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Intro

Quark masses

QCD Lagrangian:

1 _ . = .
EQCD = _ngTrGuqu]‘*’Z Qi (";D— mqi )ql +Z QJ (”;75— mQ,)QJ
i j

» In the limit mg, — O and Mg, — oo Mhadrons o< A\
> Observe that mg, < A while mg, > A [A ~ My]

» Quarks do not propagate:
guark masses are coupling constants! (not observables)

they depend on the renormalization scale u (like as )
for light quarks by convention: p = 2 GeV



Intro

How to determine quark masses
» From their influence on the spectrum XPT, lattice

> mQ > A
Mgq = Mg + O(A)

> mg <A
Mag = Mojj + O(Mg.,Mg)  Moj = O(A)
In both cases need to understand the O(A) term
» From their influence on any other observable XPT, sum rules

Quark masses are coupling constants
= exploit the sensitivity to them of any observable
[e.g. n decays and spectral functions from 7 decays|



Intro

Mg -+ My IS easier to get than myg — my

Mg, My <A = Lm=-—mylu —mgdd = small perturbation
However:
Mg +My,. = Gu —dd
Lom —%(uwdd)—(md -my)——
= —m qq +(mg —my)qgrsq
~—~ ~—~—
Oi-o 011

and selection rules make the effect of O,—; well hidden

= m responsible for the mass of pions
but (mgq — m,) only contributes at O(p*) (a tiny M .0)

better sensitivity in K masses
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Outline

How to determine my — my



my — Mgy

First estimates

Leading-order masses of = and K
MZ = Bo(my +mMg) MZ. =Bo(my +ms) M2, = Bg(mg + ms)

Quark mass ratios:

my M7E+ - Méo + M|%+ ~ 0.67
m. 2 2 _ M2 T
Mg Mz, +Mgo — Mg

Ms MZ, +MZ. — M2,

12

— ~ 20
My Méo - MéJr + M72r+



my — my

Electromagnetic corrections to the masses

According to Dashen’s theorem

Mﬁo = Bo(my +mgy)
Méo = Bo(mg + ms)
Extracting the quark mass ratios gives Weinberg (77)
my, MéJr—Méo—i—ZMio—Mﬁ+ _ 056
Mg Méo - M|%+ + M72r+
M2, + M2, — M2
Ms = ZkoT Tk = s =201

My M&o - Mé+ + M72r+



my — Mgy

Higher order chiral corrections

Mass formulae to second order Gasser-Leutwyler (85)
M2 ms + M
K S 2
Tk "M L Ay 4+ O(m }
M2 2m { + A+ 0O(m’)
M2, — M2 myg —m
e = A 14 Ay + O(m?)]
M2 — M2 ms—m |-+ Am+Om)
8(M2 — M?
Ay = (KFZ“)(ZLg — Ls) + x-logs
s

The same O(m) correction appears in both ratios
= this double ratio is free from O(m) corrections
mZ —m?  MZ MZ —M2

mi —mi  MZMZ, —MZ,

Q? [1 + (’)(mz)]



my — Mgy

Higher order chiral corrections

Mass formulae to second order Gasser-Leutwyler (85)
M2 ms + M
K s 2
Tk "M LAy 4+ O(m }
M2 2m { + A+ 0O(m’)
M2, — M2 myg —m
o = A 14 Ay + O(m?)]
M2 — M2 ms—m |1+ Am+Oom)
8(M2 — M?
Ay = (*<F2“)(2L8 — Ls) + x-logs
s

The same O(m) correction appears in both ratios
= this double ratio is free from O(m) and em corrections

(Mo +MZ: — M2, + M2Z)(MZo + MZ, — M2, — M%)

=243
AMZ, (M2, — MZ, + M2, —M2))

Q3



my — my

Violation of Dashen’s theorem

In pure QCD (I\7Ip = Mp|aem:0)

Mg+ = Bo(ms+my)+ O(mZ)

|\7|K0 = Bo(ms+mgy) + O(mg)

= Mg+ — Myo = Bo(my —mg) + (’)(mé)

Define em contributions to masses

MJ =Mp —Mp, A} =MZ - M3

Dashen’s theorem: Ay, =AT,

and its violation [Ar =M2, — MZ]

Ay, — ALy~ AL+ Ny = e,



my — Mgy

Estimates of the size of Dashen’s theorem violation

xPT + model-based calculations:

1.0 Donoghue-Perez (97) Q=215 wwp

0.8 Bijnens-Prades (97) Q = 22 Eno model)
€ =
1.5 Anant-Moussallam (04) Q = 20.7sum rules)

La.ttice'ba.sed CalculationS (the value of Q is calculated in xPT at NLO)
0.50(8) Duncan etal. (96) Q =22.9
0.5(1) RBC (07) Q=229
e =<4 0.78(6)(2)(9)(2) BMW (11) Q=221
0.65(7)(14)(10) MILC (13) Q=226
0.79(18)(18) RM123 (13) Q=221

Value quoted in FLAG-2: e=0.7(3)



my — Mgy

FLAG-2 summary of the quark masses

all masses in MeV

Nt my Mg ms Mud
2+1 2.16(11) 4.68(16) 93.8(2.4) 3.42(9)
2 2.40(23) 4.80(23) 101(3) 3.6(2)

Nt my /Mgy Ms/Myg R Q
2+1 0.47(4) 27.5(4) 35.8(2.6) 22.6(9)

2 0.50(4) 28.1(1.2) - -




n — 3 dispersive iso-breaking Fits to data

Outline

A new dispersive analysis of n — 37
Isospin breaking
Fits to data



n — 3 dispersive iso-breaking Fits to data

Q from the decay n» — 37

Decay amplitude at leading order
V3my —mg s —4MZ/3

4 mg—m F2

Aln = m7F7n7) = —



n — 3 dispersive iso-breaking Fits to data

Q from the decay n» — 37

Decay amplitude

0_+

1 M2 (M2 — M2
Aln - mn"n™) = 1 Mi (Mg = M)

x)
— M(s,t,u
Q2 3/3M2F2 ( )
The decay width can be written as

4
My — nrtr™) =T (%’) = (295 +20) eV PDG (08)

» isospin-breaking sensitive process

» em contributions suppressed (Sutherland’s theorem)
= mainly sensitive to my, — myg

» main difficulty in the extraction of Q:
estimate of the strong decay width 'y
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Q from the decay n» — 37

Decay amplitude

1 M2 (M2 — M2
A(n — m%7T77) = 1 Mi (Mg = M)

x)
— M(s,t,u
Q2 3/3M2F2 ( )
The decay width can be written as

4
My — nrtr™) =T (%’) = (295 +20) eV PDG (08)

(167 + 50) eV  Gasser-Leutwyler (85) Q =211+16
I_O — (219 :l: 22) eV Anisovich-Leutwyler (96) Q — 226 :t 07
(209 :l: 20) eV Kambor et al (96) Q - 223 i 06

Gasser Leutwyler (85) based on one-loop CHPT
The other two evaluations based on dispersion relations

See also: full two-loop calculation of n — 37 Bijnens-Ghorbani (07)

Q =232



n — 3 dispersive iso-breaking Fits to data

A new dispersive analysis of n — 3«

A new analysis is in progress S. Lanz PhD thesis (11)

GC, Lanz, Leutwyler, Passemar

» recent measurements of the Dalitz plot
= test the calculation of the strong dynamics of the decay

» dispersive analysis based on 7r scattering phases
recent improvements must be taken into account

GC, Gasser, Leutwyler (01)

» recent progress in dealing with isospin breaking (NREFT)
can be applled aISO hel’e Gasser, Rusetsky et al.

Schneider, Kubis, Ditsche (11)
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Dispersion relation for n — 37

Ba.sed on the representation Fuchs, Sazdjian, Stern (93), Anisovich, Leutwyler (96)
2
M(s,t,u) = Mg(s) — §Mz(s) +[(s — u)My(t) + My(t) + (t <> u)]

valid if the discontinuities of D and higher waves are neglected

Dispersion relation for the M,’s

B s" [, sing (s )M (s))
Vi) = nle) {P'(S) T e )i - s)}

2(s) = exp [j L ds’s,f;fsi)s)]



n — 3 dispersive iso-breaking Fits to data

Dispersion relation for n — 37

Ba.sed on the representation Fuchs, Sazdjian, Stern (93), Anisovich, Leutwyler (96)
2
M(s,t,u) = Mg(s) — §Mz(s) +[(s — u)My(t) + My(t) + (t <> u)]

valid if the discontinuities of D and higher waves are neglected
Dispersion relation for the M,’s
sh [0 sin (s’ )M, (s')
Mi(s) = Q P - '
©=46) { O Jue ™ )57 —9)
s [ 5 (s
Q(s) = — f—
(s) =exp [W AM% ds S5 —9)

given ¢,(s), the solution depends on subtraction constants only
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Subtraction constants

Extended the number of parameters w.r.t. Anisovich and
Leutwyler (96):

Po(s) = ao+ Bos+ 7032 + 5033
Pi(s) = a1+ 1S+ 7S
Pa(S) = ap+ 28 + 728% + 6,83

SOIUtion Iinear in the Subtraction ConstantSZ Anisovich, Leutwyler, unpublished
Mdlsp(s7t’ u) = aOMOCO(S7t’ u) + BOM/BO(S7t’ u) + ...

makes fitting of data very easy
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Taylor coefficients

Subtraction constants «;, 3, v, ... can be replaced by Taylor
coefficients:  the relation between the two sets is linear

Mo(S) = ag+bgs + 0032 + d033 + ...
Ml(S) = a;+bis+ C152 + ...
MZ(S) = ap+bos+ CzS2 + d253 + ...

Not all Taylor coefficients are physically relevant:
3 5-parameter family of polynomials 6M(s) that added to M(s)
do not change M(s, t,u) (reparametrization invariance)
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Taylor coefficients

Subtraction constants «;, 3, v, ... can be replaced by Taylor
coefficients:  the relation between the two sets is linear

Mo(S) = ag+ bos + cos? +
Ml(S) = a;+bis+
Mz(S) = a,+hbos+ C252 + szS + ...

» use reparametrization invariance to arbitrarily fix 5

coefficients: tree-level ChPT or 6, =0
» fix the remaining ones with one-loop ChPT
» either set

or fix dg, ¢, by

» Dalitz-plot data are insensitive to the normalization:
ChPT fixes the normalization and allows the extraction of Q
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Isospin breaking

Dispersive calculation performed in the isospin limit:
M, = MW+ e=0

» we correct for M_o # M+ by “stretching” s, t,u =
boundaries of isospin-symmetric phase space =
boundaries of physical phase space

» physical thresholds inside the phase space can also be
mimicked “by hand”

» analysis of Ditsche, Kubis, Meissner (09) used as guidance
and check. Same for Gullstrom, Kupsc and Rusetsky (09)

» e #£ 0 effects partly corrected for in the data analysis
for the rest we rely on one-loop ChPT — formulae given by
Ditsche, Kubis, Meissner (09)
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Isospin breaking I: boundary preserving map

Phase space boundary in the limit M_o = M+ Z = Zjt

0.8

1

Boundary of physical region
z= Zcm

X
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Isospin breaking I: boundary preserving map

Mandelstam variables in the isospin limit (M_i = M,. = isoB)

m =
used in our dispersive treatment: s,t,u
2 2
S+t+u=M;+3M;
Mandelstam variables in the physical channels:

Sc +lc +Uc =M, +2M2+ M2, Sp+th+ Uy =M, +3M%

Define a mapping (si, ti, u;) — (prm bpm bpm
such that

boundary of physical region — boundary of isoB phase space

), fori =c,n

MOPM(sq, to, Ug) = MIP(sP™(s0), te"™(Sc), ugP™(Sc))

is used to fit the data in the charged channel



n — 3 dispersive iso-breaking Fits to data

Isospin breaking I: boundary preserving map

A similar recipe might be used to fit the data in the neutral
channel however, this would miss the presence of cusps at the
boundary of the isoB phase space

Quick fix:

M?A(Sn, th, Un) = (1 — A)MPM(s0, tn, Un) + AMI®(s, t0, upn)

with A\ a smooth function of sy, tn, uUn

Actually, A = 0.5 works quite well, and is what will be used to fit
the data in the neutral channel
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Isospin breaking Il: em corrections

We rely on the one-loop ChPT calculation of Ditsche, Kubis,
Meissner (09) in the following way:

» we remove the corrections due to real photons and to the
Coulomb pole

» we calculate the ratios Ny ¢ and pn c(Xn.c, Ync)

IMPM (510, tro, Uno) 2 IME™(Sco0, te0, Uco)

NnE 7NC

DKM lambd DKM b
My, am a(sn0> tho, Un0)|2 IM¢ pm(ScO, tc0, Uco)|?

pl"l(xn,Yn) = i |MEKM(Sn7tn7un)|2
Nn ‘MEKM,Iambda(sm o, Un)2

1 ’M(rInDKM(SC7tC,uC)|2
N¢ \MQ“DKM,bIOm(SC,tC7 uc)[2

pc(XCa Yc)
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Isospin breaking Il: em corrections
We rely on the one-loop ChPT calculation of Ditsche, Kubis,
Meissner (09) in the following way:

» we remove the corrections due to real photons and to the
Coulomb pole

» we calculate the ratios Ny ¢ and pn c(Xn.c, Ync)
» we fit the data with

‘Mn(snatnaun)‘z |M/\(Sn,tnaUn)‘anpn(men)

IMc(Sc, tc, Uc)‘2 = |Mbpm(3c7t07 Uc)|2Ncpc(Xc; Ye)



n — 3 dispersive iso-breaking Fits to data

Isospin breaking Il: em corrections
We rely on the one-loop ChPT calculation of Ditsche, Kubis,
Meissner (09) in the following way:

» we remove the corrections due to real photons and to the
Coulomb pole

» we calculate the ratios Ny ¢ and pn c(Xn.c, Ync)
» we fit the data with

‘Mn(snatnaun)‘z |M/\(Sn,tnaUn)‘anpn(men)

IMc(Sc, tc, Uc)‘2 = |Mbpm(3c7t07 Uc)|2Ncpc(Xc; Ye)

» Numerical example - for illustration only!; fit to KLOE data:
w/0 em corr.: Qc = 20.92, Qn = 21.35, x5, = 1.054



n — 3 dispersive iso-breaking Fits to data

Isospin breaking Il: em corrections

We rely on the one-loop ChPT calculation of Ditsche, Kubis,
Meissner (09) in the following way:

>

we remove the corrections due to real photons and to the
Coulomb pole

we calculate the ratios N ¢ and pn c(Xn.c, Ync)
we fit the data with

‘Mn(sna tn, un)‘2 = |M/\(Sn, th, Un)‘anpn(xm Yn)

IMc(Sc, tc, Uc)‘2 = |Mbpm(3c7t07 Uc)|2Ncpc(Xc; Ye)

Numerical example - for illustration only!; fit to KLOE data:
w/0 em corr.: Qc = 20.92, Qn = 21.35, x5, = 1.054
W/ Pnc: Qc = 20.90, Qn = 21.33, x5 = 1.034
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Isospin breaking Il: em corrections
We rely on the one-loop ChPT calculation of Ditsche, Kubis,
Meissner (09) in the following way:

» we remove the corrections due to real photons and to the
Coulomb pole

» we calculate the ratios Ny ¢ and pn c(Xn.c, Ync)
» we fit the data with

‘Mn(sna tn, un)‘2 = |M/\(Sn, th, Un)‘anpn(xm Yn)

IMc(Sc, tc, Uc)‘2 = |Mbpm(3c7t07 Uc)|2Ncpc(Xc; Ye)

» Numerical example - for illustration only!; fit to KLOE data:
w/0 em corr.: Qc = 20.92, Qn = 21.35, x5, = 1.054
W/ Pnc: Qc = 20.90, Qn = 21.33, x5 = 1.034
W/ Pnc & Npc: Q¢ = 21.21, Qn = 21.22, x5 = 1.034
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Isospin breaking corrections: a better treatment

» NREFT approach (Schneider, Kubis, Ditsche (11)):
systematic method to take into account isospin breaking

» matching between dispersive representation and NREFT
in the isospin limit =
determine NREFT isospin-conserving parameters

» switch on isospin breaking and fit the data

» for the future
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Our framework

» our dispersive amplitude, linear in the subtraction
constants, dressed in order to correct for isospin breaking

» some of the subtraction constants are fixed by a matching
to the ChPT (one- and two-loop) amplitude
estimated uncertainties: 20 — 30% at LO, 4 — 10% at NLO

» the Adler zero position s, along s = u:
ReM (sa, 3sp — 2sa,Sa) = 0 and the derivative Da receive
very small NLO corrections and are used as constraint
(with uncertainty = 10%)

» the remaining ones are fitted to the data

» available data are from:

KLOE (2008) (kindly provided by A. Kupsc)
Crystal Ball@ MAMI (2009) (kindly provided by S. Prakhov)
WASA@COSY (2014) (kindly provided by P. Adlarson)
several values for « are in the PDG

v

vV vy
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Dalitz plotin n — 7t7—7°

| -—- LOXPT
, | == Subtraction constants estimated with xPT
= KLOE

* WASA
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Dalitz plotin n — 7t7—7°

» current algebra prediction for s-dependence not bad!
(in contrast to the failure in the total decay rate)

» current data very precise and well described by our
dispersive amplitude with ChPT input (only)

» uncertainties in the dispersive representation much larger
than those in the data

» = data allow for a better determination of some
subtraction constants
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Dalitz plot in n — 37°

T
1
09
08— —
0.7— —
0.6 |
0.5 —
0.4 —
031 [C2Z LoxpT B
1 Subtraction constants estimated with xPT
02— ®  MAMI data n
27771 PDG result for the slope a
0.1 Gullstrom, Kuspc and Rusetsky, NREFT -
fit to KLOE without e.m. corrections
0 -—-— fit to KLOE with e.m. corrections |

0 0.2 0.4 0.6 0.8 1

z



n — 3 dispersive iso-breaking Fits to data

Dalitz plot in n — 37°

0.99

0.98

0.97

0.96

0.95

0.94 Preliminary

0.93—

——— LOYXPT

[ Subtraction constants estimated with XPT
e  MAMI data

0.9 PDG result for the slope o

Gullstrom, Kuspc and Rusetsky, NREFT

0.91—

0.88 | | | |
0 0.2 0.4 0.6 0.8 1

z
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Dalitz plot in n — 37°

0.99

0.98

0.97

0.96

0.95

0.94 Preliminary

0.93— S
~
g

0.92 — —

-—- LOXPT
0.91= | 7 subtraction constants estimated with xPT

e  MAMI data
091~ |- -~ fit to KLOE without e.m. corrections

== fit to KLOE with e.m. corrections
0.89 —
0.88 | | | |

0 0.2 0.4 0.6 0.8 1
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Dalitz plot in n — 37°

» current algebra prediction not bad here too! (slope is tiny)
» current data very precise and well described by our
dispersive amplitude with ChPT input (only)

» uncertainties in the dispersive representation much larger
than those in the data

» = data allow for a better determination of some
subtraction constants

» fit to data in the charged channel + isospin transf. =
prediction for the neutral channel
outcome is close but does not go through the data

» applying isospin breaking corrections brings the curve into
a nice agreement with the data
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Results for Q (preliminary)
Results for Q in the following slides are for illustration purposes
only:
» Details of how one does the matching matter (at the level of
the last digit) — we haven't yet identified the “optimal” way

» the error propagation analysis from the uncertainties of all
input parameters in the final value of Q is not finished yet

» we are working towards a completion of the analysis...



n

— 37 dispersive

iso-breaking Fits to data

F T T T
[ Preliminary i
24
| t } -
P —— Dalitz plot of KLOE 10t 1
2 ; Dalitz plot of WASA i1’
L AP —— Dalitz plot of MAMI 31°
f ‘\ Z-distribution of MAMI 31
r —— Fitto PDG result for o
E [ PDG 2013, result for a
21 [ FLAG 2011, result for Q
L EZZZA FLAG 2013, result for Q
S Kampf et al. 2011
- e  Bijnens and Ghorbani 2007
r Kambor et al. 1996
20 | | | N I N I
-0.04 -0.02 0 0.02 0.04
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Results for Q (preliminary)

2.5 - — one-loop xPT
I KKNZ dispersive

The Adler zero has not been imposed as constraint

10
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Results for Q (preliminary)

23

—22

n decay + m/m,, (preliminary)
FLAG 13

PDG 12

PDG 11

Kampf et al. 11

Bijnens & Ghorbani 07
Nelson, Fleming & Kilcup 03
Gao, Yan & Li 97

Kaiser 97

Leutwyler 96

Schechter et al. 93

Cline 89

Gasser & Leutwyler 82
Langacker & Pagels 1979
Weinberg 77

Gasser & Leutwyler 1975
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Results for Q (preliminary)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
L lattice B
25 — ] 25
i | =T
F \\\\/%/ ® Weinberg 1977
m. 20 F 7 s =27.5(4) FLAG 2013
r@]s - \\ — Hud 5(4)
d - L — T~ — Q=243
15[ = intersection T [ T1s5
/: 4
L n decay (preliminary) ]
10 10
5 L \ 5
ok Jo
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Why are the data pulling Q down?

r0,Y)

L preliminary one-loop yPT :

25 F — KLOE |

L |

. |

2.0 P [

|

B |

1.5 | :

L |

|

10 :

B |

0.5 | :
i 1 | ! | | 1 Trre

-1.0 -0.5 0.0 0.5
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Why are the data pulling Q down?

L preliminary one-loop \PT |
251 —— KLOE |
i —— dispersive, one loop :
2.0 —:;:11:,__ |
|
- I I
> 15} i
o

= ol |
10 :
I |
05 :

[ 1 | ! 1 | | .

-1.0 -0.5 0.0 0.5 1.0
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iso-breaking Fits to data

Why are the data pulling Q down?

r0,Y)

L preliminary one-loop \PT |

251 —— KLOE |

§ —— dispersive, one loop :

2.0 Py —— dispersive, fit to KLOE |

[ |

15 :

i I

|

10 :

I |

05 :
[ 1 | 1 | | L

-1.0 -0.5 0.0 0.5 1.0
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Summary and Outlook



Summary

Summary

» Quark masses are fundamental and yet unexplained
parameters of the standard model

» | have reviewed the status of the determination of mq — my
based on
» lattice
» chiral perturbation theory + model estimates

» | have discussed the extraction of the quark mass ratio Q
from n — 37 decays based on dispersion relations:
» role of the theory input
» role of data (pull the value of Q down)
» isospin-breaking corrections
(bring the two values Q,, and Q¢ into agreement)

work in progress with S. Lanz, H. Leutwyler and E. Passemar



Leutwyler’s ellipse

Information on Q amounts to an elliptic constraint in the plane

of T and v ) )
me\ L ma\
mg/ Q2 mg/)

mq Leutwyler

25

20— —

mS/m 4

10— —
— Q=242
e Weinberg (77)

m /m



Lattice determinatiops of my and my
AR

&
Collaboration § ISV my My

PACS-CS 12 BB 4 257(26)(7) 3.68(29)(10)
Lvdw 11 C 1.90(8)(21)(10)  4.73(9)(27)(24)
HPQCD 10 2.01(14) 4.77(15)

BMW 10A, 10B 2.15(03)(10) 4.79(07)(12)
Blum et al. 10 o 2.24(10)(34) 4.65(15)(32)
MILC 09A C 1.96(0)(6)(10)(12) 4.53(1)(8)(23)(12)
MILC 09 1L90) (D)D)  46(0)(2)2) QD)
MILC 04, HPQCD/

MILC/UKQCD 04 B 1.700)(1)(2)(2) 3.9(0)(1)(H ()
RM123 13 2.40(15)(17) 4.80(15)(17)
RM123 11 2.43(20)(12) 4.78(20)(12)

Diirr 11 — 2.18(6)(11) 4.87(14)(16)

RBC 07 E N 3.02(27)(19) 5.49(20)(34)




	Introduction
	How to determine mu-md
	A new dispersive analysis of 3 
	Isospin breaking
	Fits to data

	Summary and Outlook
	Appendix

