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On shell Factorization of the Bethe Salpeter ( or Lippmann Schwinger Equation) 
Coupled channels 
Compositeness of states 
Finite volume. Reformulation of Luescher formalism 
Scalar mesons. The f0(980) and f0(500). 
Reanalysis of lattice simulation results from KD interpolators:  determination  of 
           bound  state (D*s0(2317)),  scattering observables, and  KD compositeness 
           of the D*s0(2317). Same for KD* and the D*s1(2460). 



On shell Factorization of the Bethe Salpeter, Lippmann Schwinger 
Equation 



In Field Theory:  

Dimensional regularization 

Cut off regularization 



One channel 

Poles and couplings 

Let us take an energy independent potential 

In two channels 

Gamermann, Nieves, E.O. , Ruiz-Arriola, PRD 2010 



Wave function 

Probability to find the i  
component in the wave function 

Extreme opposite case: genuine state with very small coupling to the hadron-hadron component  

- 

 0  when b  0 

 0 

In a relativistic formulation 



Effect of missing channels. Assume two channels neglecting  V22 for simplicity 

Define Energy dependent 

Probability to have the 1 channel Probability of the  
channel eliminated  

Generalization of  Weinberg compositeness condition,  (Weinberg PR 65, Baru PLB 2004.) 
Different derivations and generalization , Jido, Hyodo, Hosaka 2008, Sekihara, Hyodo, Jido 2011, 
Hyodo, Jido, Hosaka 2012, Hyodo 2013, Sekihara, Hyodo, Jido 2014 



For example  

T-matrix in a finite box  

 

L 

Momentum eigenstates in the box, periodical boundary conditions 

Doering, Meissner, E.O., Rusetski, E P J A 2011 



One channel case 

Eigenenergies of the box 

This is Luescher formula in our  
formalism 

Limitation: you only get the phase shifts for the energies which are eigenenergies of the box 



Silas R. Beane last week 



 In Martinez, Dai, Koren, Jido, E.O.  PRD 2012, 
the formalism is generalized  for the use of dimensional  regularization  in the continuum  

The oscillations are removed in different  ways:  Martinez: average over momenta 
Doring: soft form factors,  Nieves and Albaladejo : gaussian form factors, PRD 2013 
Gen, Ren, Martin-Camalich, Weise,  an involved analytical formula. PRD 2011, 2014 



Dashed Luescher 
 
Obtained from “synthethic” 
Lattice data of the first level 
of the box. 

Neglecting the volume dependence of the potential in 
the Luescher analysis is safe for L mπ > 1.5 

Luescher,  NPB 91 

Numerical differences between Luescher and our approach: Most times inappreciable 
Differences found  for the reconstruction of the ρ at high energies  from lattice levels: 

Chen, E. O, PRD 2013 

How low can one go in the box size? 

In EFT one gets terms in V that are volume dependent 
(loops in the t-channel).  Studied in Albaladejo, Oller, E.O., 
Rios, Roca JHEP 2012,  



Two channel formalism for  using potentials from the chiral unitary approach  

Poles in the box 

Scalar resonances in the box:  



Inverse analysis:   the f0(980) resonance.  Take energies from levels 2 and 3 and  
associate some error.  
 
 
Periodic boundary  
conditions used 
 
 
 
 
 
 
  Assume a rather general potential for this case  
 
  
Make a fit to the synthetic data to obtain these levels with our formula  

Once the potential parameters are obtained use them with our formula of the  
T matrix in the continuum 



With the method of the auxiliary  
potential we obtain phase shifts for 
all energies, not only the  
eigenenergies of the box 
 

Since we have a formalism that 
implements exact unitarity in 
coupled channels and has the 
proper analytical properties, we 
can look for poles in the second 
Riemann sheet 
 

Position of 
the f0(980) in 
the complex 
plane 

The analysis of the σ meson, f0(500),  is done similarly from the 0 and 1 levels  



Other applications:  
 
Scalar mesons moving in a finite volume and the role of partial wave mixing, 
     Doring, Meissner, E. O. Rusetski, EPJA 2012 
 
Scattering of unstable particles in a finite volume: the case of $\pi \rho$ scattering 
      and the $a_1(1260)$ resonance,  Roca,E.O., PRD 2012 
 
Strategy to find the two $\Lambda(1405)$ states from lattice QCD simulations 
      Martinez-Torres, Bayar, Jido, E. O. , PRC 2012 
 
Strategies for an accurate determination of the X(3872) energy from QCD lattice  
        simulations,  Garzon, Molina, Hosaka, E. O, PRD 2014 
 
. . .  



Mohler, Lang, Leskovek, Prolovsek, Woloshyn , PRL 2013, PRD 2014 

Reanalysis of the work:  

In that work, using KD and KD* interpolators in Nf=2+1 they obtain 3 energy levels   



From the to lowest levels a phase shift is obtained for these two energies.  
 Then, using the effective range formula 
 
 
 
a0 and r0  are determined. 

is  

New info 



The binding of KD, KD* by about 40 MeV is most welcome. This would correspond to  
the D*s0(2317) and D*s1(2460) resonances. 
 
These resonances are obtained with chiral dynamics (local hidden gauge approach) 
with the KD, ηDs channels or KD*, ηD*s mostly. 
 
Kolomeitsev, Lutz, PLB 2004 
Guo, Shen, Chiang, Ping, Zou, PLB 2006 
Gamermann, E. O., Strottman, Vicente-Vacas, PRD 2007 
Gamermann, E.O., EPJA 2007 
Guo, Hanhart, Meissner, EPJA 2009 
Wang, Wang PRD 2014 
Cleven, Griesshammer, Guo, Hanhart, Meissner, EPJA 2014 
Altenbuchiger, Geng, Weise, PRD 2014 
Altenbuchinger, Geng, PRD 2014 
 



For KD For KD* 

A best fit is conducted to the lattice energies to determine the parameters of V 

A. Martinez-Torres,  E. O., S. Prelovsek and A. Ramos, arXiv:1412.1706 

http://arxiv.org/abs/arXiv:1412.1706


With the potential obtained  we evaluate the T matrix in the continuum and  
determine scattering properties and a bound state 



Comparison with the paper  

a0 is obtained from the lowest lattice level of  
which are free from disconnected diagrams 
 
They use :  
 
The low energy constants of a chiral Lagrangian are fitted to these a0 values 
This model is used to obtain the KD scattering length, from where Z= 1 –P(KD) is 
obtained via 
 
 
 
 
                                        μ reduced mass, ε binding energy, 1/β range of interaction 
 
They obtain a bound                        , a0 around -0.85 fm and P (KD) around 70%.  

One of Weinberg 
compositeness 
conditions 

In the present case  



Our method allows to go beyond the limit of low energies  
but the results will depend on qmax .  One must see dependence on qmax 

Incidentally, to calculate Z would have been better to use another Weinberg c. c.  

Actually, we have calculated the range corrections to this formula,  

But it is easier and safer  
to use our general  
procedure 

γ=  



Systematic uncertainties, Quoted numbers are for fits with central values of energies:  

The message: Systematic uncertainties from this source are about 5 times smaller    
than the statistical.  
 
Uncertainties from extrapolating to mD and mD* physical masses are similar.  



Conclusions: 
- Using effective field theories for meson-meson (hadron-hadron) interaction 
       formulated  in a finite box,  one can obtain easily realistic level spectra to be  
       compared to lattice simulations. 
 
- An easy, even more accurate and technically easier reformulation of Luescher  
      approach is done.   Energy spectra in F V  Scattering amplitude in continuum,  
      but for all energies, not only for the eigenenergies of the box.  
 
- One can use the former  to  make prospective studies,  finding  strategies  
      to see the optimal information on lattice spectra that can lead to desired  
      observables. 
 
- The use of recent QCD lattice simulation results  on the KD and KD* interaction 
      allowed us to determine the existence of bound states, associated  to the  
      D*s0(2317) and D*s1(2460) states, the scattering length and effective range, and  
      the probability that these states contain KD and KD* respectively, showing the  
      power of QCD lattice simulations to unravel the nature of resonances.    
 
- More lattice results would help:  results for other L.  Improvement  on the D and D* 
      masses.  The use of η Ds and η D*s interpolators,     coupled channels 



Im T-1= - 2M p/8πE 

For single channel 
/2M 
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