark-antiquark system

∇2φQQ̄(r)
φQQ̄(r)

= mQ [V (r) − E]

Ikeda-Iida, arXiv:1011.2866

HALQCD approach

N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99 (2007) 022001.
S. Aoki, T. Hatsuda and N. Ishii, Prog. Theor. Phys. 123 (2010) 89

L = r× (−i∇)
S = S1 + S2
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potentials through the e"ective Schödinger equation. In
this framework, the q̄-q potentials basically contains full
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Figure 3: Plots of the potential with arbitrary constatnt energy shift
V (r) " E = !2!(r)/(2µ!(r)) in PS channel (a) and V channel (b)
for each quark mass.

quark motions with the finite masses. As a result, we have
found that the shapes of the q̄-q potentials are the linear
plus Coulomb form which is similar to the infinitely heavy
Q̄-Q potential obtained from Wilson loop.

For the fitting, we have employed two types of fitting
functions. One is the linear plus Coulomb form regarded
as the leading order (LO) terms in the 1/mq expansion.
The other function includes the next leading order (NLO)
terms in addition to LO terms. The fitting results with
LO terms reveal that the Coulomb coe!cients depend on
the quark masses and are larger than those predicted from
Wilson loop. On the other hand, if we have employed the
NLO terms together with the LO terms, the Coulomb co-
e!cients become smaller and are comparable to the value
from Wilson loop. With the both fitting functions, we
have obtained the string tension which is comparable to
the value from Wilson loop.

This is the first step to study the q̄-q potentials from the
NBS wave functions, and the main purpose of the present
study is to show that the method is applicable to the q̄-q
potentials. We find that the obtained q̄-q potential has the
basic property of that obtained from Wilson loop. There-
fore, this method can be used for the study of the q̄-q
potentials with finite quark masses.

4

Quark-antiquark system

∇2φQQ̄(r)
φQQ̄(r)

= mQ [V (r) − E]

Ikeda-Iida, arXiv:1011.2866

HALQCD approach

N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99 (2007) 022001.
S. Aoki, T. Hatsuda and N. Ishii, Prog. Theor. Phys. 123 (2010) 89

L = r× (−i∇)
S = S1 + S2

An essential issue on the quark-
antiquark system with HALQCD method

Quark mass? µ =mQ/2
E� = E − 2mQ
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Q. How can we determine a quark mass in the Schrödinger equation?

A. Look into asymptotic behavior of wave functions at long distances 

for Γ = PS, V
�
− ∇

2

mQ
+ VQQ(r) + SQ · SQVspin(r)

�
φΓ(r) = EΓφΓ(r)

Novel determination of quark mass

For short range potential problem

This is valid even for bound states
reduced mass
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for Γ = PS, V
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− ∇
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mQ
+ VQQ(r) + SQ · SQVspin(r)

�
φΓ(r) = EΓφΓ(r)

Novel determination of quark mass

Unfortunately, the QCD potential is not short -ranged, 
rather a long-range confinement potential.



• T. Kawanai and SS, PRL 107 (2011) 091601

Q. How can we determine a quark mass in the Schrödinger equation?

A. Look into asymptotic behavior of wave functions at long distances 

for Γ = PS, V
�
− ∇

2

mQ
+ VQQ(r) + SQ · SQVspin(r)

�
φΓ(r) = EΓφΓ(r)

Novel determination of quark mass

54 CHAPTER 5. NUMERICAL RESULTS FROM DYNAMICAL QCD SIMULATION

0.0

0.1

0.2

0.3

0.4

0.5

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6  1.8

u(
r)

 =
 r 
!'

(r
)   

 [ 
fm

-1
/2
 ]

r  [fm]

"c
J/#

Figure 5.2: The reduced QQ̄ BS wave functions

uΓ(r) for the 1S-charmonium states (Jψ and ηc),
as a function of spatial distance r. The meson

states are specified in the legend. A dashed line

corresponds to a spatial lattice extent La/2 ≈
1.44 fm in the on-axis direction. Two color solid

curves are wave functions given by solving the

Schrödinger equation with the charmonium poten-

tial and the quark kinetic mass determined from

lattice QCD as inputs.
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Figure 5.3: The determination of a quark ki-

netic mass defined in the charmonium system

through the BS amplitude method. We obtain

the quark kinetic mass mQ from the long-distance

asymptotic values of difference −(∇2φV /φV −
∇2φP /φP )/Ehyp. A shaded band represents the

fit range of 6 ≤ r/a ≤ 7
√
3 with the statistical

error estimated by the jackknife method.

For the derivative, we use the discrete Laplacian operator ∇2 defined in polar coordinates. The ratios of

∇2φΓ/φΓ are evaluated by a weighted average of data points in the range 33 ≤ t/a ≤ 47. The values of

mQ are evaluated by a weighted average of data points of −(∇2φV /φV −∇2φP /φP )/Ehyp in the range

of 6 ≤ r/a ≤ 7
√
3 where VS(r) should vanish. The detailed results of the fitting are summarized in

Table. 5.4.

The charm quark mass obtained in this study is somewhat heavier than the usual quark kinetic mass

in quark potential model. For example, the value of it is about 17% larger than the one adopted in

nonrelativistic potential (NRp) model in Ref. [17]. This difference should not be taken seriously since the

spatial profile of the spin-spin potential from lattice QCD is slightly different from the one used in the

NRp models as we will discuss later.

5.2.4 Charmonium potential

Spin-independent potential

Once the quark kinetic mass is determined, we can easily calculate the central spin-independent and

spin-spin charmonium potentials from the QQ̄ BS wave function through Eq. (3.21) and Eq.(3.22). First,

we show a result of the spin-independent charmonium potential V (r) in Fig. 5.4, where the constant term

is subtracted to set V (r0) = 0 with the Sommer scale, r0 ≈ 0.5 fm. The spatial grid points along on-axis,

off-axis I and off-axis II, where effective grid spacings ã/a = 1,
√
2 and

√
3, are only used to calculate the

charmonium potential. The data taken from other directions, e.g. r = (2na, na, na), n ∈ Z, suffer from

S-wave w.f. for different spin states48 CHAPTER 4. QUENCHED SIMULATION
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Vspin(r) −∆Ehyp =
1

mQ

�
∇2φV(r)
φV(r)

− ∇
2φPS(r)
φPS(r)

�

lim
r→∞

Vspin(r) = 0

A difference does not suffer from the confinement nature.

short range spin-spin potential
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Q. How can we determine a quark mass in the Schrödinger equation?

A. Look into asymptotic behavior of wave functions at long distances 

mQ = lim
r→∞

1
∆Ehyp

�
∇2φPS(r)
φPS(r)

− ∇
2φV(r)
φV(r)

�

for Γ = PS, V
�
− ∇

2

mQ
+ VQQ(r) + SQ · SQVspin(r)

�
φΓ(r) = EΓφΓ(r)

Novel determination of quark mass

lim
r→∞

Vspin(r) = 0Under a simple, but reasonable assumption of 

Quark kinetic mass can be determined from BS wave functions



Bethe-Salpeter amplitude on the lattice

• Four-point function
G4pt =

�

x,x�,y�

�0|Q̄(x, t)ΓQ(x + r, t)(Q̄(x�, tsrc)ΓQ(y�, tsrc))†|0�

meson intermediate states

How to calculate ccbar potential？

1. Equal-time BS wavefunction

2. Schrödinger equation with non-local potential 

3. Velocity expansion 

φΓ(r) =
�

x

�0|q(x)Γq(x + r)|qq̄;JPC�

�

x,x�,y�

�0|q̄(x, t)Γq(x + r, t) (q̄(x�, tsrc)Γq(y�, tsrc))
† |0�

=
�

n

An�0|q̄(x)Γq(x + r)|n�e−MΓ
n (t−tsrc)

t�t0−−−→ A0φΓ(r)e−MΓ
0 (t−tsrc)

−∇
2

2µ
φΓ(r) +

�
dr�U(r, r�)φΓ(r�) = EΓφΓ(r)

time

x

x+ r

S. Aoki, T. Hatsuda and N. Ishii, Prog. Theor. Phys. 123 (2010) 89.
Y. Ikeda and H. Iida, arXiv:1102.2097 [hep-lat].

U(r�, r) = {V (r) + VS(r)SQ · SQ + VT(r)S12 + VLS(r)L · S + O(∇2)}δ(r� − r)

space

tsrc t



• Four-point function
G4pt =

�

x,x�,y�

�0|Q̄(x, t)ΓQ(x + r, t)(Q̄(x�, tsrc)ΓQ(y�, tsrc))†|0�

t�tsrc−−−−→ A0φΓ(r)e−MΓ
0 (t−tsrc)

time

クエンチ近似の下での計算結果: !c-N

S波状態のBS波動関数
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in relative coordinates

φΓ(r) =
�

x

�0|Q̄(x)ΓQ(x + r)|QQ̄�

Equal-time Bethe-Salpeter wave function

Bethe-Salpeter amplitude on the lattice
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FIG. 2: The reducedQQ BS wave functions of the ηc (circles)
and J/ψ (squares) states, shown as a function of the spatial

distance r. The data points are taken along r vectors which

are multiples of three directions (1, 0, 0), (1, 1, 0) and (1, 1, 1).

timated by the jackknife method. In Table II, we sum-
marize resultant charmonium masses together with fit
ranges used in the fits and χ2/d.o.f. values.

Low-lying charmonium masses calculated in this study
below DD̄ threshold are all close to the experimen-
tal values, though the hyperfine mass splitting Mhyp =
0.1124(9) GeV is slightly smaller than the experimental
value, M exp

hyp = 0.1166(12) GeV [39]. The similar value
of the hyperfine mass splitting is reported even on the
physical point in Ref. [38, 40]. Note that here we sim-
ply neglect the disconnected diagrams in two-point cor-
relation functions. The several numerical studies that
reported the contributions of charm annihilation to the
hyperfine splitting of the 1S-charmonium state is suffi-
ciently small, which is of order 1−4 MeV. [41–43], At the
charm sector, the effect of the disconnected diagrams on
the charmonium, especially on the vector state, is pertur-
batively expected to be small due to Okubo-Zweig-Iizuka
suppression.

IV. DETERMINATION OF INTERQUARK

POTENTIAL

A. QQ BS wave function

Fig. 2 shows the QQ BS wave functions of 1S char-
monium states (ηc and J/ψ states). The BS wave func-
tions are defined by Eq.(2) and normalized as

�
φ2
Γ = 1.

We use the reduced wave function uΓ(r) for display-
ing the wave function: uΓ(r) = rφΓ(r). Practically
we average the BS wave function by weight over time
slices 33 ≤ t/a ≤ 47 where effective mass plots for 1S-
charmonium states show plateaus and excited state con-
taminations are expected to be negligible. In Fig. 2 we
display data points of uΓ(r) calculated at r vectors which
are multiples of (1, 0, 0), (1, 1, 0) and (1, 1, 1). Hereafter
we concentrate lattice data taken in these three directions
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FIG. 3: The determination of quark kinetic mass within

the BS amplitude method. The values of −(∇2φV /φV −
∇2φP /φP )/Ehyp as a function of the spatial distance r are

shown in this figure. The quark kinetic mass mQ is obtained

from the long-distance asymptotic values of −(∇2φV /φV −
∇2φP /φP )/Ehyp. Horizontal solid line indicates a value of

quark kinetic mass obtained by fitting a asymptotic constant

in the range 0.54 fm � r � 1.10 fm. A shaded band indi-

cates a statistical error estimated by estimated by jackknife

method.

for any quantities.
We find that a breaking of rotational symmetry for

the QQ BS wave functions is sufficiently small in our cal-
culation. The resulting wave functions become isotropic
with the help of a projection to the A+

1 sector of the cubic
group that corresponds to the S-wave in the continuum
theory (Fig. 2). Data points of the QQ BS wave func-
tions calculated in the three different directions collapse
on a sigle curve.
The spatial lattice extent La ≈ 2.90 fm is sufficiently

large enough to study the 1S-charmonium system. Be-
cause the QQ̄ BS wave functions for the ηc and J/ψ
states fit into the box. The BS wave functions shown
in Fig. 2 are localized around the origin and vanished
at r � 1.1 fm. Also the localized wave functions is inter-
preted as a sign of bound states. Note that we can access
information of the potential only inside of the localized
wave function, because the signal-to-noise ratio is getting
worse in the calculation of ∇2φ/φ of Eq. (5)-(7).
The spatial size of the J/ψ state is slightly larger than

that of the ηc state. This indicates that there is a repul-
sive spin-spin interaction near the origin for the higher
spin states. It is consistent with mass ordering between
hyperfine multiplets. The spin-spin charmonium poten-
tial will be discussed in more detail later.

B. quark kinetic mass

In our formalism, the kinetic mass of the charm quark
is determined self-consistently within the BS amplitude
method as well [14]. The quark kinetic mass defined
in Eq. (7) is calculated from asymptotic behavior of

reduced BS wave functionspseudoscalar

vector

S-wave quarkonium states
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TABLE I: Parameters of 2 + 1-flavor dynamical QCD gauge field configurations generated by PACS-CS collaboration [16].

The columns list number of flavors, lattice volume, the β value, hopping parameters (light, strange), approximate lattice

spacing (lattice cut-off), spatial physical volume, pion mass, number of configurations to be analyzed.

Nf L3 × T β κud κs a [fm] (a−1
[GeV]) La [fm] Mπ [MeV] # configs.

2 + 1 32
3 × 64 1.9 0.13781 0.13640 ≈ 0.0907 (≈ 2.176) ≈ 2.90 ≈156 198

TABLE II: The hopping parameter κQ and RHQ parameters

(ν, rs, cB and cE) used for the charm quark.

κc ν rs cB cE
0.10819 1.2153 1.2131 2.0268 1.7911

TABLE III: Masses of low-lying charmonium states calcu-

lated from two-point functions, the spin-averaged mass and

hyperfine splitting energy of 1S charmonium states. The fit-

ting ranges and values of χ2/d.o.f. are also included. Each

hopping parameter κ is chosen to reproduce the experimen-

tal spin-averaged mass and hyperfine splitting energy of 1S

charmonium states: Mexp
ave = 3.0678(3) GeV and Eexp

hyp =

0.1166(12) GeV [39]. Results are shown in units of GeV.

state (JPC
) fit range mass [GeV] χ2/d.o.f.

ηc (0
−+

) [33:47] 2.9851(5) 0.70

J/ψ (1
−+

) [33:47] 3.0985(11) 0.62

χc0 (0
++

) [14:26] 3.3928(59) 0.66

χc1 (1
++

) [14:26] 3.4845(62) 1.03

hc (1
+−

) [14:26] 3.5059(62) 0.63

Mave(1S) - 3.0701(9) -

Ehyp(1S) - 0.1138(8) -

function. Dirichlet boundary conditions are imposed for
the time direction to eliminate unwanted contributions
across time boundaries.

C. Charmonium spectroscopy from two-point
functions

Fig. 1 shows the effective mass of the S-wave (η and
J/ψ) and P -wave (χc0, χc1 and hc0) charmonium states
calculated from the dynamical lattice QCD simulation.
A effective mass is defined as

MΓ(t) = log
GΓ(t, ts)

GΓ(t+ 1, ts)
. (9)

where GΓ(t, ts) is a two-point function obtained by set-
ting r to be zero in a four-point functionGΓ(r, t, ts). Each
effective mass plot shows a reasonable plateau. Char-
monium masses are determined by a constant fit to the
plateau. We take into account a correlation between
masses measured at various time slices in the fit. A inver-
sion of covariance matrix is performed once for average
and it is used for each jackknife block. The statistical
uncertainties indicated by shaded bands in Fig. 1 is es-
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effective mass plot



Quark mass obtained from BS amplitudes

mQ = lim
r→∞
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∆Ehyp
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FIG. 3: The determination of quark kinetic mass within

the BS amplitude method. The values of −(∇2φV /φV −
∇2φP /φP )/Ehyp as a function of the spatial distance r are

shown in this figure. The quark kinetic mass mQ is obtained

from the long-distance asymptotic values of −(∇2φV /φV −
∇2φP /φP )/Ehyp. Horizontal solid line indicates a value of

quark kinetic mass obtained by fitting a asymptotic constant

in the range 0.54 fm � r � 1.10 fm. A shaded band indi-

cates a statistical error estimated by estimated by jackknife

method.

differentiate directions. In the on-axis (r ∝ (1, 0, 0)) and

the two off-axis directions (r ∝ (1, 1, 0) and (1, 1, 1)), the

effective grid spacings correspond to ã = a,
√

2a,
√

3a,

respectively.

The difference of ratios ∇2φΓ/φΓ at each r are ob-

tained by a constant fit to the lattice data with a reason-

able χ2/d.o.f. value over the range of time slices where

two-point functions exhibit the plateau behavior (33 ≤
t/a ≤ 47). Then the values of mQ are determined for

each directions from asymptotic values of −(∇2φV /φV −
∇2φP /φP )/Ehyp in the range of 6 ≤ r/a ≤ 7

√
3 where

VS(r) should vanish. Finally we average them over three

directions, and then obtain mQ = 1.784(23)(6)(20) GeV.

The first error is statistical, given by the jackknife anal-

ysis. In the second error, we quote a systematic uncer-

tainty due to rotational symmetry breaking by taking the

largest difference between average value and individual

ones obtained specific directions. The third ones are the

systematic uncertainties due to choice of tmin of the time

range used in the fit. We vary tmin over range 33 − 41

and then take the largest difference from the preferred

determination of mQ.

The charm quark mass obtained in this study is some-

what heavier than the usual quark kinetic mass in NRp

model. For example, the quark kinetic mass adopted in

Ref. [4] is about 17% smaller. This difference however

should not be taken seriously, because the value of mQ

in the NRp model highly depends on a constant term V0

of Cornell potential, and V0 is actually forced to be zero

in many of NRp models. Also the spatial profile of the

spin-spin potential from lattice QCD is slightly different

from the one used in the NRp models as we will discuss

later.
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FIG. 4: Central spin-independent and spin-spin charmonium

potentials calculated from the BS wave functions in the dy-

namical QCD simulation with almost physical quark masses.

In the upper panel, we show the spin-independent potential

V (r). A solid (dot-dashed) curve is the fit results with the

Cornell (Cornell plus log) form. The shaded bands show

statistical uncertainties in the fitting procedure which the

employs the jackknife method. Note that the spin-averaged

eigen-energy of 1S-charmonium state Eave is not subtracted

in this figure. A horizontal line indicates the level of open-

charm (D0D̄0
) threshold ≈ 3729 MeV. In the lower panel,

we show the spin-spin potential VS(r). A solid (dot-dashed)

curve corresponds to fitting results with exponential (Yukawa)

form. The inset shows a magnified view. In both plots, the

phenomenological potentials adopted in a NRp model [4] are

also included as dashed curves for comparison.

C. Spin-independent interquark potential

Once the quark kinetic mass is determined, we can eas-

ily calculate the central spin-independent and spin-spin

charmonium potentials from the QQ̄ BS wave function

through Eq. (6) and Eq. (7). First, we show a result

of the spin-independent charmonium potential V (r) in

Fig. 4. The constant energy shift Eave is not subtracted.

At each distance r, the values of interquark potentials

V (r) and VS(r) is practically determined by constant fits

to data points over time slices where two-point functions

! PACS-CS configurations at mπ=156 MeV

mc = 1.784(23) GeV

Full QCD results
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‣ 2+1 flavor dynamical gauge configurations generated by 
PACS-CS collaboration: mπ=156(7) MeV, mK=553(2) MeV
✓ almost physical point

‣ RG improved gauge action (Iwasaki action) at β=1.9 

✓ lattice spacing: a≈0.09 fm → 1/a≈2.2 GeV

‣ O(a) improved Wilson fermion action (Clover action)

PACS-CS configurations



‣ 2+1 flavor dynamical gauge configurations generated by 
PACS-CS collaboration: mπ=156(7) MeV, mK=553(2) MeV
✓ almost physical point

‣ RG improved gauge action (Iwasaki action) at β=1.9 

✓ lattice spacing: a≈0.09 fm → 1/a≈2.2 GeV

‣ Heavy quarks introduce discretization errors of O((ma)n)
✓ At charm quark, it becomes severe 

➡ mc ～1.5 GeV, then mca ～ O(1)

- Relativistic heavy quark (RHQ) action
• A.X. El-Khadra, A.S. Kronfeld, P.B. Mackenzie (1997)

• S. Aoki, Y. Kuramashi,  S.-I. Tominaga (1999) 

PACS-CS configurations

0.09 fm

3 fmc _c



How to treat heavy quarks
❖ Heavy quark mass introduces discretization errors of O((ma)n)

✓ At charm quark, it becomes severe: 

mc ～1.5 GeV and 1/a ～2 GeV, then mca ～ O(1)

❖ Relativistic heavy quark (RHQ) approach:
A.X. El-Khadra, A.S. Kronfeld, P.B. Mackenzie (1997)

✓ All O((ma)n) and O(aΛ) errors are removed by the appropriate choice 
of six canonical parameters {m0, ζ, rt, rs, CB, CE}

✓ We follow the Tsukuba procedure to determine parameters
S. Aoki, Y. Kuramashi,  S.-I. Tominaga (1999) 

Slat =
�

n,n�

ψ̄nKn,n�ψn�

K = m0 + γ0D0 + ζγiDi −
rt

2
D2

0 −
rs

2
D2

i + CB
i

4
σijFij + CE

i

2
σ0iF0i

explicit breaking of axis-interchange symmetry



‣ 2+1 flavor dynamical gauge configurations generated by 
PACS-CS collaboration: mπ=156(7) MeV, mK=553(2) MeV
✓ almost physical point

‣ + Charm quark (RHQ)

PACS-CS configurations

Namekawa et al., (PACS-CS), PRD84, 074505 (11)

q̄(x)Γq(x)

Table 1: P = (!1)L+1 and C = (!1)L+S

! 2S+1LJ JPC Meson Charmonium
!5 1S0 0!+ " #c
!i 3S1 1!! $, % J/&
1 3P0 0++ ', a0, f0 (0(1P )

!5!i 3P1 1++ a1 (1(1P )
!i!j 1P1 1+! b1 hc(1P )

4.4 メソン相関関数
既に紹介したように、ハドロンの相関関数が計算できれば、そのハドロンの質量や崩壊定数など
が計算できる。
実際に "M(n)M†(m)#を評価するには, まずゲージ配位 {U}を確率 detD[U ] exp{!SG(U)} に

従って逐次発生させる。それぞれのゲージ配位 {U}の上でクォーク伝搬関数 D[U ]!1(m, l)を求
め、得られたクォーク伝搬関数によってメソン相関関数

"M(n)M†(m)# = ! 1

N

N!

{Ui}

Tr{!D[U ]!1(n,m)!̃!5(D[U ]!1(n,m))"!5} (41)

を構成する。
ハドロン演算子は、対象となるハドロンと同じ量子数を持つように構成すればよいため、構成

法には任意性がある。メソン場の場合、クォークと反クォークの場を格子同一点上に置いて構成
する、局所的な演算子として

M!(n) = "̄a(n)!"a(n) (42)

が頻繁に使われる。ここで !は 16種類のディラック行列で、例えば、! = !5にとれば、π中間子
のような擬スカラー中間子、! = !µにとれば、$中間子のようなベクトル中間子に対応する。残
りの !と中間子との対応は表を参照。式 (42)ではクォーク場と反クォーク場のテンソル積を同一
格子点で取ったが、非局所的な演算子を使うこともできる。（この場合、ゲージ不変にするために
リンク変数を挿入するか、ゲージ固定を行う。）量子数が等しければ得られる質量はハドロン場の
定義に依らないが、基底状態との結合の強さなどの性質が異なるため、ハドロン演算子を注意深
く選ぶことによって統計誤差を減らせるなど、メリットがある場合がある。

既に述べたように、ハドロンの相関関数は、十分大きな虚時間で、

G(t) $ e!M0|t| (43)

と時間 tに関する指数関数的振る舞いをする。この虚時間遠方での漸近的振る舞いから、基底状態
のハドロンの質量を読み取ることができる。例えば、次のような有効質量 (E#ective Mass)と呼ば
れる量を

Me"(t) = ln

"
G(t)

G(t+ 1)

#
(44)

定義すれば、これを時間の関数として図示すると、ある虚時間より大きなところで虚時間によら
ない一定値に収束する。その一定値が基底状態のハドロンの質量M0と考えてよい。
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‣ 2+1 flavor dynamical gauge configurations generated by 
PACS-CS collaboration: mπ=156(7) MeV, mK=553(2) MeV
✓ almost physical point

‣ + Charm quark (RHQ)

PACS-CS configurations

1S

inputs

Kawanai-Sasaki (in preparation)

ー Experiment
Our results:
✓mave(1S)=3069(2) MeV

✓mhyp(1S)=111(2) MeV

RHQ parameters tuned by 1S states



‣ 2+1 flavor dynamical gauge configurations generated by 
PACS-CS collaboration: mπ=156(7) MeV, mK=553(2) MeV
✓ almost physical point

‣ + Charm quark (RHQ)

PACS-CS configurations

1S

inputs

ー Experiment

Kawanai-Sasaki (in preparation)

Our results:
✓mave(1S)=3069(2) MeV

✓mhyp(1S)=111(2) MeV

Variational method
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‣ 2+1 flavor dynamical gauge configurations generated by 
PACS-CS collaboration: mπ=156(7) MeV, mK=553(2) MeV
✓ almost physical point

‣ + Charm quark (RHQ)

PACS-CS configurations

1S

inputs

Odd-parity-sources
Murano et al. (HALQCD) 
PLB735 19, (14)

1P

Good agreement with experiments

ー Experiment

Kawanai-Sasaki (in preparation)

Our results:
✓mave(1S)=3069(2) MeV

✓mhyp(1S)=111(2) MeV

Variational method

2S



Heavy quarkonium potential 
from BS wave functions



Charmonium potential obtained from BS amplitudes

! PACS-CS configurations at mπ=156 MeV

3

is purely composed of the 1S wave function. However,
within this method, this assumption can be verified by
evaluating the size of a mixing between 1S and 1D wave
functions in principle.

The spin operator SQ ·SQ can be easily replaced by ex-
pectation values−3/4 and 1/4 for the PS and V channels,
respectively. Then, the spin-independent and spin-spin
QQ potentials can be evaluated through the following
linear combinations of Eq.(4):

V (r) = Eave +
1

mQ

�
3

4

∇2φV(r)

φV(r)
+

1

4

∇2φPS(r)

φPS(r)

�
(5)

VS(r) = Ehyp +
1

mQ

�
∇2φV(r)

φV(r)
− ∇2φPS(r)

φPS(r)

�
, (6)

where Eave = Mave − 2mQ and Ehyp = MV −MPS. The
mass Mave denotes the spin-averaged mass as 1

4
MPS +

3

4
MV. The derivative ∇2 is defined by the discrete Lapla-

cian.
The kinetic quark mass is an important quantity in the

determination of the interquark potentials since Eq. (5)
and Eq. (6) requires information of the kinetic quark
mass mQ. In our previous work [13–15], we propose
to calculate the quark kinetic mass through the large-
distance behavior in the spin-spin potential with the help
of the measured hyperfine splitting energy of 1S states
in heavy quarkonia. Under a simple, but reasonable as-
sumption as limr→∞ VS(r) = 0 which implies there is no
long-range correlation and no irrelevant constant term in
the spin-spin potential, Eq. (6) is rewritten as

mQ = lim
r→∞

−1

Ehyp

�
∇2φV(r)

φV(r)
− ∇2φPS(r)

φPS(r)

�
, (7)

and then we can estimate the kinetic quark mass from
asymptotic behavior in long range region.

III. LATTICE SETUP AND HEAVY
QUARKONIUM MASS

A. 2 + 1 flavor PACS-CS dynamical gauge ensemble

The computation of the charmonium potential in this
study is performed on a lattice L3 × T = 323 × 64 using
the 2+1 flavor PACS-CS gauge configurations [16] gener-
ated by non-perturbatively O(a)-improved Wilson quark
action with cSW = 1.715 [33] and Iwasaki gauge action
at β = 1.90 [34], which corresponds to a lattice cutoff of
a−1 = 2.176(31) GeV (a = 0.0907(13)fm). The spatial
lattice size then corresponds to La ≈ 3 fm. The hopping
parameters for the light sea quarks {κud,κs}={0.13781,
0.13640} provide Mπ = 156(7) MeV and MK = 554(2)
MeV [16]. Table I summarizes simulation parameters of
dynamical QCD simulations used in this work. Although
the light sea quark masses are slightly off the physical
point, the systematic uncertainty due to this fact could

be extremely small in this project. Our results are an-
alyzed on all 198 gauge configurations, which are avail-
able through International Lattice Data Grid and Japan
Lattice Data Grid 1. Gauge configurations is fixed to
Coulomb gauge.

B. Relativistic charm quark

In order to control discretization errors induced by
large charm quark mass, we employ the relativistic heavy
quark action (RHQ) action [17] that removes main errors
of O(|�p|a), O((m0a)n) and O(|�p|a(m0a)n) from on-shell
Greens functions. The RHQ action is the anisotropic
version of the O(a) improved Wilson action with five pa-
rameters κc, ν, rs, cB and cE , called RHQ parameters

(for more details see Ref. [17, 35]):

SRHQ =
�

x

Q(x)
�
m0a+ γ0D0 + ν−→γ ·

−→
D

− rt
2
a(D0)2 − rs

2
a(
−→
D)2

+
�

i,j

i

4
cBaσijFij +

�

i

i

2
cEaσ0iF0i

�
Q(x) (8)

where the Wilson parameter for the time derivative is
set to rt = 1 and the bare quark mass is related to the
hopping parameter κc as am0 = 1

2κc
− rt − 3rs. The

RHQ action utilized here is a variant of the Fermilab
approach [36] (See also Ref. [37]).
The parameters rs, cB and cE in RHQ action are

determined by tadpole improved one-loop perturbation
theory [35]. For ν, we use a nonperturbatively deter-
mined value, which is adjusted by reproducing the ef-
fective speed of light ceff to be unity in the dispersion
relation E2(p2) = M2 + c2

eff|p|
2 for the spin-averaged

1S-charmonium state, since the parameter ν is sensitive
to the size of hyperfine splitting energy [38]. We choose
κc to reproduce the experimental spin-averaged mass of
1S-charmonium states M exp

ave
(1S) = 3.0678(3) GeV. To

calibrate adequate RHQ parameters, we employ a gauge
invariant Gauss smearing source for the standard two-
point correlation function with four finite momenta. As a
result, the relevant speed of light in a energy-momentum
dispersion relation E2 = m2+c2

eff is consistent with unity
within statistical uncertainties: c2

eff = 1.04(5). Our cho-
sen RHQ parameters are summarized in Table II.
Using tuned RHQ parameters, we compute the two

valence quark propagators with wall sources located at
different time slices ts/a = 6 and 57 to increase statis-
tics. Two sets of two and four-point correlation functions
are constructed from the corresponding quark propaga-
tors, and folded together to create the single correlation

1 International Lattice Data Grid/Japan Lattice Data Grid,
http://www.jldg.org.

Spin-independent  ccbar potential 

V (r) = −A

r
+ σr + V0

good agreement

Full QCD results
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FIGURE 3. Central spin-independent and spin-spin charmonium potentials calculated from the BS wave functions in the

dynamical QCD simulation with almost physical quark masses. In the upper panel, we show the spin-independent potential V (r). A

solid (dot-dashed) curve is the fit results with the Cornell (Cornell plus log) form. The shaded bands show statistical uncertainties in

the fitting procedure where the jackknife analysis is used. Note that the spin-averaged eigen-energy of 1S-charmonium state Eave is

not subtracted in this figure. A horizontal line indicates the level of open-charm (D0D̄0
) threshold ≈ 3729 MeV. In the lower panel,

we show the spin-spin potential VS(r). A solid (dot-dashed) curve corresponds to fitting results with exponential (Yukawa) form.

The inset shows a magnified view. In both plots, the phenomenological potentials adopted in a NRp model [3] are also included as

dashed curves for comparison.

TABLE 4. Summary of the Cornell parameters and the

quark mass determined by the BS amplitude method. For

comparison, ones adopted in a phenomenological NRp

model [3] and ones of the static potential obtained from

Polyakov line correlations are also included. In the first col-

umn, the quoted errors indicate the sum of the statistical and

systematic added in quadrature.

This work Polyakov lines NRp model

A 0.713(83) 0.476(81) 0.7281√
σ [GeV] 0.402(15) 0.448(16) 0.3775

mQ [GeV] 1.784(31) ∞ 1.4794

Spin-independent interquark potential

Once the quark kinetic mass is determined, we can easily calculate the central spin-independent and spin-spin

charmonium potentials from the QQ̄ BS wave function through Eqs. (4) and (5). First, we show a result of the spin-

independent charmonium potential V (r) in Fig. 3. The constant energy shift Eave is not subtracted. At each distance r,

the values of interquark potentials V (r) and VS(r) are practically determined by constant fits to data points over time
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FIGURE 3. Central spin-independent and spin-spin charmonium potentials calculated from the BS wave functions in the

dynamical QCD simulation with almost physical quark masses. In the upper panel, we show the spin-independent potential V (r). A

solid (dot-dashed) curve is the fit results with the Cornell (Cornell plus log) form. The shaded bands show statistical uncertainties in

the fitting procedure where the jackknife analysis is used. Note that the spin-averaged eigen-energy of 1S-charmonium state Eave is

not subtracted in this figure. A horizontal line indicates the level of open-charm (D0D̄0
) threshold ≈ 3729 MeV. In the lower panel,

we show the spin-spin potential VS(r). A solid (dot-dashed) curve corresponds to fitting results with exponential (Yukawa) form.

The inset shows a magnified view. In both plots, the phenomenological potentials adopted in a NRp model [3] are also included as

dashed curves for comparison.

TABLE 4. Summary of the Cornell parameters and the

quark mass determined by the BS amplitude method. For

comparison, ones adopted in a phenomenological NRp

model [3] and ones of the static potential obtained from

Polyakov line correlations are also included. In the first col-

umn, the quoted errors indicate the sum of the statistical and

systematic added in quadrature.

This work Polyakov lines NRp model

A 0.713(83) 0.476(81) 0.7281√
σ [GeV] 0.402(15) 0.448(16) 0.3775

mQ [GeV] 1.784(31) ∞ 1.4794

Spin-independent interquark potential

Once the quark kinetic mass is determined, we can easily calculate the central spin-independent and spin-spin

charmonium potentials from the QQ̄ BS wave function through Eqs. (4) and (5). First, we show a result of the spin-

independent charmonium potential V (r) in Fig. 3. The constant energy shift Eave is not subtracted. At each distance r,

the values of interquark potentials V (r) and VS(r) are practically determined by constant fits to data points over time

Lattice results

ANRp = 0.7281
√

σNRp = 0.3775 GeV

NR quark model

Acc̄ = 0.713(83)

T. Kawanai and S.S., PRD85 (2012) 091503(R)



Charmonium potential obtained from BS amplitudes

! PACS-CS configurations at mπ=156 MeV
T. Kawanai and S.S., PRD85 (2012) 091503(R)

spin-spin ccbar  potential 

3

is purely composed of the 1S wave function. However,
within this method, this assumption can be verified by
evaluating the size of a mixing between 1S and 1D wave
functions in principle.

The spin operator SQ ·SQ can be easily replaced by ex-
pectation values−3/4 and 1/4 for the PS and V channels,
respectively. Then, the spin-independent and spin-spin
QQ potentials can be evaluated through the following
linear combinations of Eq.(4):

V (r) = Eave +
1

mQ

�
3

4

∇2φV(r)

φV(r)
+

1

4

∇2φPS(r)

φPS(r)

�
(5)

VS(r) = Ehyp +
1

mQ

�
∇2φV(r)

φV(r)
− ∇2φPS(r)

φPS(r)

�
, (6)

where Eave = Mave − 2mQ and Ehyp = MV −MPS. The
mass Mave denotes the spin-averaged mass as 1

4
MPS +

3

4
MV. The derivative ∇2 is defined by the discrete Lapla-

cian.
The kinetic quark mass is an important quantity in the

determination of the interquark potentials since Eq. (5)
and Eq. (6) requires information of the kinetic quark
mass mQ. In our previous work [13–15], we propose
to calculate the quark kinetic mass through the large-
distance behavior in the spin-spin potential with the help
of the measured hyperfine splitting energy of 1S states
in heavy quarkonia. Under a simple, but reasonable as-
sumption as limr→∞ VS(r) = 0 which implies there is no
long-range correlation and no irrelevant constant term in
the spin-spin potential, Eq. (6) is rewritten as

mQ = lim
r→∞

−1

Ehyp

�
∇2φV(r)

φV(r)
− ∇2φPS(r)

φPS(r)

�
, (7)

and then we can estimate the kinetic quark mass from
asymptotic behavior in long range region.

III. LATTICE SETUP AND HEAVY
QUARKONIUM MASS

A. 2 + 1 flavor PACS-CS dynamical gauge ensemble

The computation of the charmonium potential in this
study is performed on a lattice L3 × T = 323 × 64 using
the 2+1 flavor PACS-CS gauge configurations [16] gener-
ated by non-perturbatively O(a)-improved Wilson quark
action with cSW = 1.715 [33] and Iwasaki gauge action
at β = 1.90 [34], which corresponds to a lattice cutoff of
a−1 = 2.176(31) GeV (a = 0.0907(13)fm). The spatial
lattice size then corresponds to La ≈ 3 fm. The hopping
parameters for the light sea quarks {κud,κs}={0.13781,
0.13640} provide Mπ = 156(7) MeV and MK = 554(2)
MeV [16]. Table I summarizes simulation parameters of
dynamical QCD simulations used in this work. Although
the light sea quark masses are slightly off the physical
point, the systematic uncertainty due to this fact could

be extremely small in this project. Our results are an-
alyzed on all 198 gauge configurations, which are avail-
able through International Lattice Data Grid and Japan
Lattice Data Grid 1. Gauge configurations is fixed to
Coulomb gauge.

B. Relativistic charm quark

In order to control discretization errors induced by
large charm quark mass, we employ the relativistic heavy
quark action (RHQ) action [17] that removes main errors
of O(|�p|a), O((m0a)n) and O(|�p|a(m0a)n) from on-shell
Greens functions. The RHQ action is the anisotropic
version of the O(a) improved Wilson action with five pa-
rameters κc, ν, rs, cB and cE , called RHQ parameters

(for more details see Ref. [17, 35]):

SRHQ =
�

x

Q(x)
�
m0a+ γ0D0 + ν−→γ ·

−→
D

− rt
2
a(D0)2 − rs

2
a(
−→
D)2

+
�

i,j

i

4
cBaσijFij +

�

i

i

2
cEaσ0iF0i

�
Q(x) (8)

where the Wilson parameter for the time derivative is
set to rt = 1 and the bare quark mass is related to the
hopping parameter κc as am0 = 1

2κc
− rt − 3rs. The

RHQ action utilized here is a variant of the Fermilab
approach [36] (See also Ref. [37]).
The parameters rs, cB and cE in RHQ action are

determined by tadpole improved one-loop perturbation
theory [35]. For ν, we use a nonperturbatively deter-
mined value, which is adjusted by reproducing the ef-
fective speed of light ceff to be unity in the dispersion
relation E2(p2) = M2 + c2

eff|p|
2 for the spin-averaged

1S-charmonium state, since the parameter ν is sensitive
to the size of hyperfine splitting energy [38]. We choose
κc to reproduce the experimental spin-averaged mass of
1S-charmonium states M exp

ave
(1S) = 3.0678(3) GeV. To

calibrate adequate RHQ parameters, we employ a gauge
invariant Gauss smearing source for the standard two-
point correlation function with four finite momenta. As a
result, the relevant speed of light in a energy-momentum
dispersion relation E2 = m2+c2

eff is consistent with unity
within statistical uncertainties: c2

eff = 1.04(5). Our cho-
sen RHQ parameters are summarized in Table II.
Using tuned RHQ parameters, we compute the two

valence quark propagators with wall sources located at
different time slices ts/a = 6 and 57 to increase statis-
tics. Two sets of two and four-point correlation functions
are constructed from the corresponding quark propaga-
tors, and folded together to create the single correlation

1 International Lattice Data Grid/Japan Lattice Data Grid,
http://www.jldg.org.

Non-relativistic potential model
T.Barnes, S. Godfrey, E.S. Swanson, PRD72 (2005) 054026

finite-range repulsive potential
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FIGURE 3. Central spin-independent and spin-spin charmonium potentials calculated from the BS wave functions in the

dynamical QCD simulation with almost physical quark masses. In the upper panel, we show the spin-independent potential V (r). A

solid (dot-dashed) curve is the fit results with the Cornell (Cornell plus log) form. The shaded bands show statistical uncertainties in

the fitting procedure where the jackknife analysis is used. Note that the spin-averaged eigen-energy of 1S-charmonium state Eave is

not subtracted in this figure. A horizontal line indicates the level of open-charm (D0D̄0
) threshold ≈ 3729 MeV. In the lower panel,

we show the spin-spin potential VS(r). A solid (dot-dashed) curve corresponds to fitting results with exponential (Yukawa) form.

The inset shows a magnified view. In both plots, the phenomenological potentials adopted in a NRp model [3] are also included as

dashed curves for comparison.

TABLE 4. Summary of the Cornell parameters and the

quark mass determined by the BS amplitude method. For

comparison, ones adopted in a phenomenological NRp

model [3] and ones of the static potential obtained from

Polyakov line correlations are also included. In the first col-

umn, the quoted errors indicate the sum of the statistical and

systematic added in quadrature.

This work Polyakov lines NRp model

A 0.713(83) 0.476(81) 0.7281√
σ [GeV] 0.402(15) 0.448(16) 0.3775

mQ [GeV] 1.784(31) ∞ 1.4794

Spin-independent interquark potential

Once the quark kinetic mass is determined, we can easily calculate the central spin-independent and spin-spin

charmonium potentials from the QQ̄ BS wave function through Eqs. (4) and (5). First, we show a result of the spin-

independent charmonium potential V (r) in Fig. 3. The constant energy shift Eave is not subtracted. At each distance r,

the values of interquark potentials V (r) and VS(r) are practically determined by constant fits to data points over time

large difference

Full QCD results

V OGE

S (r) =
32παs

9m2

Q

δ(r)cf.

TABLE 5. Results of fitted parameters for the spin-spin poten-

tial with the exponential and Yukawa forms. The quoted errors

are statistical only. In the case of the spin-spin potential, we use

only on-axis data.

Functional form α β χ2/d.o.f.

Exponential 2.15(7) GeV 2.93(3) GeV 2.0

Yukawa 0.815(27) 1.97(3) GeV 1.7

The QQ̄ interaction is not entirely due to one-gluon exchange so that spin-spin potential is not necessary to be a

simple contact form ∝ δ (r). Indeed, the finite-range spin-spin potential described by the Gaussian form is adopted

by the phenomenological NRp model in Ref. [3], where many properties of conventional charmonium states at

higher masses are predicted. This phenomenological spin-spin potential is also plotted in the lower plot of Fig. 3

for comparison. There is a slight difference at very short distances, although the range of spin-spin potential calculated

from the BS amplitude method is similar to the phenomenological one.

To examine an appropriate functional form for the spin-spin potential, we try to fit the data with several functional

forms, and explore which functional form can give a reasonable fit over the range of r/a from 2 to 7

√
3. As a results,

the long-range screening observed in the spin-spin potential is accommodated by the exponential form or the Yukawa

form:

VS(r) =

�
α exp(−β r) : Exponential form

α exp(−β r)/r : Yukawa form
(9)

All results of correlated χ2
fits are summarized in Table 5. We also try to fit the data with the Gaussian form that is

often employed in the NRp models, however it provides an unreasonable χ2/d.o.f. value. Note that we here use only

the on-axis data which are expected to less suffer from both the rotational symmetry breaking and discretization error,

because fit results obtained in each direction significantly disagree with each other. We need the finer lattice to make a

solid conclusion regarding the shape of the spin-spin potential and also systematic uncertainties due to the rotational

symmetry breaking.

NONRELATIVISTIC POTENTIAL MODEL WITH LATTICE INPUTS

Using the quark kinetic mass and the charmonium potentials determined by first principles of QCD, we can solve

the nonrelativistic Schrödinger equation for the bound cc̄ systems as same as calculations in the NRp models. In the

BS amplitude method, a value of the difference V0 −Eave is directly obtained as the constant term in spin-independent

charmonium potential, while the value of Eave is calculated through Eave =Mave−2mQ. However statistical uncertainty

of mQ is somewhat large compared to an error of V0−Eave: here these are Eave = 0.508(69) GeV, mQ = 1.789(34) GeV

and V0 −Eave = −0.146(13) GeV. To reduce statistical uncertainties, we therefore solve the following Schrödinger

equation shifted by a constant energy −Eave:

�
− ∇2

mQ

+
L(L+1)

mQ

+V
�
SLJ

(r)

�
uSLJ(r) = E

�
SLJ

uSLJ(r) (10)

where V
�
SLJ

(r)=VSLJ(r)−Eave and E
�
SLJ

=ESLJ−Eave. The interquark potential depends on the channel of charmonium

states with S, L and J. Desired charmonium masses are obtained by merely adding E
�
SLJ

to the spin-averaged mass Mave

which is obtained from the standard lattice spectroscopy with high accuracy: MSLJ = Mave +E
�
SLJ

= 2mq +ESLJ .

The resulting potentials from lattice QCD are discretized in space [35]. Therefore, instead of solving continuum-type

Schrödinger equation, we practically solve eigenvalue problems as

Ns/2−1

∑
n=1

Hm,nun = Eum (11)
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charmonium potential, while the value of Eave is calculated through Eave =Mave−2mQ. However statistical uncertainty

of mQ is somewhat large compared to an error of V0−Eave: here these are Eave = 0.508(69) GeV, mQ = 1.789(34) GeV

and V0 −Eave = −0.146(13) GeV. To reduce statistical uncertainties, we therefore solve the following Schrödinger
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is purely composed of the 1S wave function. However,
within this method, this assumption can be verified by
evaluating the size of a mixing between 1S and 1D wave
functions in principle.

The spin operator SQ ·SQ can be easily replaced by ex-
pectation values−3/4 and 1/4 for the PS and V channels,
respectively. Then, the spin-independent and spin-spin
QQ potentials can be evaluated through the following
linear combinations of Eq.(4):

V (r) = Eave +
1

mQ

�
3

4

∇2φV(r)

φV(r)
+

1

4

∇2φPS(r)

φPS(r)

�
(5)

VS(r) = Ehyp +
1

mQ

�
∇2φV(r)

φV(r)
− ∇2φPS(r)

φPS(r)

�
, (6)

where Eave = Mave − 2mQ and Ehyp = MV −MPS. The
mass Mave denotes the spin-averaged mass as 1

4
MPS +

3

4
MV. The derivative ∇2 is defined by the discrete Lapla-

cian.
The kinetic quark mass is an important quantity in the

determination of the interquark potentials since Eq. (5)
and Eq. (6) requires information of the kinetic quark
mass mQ. In our previous work [13–15], we propose
to calculate the quark kinetic mass through the large-
distance behavior in the spin-spin potential with the help
of the measured hyperfine splitting energy of 1S states
in heavy quarkonia. Under a simple, but reasonable as-
sumption as limr→∞ VS(r) = 0 which implies there is no
long-range correlation and no irrelevant constant term in
the spin-spin potential, Eq. (6) is rewritten as

mQ = lim
r→∞

−1

Ehyp

�
∇2φV(r)

φV(r)
− ∇2φPS(r)

φPS(r)

�
, (7)

and then we can estimate the kinetic quark mass from
asymptotic behavior in long range region.

III. LATTICE SETUP AND HEAVY
QUARKONIUM MASS

A. 2 + 1 flavor PACS-CS dynamical gauge ensemble

The computation of the charmonium potential in this
study is performed on a lattice L3 × T = 323 × 64 using
the 2+1 flavor PACS-CS gauge configurations [16] gener-
ated by non-perturbatively O(a)-improved Wilson quark
action with cSW = 1.715 [33] and Iwasaki gauge action
at β = 1.90 [34], which corresponds to a lattice cutoff of
a−1 = 2.176(31) GeV (a = 0.0907(13)fm). The spatial
lattice size then corresponds to La ≈ 3 fm. The hopping
parameters for the light sea quarks {κud,κs}={0.13781,
0.13640} provide Mπ = 156(7) MeV and MK = 554(2)
MeV [16]. Table I summarizes simulation parameters of
dynamical QCD simulations used in this work. Although
the light sea quark masses are slightly off the physical
point, the systematic uncertainty due to this fact could

be extremely small in this project. Our results are an-
alyzed on all 198 gauge configurations, which are avail-
able through International Lattice Data Grid and Japan
Lattice Data Grid 1. Gauge configurations is fixed to
Coulomb gauge.

B. Relativistic charm quark

In order to control discretization errors induced by
large charm quark mass, we employ the relativistic heavy
quark action (RHQ) action [17] that removes main errors
of O(|�p|a), O((m0a)n) and O(|�p|a(m0a)n) from on-shell
Greens functions. The RHQ action is the anisotropic
version of the O(a) improved Wilson action with five pa-
rameters κc, ν, rs, cB and cE , called RHQ parameters

(for more details see Ref. [17, 35]):

SRHQ =
�

x

Q(x)
�
m0a+ γ0D0 + ν−→γ ·

−→
D

− rt
2
a(D0)2 − rs

2
a(
−→
D)2

+
�

i,j

i

4
cBaσijFij +

�

i

i

2
cEaσ0iF0i

�
Q(x) (8)

where the Wilson parameter for the time derivative is
set to rt = 1 and the bare quark mass is related to the
hopping parameter κc as am0 = 1

2κc
− rt − 3rs. The

RHQ action utilized here is a variant of the Fermilab
approach [36] (See also Ref. [37]).
The parameters rs, cB and cE in RHQ action are

determined by tadpole improved one-loop perturbation
theory [35]. For ν, we use a nonperturbatively deter-
mined value, which is adjusted by reproducing the ef-
fective speed of light ceff to be unity in the dispersion
relation E2(p2) = M2 + c2

eff|p|
2 for the spin-averaged

1S-charmonium state, since the parameter ν is sensitive
to the size of hyperfine splitting energy [38]. We choose
κc to reproduce the experimental spin-averaged mass of
1S-charmonium states M exp

ave
(1S) = 3.0678(3) GeV. To

calibrate adequate RHQ parameters, we employ a gauge
invariant Gauss smearing source for the standard two-
point correlation function with four finite momenta. As a
result, the relevant speed of light in a energy-momentum
dispersion relation E2 = m2+c2

eff is consistent with unity
within statistical uncertainties: c2

eff = 1.04(5). Our cho-
sen RHQ parameters are summarized in Table II.
Using tuned RHQ parameters, we compute the two

valence quark propagators with wall sources located at
different time slices ts/a = 6 and 57 to increase statis-
tics. Two sets of two and four-point correlation functions
are constructed from the corresponding quark propaga-
tors, and folded together to create the single correlation

1 International Lattice Data Grid/Japan Lattice Data Grid,
http://www.jldg.org.
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FIGURE 3. Central spin-independent and spin-spin charmonium potentials calculated from the BS wave functions in the

dynamical QCD simulation with almost physical quark masses. In the upper panel, we show the spin-independent potential V (r). A

solid (dot-dashed) curve is the fit results with the Cornell (Cornell plus log) form. The shaded bands show statistical uncertainties in

the fitting procedure where the jackknife analysis is used. Note that the spin-averaged eigen-energy of 1S-charmonium state Eave is

not subtracted in this figure. A horizontal line indicates the level of open-charm (D0D̄0
) threshold ≈ 3729 MeV. In the lower panel,

we show the spin-spin potential VS(r). A solid (dot-dashed) curve corresponds to fitting results with exponential (Yukawa) form.

The inset shows a magnified view. In both plots, the phenomenological potentials adopted in a NRp model [3] are also included as

dashed curves for comparison.

TABLE 4. Summary of the Cornell parameters and the

quark mass determined by the BS amplitude method. For

comparison, ones adopted in a phenomenological NRp

model [3] and ones of the static potential obtained from

Polyakov line correlations are also included. In the first col-

umn, the quoted errors indicate the sum of the statistical and

systematic added in quadrature.

This work Polyakov lines NRp model

A 0.713(83) 0.476(81) 0.7281√
σ [GeV] 0.402(15) 0.448(16) 0.3775

mQ [GeV] 1.784(31) ∞ 1.4794

Spin-independent interquark potential

Once the quark kinetic mass is determined, we can easily calculate the central spin-independent and spin-spin

charmonium potentials from the QQ̄ BS wave function through Eqs. (4) and (5). First, we show a result of the spin-

independent charmonium potential V (r) in Fig. 3. The constant energy shift Eave is not subtracted. At each distance r,

the values of interquark potentials V (r) and VS(r) are practically determined by constant fits to data points over time

large difference

Full QCD results

V OGE

S (r) =
32παs

9m2

Q

δ(r)cf.Refinement of spin-dependent potentials
→　change the fine structure of charmonia

TABLE 5. Results of fitted parameters for the spin-spin poten-

tial with the exponential and Yukawa forms. The quoted errors

are statistical only. In the case of the spin-spin potential, we use

only on-axis data.

Functional form α β χ2/d.o.f.

Exponential 2.15(7) GeV 2.93(3) GeV 2.0

Yukawa 0.815(27) 1.97(3) GeV 1.7

The QQ̄ interaction is not entirely due to one-gluon exchange so that spin-spin potential is not necessary to be a

simple contact form ∝ δ (r). Indeed, the finite-range spin-spin potential described by the Gaussian form is adopted

by the phenomenological NRp model in Ref. [3], where many properties of conventional charmonium states at

higher masses are predicted. This phenomenological spin-spin potential is also plotted in the lower plot of Fig. 3

for comparison. There is a slight difference at very short distances, although the range of spin-spin potential calculated

from the BS amplitude method is similar to the phenomenological one.

To examine an appropriate functional form for the spin-spin potential, we try to fit the data with several functional

forms, and explore which functional form can give a reasonable fit over the range of r/a from 2 to 7

√
3. As a results,

the long-range screening observed in the spin-spin potential is accommodated by the exponential form or the Yukawa

form:

VS(r) =

�
α exp(−β r) : Exponential form

α exp(−β r)/r : Yukawa form
(9)

All results of correlated χ2
fits are summarized in Table 5. We also try to fit the data with the Gaussian form that is

often employed in the NRp models, however it provides an unreasonable χ2/d.o.f. value. Note that we here use only

the on-axis data which are expected to less suffer from both the rotational symmetry breaking and discretization error,

because fit results obtained in each direction significantly disagree with each other. We need the finer lattice to make a

solid conclusion regarding the shape of the spin-spin potential and also systematic uncertainties due to the rotational

symmetry breaking.

NONRELATIVISTIC POTENTIAL MODEL WITH LATTICE INPUTS

Using the quark kinetic mass and the charmonium potentials determined by first principles of QCD, we can solve

the nonrelativistic Schrödinger equation for the bound cc̄ systems as same as calculations in the NRp models. In the

BS amplitude method, a value of the difference V0 −Eave is directly obtained as the constant term in spin-independent

charmonium potential, while the value of Eave is calculated through Eave =Mave−2mQ. However statistical uncertainty

of mQ is somewhat large compared to an error of V0−Eave: here these are Eave = 0.508(69) GeV, mQ = 1.789(34) GeV

and V0 −Eave = −0.146(13) GeV. To reduce statistical uncertainties, we therefore solve the following Schrödinger

equation shifted by a constant energy −Eave:

�
− ∇2

mQ

+
L(L+1)

mQ

+V
�
SLJ

(r)

�
uSLJ(r) = E

�
SLJ

uSLJ(r) (10)

where V
�
SLJ

(r)=VSLJ(r)−Eave and E
�
SLJ

=ESLJ−Eave. The interquark potential depends on the channel of charmonium

states with S, L and J. Desired charmonium masses are obtained by merely adding E
�
SLJ

to the spin-averaged mass Mave

which is obtained from the standard lattice spectroscopy with high accuracy: MSLJ = Mave +E
�
SLJ

= 2mq +ESLJ .

The resulting potentials from lattice QCD are discretized in space [35]. Therefore, instead of solving continuum-type

Schrödinger equation, we practically solve eigenvalue problems as

Ns/2−1

∑
n=1

Hm,nun = Eum (11)
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simple contact form ∝ δ (r). Indeed, the finite-range spin-spin potential described by the Gaussian form is adopted

by the phenomenological NRp model in Ref. [3], where many properties of conventional charmonium states at

higher masses are predicted. This phenomenological spin-spin potential is also plotted in the lower plot of Fig. 3

for comparison. There is a slight difference at very short distances, although the range of spin-spin potential calculated

from the BS amplitude method is similar to the phenomenological one.
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(9)

All results of correlated χ2
fits are summarized in Table 5. We also try to fit the data with the Gaussian form that is

often employed in the NRp models, however it provides an unreasonable χ2/d.o.f. value. Note that we here use only

the on-axis data which are expected to less suffer from both the rotational symmetry breaking and discretization error,

because fit results obtained in each direction significantly disagree with each other. We need the finer lattice to make a

solid conclusion regarding the shape of the spin-spin potential and also systematic uncertainties due to the rotational

symmetry breaking.
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Using the quark kinetic mass and the charmonium potentials determined by first principles of QCD, we can solve

the nonrelativistic Schrödinger equation for the bound cc̄ systems as same as calculations in the NRp models. In the

BS amplitude method, a value of the difference V0 −Eave is directly obtained as the constant term in spin-independent

charmonium potential, while the value of Eave is calculated through Eave =Mave−2mQ. However statistical uncertainty

of mQ is somewhat large compared to an error of V0−Eave: here these are Eave = 0.508(69) GeV, mQ = 1.789(34) GeV

and V0 −Eave = −0.146(13) GeV. To reduce statistical uncertainties, we therefore solve the following Schrödinger

equation shifted by a constant energy −Eave:
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+
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where V
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states with S, L and J. Desired charmonium masses are obtained by merely adding E
�
SLJ
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which is obtained from the standard lattice spectroscopy with high accuracy: MSLJ = Mave +E
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The resulting potentials from lattice QCD are discretized in space [35]. Therefore, instead of solving continuum-type
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Systematic study of interquark potential

β L3XT a [fm] a-1 [GeV] La [fm] statistics

6.0 243x48 0.093 2.1 2.2 300

323x48 0.093 2.1 3.0 150

6.2 323x64 0.068 2.9 2.2 150

6.47 483x96 0.047 4.2 2.3 100

T. Kawanai and SS, PRD89 (2013) 054507
Quench studies



Scaling test

fixed spacial size: L~2.2 fm

at charm mass

Discretization errors are well under control
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Spin-averaged 1S state

FIG. 4: Check of the energy-momentum dispersion relation E2
(p2

) = M2
+ c2effp

2
for the ηc (left), J/ψ (center) and spin-

averaged 1S state (right) calculated on the CO ensembles, as typical examples. By the linear fit to data points calculated with

various spatial momenta including zero momentum, the effective speed of light is obtained. Values of the squared effective
speed of light c2eff are quoted in each panel. Shaded bands indicate statistical uncertainties in fitting, estimated by the jackknife

method. For comparison, the continuum dispersion relation (c2eff = 1) is denoted as the dashed lines in each panel.
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FIG. 5: The QQ BS wave functions of the ηc (circles) and

J/ψ (squares) states calculated using the FI ensembles (a ≈
0.047 fm), shown as a function of the spatial distance r. The
data points are taken at r vectors, which are multiples of three

directions, (1, 0, 0), (1, 1, 0) and (1, 1, 1). A vertical solid line

marks the position of a half of the lattice size (La/2 ≈ 1.1 fm).

The inset shows a magnified view of the wave functions around

r ≈ La/2 and filled symbols in the inset represent the data

points taken along the on-axis direction.

the ηc state shows a good scaling behavior as shown in
Fig. 6. All data of the ηc wave function obtained from
three ensembles (LI, ME, CO) clearly fall onto a single
curve. Nothing changes for the J/ψ wave function.

Fig. 5 and 6 show that the QQ BS wave functions of
1S charmonium states vanish for r � 1 fm and eventually
fit into the lattice volume utilized here. Such localized
wave functions indicate that the 1S charmonium states
are bound states. Therefore, the finite volume effect on
the interquark potential is expected to be small, and the
spatial extent of the present lattice size (La ≈ 2.2 fm)
is likely to be large enough to study the 1S charmonium
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FIG. 6: The QQ BS wave functions of the ηc state calculated
on the FI, ME and CO ensembles. A vertical solid line marks

the position of a half of the lattice size (La/2 ≈ 1.1 fm).

states. However, there is still some caveat for the on-axis
data. The vanishing point r ∼ 1 fm is very close to a half
of the spatial extent of the present lattice size, which is
depicted as a solid vertical line in Fig. 5 and 6. A wrap-
round effect would be set in the on-axis direction near the
spatial boundary. In fact, the on-axis data marginally
deviates from the off-axis data at around r ∼ 1 fm (See
the inset of Fig. 5).

B. Discrete Laplacian operator

We next discuss choices of the discrete Laplacian oper-
ator∇2

lat, which is built in the definition of the interquark
potential. The discrete Laplacian operator on lattice can
be naively defined with nearest neighbor points in the
Cartesian coordinate system as below, called x-Laplacian
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FIG. 9: The determination of the quark kinetic mass within
the BS amplitude method. The values of −(∇2φV/φV −
∇2φPS/φPS)/Ehyp as a function of the spatial distance r are
shown in this figure. Circle, square and diamond symbols de-
note results calculated on the FI, ME and CO ensembles,
respectively. The quark kinetic masses mQ are evaluated
from the long-distance asymptotic values of −(∇2φV/φV −
∇2φPS/φPS)/Ehyp. Horizontal solid (CO), dashed (ME) and
dotted (FI) lines indicate results of the quark kinetic masses,
which are determined by a weighted average of data points in
the range 0.6 fm � r � 1.0 fm as described in text.
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respectively. Their averaged values are indicated by cross
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The upper panel of Fig. 11 shows all results of the

spin-independent potential V (r) at charm quark mass,

that are calculated on three ensembles (FI, ME and CO)

with fixed physical volume. For clarity of the figure, the

constant energy shift Eave, which corresponds to a value

of Mave − 2mQ < 0, is not subtracted in Fig. 11. As ex-

pected, the resulting spin-independent central potential

V (r) with finite quark mass exhibits the linearly rising

potential at large distances and the Coulomb-like poten-

tial at short distances.

In the upper panel of Fig. 11, the data points of the

interquark potentials measured at different lattice spac-

ings collapse on a single curve. This would indicate that

simulations at the gauge couplings β = 6/g2 = 6.0, 6.2
and 6.47 are already in the asymptotic scaling region.
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FIG. 11: The lattice spacing dependence (upper) and vol-
ume dependence (lower) of spin-independent central poten-
tial V (r). For clarity of the figure, the constant energy shift
Eave is not subtracted. In the upper panel, a solid curve shows
the fitting results of the Cornell potential form on the data
points calculated on the FI ensembles.

Moreover we find the spin-independent central potential

determined from our proposed method can maintain the

rotational symmetry accurately.

It is also worth noting that no adjustment parameter

is added for showing a good scaling of the interquark po-

tential calculated at various β. This fact is contrast with
the case of the static QQ potential given by Wilson loops.

For the Wilson loop results, the constant self-energy con-

tributions of infinitely heavy (static) color sources, which

will diverge in the continuum limit, must be subtracted

to demonstrate the scaling behavior.

The lower panel of Fig. 11 shows no visible finite vol-

ume effect on the spin-independent central potential V (r)
calculated at charm quark mass at least in the region of

r � 1 fm. This observation is simply due to the fact that

the S-wave BS wave function at charm quark mass safely

fits into even the smaller lattice volume (La ≈ 2.2 fm).

We simply adopt the Cornell potential parameteriza-

tion for fitting the data of V (r) as

V (r) = −A

r
+ σr + V0 (20)

with the Coulombic coefficient A, the string tension σ,
and a constant V0. The Cornell potential parameteriza-

central potential
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the averaging process over the time slice. These are
the smallest errors among the other errors including the
statistical one. This is attributed to the fact that we
have taken a weighted average of data points in the very
wide range of time slices as was discussed in subsection
IVC. This particularly contrasts with the conventional
approach to calculate the static QQ potential by Wilson-
loops or Polyakov lines, where the largest systematic un-
certainty is due to the selection of their temporal length.

Fig. 12 displays the Cornell potential parameters (A,√
σ, V0), a ratio of A/σ and the Sommer scale r0, ob-

tained from all four ensembles (FI, ME, CO and LA), for
comparison. The inner and outer error bars are the sta-
tistical and total errors. The total errors are given by the
sum of statistical and systematic errors in quadrature.
The resulting Cornell potential parameters calculated at
various β are consistent within their errors (See results
of the FI, ME and CO ensembles). On the other hand,
although the results of the CO and LA ensembles are
consistent within two standard deviations, there appears
to be a mild volume dependence on every parameter.

It is worth mentioning here that r0 is determined with
high accuracy and has no obvious dependence of the lat-
tice spacings and volumes. Then r0 agrees well with the
input number of r0 = 0.5 fm within errors. This is at-
tributed to the fact that the interquark potential at the
range, where V (r) − Eave ≈ 0, is most precisely deter-
mined in the BS amplitude method, while r0 is acciden-
tally close to such region.

F. Spin-Spin potential

We determine the spin-spin potential within the BS
amplitude method, through Eq. (11), similar to the spin-
independent central potential V (r). Fig. 13 displays the
spin-spin potential VS(r) calculated from the QQ BS
wave function. First the resulting potential is quickly
dumped at large distances and exhibits a repulsive in-
teraction with a finite range of r � 0.6 fm. This is
different from a short-range δ-function potential based
on one-gluon exchange like the Fermi-Breit interaction
of QED. Second repulsive interaction is required by the
charmonium spectroscopy, where the higher spin state
in hyperfine multiplets receives heavier mass. It should
be reminded that the Wilson loop approach fails to re-
produce the correct behavior of the spin-spin interaction
even in the bottom sector. The leading-order contribu-
tion of the spin-spin potential classified in pNRQCD gives
rise to a short-range attractive interaction, which yields
wrong mass ordering among hyperfine multiplets [27].

As shown in the upper panel of Fig. 13, the discretiza-
tion artifacts are visible on the spin-spin potential at the
short distances, where the scaling behavior is violated.
This contrasts to the spin-independent central potential,
where a good scaling behavior is observed even at the
short distances. However, this observation is consistent
with the fact that the hyperfine splitting energies ex-
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FIG. 13: The lattice spacing dependence (upper) and vol-
ume dependence (lower) of the spin-spin potential VS(r). The
insets show magnified views in the region of r � 0.1 fm.

hibit a slight, but systematic dependence of the lattice
spacing (See Fig. 3). In order to determine the spin-
spin potential keeping systematics under control, we will
need simulations on finer lattices, or alternatively per-
form nonperturbative tuning of the RHQ parameters and
further improvement of the discrete Laplacian operator.
On the other hand, as for the finite volume effect, there

is no significant difference between the spin-spin poten-
tials calculated from two different physical volumes (CO
and LA) as shown in the lower panel of Fig. 13. This
is consistent with the fact that the spin-spin potential
VS(r) is measured as the short-range potential and the
BS wave function at short distances is insensitive to the
spatial extent.

V. HEAVY QUARK MASS LIMIT OF
INTERQUARK POTENTIAL

In this section, we discuss an asymptotic behavior of
both the spin-independent central and spin-spin poten-
tials in the heavy quark mass limit mQ → ∞. We will
first show that the spin-independent central potential in
the mQ → ∞ limit is fairly consistent with the conven-
tional one obtained from Wilson-loops or Polyakov lines.
For this purpose, we examine the quark mass dependence

fixed spacial size: L~2.2 fm
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FIG. 9: The determination of the quark kinetic mass within
the BS amplitude method. The values of −(∇2φV/φV −
∇2φPS/φPS)/Ehyp as a function of the spatial distance r are
shown in this figure. Circle, square and diamond symbols de-
note results calculated on the FI, ME and CO ensembles,
respectively. The quark kinetic masses mQ are evaluated
from the long-distance asymptotic values of −(∇2φV/φV −
∇2φPS/φPS)/Ehyp. Horizontal solid (CO), dashed (ME) and
dotted (FI) lines indicate results of the quark kinetic masses,
which are determined by a weighted average of data points in
the range 0.6 fm � r � 1.0 fm as described in text.
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FIG. 10: The quark kinetic mass calculated on all four en-
sembles. Circle, square and diamond symbols denote results
calculated in the on-axis, off-axis I and off-axis II directions,
respectively. Their averaged values are indicated by cross
symbols.

The upper panel of Fig. 11 shows all results of the

spin-independent potential V (r) at charm quark mass,

that are calculated on three ensembles (FI, ME and CO)

with fixed physical volume. For clarity of the figure, the

constant energy shift Eave, which corresponds to a value

of Mave − 2mQ < 0, is not subtracted in Fig. 11. As ex-

pected, the resulting spin-independent central potential

V (r) with finite quark mass exhibits the linearly rising

potential at large distances and the Coulomb-like poten-

tial at short distances.

In the upper panel of Fig. 11, the data points of the

interquark potentials measured at different lattice spac-

ings collapse on a single curve. This would indicate that

simulations at the gauge couplings β = 6/g2 = 6.0, 6.2
and 6.47 are already in the asymptotic scaling region.
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ume dependence (lower) of spin-independent central poten-
tial V (r). For clarity of the figure, the constant energy shift
Eave is not subtracted. In the upper panel, a solid curve shows
the fitting results of the Cornell potential form on the data
points calculated on the FI ensembles.

Moreover we find the spin-independent central potential

determined from our proposed method can maintain the

rotational symmetry accurately.

It is also worth noting that no adjustment parameter

is added for showing a good scaling of the interquark po-

tential calculated at various β. This fact is contrast with
the case of the static QQ potential given by Wilson loops.

For the Wilson loop results, the constant self-energy con-

tributions of infinitely heavy (static) color sources, which

will diverge in the continuum limit, must be subtracted

to demonstrate the scaling behavior.

The lower panel of Fig. 11 shows no visible finite vol-

ume effect on the spin-independent central potential V (r)
calculated at charm quark mass at least in the region of

r � 1 fm. This observation is simply due to the fact that

the S-wave BS wave function at charm quark mass safely

fits into even the smaller lattice volume (La ≈ 2.2 fm).

We simply adopt the Cornell potential parameteriza-

tion for fitting the data of V (r) as

V (r) = −A

r
+ σr + V0 (20)

with the Coulombic coefficient A, the string tension σ,
and a constant V0. The Cornell potential parameteriza-

L3 × T = 243 × 48 and 323 × 48

central potential
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the averaging process over the time slice. These are
the smallest errors among the other errors including the
statistical one. This is attributed to the fact that we
have taken a weighted average of data points in the very
wide range of time slices as was discussed in subsection
IVC. This particularly contrasts with the conventional
approach to calculate the static QQ potential by Wilson-
loops or Polyakov lines, where the largest systematic un-
certainty is due to the selection of their temporal length.

Fig. 12 displays the Cornell potential parameters (A,√
σ, V0), a ratio of A/σ and the Sommer scale r0, ob-

tained from all four ensembles (FI, ME, CO and LA), for
comparison. The inner and outer error bars are the sta-
tistical and total errors. The total errors are given by the
sum of statistical and systematic errors in quadrature.
The resulting Cornell potential parameters calculated at
various β are consistent within their errors (See results
of the FI, ME and CO ensembles). On the other hand,
although the results of the CO and LA ensembles are
consistent within two standard deviations, there appears
to be a mild volume dependence on every parameter.

It is worth mentioning here that r0 is determined with
high accuracy and has no obvious dependence of the lat-
tice spacings and volumes. Then r0 agrees well with the
input number of r0 = 0.5 fm within errors. This is at-
tributed to the fact that the interquark potential at the
range, where V (r) − Eave ≈ 0, is most precisely deter-
mined in the BS amplitude method, while r0 is acciden-
tally close to such region.

F. Spin-Spin potential

We determine the spin-spin potential within the BS
amplitude method, through Eq. (11), similar to the spin-
independent central potential V (r). Fig. 13 displays the
spin-spin potential VS(r) calculated from the QQ BS
wave function. First the resulting potential is quickly
dumped at large distances and exhibits a repulsive in-
teraction with a finite range of r � 0.6 fm. This is
different from a short-range δ-function potential based
on one-gluon exchange like the Fermi-Breit interaction
of QED. Second repulsive interaction is required by the
charmonium spectroscopy, where the higher spin state
in hyperfine multiplets receives heavier mass. It should
be reminded that the Wilson loop approach fails to re-
produce the correct behavior of the spin-spin interaction
even in the bottom sector. The leading-order contribu-
tion of the spin-spin potential classified in pNRQCD gives
rise to a short-range attractive interaction, which yields
wrong mass ordering among hyperfine multiplets [27].

As shown in the upper panel of Fig. 13, the discretiza-
tion artifacts are visible on the spin-spin potential at the
short distances, where the scaling behavior is violated.
This contrasts to the spin-independent central potential,
where a good scaling behavior is observed even at the
short distances. However, this observation is consistent
with the fact that the hyperfine splitting energies ex-
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FIG. 13: The lattice spacing dependence (upper) and vol-
ume dependence (lower) of the spin-spin potential VS(r). The
insets show magnified views in the region of r � 0.1 fm.

hibit a slight, but systematic dependence of the lattice
spacing (See Fig. 3). In order to determine the spin-
spin potential keeping systematics under control, we will
need simulations on finer lattices, or alternatively per-
form nonperturbative tuning of the RHQ parameters and
further improvement of the discrete Laplacian operator.
On the other hand, as for the finite volume effect, there

is no significant difference between the spin-spin poten-
tials calculated from two different physical volumes (CO
and LA) as shown in the lower panel of Fig. 13. This
is consistent with the fact that the spin-spin potential
VS(r) is measured as the short-range potential and the
BS wave function at short distances is insensitive to the
spatial extent.

V. HEAVY QUARK MASS LIMIT OF
INTERQUARK POTENTIAL

In this section, we discuss an asymptotic behavior of
both the spin-independent central and spin-spin poten-
tials in the heavy quark mass limit mQ → ∞. We will
first show that the spin-independent central potential in
the mQ → ∞ limit is fairly consistent with the conven-
tional one obtained from Wilson-loops or Polyakov lines.
For this purpose, we examine the quark mass dependence

spin-spin potential
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TABLE VI: Summary of the RHQ parameters (ν, rs, cB and

cE) and spin-averaged masses of the 1S heavy quarkonium

state, used in the simulation with the FI ensembles toward

the infinitely heavy quark limit.

κQ ν rs cB cE Mave [GeV]

charm 0.11727 1.029 1.131 1.700 1.562 3.0676(20)

0.11198 1.041 1.165 1.749 1.581 3.9612(16)

0.10377 1.066 1.230 1.842 1.619 5.1925(13)

0.09004 1.124 1.364 2.033 1.708 7.2466(11)

bottom 0.07619 1.211 1.543 2.388 1.839 9.4462(9)

0.05759 1.402 1.906 2.807 2.127 12.8013(8)

of the potentials near the infinitely heavy quark mass as

much as possible.

To avoid further discretization errors induced by heav-

ier quark masses, we choose the finest lattice spacing

ensembles (FI) and perform additional simulations with

extra five hopping parameters, which corresponds to the

heavier quark masses than the charm quark sector. The

inverse of lattice spacing on the FI ensembles is about

4.2 GeV, which is closet to the bottom mass. There-

fore, we choose our hopping parameters covering a wide

mass range from the charm to beyond the bottom region

toward the heavy quark limit.

At the second heaviest quark mass (κQ = 0.07619), we
obtain the spin-averaged 1S-heavy quarkonium mass as

Mave = 9.4462(9) GeV, which is close to the experimental

one of the bottomonium. Thus, κQ = 0.07619 is reserved

for the bottom quark mass. It is worth mentioning that

the hyperfine splitting energy calculated at the bottom

quark mass in our simulations reproduces only 40% of

the experimental value [53]. At each κQ, we again use

the one-loop perturbation theory to determine five RHQ

parameters following Ref. [54]. These RHQ parameters,

which are summarized with given values of κQ in Ta-

ble VI, marginally satisfies the condition of c2eff = 1 for

the 1S heavy quarkonium states at all five quark masses

within errors.

A. BS wave function

In Fig. 14, we first plot the reduced QQ BS wave func-

tions of the pseudoscalar quarkonium calculated at var-

ious quark masses. These wave functions are normal-

ized as to fulfill the condition
�

φ̃2
= 1. We again find

the isotropic behavior in the BS wave functions even at

around the bottom quark mass. The data points cal-

culated from the three directions basically collapse on a

single curve. Nothing changes for the vector quarkonium

wave function.

The wave function with a heavier quark mass is more

localized than the one with a lighter quark mass. Thus,

the finite volume effect on the interquark potential be-

comes not serious at around the bottom quark mass. For

the price one has to pay, a number of accessible data
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FIG. 14: The reduced QQ BS wave functions of the pseu-

doscalar quarkonium state calculated using the FI ensem-

bles with six different quark masses covering the range from

2.0 GeV to 7.7 GeV, shown as a function of the spatial dis-

tance of r. A vertical solid line denotes a half of the lattice

size (La/2 ≈ 1.1 fm).

TABLE VII: Results of the quark kinetic mass mQ, the Cor-

nell potential parameters A,
√
σ, and the ratio A/σ, calcu-

lated on the FI ensembles. Their extrapolated values in the

mQ → ∞ limit using linear and quadratic fit forms are com-

pared with our results given by the Polyakov line correlator

and also accurate results calculated with the multilevel algo-

rithm [27].

κQ mQ A
√
σ A/σ

[GeV] [GeV] [GeV
−2

]

0.11727 2.00(5) 0.323(9) 0.447(6) 1.62(5)

0.11198 2.60(5) 0.297(6) 0.443(5) 1.51(4)

0.10377 3.36(6) 0.288(6) 0.439(5) 1.49(5)

0.09004 4.57(7) 0.279(5) 0.441(5) 1.43(4)

0.07619 5.80(7) 0.277(4) 0.445(5) 1.40(4)

0.05759 7.71(8) 0.277(4) 0.446(5) 1.39(4)

linear fit ∞ 0.273(9) 0.454(11) 1.31(9)

quadratic fit ∞ 0.285(11) 0.454(12) 1.40(9)

static QQ (Polyakov lines) 0.285(11) 0.467(6) 1.31(8)

static QQ (Ref. [27]) 0.281(5) 0.458(1) 1.34(2)

points at long distances gradually reduces for heavier

quark mass. It is worth reminding that in the BS ampli-

tude method, we cannot access the information of the in-

terquark potential outside of the localized wave function,

where the wave function approximately vanishes and a

signal-to-noise ratio in ∇2φΓ/φΓ gets worse.

B. Spin-independent interquark potential

Fig. 15 displays the spin-independent central poten-

tial (upper) and spin-spin potential (lower) calculated at

several quark masses within the BS amplitude method.

In the upper panel of Fig. 15, the constant energy shift

Eave is not subtracted as same in Fig. 11. At first glance,

the “Coulomb plus confining potential” are observed over
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nell potential parameters A,
√
σ, and the ratio A/σ, calcu-

lated on the FI ensembles. Their extrapolated values in the

mQ → ∞ limit using linear and quadratic fit forms are com-

pared with our results given by the Polyakov line correlator

and also accurate results calculated with the multilevel algo-

rithm [27].

κQ mQ A
√
σ A/σ

[GeV] [GeV] [GeV
−2

]

0.11727 2.00(5) 0.323(9) 0.447(6) 1.62(5)

0.11198 2.60(5) 0.297(6) 0.443(5) 1.51(4)

0.10377 3.36(6) 0.288(6) 0.439(5) 1.49(5)

0.09004 4.57(7) 0.279(5) 0.441(5) 1.43(4)

0.07619 5.80(7) 0.277(4) 0.445(5) 1.40(4)

0.05759 7.71(8) 0.277(4) 0.446(5) 1.39(4)

linear fit ∞ 0.273(9) 0.454(11) 1.31(9)

quadratic fit ∞ 0.285(11) 0.454(12) 1.40(9)

static QQ (Polyakov lines) 0.285(11) 0.467(6) 1.31(8)

static QQ (Ref. [27]) 0.281(5) 0.458(1) 1.34(2)

points at long distances gradually reduces for heavier

quark mass. It is worth reminding that in the BS ampli-

tude method, we cannot access the information of the in-

terquark potential outside of the localized wave function,

where the wave function approximately vanishes and a

signal-to-noise ratio in ∇2φΓ/φΓ gets worse.

B. Spin-independent interquark potential

Fig. 15 displays the spin-independent central poten-

tial (upper) and spin-spin potential (lower) calculated at

several quark masses within the BS amplitude method.

In the upper panel of Fig. 15, the constant energy shift

Eave is not subtracted as same in Fig. 11. At first glance,

the “Coulomb plus confining potential” are observed over
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FIG. 15: The spin-independent central (upper) and spin-spin
(lower) potential calculated from the QQ BS wave function
at finite quark masses covering the range from 2.0 GeV to
7.7 GeV. In the upper panel, each curve represents the fitting
result of the Cornell potential form given in Eq. (20), and also
the constant energy shift Eave is not subtracted. The inset
in the lower panel shows a magnified view in the region of
r � 0.6 fm.

range from the charm to the bottom quark mass. We

perform a fit of the potentials calculated at various quark

masses to a simple form of the Coulomb plus linear poten-

tial, then obtain the Cornell potential parameters, which

are summarized in Table. VII. All fits are performed over

the range 3 ≤ r/a ≤ 7
√
3 by correlated χ2

fit. The errors

quoted in Table. VII are only statistical uncertainties,

which are estimated by the jackknife method.

In Fig. 16, we show the quark-mass dependence of the

ratio of A/σ (upper), the Coulombic coefficient A (mid-

dle) and the squared-string tension
√
σ (lower). We also

include values of the static QQ potential calculated from

the Polyakov line correlator P (r, t) as reference values

in the infinitely heavy quark limit. The static QQ po-

tential are obtained by fitting a plateau of the effective
potential Veff(r, t) = ln {P (r, t)/P (r, t+ 1)} over range

[tmin, tmas] = [7 : 10]. The Cornell potential parameters

can be obtained by applying the same fitting procedure

used in the case of the BS amplitude method. We ad-
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FIG. 16: The quark-mass dependence of A/σ (upper), A
(middle) and

√
σ (lower), shown as functions of 1/mQ. We

perform the extrapolation toward the mQ → ∞ limit of A/σ,
A and σ with a simple polynomial function in 1/mQ. Solid
lines and dashed curves in each panel indicate the fitting
results of linear and quadratic forms, respectively. Shaded
bands show statistical fitting uncertainties estimated by the
jackknife method. The results of the static QQ potential cal-
culated by the Polyakov line correlator and also the Wilson
loop using the multilevel algorithm [27] are also included as
square and diamond symbols.

ditionally include more accurate results given by Wilson

loops using the multilevel algorithm [27].

First, regardless of the definition of mQ, the ratio of

A/σ in the upper panel of Fig. 16 indicates that the in-

terquark potential calculated from the BS wave function

smoothly approaches the one obtained from Wilson loops

in the infinitely heavy quark limit. The extrapolation to-

ward the mQ → ∞ limit is consistent with the value ob-

tained from the static QQ potentials. Here, we perform

both linear (solid line) and quadratic (dashed curve) fits

with respect to 1/mQ to three heaviest points and all of

six data points, respectively. All fits take into account

the correlations among the different mass data in corre-

lated χ2
fit. Shaded bands appeared in Fig. 16 indicate

statistical errors, which are estimated by the jackknife

method.

Second, if we pay attention to the quark-mass depen-

dence of each of the Cornell potential parameters sepa-

rately, we observe that the Coulombic parameter A de-

pends on the quark mass significantly, while there is no

appreciable dependence of the quark mass on the string
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FIG. 16: The quark-mass dependence of A/σ (upper), A
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√
σ (lower), shown as functions of 1/mQ. We

perform the extrapolation toward the mQ → ∞ limit of A/σ,
A and σ with a simple polynomial function in 1/mQ. Solid
lines and dashed curves in each panel indicate the fitting
results of linear and quadratic forms, respectively. Shaded
bands show statistical fitting uncertainties estimated by the
jackknife method. The results of the static QQ potential cal-
culated by the Polyakov line correlator and also the Wilson
loop using the multilevel algorithm [27] are also included as
square and diamond symbols.

ditionally include more accurate results given by Wilson

loops using the multilevel algorithm [27].

First, regardless of the definition of mQ, the ratio of

A/σ in the upper panel of Fig. 16 indicates that the in-

terquark potential calculated from the BS wave function

smoothly approaches the one obtained from Wilson loops

in the infinitely heavy quark limit. The extrapolation to-

ward the mQ → ∞ limit is consistent with the value ob-

tained from the static QQ potentials. Here, we perform

both linear (solid line) and quadratic (dashed curve) fits

with respect to 1/mQ to three heaviest points and all of

six data points, respectively. All fits take into account

the correlations among the different mass data in corre-

lated χ2
fit. Shaded bands appeared in Fig. 16 indicate

statistical errors, which are estimated by the jackknife

method.

Second, if we pay attention to the quark-mass depen-

dence of each of the Cornell potential parameters sepa-

rately, we observe that the Coulombic parameter A de-

pends on the quark mass significantly, while there is no

appreciable dependence of the quark mass on the string

Consistent with the Wilson loops in the mq → ∞ limit

VQQ̄(r) = −A

r
+ σr + V0



Test of heavy quark limit

15

-1.5

-1

-0.5

 0

 0.5

V(
r)

 - 
E a

ve
  [

G
eV

]
mQ = 7.7 GeV
mQ = 5.8 GeV
mQ = 4.6 GeV
mQ = 3.4 GeV
mQ = 2.6 GeV
mQ = 2.0 GeV

 0

 0.5

 1

 1.5

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

V S
( r

)   
[G

eV
]

r  [fm]

 0

 0.05

 0.1

0.2 0.4 0.6

FIG. 15: The spin-independent central (upper) and spin-spin
(lower) potential calculated from the QQ BS wave function
at finite quark masses covering the range from 2.0 GeV to
7.7 GeV. In the upper panel, each curve represents the fitting
result of the Cornell potential form given in Eq. (20), and also
the constant energy shift Eave is not subtracted. The inset
in the lower panel shows a magnified view in the region of
r � 0.6 fm.

range from the charm to the bottom quark mass. We

perform a fit of the potentials calculated at various quark
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tial, then obtain the Cornell potential parameters, which

are summarized in Table. VII. All fits are performed over
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fit. The errors

quoted in Table. VII are only statistical uncertainties,

which are estimated by the jackknife method.
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results of linear and quadratic forms, respectively. Shaded
bands show statistical fitting uncertainties estimated by the
jackknife method. The results of the static QQ potential cal-
culated by the Polyakov line correlator and also the Wilson
loop using the multilevel algorithm [27] are also included as
square and diamond symbols.
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bands show statistical fitting uncertainties estimated by the
jackknife method. The results of the static QQ potential cal-
culated by the Polyakov line correlator and also the Wilson
loop using the multilevel algorithm [27] are also included as
square and diamond symbols.

ditionally include more accurate results given by Wilson
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tained from the static QQ potentials. Here, we perform
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with respect to 1/mQ to three heaviest points and all of

six data points, respectively. All fits take into account

the correlations among the different mass data in corre-

lated χ2
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Second, if we pay attention to the quark-mass depen-

dence of each of the Cornell potential parameters sepa-

rately, we observe that the Coulombic parameter A de-

pends on the quark mass significantly, while there is no

appreciable dependence of the quark mass on the string

c.f.  Fermi-Breit type

positive coefficient
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Charm

Spin-spin potential at finite quark mass seems to approach 
the δ-function potential in the heavy quark limit



According to a direct comparison between results
obtained in two different lattice volumes (La ! 3.0 fm
and 2.2 fm) at the coarsest lattice spacing (CO and LA
ensembles), the systematic uncertainty due to the finite
volume effect is estimated at a few percent level.
We confirm that there is no significant volume effect
in our evaluation of the quark kinetic mass even for the
on-axis data.

E. Spin-independent interquark potential

Using the quark mass determined in the previous
subsection, we can calculate both the spin-independent
central and spin-spin potential obtained from a set of the
QQ̄ BS wave function !!!r" with ! # PS and V, through
Eqs. (10) and (11). The BS wave functions !!!r" are
defined only by the ground-state contributions of the
r-dependent amplitude G!!r; t". We determine the values
of interquark potentials V!r" and VS!r" by averaging over
the appropriate time-slice range (see Sec. IV C).

The upper panel of Fig. 11 shows all results of the
spin-independent potential V!r" at charm quark mass
that are calculated on three ensembles (FI, ME, and CO)
with fixed physical volume. For clarity of the figure, the
constant energy shift Eave, which corresponds to a value of
Mave ! 2mQ < 0, is not subtracted in Fig. 11. As expected,
the resulting spin-independent central potential V!r" with
finite quark mass exhibits the linearly rising potential at
large distances and the Coulomb-like potential at short
distances.
In the upper panel of Fig. 11, the data points of the

interquark potentials measured at different lattice spacings
collapse on a single curve. This would indicate that
simulations at the gauge couplings " # 6=g2 # 6.0, 6.2,
and 6.47 are already in the asymptotic scaling region.
Moreover, we find the spin-independent central potential
determined from our method can maintain the rotational
symmetry accurately.
It is also worth noting that no adjustment parameter is

added for showing a good scaling of the interquark
potential calculated at various ". This fact is contrasted
with the case of the static QQ̄ potential given by Wilson
loops. For the Wilson loop results, the constant self-energy
contributions of infinitely heavy (static) color sources,
which will diverge in the continuum limit, must be
subtracted to demonstrate the scaling behavior.
The lower panel of Fig. 11 shows no visible finite-

volume effect on the spin-independent central potential
V!r" calculated at charm quark mass at least in the region of
r" 1 fm. This observation is simply due to the fact that the
S-wave BS wave function at charm quark mass safely fits
into even the smaller lattice volume (La ! 2.2 fm).
We simply adopt the Cornell potential parametrization

for fitting the data of V!r" as

V!r" # !A
r
$ #r$ V0; (20)

with the Coulombic coefficient A, the string tension #, and
a constant V0. The Cornell potential parametrization
describes well the spin-independent central potential even
at finite quark mass.
Although the charm quark mass region would be beyond

the radius of convergence for the systematic 1=mQ expan-
sion, the finite mQ corrections could be encoded into the
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FIG. 9 (color online). The determination of the quark kinetic
mass within the BS amplitude method. The values of
!!#2!V=!V ! #2!PS=!PS"=Ehyp as a function of the spatial
distance r are shown in this figure. Circle, square, and diamond
symbols denote results calculated on the FI, ME, and CO
ensembles, respectively. The quark kinetic masses mQ are
evaluated from the long-distance asymptotic values of
!!#2!V=!V ! #2!PS=!PS"=Ehyp. Horizontal solid (CO), dashed
(ME), and dotted (FI) lines indicate results of the quark kinetic
masses, which are determined by a weighted average of data
points in the range 0.6 fm " r " 1.0 fm as described in text.

TABLE IV. Summary of the quark kinetic masses determined along three different directions (on axis, off axis I, and off axis II) with
the fit range %rmin= ~a"rmas= ~a& for all four ensembles.

Direction (1,0,0), ~a # a Direction (1,1,0), ~a #
!!!
2

p
a Direction (1,1,1), ~a #

!!!
3

p
a Average

Label Fit range mQ (GeV) $2=d:o:f: Fit range mQ (GeV) $2=d:o:f: Fit range mQ (GeV) $2=d:o:f: mQ (GeV)

FI %14"20& 1.982(56) 1.11 %10"14& 1.997(52) 1.68 %8"11& 2.030(50) 1.62 2.013(43)
ME %9"14& 1.967(50) 0.60 %7"10& 1.990(60) 0.44 %6"8& 1.984(73) 0.34 1.980(55)
CO %7"10& 1.937(39) 0.63 %5"7& 1.874(34) 4.55 %4"5& 1.894(33) 7.13 1.902(32)
LA %7"13& 1.874(39) 0.86 %5"9& 1.917(37) 1.29 %4"7& 1.892(33) 4.12 1.895(32)
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Lattice QCD simulations
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Comment on spin-spin potential

Note: M(0-) < M(1-)

Wilson loop approach

Y. Koma and M. Koma, NPB769 (2007) 79

Vspin(r) ∝ ∇2Vcc̄(r)
Our approach

repulsive

V (r) = Vcc̄(r) + SQ · SQ̄Vspin(r)
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FIG. 17: The quark mass dependences of the spin-spin po-
tential VS(r) at fixed r as functions of 1/mmQ . The selected
values of r are indicated in each panel. The vertical axis is
plotted in units of GeV. Solid curves correspond to fitting
results of the polynomial forms given in Eq. (23).

tension (see the middle and lower panels in Fig. 16). The

finite mQ corrections seem to appear mainly in the short-

range part of the potential characterized by the Coulom-

bic coefficient A. At the charm quark mass, higher order

corrections, at least the O(1/m2
Q) corrections, could be

quite important to describe the spin-independent central

potential.

We finally evaluate the values of A and
√
σ in the in-

finitely heavy quark limit by both quadratic and linear

fits as shown in Fig. 16, and also the results are summa-

rized in Table VII. Extrapolated values in the mQ → ∞
limit are consistent with those of the static QQ poten-

tials. We stress that our proposed method for determin-

ing the interquark potential with the proper quark mass

given in Eq. (13) is responsible for the quark-mass de-

pendence observed here.

C. Spin-spin potential

The quark-mass dependence of the spin-spin potential

is more pronounced in contrast to the spin-independent

central potential (see the lower panel of Fig. 15). As the

quark mass increases, a finite range of the spin-spin inter-

action becomes narrower, and then the potential seems

to approach the δ-function potential, which would be in-

duced by one-gluon exchange. We may expect that the

spin-spin potential obtained in the BS amplitude method

has a correct behavior toward the mQ → ∞ limit.

The spin-dependent potential in pNRQCD appears as

the 1/mQ corrections to the static QQ potential. How-

ever there is a huge gap between our spin-spin potential

at finite quark mass and one determined at O(1/m2
Q)

within the systematic 1/mQ expansion approach [27, 28].

The former exhibits the short-range repulsive interaction,
while the latter is similarly short-ranged, but turns out

to be slight attractive interaction near the origin.

To resolve the issue of the qualitative difference be-

tween two methods, we try to read off the corresponding

leading and also higher order corrections in the 1/mQ

expansion from our spin-spin potential, where all or-

ders in the 1/mQ expansion are supposed to be non-

perturbatively encoded. We thus try to parametrize the

spin-spin potential calculated with the finite quark mass

mQ in guidance of pNRQCD
1
as

VS(mQ, r) =
1

m2
Q

�
V (2)
S (r) +

1

mQ
V (3)
S (r) + · · ·

�
. (23)

In Refs. [27, 28], the leading order contribution of V (2)
S (r)

is precisely determined within the Wilson loop formal-

ism using the multilevel algorithm. As was already men-

tioned, their spin-spin potential exhibits slight attractive

interaction near the origin.

In Fig. 17 we plot the spin-spin potential at fixed r
as a function of 1/mQ. At every r, we have carried out

correlated χ2
fits on all six data displayed in Fig. 17 by

using a polynomial form of 1/mQ, according to Eq. (23).

The m-th coefficient of the polynomial expansion with

respect to 1/mQ can be identified as the potential value

of V (m+1)
S (r) at given r, corresponding to the correction

term at O(1/mm+1
Q )

2
. The fit results are also displayed

as solid curves in Fig. 17. The stability of the fit results

has been tested against either the number of fitted data

1 Odd powers of 1/mQ could appear in the case of non-abelian
gauge theory [56].

2 The same analysis, in principle, can be applied to the spin-
independent central potential. The leading order potential
V (0)(r), which corresponds to the QQ potential in the mQ → ∞
limit, was obtained in this procedure. We have confirmed that
V (0)(r) obtained in this analysis is fairly consistent with the
static QQ potential calculated from the Polyakov line correlator.
However, the spin-independent central potential involves the self
energy of a quark and anti-quark pair, which is proportional to
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FIG. 18: The r-dependence of the inverse quark mass cor-
rections V (n)

S (r)/mn
Q on the spin-spin potential at the bot-

tom (upper) and charm (lower) quark masses. Filled circles
correspond to the spin-spin potential at O(1/m2

Q) calculated
within the Wilson loop formalism, together with their fit re-
sults (solid curves) [27, 28].

points or the number of the polynomial terms. We find
that the polynomial terms up to the O(1/m5

Q) term are
necessary to describe the quark mass dependence of the
spin-spin potential, covering a whole range of 2.0 GeV
≤ mQ ≤ 7.7 GeV, due to the slow convergence of the
1/mQ expansion in the vicinity of the charm sector. Our
choice of the maximum polynomial term of O(1/m5

Q) in
the fitting form as Eq. (23) certainly yields acceptable
values of χ2/d.o.f and confidence level.

In Fig. 18, we compile all results of V (n)
S (r) (up to

n = 5), scaling with powers of 1/mn
Q, in order to an-

alyze the convergence behavior of the 1/mQ expansion

mQ as

V (mQ, r) = constant×mQ + V (0)(r) +
1

mQ
V (1)
S (r) + · · · . (24)

The presence of a term of O(mQ) in addition to the polynomial
function of 1/mQ makes the fit relatively unstable, compared to
the case of the spin-spin potential. Unfortunately, we did not
observe the stability of the fit results even for the leading order
correction of O(1/mQ) within the current statistics.

at both the bottom (upper) and charm (lower) quark
masses. As shown in the upper panel of Fig. 18, the
O(1/m2

Q) contribution (open circles) to the total spin-
spin potential exhibits an exponentially screened at the
long distances and attractive interaction in the interme-
diate region (0.1 fm � r � 0.3 fm). Surprisingly, the
O(1/m3

Q) contribution (open squares) is the largest con-
tribution, and ensures the short-range repulsive interac-
tion of the total spin-spin potential.

Here, we remark on the short-range behavior found in
the O(1/m2

Q) contribution near the origin. At the short
distances (r � 0.1 fm), the sign of the spin-spin potential
changes from negative to positive. We will later explain
the reason why we do not take it seriously and then let
us focus on results obtained in the region of r � 0.1 fm.

The solid curve represents the fit curve on the data
points (filled circles) taken from Ref. [27, 28], scaled by
1/m2

Q with the bottom quark mass, mQ = 5.80(7) GeV.
The size of the attraction found in the O(1/m2

Q) con-
tribution is almost the same order of magnitude as that
of the spin-spin potential determined within the Wilson
loop formalism [27, 28].

At this point, we may have a hint to fill out a gap
between our results of the spin-spin potential calcu-
lated in the BS amplitude method and one calculated at
O(1/m2

Q) within the 1/mQ expansion scheme. Accord-
ing our analysis, the next-to-leading order contribution
of O(1/m3

Q) is not negligible, rather a dominant contri-
bution in the full spin-spin potential. In other words, the
issue of the spin-spin potential in the 1/mQ expansion ap-
proach within the Wilson loop formalism would be cured
by the next-leading-order contribution of O(1/m3

Q). Fur-
thermore, although the sizes of O(1/m2

Q) and O(1/m3
Q)

contributions are inverted in the sense of the systematic
1/mQ expansion, the higher order contributions are cer-
tainly smaller than a sum of the two lowest contribu-
tions at the bottom quark mass. Therefore, our analysis
suggests that the 1/mQ expansion scheme may have the
convergence behavior up to the bottom sector.

It is, however, not the case for the charm sector. In the
lower panel of Fig. 18, we plot the similar figure which
are scaled with the charm quark mass mQ = 2.00(5)
GeV in the scaling factor 1/mn

Q. The largest contribu-
tion is still the O(1/m3

Q) contribution, while the size of
higher order contributions becomes comparable to that
of theO(1/m3

Q) contribution. Obviously the higher order
corrections are much important rather than the leading
order correction of O(1/m2

Q) at the charm quark mass.
Nevertheless, the signs of the higher order contributions
clearly alternate between positive and negative. Remark
that the full spin-spin potential is certainly repulsive in a
whole range of r measured here. The higher order contri-
butions of O(1/m4

Q) and O(1/m5
Q) are almost canceled

with each other and then the O(1/m3
Q) contribution ap-

proximately represents a whole nature of repulsion of the
full spin-spin potential.

These observations may indicate that the 1/mQ ex-

bottom

charm

dominant and positivenegative

Koma-Koma (Wilson loop results)



Validity of the potential 
description



Solving Schrödinger equation with lattice inputs
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2

mQ
+

L(L + 1)
mQr2
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uSLJ(r) = ESLJuSLJ(r)

central spin-spin tensor spin-orbit

U(r�, r) =
�
V (r) + VS(r)S1 · S2 + VT(r)S12 + VLS(r)L · S + O(∇2)

�
δ(r� − r)

L = r× (−i∇)
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Energy-dependence

2S+1LJ state



Solving Schrödinger equation with lattice inputs

Kawanai-Sasaki (in preparation)central + spin-spin

pre
limi
nar
y

S-wave

P-wave

PACS-CS configurations at mπ=156 MeV

�
− ∇

2

mQ
+

L(L + 1)
mQr2

+ VSLJ(r)
�

uSLJ(r) = ESLJuSLJ(r)

Success of the potential description for heavy quarkoninum 
states would be assured by very small energy dependence in 
interquark potential

2S+1LJ state



BS wave functions from 2S states

• If the energy dependence is negligible, the 
BS wave function of 2S states provides us 
the same interquark potential.

• Variational method can isolate higher-lying 
excited-state contributions from the ground-
state one.



Variational method
2pt correlator

Excited-state contributions die out faster than that of the ground state



Variational method
n x n matrix correlator

表 3.2: 今回用いた Smeared Sourceの種類

呼び方 平均半径 ! 回数N

GW1 1.0a 10

GW2 2.0a 15

GW3 3.0a 20

GW4 4.0a 30

GW5 5.0a 50

GW6 6.0a 70

図 3.2: GW1 図 3.3: GW2

図 3.4: GW3 図 3.5: GW4
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Smearing function

smaller gauss width larger gauss width

Cij(t) = �0|Ωi(t)Ω†
j(0)|0�



transfer matrix

Eigenvalues of the transfer matrix for t > t0

Variational method



Variational method
uses 4 x 4 matrix correlator
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Figure 7: E!ective mass plots for 4 ! 4 correlator with t0 = 1.

7

4

3

2

1

0
3020100

!c with t0=1
 4S
 3S
 2S
 1S

 

4

3

2

1

0
3020100

J/! with t0=1
 4S
 3S
 2S
 1S

 

4

3

2

1

0
3020100

!c1 with t0=1
 4P
 3P
 2P
 1P

 

4

3

2

1

0
3020100

!c1 with t0=1
 4S
 3S
 2S
 1S

 

4

3

2

1

0
3020100

hc with t0=1
 4P
 3P
 2P
 1P

 

Figure 7: E!ective mass plots for 4 ! 4 correlator with t0 = 1.

7

t t



Variational method
Spectral decomposition:

eigenvectors of the transfer matrix

The spectral amplitudes are given by 

which satisfies the orthonormality



Variational method
4pt correlator

Using the orthonormality of the spectral amplitudes (uα)i

the α-th excited state contribution can be singled out 

from other states’ contributions 

C4pt
j (t) = �0|Ωpoint(r; t)Ω†

j(0)|0� =
�

α

φα(r)(u∗α)je
−Eαt

How to calculate ccbar potential？

1. Equal-time BS wavefunction

2. Schrödinger equation with non-local potential 

3. Velocity expansion 

φΓ(r) =
�

x

�0|q(x)Γq(x + r)|qq̄;JPC�

�

x,x�,y�

�0|q̄(x, t)Γq(x + r, t) (q̄(x�, tsrc)Γq(y�, tsrc))
† |0�

=
�

n

An�0|q̄(x)Γq(x + r)|n�e−MΓ
n (t−tsrc)

t�t0−−−→ A0φΓ(r)e−MΓ
0 (t−tsrc)

−∇
2

2µ
φΓ(r) +

�
dr�U(r, r�)φΓ(r�) = EΓφΓ(r)

time

x

x+ r

S. Aoki, T. Hatsuda and N. Ishii, Prog. Theor. Phys. 123 (2010) 89.
Y. Ikeda and H. Iida, arXiv:1102.2097 [hep-lat].

U(r�, r) = {V (r) + VS(r)SQ · SQ + VT(r)S12 + VLS(r)L · S + O(∇2)}δ(r� − r)

space

tsrc=0 t

Gauss smeared src

Point sink

BS wave functions

(C4pt(t),uα) = φα(r)e−Eαt



Variational method
4pt correlator

Using the orthonormality of the spectral amplitudes (uα)i

the α-th excited state contribution can be singled out 

from other states’ contributions 

C4pt
j (t) = �0|Ωpoint(r; t)Ω†

j(0)|0� =
�

α

φα(r)(u∗α)je
−Eαt

How to calculate ccbar potential？

1. Equal-time BS wavefunction

2. Schrödinger equation with non-local potential 

3. Velocity expansion 

φΓ(r) =
�

x

�0|q(x)Γq(x + r)|qq̄;JPC�

�

x,x�,y�

�0|q̄(x, t)Γq(x + r, t) (q̄(x�, tsrc)Γq(y�, tsrc))
† |0�

=
�

n

An�0|q̄(x)Γq(x + r)|n�e−MΓ
n (t−tsrc)

t�t0−−−→ A0φΓ(r)e−MΓ
0 (t−tsrc)

−∇
2

2µ
φΓ(r) +

�
dr�U(r, r�)φΓ(r�) = EΓφΓ(r)

time

x

x+ r

S. Aoki, T. Hatsuda and N. Ishii, Prog. Theor. Phys. 123 (2010) 89.
Y. Ikeda and H. Iida, arXiv:1102.2097 [hep-lat].

U(r�, r) = {V (r) + VS(r)SQ · SQ + VT(r)S12 + VLS(r)L · S + O(∇2)}δ(r� − r)

space

tsrc=0 t

Gauss smeared src

Point sink

1S 2S 3S

BS wave functions

(C4pt(t),uα) = φα(r)e−Eαt



BS wave functions of 1S and 2S states
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Future perspectives

•Heavy-Light system

✓ charm-strange mesons: Ds(csbar) 

✓ understand the internal structure of D*s0(2318) 
and D*s1(2460)

• P-wave charmonium (χcJ、hc)

✓ spin-orbit and tensor potentials

✓ S-D mixing in J/ψ

•Radiative transitions (E1 and M1)



Recent progress 
- heavy-strange system -
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FIG. 10: The determination of reduced mass mQq from
the Ds system (upper) and strange quark mass mq from
the ss̄ system (lower) in the BS amplitude method. We
obtain the quark kinetic masses of mQq and mq from the
long-distance asymptotic values of difference −(∇2φV /φV −
∇2φP /φP )/Ehyp. Solid lines with shaded bands represent the
fit results and fit ranges with the statistical error estimated by
the jackknife method. In the lower plot, a horizontal shaded
band indicates the value of quark kinetic mass for the ss̄ sys-
tem, constructed by the values of mQq and mQ.

atic uncertainties due to the choice of the direction to
taken data and tmin, respectively. The mass mQq corre-
sponds to twice the reduced mass of the system, which
is generally constructed as mQq = 2mQmq/(mQ + mq).
The estimate value of quark kinetic mass mq from the
data sets of mQq and mQ through the relation mq =
mQqmQ/2(mQ − mQq/2) is mq = 656(41) MeV, which
is indicated by a horizontal shaded band in the lower
panel of Fig. 10. Quoted error is statistical. There is
2σ discrepancy between this bands and the data points
of −(∇2φV /φV − ∇2φP /φP )/Ehyp in the large distance
region. This could be caused by the finite volume and
relativistic effects which possibly affect much for the ss̄-
meson system. Although this discrepancy implies non-
relativistic approach break down for the light-light me-
son systems , if we fit the data points in the range of
8 ≤ r/a ≤ 7

√
3, we obtain mq = 554(19)(6)(8) MeV,

which is close to the value of typical constitute strange
quark mass (∼Mφ/2 ≈ 500 Mev) in quark models [1].
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FIG. 11: Central spin-independent and spin-spin interquark
potential for the cc̄ (circles) and ss̄ (squares) systems, calcu-
lated from the BS wave functions in the dynamical QCD sim-
ulation with almost physical quark mass. In the upper panel,
we show the spin-independent potential V (r). Curves are
fit results with Cornell parametrization. The shaded bands
show statistical uncertainties in the fitting procedure where
the jackknife method is employed. The spin-averaged eigen-
energy of each 1S-state Eave is not subtracted in this figure.
In the right panel, we show the spin-spin potential VS(r). For
fitting the resultant spin-spin potentials for the cc̄ and ss̄ sys-
tems, the single exponential form and the exponential plus
Yukawa form are adopted, respectively. The inset shows a
magnified view.

D. cs̄ potential

Fig 11 shows results of the spin-independent and spin-
spin interquark potentials obtained from the Ds and D∗

s
meson state, called cs̄ potential hereafter, in the dynam-
ical QCD simulation. For purpose of comparison, the
charmonium potentials are also included. The cs̄ po-
tential shows no clear indication of rotational symmetry
breaking due to the finite size effects at long distances.

At first glance, a shape of the cs̄ potential is basi-
cally similar to that of the charmonium potential, so
that the we adopt the Cornell potential function for the
spin-independent cs̄ potential and exponential (Yukawa)
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is indicated by a horizontal shaded band in the lower
panel of Fig. 10. Quoted error is statistical. There is
2σ discrepancy between this bands and the data points
of −(∇2φV /φV − ∇2φP /φP )/Ehyp in the large distance
region. This could be caused by the finite volume and
relativistic effects which possibly affect much for the ss̄-
meson system. Although this discrepancy implies non-
relativistic approach break down for the light-light me-
son systems , if we fit the data points in the range of
8 ≤ r/a ≤ 7

√
3, we obtain mq = 554(19)(6)(8) MeV,

which is close to the value of typical constitute strange
quark mass (∼Mφ/2 ≈ 500 Mev) in quark models [1].
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the jackknife method is employed. The spin-averaged eigen-
energy of each 1S-state Eave is not subtracted in this figure.
In the right panel, we show the spin-spin potential VS(r). For
fitting the resultant spin-spin potentials for the cc̄ and ss̄ sys-
tems, the single exponential form and the exponential plus
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D. cs̄ potential

Fig 11 shows results of the spin-independent and spin-
spin interquark potentials obtained from the Ds and D∗

s
meson state, called cs̄ potential hereafter, in the dynam-
ical QCD simulation. For purpose of comparison, the
charmonium potentials are also included. The cs̄ po-
tential shows no clear indication of rotational symmetry
breaking due to the finite size effects at long distances.

At first glance, a shape of the cs̄ potential is basi-
cally similar to that of the charmonium potential, so
that the we adopt the Cornell potential function for the
spin-independent cs̄ potential and exponential (Yukawa)
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! PACS-CS configurations at mπ=156 MeV and mK=553 MeV
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Kawanai-Sasaki (in preparation)central + spin-spin
Solving Schrödinger equation with lattice inputs
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- P-wave charmonium -
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P-wave resonances leave information of LS and tensor forces

BS wave functions

Kawanai-Sasaki (in preparation)

LS, Tensor potentials

s-wave

‣ P-wave states from odd-parity-
source (sine-form) as       irrep

‣ short-range repulsion

➡ qualitatively consistent with Wilson 
loop approach and phenomenology
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Summary
• New method to calculate QQbar potential at finite quark mass

✓ We propose a self-consistent determination of quark mass from BS 
wave functions.

✓ BS wave functions and resulting interquark potentials have good 
scaling and small volume dependence

✓ Our potentials in the heavy quark mass limit are consistent with Wilson 
loop results.

✓ The most important contribution to the spin-spin potential should be 
the O(1/m3) correction rather than the O(1/m2) correction.



Summary
• Application to determine charmonium potential in full QCD

✓ Central potential resembles the non-relativistic quark potential models.

✓ Spin-spin potential properly exhibits the short range repulsive 
interaction.

✓ Our charmonium potential (only central and spin-spin potentials) well 
reproduces mass spectrum of well-established charmonium states.  

➡ Both 1S and 2S states give the same interquark potential

➡ LS and tensor potentials can be obtained from P-wave states 

➡ Heavy-strange (Ds, Bs) systems (in progress)



Extras



Charmed strange 

S-wave?

} }
P-wave?conventional assignment
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FIG. 9: The reduced BS wavefucntion u(r) = rφ(r) for the
1S vector cc̄ (circles), cs̄ (squares) and ss̄ (triangles) states,
as a function of spatial distance r. They are normalized as�

φ(�x) = 1.

matrix inversion for a strange quark is required to com-

pute the Ds meson propagator. The non-perturbatively

O(a)-improved Wilson quark action (cSW = 1.715) is

used for the strange quark. A hopping parameter of the

strange quark is set to κs = 0.13640, which is the same

as the sea strange quark. Simultaneously ss̄-mesons are

supplementarily calculated, since we use ss̄-meson data

for a consistency check of kinetic quark mass as we will

discuss later.

Fig. 8 shows the effective mass plots for S and P -wave

Ds meson states. The Ds meson masses are determined

by a constant fit to the plateau in the effective mass.

We take into account a correlation between masses mea-

sured at various time slices in the fit. The values of Ds

meson masses and time range used in the fits are sum-

marized in Table VII. The quoted errors represent only

the statistical errors given by the jackknife analysis. The

spin-averaged and hyperfine splitting Ds meson masses,

M1S
ave = 2.0855(23) GeV and M1S

hyp = 0.1440(23) GeV,

obtained from the usual lattice spectroscopy are quite

consistent with the experimental data of M exp
ave (1S) =

2.07635(27) GeV and M exp
hyp(1S) = 0.1438(4) GeV. The

colibration of RHQ paramters works well..

The two-point correlators of pesudoscalar and vector

ss̄-mesons, i.e. ηss̄(0−+
) and φ(1−−

) mesons, are also

calculated in this simulation. The obtained masses are

Mφ = 1.0777(39) GeV and Mηss̄ = 0.7688(9) GeV. This

φ meson mass is somewhat heavier than the experimen-

tal values of M exp
φ = 1.019455(20) GeV. The similar

values are reported in Ref. [16], where an exponential

smeared source qsmear
(|�x|) = Aq exp(−Bq|�x|) is used for

the strange quark with four different source points. The

systematic uncertainty due to slightly heavier strange

quark mass is expected to be extremely small in the char-

monium, whereas we should take into account thiscorrec-

tions for the Ds mesons [39].

Fig. 9 shows the reduced BS wave function for the 1S
vector cc̄, cs̄ and ss̄ states corresponding to J/ψ, D∗

s

TABLE VIII: The quark kinetic masses for the cs̄ and ss̄
systems,

cc̄ cs̄ ss̄

1.784(31) 0.922(41) 545(12)
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FIG. 10: The determination of reduced mass MQq from
the Ds system (upper) and strange quark mass Mq from the
ss̄ system (lower) in the BS wave function approach. We
obtain the quark kinetic masses of mQq and mq from the
long-distance asymptotic values of difference −(∇2φV /φV −
∇2φP /φP )/Ehyp. Shaded bands represent the fit ranges with
the statistical error estimated by the jackknife method. In
the lower plot, a horizontal gray shaded band indicates the
value of quark kinetic mass for the ss̄ system, obtained from
values of mQq and mQ.

and φ mesons, respectively. We find that a size of the

D∗
s wave function is almost same as the simulated lattice

volume ∼ 2.9 fm. The amplitude of the wave function

of D∗
s is considerably small at L/2, but still seems to

remain a non-zero value in the range of r > L/2 where

only off-axis data points are located. This wrap round ef-

fect would causes the rotational symmetry breaking much

at long distances. Therefore, in the Ds system, the in-

terquark potential could be more affected by the finite

volume effect than the charmonium system. In the case

of ss̄ system, this problem could become more severe.

Fig. 10 illustrates the determination of quark kinetic

mass for the cs̄ and ss̄ systems, denoted by mQq and

1.784(23) GeV 0.959(45) GeV 0.554(19) GeV

What’s happened when quark mass decreases?

Does the strange sector seem to be OK?
Is a box of length 3.0 fm enough large for it?
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FIG. 10: The determination of reduced mass mQq from
the Ds system (upper) and strange quark mass mq from
the ss̄ system (lower) in the BS amplitude method. We
obtain the quark kinetic masses of mQq and mq from the
long-distance asymptotic values of difference −(∇2φV /φV −
∇2φP /φP )/Ehyp. Solid lines with shaded bands represent the
fit results and fit ranges with the statistical error estimated by
the jackknife method. In the lower plot, a horizontal shaded
band indicates the value of quark kinetic mass for the ss̄ sys-
tem, constructed by the values of mQq and mQ.

atic uncertainties due to the choice of the direction to
taken data and tmin, respectively. The mass mQq corre-
sponds to twice the reduced mass of the system, which
is generally constructed as mQq = 2mQmq/(mQ + mq).
The estimate value of quark kinetic mass mq from the
data sets of mQq and mQ through the relation mq =
mQqmQ/2(mQ − mQq/2) is mq = 656(41) MeV, which
is indicated by a horizontal shaded band in the lower
panel of Fig. 10. Quoted error is statistical. There is
2σ discrepancy between this bands and the data points
of −(∇2φV /φV − ∇2φP /φP )/Ehyp in the large distance
region. This could be caused by the finite volume and
relativistic effects which possibly affect much for the ss̄-
meson system. Although this discrepancy implies non-
relativistic approach break down for the light-light me-
son systems , if we fit the data points in the range of
8 ≤ r/a ≤ 7

√
3, we obtain mq = 554(19)(6)(8) MeV,

which is close to the value of typical constitute strange
quark mass (∼Mφ/2 ≈ 500 Mev) in quark models [1].
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FIG. 11: Central spin-independent and spin-spin interquark
potential for the cc̄ (circles) and ss̄ (squares) systems, calcu-
lated from the BS wave functions in the dynamical QCD sim-
ulation with almost physical quark mass. In the upper panel,
we show the spin-independent potential V (r). Curves are
fit results with Cornell parametrization. The shaded bands
show statistical uncertainties in the fitting procedure where
the jackknife method is employed. The spin-averaged eigen-
energy of each 1S-state Eave is not subtracted in this figure.
In the right panel, we show the spin-spin potential VS(r). For
fitting the resultant spin-spin potentials for the cc̄ and ss̄ sys-
tems, the single exponential form and the exponential plus
Yukawa form are adopted, respectively. The inset shows a
magnified view.

D. cs̄ potential

Fig 11 shows results of the spin-independent and spin-
spin interquark potentials obtained from the Ds and D∗

s
meson state, called cs̄ potential hereafter, in the dynam-
ical QCD simulation. For purpose of comparison, the
charmonium potentials are also included. The cs̄ po-
tential shows no clear indication of rotational symmetry
breaking due to the finite size effects at long distances.

At first glance, a shape of the cs̄ potential is basi-
cally similar to that of the charmonium potential, so
that the we adopt the Cornell potential function for the
spin-independent cs̄ potential and exponential (Yukawa)

charmonium + Ds

ssbar
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the Ds system (upper) and strange quark mass mq from
the ss̄ system (lower) in the BS amplitude method. We
obtain the quark kinetic masses of mQq and mq from the
long-distance asymptotic values of difference −(∇2φV /φV −
∇2φP /φP )/Ehyp. Solid lines with shaded bands represent the
fit results and fit ranges with the statistical error estimated by
the jackknife method. In the lower plot, a horizontal shaded
band indicates the value of quark kinetic mass for the ss̄ sys-
tem, constructed by the values of mQq and mQ.

atic uncertainties due to the choice of the direction to
taken data and tmin, respectively. The mass mQq corre-
sponds to twice the reduced mass of the system, which
is generally constructed as mQq = 2mQmq/(mQ + mq).
The estimate value of quark kinetic mass mq from the
data sets of mQq and mQ through the relation mq =
mQqmQ/2(mQ − mQq/2) is mq = 656(41) MeV, which
is indicated by a horizontal shaded band in the lower
panel of Fig. 10. Quoted error is statistical. There is
2σ discrepancy between this bands and the data points
of −(∇2φV /φV − ∇2φP /φP )/Ehyp in the large distance
region. This could be caused by the finite volume and
relativistic effects which possibly affect much for the ss̄-
meson system. Although this discrepancy implies non-
relativistic approach break down for the light-light me-
son systems , if we fit the data points in the range of
8 ≤ r/a ≤ 7

√
3, we obtain mq = 554(19)(6)(8) MeV,

which is close to the value of typical constitute strange
quark mass (∼Mφ/2 ≈ 500 Mev) in quark models [1].
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FIG. 11: Central spin-independent and spin-spin interquark
potential for the cc̄ (circles) and ss̄ (squares) systems, calcu-
lated from the BS wave functions in the dynamical QCD sim-
ulation with almost physical quark mass. In the upper panel,
we show the spin-independent potential V (r). Curves are
fit results with Cornell parametrization. The shaded bands
show statistical uncertainties in the fitting procedure where
the jackknife method is employed. The spin-averaged eigen-
energy of each 1S-state Eave is not subtracted in this figure.
In the right panel, we show the spin-spin potential VS(r). For
fitting the resultant spin-spin potentials for the cc̄ and ss̄ sys-
tems, the single exponential form and the exponential plus
Yukawa form are adopted, respectively. The inset shows a
magnified view.

D. cs̄ potential

Fig 11 shows results of the spin-independent and spin-
spin interquark potentials obtained from the Ds and D∗

s
meson state, called cs̄ potential hereafter, in the dynam-
ical QCD simulation. For purpose of comparison, the
charmonium potentials are also included. The cs̄ po-
tential shows no clear indication of rotational symmetry
breaking due to the finite size effects at long distances.

At first glance, a shape of the cs̄ potential is basi-
cally similar to that of the charmonium potential, so
that the we adopt the Cornell potential function for the
spin-independent cs̄ potential and exponential (Yukawa)

{
ms → 0.656(41) GeV
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Figure 5. Schematic figure of gauge-invariant smeared operator.

Figure (6) shows a potential obtained from the smeared NBS amplitude, V smr(r) (red

points for V channel and blue points for PS channel), and that obtained in Coulomb gauge,

V Coul.(r) (green points for V channel and blue points for PS channel). Note that the data

of V smr(r) are only calculated on the points with integral multiples of the lattice spacing a,

because !r in Eq. (B.1) is on-axis. V smr(r) shows the linear plus Coulomb behavior similar

to that in Coulomb gauge, and, more over, the two potentials almost coincide. This fact

shows that the gauge-invariant operator is also a suitable one for a constituent quark mass,

and the Coulomb-gauge operator used in the main part is similar to the gauge-invariant

operator of Eq. (B.1).
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V (PS) channel. The two potentials almost coincides.
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gauge-dependence test

φΓ(r) =
�

x

�0|Q(x)ΓM(x,x + r)Q(x + r)|QQ;JPC�
path-ordered product of gauge links

Coulomb gauge

gauge invariant
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FIG. 4. Predicted masses of charmonium 1S and 2S states
in comparison with experimental data [17]. The results in
the first column are based on the spin-independent potential
only. The e!ects of the spin-spin potential, treated in first-
order perturbation theory, are added in the second column.

experimental value [17]. For the excited 2S states our
approach predicts masses for !c(2S) and "(2S) that are
slightly too large (see Fig. 4). However, these states are
close to the DD threshold. Going beyond this threshold
requires a complex (energy-dependent) cc potential or an
explicit treatment of coupled channels. While the imag-
inary part starts at the opening of the DD channel, the
corresponding dispersive real part induces an attractive
shift of the 2S states. In second-order perturbation the-
ory this shift is proportional to the squared cc ! DD
transition matrix element.
The predicted size of the hyperfine splittings is quite

sensitive to the value of the mass m in the denominator
of Eq. (12). For example, choosing m = 1.5 GeV instead
of the kinetic quark mass (1.74 ± 0.03) GeV [15] would
give rise to a 1S mass splitting that is about 20% too
large. This is in contrast to variations of the matching
position rm and the infrared cuto! µS , which a!ect the
hyperfine splittings only marginally.
The spin-spin potential, as constructed in the previ-

ous section, produces a non-vanishing but small splitting
between the 1P singlet and triplet states, namely hc(1P)
and #cj(1P), unlike the $-function spin-spin potential.
In first-order perturbation theory the e!ect amounts to
a mass di!erence of (8.2 ± 0.5) MeV. The full inclu-
sion of the spin-spin potential VS(r) in the Schrödinger
equation gives rise to a slightly larger mass splitting of
(8.3± 0.5) MeV.
The value of the mass parametermPS(µC), determined

in our approach by fitting to empirical charmonium spec-

tra, can be translated into alternative schemes for quark
masses. The PS mass mPS(µC) is first converted to the
pole mass and in a second step mapped onto the MS mass
mc " mMS(mMS). This procedure is described in detail
in Ref. [6]. Applying the same method here, we find for
the charm-quark mass in the MS scheme

mc = (1.21± 0.04) GeV, (15)

in good agreement with other determinations [6, 17].
We close with a few remarks concerning bottomo-

nium: until now, the bottomonium spin-spin potential
has not been studied within the new lattice QCD ap-
proach based on NBS amplitudes. An extrapolation of
the spin-spin potential from charmonium to bottomo-
nium can be done by simply assuming a 1/m2 depen-
dence of the lattice potential and allowing for varia-
tions of the mass parameter m. In the perturbative part
of the potential we account furthermore for a modified
running of %s(q) due to four massless flavors and use
%s(4.2 GeV) = 0.226± 0.003 as an input. The empirical
mass splitting of (69 ± 3) MeV [17] between !b(1S) and
"(1S) can be reproduced either for a kinetic bottom-
quark mass m = 4.7 GeV (with the spin-spin poten-
tial treated in first-order perturbation theory), or with
m = 4.3 GeV (if the spin-spin potential is fully included
in the Schrödinger equation). It will be interesting to
have available the corresponding lattice QCD results for
bottomonium.

IV. SUMMARY

Central and spin-spin potentials for charmonium have
been derived by combining perturbative QCD at small
distances (r < 0.14 fm) with results from lattice QCD
for larger distances up to r # 1 fm. By defining the
perturbative potentials via a restricted Fourier transfor-
mation this matching has been made possible. We have
found that the central quark-antiquark potential, con-
structed from NBS amplitudes in full QCD lattice simu-
lations [5, 15], agrees within errors with the static-plus-
1/m potential derived in the Wilson-loop formalism [2–
4]. The matched spin-spin potential produces hyperfine
splittings for the S-wave charmonium states that are in
good agreement with experiment. The MS mass of the
charm quark also agrees well with other determinations
of this QCD parameter.
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lattice QCD inputs

pQCD inputs

Vc(r), VS(r) for r ≥ 0.14 fm
with mc = 1.74(3) GeV
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