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Heavy-‐ion	  collision	  
Quarkonium	  produc@on	

J/ψ	

Υ	 π
K

p

n

Hadroniza@on	  
and	  detected	

e.g.	  by	  dileptons	

QGP	  forma@on	  
Quarkonium	  in	  medium	

c
c
_	

Charm	  and	  bojom	  are	  produced	  only	  ini@ally	  (M>>T)	  
•  Are	  the	  bound	  states	  stable	  above	  Tc?	  
•  Does	  survival	  probability	  probe	  majer	  temperature?	  

à	  Need	  to	  know	  the	  dynamics	  of	  quarkonium	  at	  finite-‐T	

Quarkonium	  in	  the	  rela@vis@c	  heavy-‐ion	  collisions	
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Color	  screening	  in	  medium	  

n  Matsui	  &	  Satz	  scenario	  (J/ψ	  suppression)	

•  Varia@onal	  method	
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•  No	  solu@on	  for	  rJ/ψ	  (no	  bound	  state)	  at	  T	  >	  1.2Tc	  

c

c
_	

Screened	  force	

à	  Suppression	  of	  J/ψ	  yield	  signals	  QGP	  forma@on?	
In	  reality,	  things	  are	  more	  complicated,	  e.g.	  
•  Feed	  down	  contribu@on	  
•  Hadronic	  interac@ons	  
•  Regenera@on	  at	  freezeout	  
•  Cold	  nuclear	  majer	  effect	  
•  Ini@al	  nuclear	  wave	  func@on	  

Matsui	  &	  Satz	  (86)	

“No	  Pain,	  No	  Gain”	
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J/ψ	  suppression	  at	  RHIC	  &	  LHC	  

Charmonium data at RHIC and the LHC
8 A.Andronic@GSI.de
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forward rapidity

the expectation is impressively confirmed by the LHC data
ALICE, arXiv:1311.0214 dNch/dη ∼ ε

n  More	  suppressed	  at	  RHIC	  

•  Suggests	  regenera@on	  is	  dominant	  at	  LHC?	

NJ ψ ∝ Ncc
dir( )

2

From	  Andronic’s	  talk	  slide	  at	  QM2014	
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Υ	  suppression	  at	  LHC	  

n  Dimuon	  spectrum	  

n  Centrality	  dependence	

•  Rela@ve	  yield	  (2S,3S/1S)	  
decreases	  in	  PbPb	  

granularity of the tracker, the muon pT measurement based
on information from the tracker alone has a resolution
between 1 and 2% for a typical muon in this analysis.

The CMS apparatus also has extensive forward
calorimetry, including two steel–quartz-fiber Čerenkov
hadron forward calorimeters (HF), which cover the range
2:9< j!j< 5:2. These detectors are used for event selec-
tion and centrality determination in PbPb collisions. The
event centrality observable corresponds to the fraction of
the total inelastic cross section, starting at 0% for the most
central collisions and evaluated as percentiles of the dis-
tribution of the energy deposited in the HF [7,8]. The
centrality classes used in this analysis are 50–100%, 40–
50%, 30–40%, 20–30%, 10–20%, 5–10%, and 0–5%,
ordered from the lowest to the highest HF energy deposit.
Using a Glauber-model calculation as described in Ref. [7],
the average number of nucleons participating in the colli-
sions (Npart) and the average nuclear overlap function (TAA)

have been estimated for each centrality class. The TAA factor
is equal to the number of elementary nucleon-nucleon (NN)
binary collisions divided by the elementary NN cross
section and can be interpreted as the NN-equivalent inte-
grated luminosity per heavy-ion collision, at a given event
centrality [9].

The ! states are identified through their dimuon decay.
The events are selected online with a hardware-based
trigger requiring two muon candidates in the muon detec-
tors. More stringent muon quality requirements are
imposed in the PbPb case relative to the pp online selec-
tion. No explicit momentum or rapidity thresholds are
applied at trigger level. For the PbPb data, events are
preselected offline if they contain a reconstructed primary
vertex comprising at least two tracks, and the presence of
energy deposits larger than 3 GeV in at least three towers in
each of the two HF calorimeters. These criteria reduce
contributions from single-beam interactions, ultraperiph-
eral electromagnetic interactions, and cosmic-ray muons.

Muons are reconstructed by matching tracks in the muon
detectors and silicon tracker. The same offline reconstruc-
tion algorithm and selection criteria are applied to the PbPb
and pp data samples. The muon candidates are required to
have a transverse (longitudinal) distance of closest
approach to the event vertex smaller than 3 (15) cm.
Muons are only kept if the part of their trajectory in the
tracker has 11 or more hits and the "2 per degree of
freedom of the combined and tracker-only fits is lower
than 20 and 4, respectively. Pairs of oppositely charged
muons are considered dimuon candidates if the "2 fit
probability of the tracks originating from a common vertex
exceeds 5%. This removes background arising primarily
from the displaced, semileptonic decays of charm and
bottom hadrons. Only muons with pT > 4 GeV=c are con-
sidered, as in Ref. [5]. The dimuon pT distribution of the
selected candidates extends down to zero and has a mean of
about 6 GeV=c, covering a dimuon rapidity range of jyj<

2:4. The resultant dimuon invariant mass spectra are shown
in Fig. 1 for the PbPb and pp data sets. The three !ðnSÞ
peaks are clearly observed in the pp case; the !ð3SÞ state
is not prominent above the dimuon continuum in PbPb
collisions.
Simulated Monte Carlo (MC) events are used to opti-

mize muon selection cuts and to evaluate efficiencies.
Signal !ðnSÞ events are generated using PYTHIA 6.424

[10], with nonrelativistic quantum chromodynamics matrix
elements tuned by comparison with CDF data [11].
Underlying heavy-ion events are produced with the
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FIG. 1 (color online). Dimuon invariant-mass distributions in
PbPb (top) and pp (bottom) data at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 2:76 TeV. The
same reconstruction algorithm and analysis selection are applied
to both data sets, including a transverse momentum requirement
on single muons of pT > 4 GeV=c. The solid (signalþ
background) and dashed (background-only) curves show the
results of the simultaneous fit to the two data sets.
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pp	  collisions	
granularity of the tracker, the muon pT measurement based
on information from the tracker alone has a resolution
between 1 and 2% for a typical muon in this analysis.

The CMS apparatus also has extensive forward
calorimetry, including two steel–quartz-fiber Čerenkov
hadron forward calorimeters (HF), which cover the range
2:9< j!j< 5:2. These detectors are used for event selec-
tion and centrality determination in PbPb collisions. The
event centrality observable corresponds to the fraction of
the total inelastic cross section, starting at 0% for the most
central collisions and evaluated as percentiles of the dis-
tribution of the energy deposited in the HF [7,8]. The
centrality classes used in this analysis are 50–100%, 40–
50%, 30–40%, 20–30%, 10–20%, 5–10%, and 0–5%,
ordered from the lowest to the highest HF energy deposit.
Using a Glauber-model calculation as described in Ref. [7],
the average number of nucleons participating in the colli-
sions (Npart) and the average nuclear overlap function (TAA)

have been estimated for each centrality class. The TAA factor
is equal to the number of elementary nucleon-nucleon (NN)
binary collisions divided by the elementary NN cross
section and can be interpreted as the NN-equivalent inte-
grated luminosity per heavy-ion collision, at a given event
centrality [9].

The ! states are identified through their dimuon decay.
The events are selected online with a hardware-based
trigger requiring two muon candidates in the muon detec-
tors. More stringent muon quality requirements are
imposed in the PbPb case relative to the pp online selec-
tion. No explicit momentum or rapidity thresholds are
applied at trigger level. For the PbPb data, events are
preselected offline if they contain a reconstructed primary
vertex comprising at least two tracks, and the presence of
energy deposits larger than 3 GeV in at least three towers in
each of the two HF calorimeters. These criteria reduce
contributions from single-beam interactions, ultraperiph-
eral electromagnetic interactions, and cosmic-ray muons.

Muons are reconstructed by matching tracks in the muon
detectors and silicon tracker. The same offline reconstruc-
tion algorithm and selection criteria are applied to the PbPb
and pp data samples. The muon candidates are required to
have a transverse (longitudinal) distance of closest
approach to the event vertex smaller than 3 (15) cm.
Muons are only kept if the part of their trajectory in the
tracker has 11 or more hits and the "2 per degree of
freedom of the combined and tracker-only fits is lower
than 20 and 4, respectively. Pairs of oppositely charged
muons are considered dimuon candidates if the "2 fit
probability of the tracks originating from a common vertex
exceeds 5%. This removes background arising primarily
from the displaced, semileptonic decays of charm and
bottom hadrons. Only muons with pT > 4 GeV=c are con-
sidered, as in Ref. [5]. The dimuon pT distribution of the
selected candidates extends down to zero and has a mean of
about 6 GeV=c, covering a dimuon rapidity range of jyj<

2:4. The resultant dimuon invariant mass spectra are shown
in Fig. 1 for the PbPb and pp data sets. The three !ðnSÞ
peaks are clearly observed in the pp case; the !ð3SÞ state
is not prominent above the dimuon continuum in PbPb
collisions.
Simulated Monte Carlo (MC) events are used to opti-

mize muon selection cuts and to evaluate efficiencies.
Signal !ðnSÞ events are generated using PYTHIA 6.424

[10], with nonrelativistic quantum chromodynamics matrix
elements tuned by comparison with CDF data [11].
Underlying heavy-ion events are produced with the
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FIG. 1 (color online). Dimuon invariant-mass distributions in
PbPb (top) and pp (bottom) data at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 2:76 TeV. The
same reconstruction algorithm and analysis selection are applied
to both data sets, including a transverse momentum requirement
on single muons of pT > 4 GeV=c. The solid (signalþ
background) and dashed (background-only) curves show the
results of the simultaneous fit to the two data sets.

PRL 109, 222301 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

30 NOVEMBER 2012

222301-2

PbPb	  collisions	

•  More	  central,	  more	  suppressed	  
•  Central	  collisions:	  majer	  is	  hojer	  and	  lasts	  longer	

centrality-integrated (0–100%) RAA values for the individ-
ual ! states are

RAAð!ð1SÞÞ ¼ 0:56$ 0:08ðstatÞ $ 0:07ðsystÞ;
RAAð!ð2SÞÞ ¼ 0:12$ 0:04ðstatÞ $ 0:02ðsystÞ;
RAAð!ð3SÞÞ ¼ 0:03$ 0:04ðstatÞ $ 0:01ðsystÞ

< 0:10ð95%CLÞ: (4)

As the !ð3SÞ peak is not prominent above the dimuon
continuum (statistical significance less than 1 standard
deviation), an upper limit is also presented. The results
for the !ð1SÞ and !ð2SÞ obtained by performing the
measurement in ranges of centrality are displayed in
Fig. 2 (bottom).
Each factor entering in Eq. (3) contributes to the RAA

uncertainty, including Lpp (6%) and TAA (4–15%, from

central to peripheral collisions). The systematic uncertain-
ties from the fitting procedure, used in the determination of
the !ð1SÞ (4–9%), !ð2SÞ (10–40%), and !ð3SÞ (14%)
signal yields, are estimated as previously described for
the double-ratio measurement. The ratio of efficiencies in
Eq. (3) is estimated from MC simulation to deviate by less
than 7% from unity for the centrality bins considered.
Systematic uncertainties on the efficiency ratio are esti-
mated by considering variations of simulated kinematic
distributions (5–7%) and from differences in the efficiency
ratio estimations from data and MC simulations (3%). For
the former source, uncertainties are estimated by applying
a weight to the generated ! pT and jyj distributions that
increases linearly from 0.7 to 1.3 over the ranges 0< pT <
20 GeV=c. For the latter source, reconstruction and trigger
selection efficiencies are estimated employing a tag-and-
probe method [4,14], using muons from J=c decays in
PbPb and pp simulations as well as in collision data.
The results indicate a significant suppression of the

!ðnSÞ states in heavy-ion collisions compared to pp col-
lisions at the same per-nucleon-pair energy. The data
support the hypothesis of increased suppression of less
strongly bound states: the !ð1SÞ is the least suppressed
and the !ð3SÞ is the most suppressed of the three states.
The !ð1SÞ and !ð2SÞ suppressions are observed to
increase with collision centrality. The suppression of
!ð2SÞ is stronger than that of!ð1SÞ in all centrality ranges,
including the most peripheral bin. It should be noted that
this bin (50–100%) is rather wide and mostly populated
by more central events (closer to 50%). For this most
peripheral bin the !ð1SÞ nuclear modification factor is
1:01$ 0:12ðstatÞ $ 0:22ðsystÞ, while for the most central
bin (0–5%) RAA is 0:41$ 0:04ðstatÞ $ 0:07ðsystÞ indicat-
ing a significant suppression. The observed !ðnSÞ
yields contain contributions from decays of heavier
bottomonium states and, thus, the measured suppression
is affected by the dissociation of these states. This feed-
down contribution to the !ð1SÞ state was measured to
be of the order of 50% [19,20], albeit in different
kinematic ranges than used here. These results indi-
cate that the directly produced !ð1SÞ state is not
significantly suppressed, however quantitative conclusions
will require precise estimations of the feed-down contri-
bution matching the phase space of the suppression
measurement.
In addition to QGP formation, differences between

quarkonium production yields in PbPb and pp collisions
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FIG. 2 (color online). Centrality dependence of the double
ratio (top) and of the nuclear modification factors (bottom) for
the !ð1SÞ and !ð2SÞ states. The relative uncertainties from
Npart-independent quantities (pp yields and, for the RAA, also

integrated luminosity) are represented by the boxes at unity, and
are not included in the data points as these uncertainties do not
affect the point-to-point trend. The event centrality bins used are
indicated by percentage intervals. The results are available in
tabulated form in the Supplemental Material [18].
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CMS	  (12)	



2.	  Poten@als	  and	  spectra	  at	  finite	  
temperature	
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Polyakov	  loop	  correlator	  (HQ	  poten@al)	  
•  Free	  energy	  induced	  by	  sta@c	  sources	

Vector	  spectral	  func@on	  
•  Mass	  shis	  and	  width	  broadening	  

Real-‐@me	  poten@al	  
•  Schrödinger	  equa@on	

Quarkonium	  nature	  from	  various	  observables	

Related	  within	  poten@al	  
model	  framework	



15/03/11	 8	

Polyakov	  loop	  correlator	  (free	  energy)	  

Maezawa	  et	  al	  [WHOT]	  (12)	

n  Free	  energy	  on	  the	  laLce	

exp −F1(r,T ) /T"# $%=
1
3
Tr Ω(x)Ω†(y)"# $% ,

exp −F8(r,T ) /T"# $%=
1
8
Tr Ω(x)[ ]Tr Ω†(y)"# $% −

1
24

Tr Ω(x)Ω†(y)"# $%

•  Singlet	  and	  octet	  channels	  
(in	  the	  Coulomb	  gauge)	

960 Y. Maezawa, T. Umeda, S. Aoki, S. Ejiri, T. Hatsuda, K. Kanaya, H. Ohno

Fig. 1. Free energies of static quarks in color-singlet channel of quenched QCD at finite temperature.
The dashed gray curve shows the static-quark potential V (r) at T = 0 calculated in Ref. 30). The
arrows on the right side denote twice the single-quark free energy defined by 2FQ = −2T ln⟨TrΩ⟩.

Fig. 2. The same as Fig. 1 but for 2 + 1 flavor QCD. The static-quark potential V (r) at T = 0
has been calculated by the CP-PACS and JLQCD Collaborations.34) The fit results of V (r) by
the Coulomb + linear form are shown by the dashed gray curve. The arrows on the right side
denote 2FQ = −2T ln⟨TrΩ⟩.

The Sommer scale r0 is defined as r2dV/dr|r=r0 = 1.65. We set the scale by a
phenomenological value r0 = 0.5 fm.

In quenched QCD, a fit to the simulation results obtained on the anisotropic
203 × 160 lattice with Eq. (3.2) gives30)

(α0as/at, σasat, V0at, r0/as) = (0.068(2), 0.0132(1), 0.170(1), 5.140(32)),

where the fitting range was chosen to be 1.73 ≤ r/as ≤ 10. Setting r0 = 0.5 fm gives
1/as = 2.030(13) GeV (as ≃ 0.097 fm) and

√
σ ≃ 0.47 GeV. The fit result of the

static-quark potential is shown by the dashed gray curve in Fig. 1.
For 2 + 1 flavor QCD, the static-quark potential was measured by the CP-
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Short	  ranged	  at	  higher-‐T	

Free	  energy	  and	  internal	  energy	  is	  different	  by	  entropy	  contribu@on.	  
Recent	  argument	  based	  on	  entropic	  force	  is	  nothing	  but	  declaring	  that	  
the	  free	  energy	  is	  the	  poten@al.	

Kharzeev	  (14),	  Satz	  (15),	  	  
Akamatsu,	  Hidaka,	  in	  prepara@on	
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Charmonium	  spectral	  funcEon	  on	  the	  laFce	  

ρ(ω) = 1
2π

dt  eiωt
−∞

∞

∫ J(t), J(0)[ ] T

(Asakawa,	  Hatsuda	  ’04)	

)(
e1
ee)(

)(

0
ωρωτ βω

ωτβτω

−

−−−∞>

−

+
=−= ∫ ditG

n  Spectral	  func@on	  from	  Maximal	  Entropy	  Method	  (MEM)	

Charmonium	  stable	  up	  to	  2Tc?	

MEM	
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BoHomonium	  spectral	  funcEon	  on	  the	  laFce	  

n  Bojom:	  Too	  heavy	  to	  put	  on	  the	  laLce	  à	  NRQCD	  on	  the	  laLce	

Effec@ve	  Field	  Theory	  :	  scales	  M,	  Mv,	  Mv2	  
•  NRQCD	  :	  integrate	  M	  à	  bojom	  is	  point-‐like	  
•  pNRQCD	  :	  integrate	  M	  and	  Mv	  à	  bojomonium	  is	  point-‐like	

n  Rela@on	  btw	  Euclidean	  correlator	  and	  spectral	  func@on	

G(τ ) = d3x∫ J(τ , !x)J(0,
!
0) = dω

0

∞

∫ K(τ ,ω)ρ(ω, p = 0)

K(τ ,ω) =
cosh ω τ −1 2T( )$% &'
sinh ω 2T( )

GNRQCD(τ ) = dω
−2M

∞

∫ 'exp −ω 'τ[ ]ρNRQCD(ω ', p = 0)

Inverse	  Laplace	  transform	  by	  MEM	NRQCD	

τ	

β	
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Figure 7. Temperature dependence of the reconstructed spectral function in the ⌥ channel. The
dashed black lines in the first panel indicate the ground state and first excited state energies deter-
mined from multi-exponential fits at zero temperature. Note the different ordinate scale between
the upper and lower panels.

been investigated in the Nf = 2 case [37].

3.2 Spectral functions

Figures 7 and 8 depict the spectral functions in the ⌥ and �b1 channels respectively at
temperatures from 0.76Tc up to 1.90Tc. For clarity each panel displays just two neighbour-
ing temperatures. In the ⌥ channel the ground state peak is clearly visible and coincides
with the energy extracted from the exponential fit to the correlation function at zero tem-
perature, see figure 3 (left). The ground state peak persists at all accessible temperatures
demonstrating the survival of the ground state to at least T = 1.90Tc. We observe a broad-
ening in the peak and a decrease in its height above Tc. Below Tc the second peak may be
identified with the first excited state. Its interpretation above Tc is less clear which may
be due to melting as well as the possible presence of lattice artefacts in the high frequency
part of the spectral function, which are discussed further in appendix A. In the �b1 channel
the ground state peak can be discerned at temperatures below the Tc and agrees with the
energy from the exponential fit at zero temperature. This peak is observed to disappear
immediately in the deconfined phase which we suggest indicates the dissociation of this
state almost as soon as the deconfined phase is reached. We note that the ground state
peak in the P wave channels is harder to distinguish than in the S wave channels, even
below Tc.
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Reconstructed	  boHomonium	  spectral	  funcEon	  

n  S	  waves	  (Υ)	

Survives	  up	  to	  ~	  2Tc	

Aarts	  et	  al	  (14)	
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Figure 8. Temperature dependence of the reconstructed spectral function in the �b1 channel with
the zero temperature ground state energy shown in the first panel with a dashed black line.

4 Systematic tests of MEM

A close examination of the reconstruction of the spectral functions is essential to have
confidence in the interpretation of temperature effects. Here we address some pertinent
issues due to the selection of the temporal range of the correlator and the frequency domain
of the spectral function used in the MEM. Other effects such as the dependence on the
default model and the statistical uncertainty have been investigated for similar data from
the Nf = 2 ensembles [14, 16] where they were noted to be mild. Typical systematic
effects in lattice studies such as the unphysical pion mass and finite-volume effects are
not discussed although the latter are expected to be small for such heavy quarkonium
states. The stability of the spectral function with the variation of the temporal range of the
correlation functions used in the reconstruction is shown in figure 9. The spectral functions
are stable as long as data at temporal separations close to ⌧/a⌧ = 0 or N⌧ are excluded on
account of lattice artefacts. Effects due to the inclusion of temporal separations near N⌧

have also been discussed in ref. [16]. Although there are no temporal boundary conditions
for the heavy quark fields, we recall that the gauge fields are periodic. Since the spatial
lattice spacing is coarser than the temporal one, as = 3.5a⌧ , effects at separations close
to N⌧ may be expected at this scale. The effect is stronger in the P wave channels [16].
In the ⌥ channel (figure 9, top panels) the spectral function is stable when varying the
temporal window as long as the correlator datum closest to ⌧/a⌧ = 0 is omitted. In the
�b1 channel (figure 9, bottom panels) the spectral function is stable as long as the largest
temporal separation ⌧/a⌧ = N⌧ � 1 is also excluded. Therefore the reconstructed spectral
function converges in all cases when the range of correlator data, [⌧

1

/a⌧ , ⌧2/a⌧ ], is chosen

– 11 –

n  P	  waves	  (χb)	

Disappears	  at	  ~	  Tc	
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Real-‐Eme	  potenEal	  

n  Real-‐@me	  Wilson	  loop	

r	

Re(t)	 D∞
>(t, r)

-‐Im(t)	
D∞

>(t = −iτ , r)

i ∂
∂t
D∞

>(t, r) =V (r)D∞
>(t, r) (in	  long	  @me	  limit)	

“Poten@al”	  V(r)	

JHEP03(2007)054

Figure 1: The graphs contributing to the static potential at O(g2). Arrows indicate heavy quarks
or Wilson lines, and wiggly lines stand for gluons.

3. Details of the computation

Since we make use both of Minkowskian and Euclidean metrics, let us start by introducing

some notation to keep them apart. Minkowskian four-momenta are denoted by capital

symbols, Q, with components qµ, while Euclidean ones are denoted by Q̃, with components

q̃µ. The indices are kept down in the latter case, and our convention is q̃µ ≡ (q̃0, q̃i) ≡

(q̃0,−qi). Spacetime coordinates are denoted by x, x̃, and here our convention is x̃µ ≡

(x̃0, xi). The Euclidean scalar product is thereby naturally defined as x̃ · Q̃ ≡ x̃µq̃µ =

x̃0q̃0 − xiqi, the four-volume integral as
∫

x̃ ≡
∫ β
0 dx̃0

∫

d3x, and the thermal sum-integral as
∫

P

Q̃ = T
∑

q̃0

∫

d3q/(2π)3. Wick rotation amounts to x̃0 ↔ ix0, q̃0 ↔ −iq0. All Matsubara

frequencies we will meet are bosonic: i.e. q̃0 = 2πnT , n ∈ Z. The temperature is often

expressed as β ≡ T−1.

3.1 Wilson loop with Euclidean time direction

Let again W [z̃1; z̃0] be a Wilson line from point z̃0 to point z̃1:

W [z̃1; z̃0] = + ig

∫ z̃1

z̃0

dx̃µAµ(x̃) + (ig)2
∫ z̃1

z̃0

dx̃µ

∫ x̃

z̃0

dỹν Aµ(x̃)Aν(ỹ) + . . . , (3.1)

where Aµ = Aa
µT a and T a are the Hermitean generators of SU(Nc), normalised as

Tr [T aT b] = δab/2. The Euclidean correlation function considered is then defined as

CE(τ, r) ≡
1

Nc
Tr

〈

W [(0, r); (τ, r)] W [(τ, r); (τ,0)] W [(τ,0); (0,0)] W [(0,0); (0, r)]
〉

,

(3.2)

where we have for convenience shifted the origin by r/2 with respect to eq. (2.6). The

prefactor 1/Nc has been inserted as a normalization, guaranteeing that CE(0, r) = 1.

We can formally expand CE in a power series in the coupling constant g2, understand-

ing of course that the infrared problems of finite-temperature field theory necessitate the

use of resummed propagators in order for this procedure to be valid (cf. appendix B):

CE = C(0)
E + C(2)

E + . . . , where the superscript indicates the power of g appearing as a

prefactor. The leading order result is trivial, C(0)
E = 1. We now turn to the computation

of C(2)
E . The graphs entering at this order are shown in figure 1.

– 5 –

•  Perturba@ve	  calcula@ons	

V (r) = − g
2CF

4π
mD +

exp(−mDr)
r

"

#$
%

&'
−
ig2TCF

4π
φ(mDr)

φ(x) = 2 dz z
(z2 +1)2

1− sin(zx)
zx

"

#$
%

&'0

∞

∫

Imaginary	  part!!	  
(Complex	  poten@al)	

Laine	  et	  al	  (07),	  	  
Beraudo	  et	  al	  (08),	  Brambilla	  et	  al	  (08)	

analy@c	  
con@nua@on	

φ(x=0)	  =	  0,	  φ(xà∞)	  =	  const	



15/03/11	 13	

Real-‐Eme	  potenEal	  on	  the	  laFce	  

•  MEM	  reconstruc@on	  of	  spectral	  func@on	

n  Euclidean	  thermal	  Wilson	  loop	  on	  the	  laLce	

D∞
>(t = −iτ , r) = dωe−ωτ ρ(ω, r)

−∞

∞

∫ ;    ρ(ω, r)∝ Γ(r) 2
ω −VRe(r)( )2

+ Γ(r) 2( )2

•  Fit	  the	  spectral	  func@on	  by	  Lorentzian	  fit	  à	  Complex	  poten@al	  VRe(r)-‐iΓ(r)/2	

Wilson	  loop	  with	  Lorentzian	  fit	  	  	  (Rothkopf,	  Hatsuda,	  Sasaki	  (12))	  
à Wilson	  lines	  in	  Coulomb	  gauge	  with	  skewed	  Lorentzian	  fit	  
à With	  improved	  Bayesian	  (not	  conven@onal	  MEM)	

stable against a change of the fitting range and against
considering additional ci. Especially in the right hand
panel of Fig. 1 it is obvious that a large background
contribution interferes strongly with a naive Lorentzian
fit of the peak. Note that in the Wilson loop case at r ¼
0:39 fm the signal-to-background ratio is relatively small,
hence we only show data up to this distance.

The values for the real part of the potentialVhðrÞ from the
coarse and fine lattice (the ! ¼ 7 points being shifted to
account for the different renormalization scale) can be found
in the left panel of Fig. 2. While the naive Lorentzian fit
denoted by (L) shows a very strong rise inRe½Vh%ðrÞ, similar
to the one observed in Ref. [13], improving the fitting func-
tion diminishes this effect significantly. We find that at small
r, the real partRe½Vh%ðrÞ coincideswithin its error bars, with
the temperature-independent part of the color-singlet free

energies and then appears to become slightly larger than
F1ðrÞ at r& 0:3 fm. Most importantly, we now understand
that the previously observed extremely strong rise in the real
part can be attributed to the presence of scale coupling not
accounted for in the Breit-Wigner fitting function.
The imaginary part, on the other hand, does not change

significantly under the improved fitting. How much of the
spectral width corresponds to a physical width or is in-
duced by an artificial broadening of the MEM is however
difficult to establish. Without question a width is present
due to the observed curvature in the Euclidean data.
Nevertheless, until a follow up investigation based on,
e.g., the multilevel algorithm [20] can simulate the
Wilson loop at any separation distance with equally small
relative errors, we suggest taking the right-hand side of
Fig. 2 as a qualitative result.
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FIG. 2 (color online). (left) Real part of the lattice QCD heavy quark potential VhðrÞ at T ¼ 2:33TC. For comparison we show the
color singlet free energies at T ¼ 2:33TC and T ¼ 0:78TC (gray dashed, solid lines). We find that the extraction of the real part changes
significantly if improved fitting functions are deployed. The strong rise of Re½Vh% vanishes, so that its values become only slightly
larger than the color-singlet free energies. For completeness we show (right) the reconstructed values of the imaginary part of the
potential from the fit of the spectral width.
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n  Dynamical	  evolu@on	  by	  the	  real-‐@me	  poten@al	

n  Norm	  of	  “wave	  func@on”	  decreases;	  how	  to	  interpret	  it?	  
•  Infinite	  mass	  heavy	  quarks	  cannot	  move	  and	  never	  annihilate.	  
•  Iden@fica@on	  of	  D(t,r)	  as	  ψ(t,r)	  should	  be	  wrong.	  

i ∂
∂t
D∞

>(t, r) = VRe(r)−
i
2
Γ(r)

%

&'
(

)*
D∞

>(t, r)

→ i ∂
∂t
ψ(t, r) = VRe(r)−

i
2
Γ(r)

%

&'
(

)*
ψ(t, r) ?	

Real-‐Eme	  potenEal	  is	  complex-‐valued	  …	  
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Unitary	  stochasEc	  evoluEon	  

 Akamatsu,	  Rothkopf	  (12)	

i ∂
∂t
ψ(t, r) = VRe(r)− i

2
Γ(r, r)+ξ (t, r)

$
%
&

'
(
)
ψ(t, r),

ξ (t, r) ≡θ(t, r)− iΔt
2

θ(t, r)2 − θ(t, r)2{ }≅θ(t, r),   ξ (t, r) = 0

n  Stochas@c	  Schrödinger	  equa@on	

Diagonal	  part	

irrelevant	

ψ(t +Δt, r) = exp −iΔt VRe(r)+θ(t, r){ }#$ %&ψ(t, r),

θ(t, r) = 0,    θ(t, r)θ(t ', r ') = Γ(r, r ')δtt ' /Δt,
Can	  have	  off-‐diagonal	  components	

n  A	  stochas@c	  infinitesimal	  @me	  step	
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Complex	  potenEal	  for	  averaged	  wave	  funcEon	  

n  Noise	  averaged	  wave	  func@on	

i ∂
∂t

ψ(t, r) = VRe(r)−
i
2
Γ(r, r)

$
%
&

'
(
)
ψ(t, r) ,

Complex	  poten@al	  is	  defined	  for	  the	  evolu@on	  of	  averaged	  wave	  func@on	  	

⇔ i ∂
∂t
D∞

>(t, r) = VRe(r)−
i
2
Γ(r)

&

'(
)

*+
D∞

>(t, r)

n  Poten@al	  in	  finite-‐T	  medium	

In	  poten@al	  descrip@on,	  the	  medium	  effects	  should	  be	  integrated	  out	  to	  give	  
•  Screening	  in	  the	  poten@al	  
•  Thermal	  fluctua@on	  as	  noise	

What	  about	  dissipa@on?	  à	  Next	  sec@on	
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Numerical	  simulaEon	  of	  stochasEc	  potenEal	  
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Figure 4. Time evolution of the absolute (top) and relative (bottom) abundances cii of different
Bottomonium bound states in the QGP at T = 2.33TC starting from a pure Upsilon  QQ̄(r, 0) =

�0(r) configuration. The values of the real inter-quark potential are taken from the perturbative
HTL potential VQQ̄(r) = Re[V HTL

](r) by Laine [38]. Distinct pattern emerge between the case
where (left) no noise is included in our system �(r, r0) = 0 and (right) the diagonal correlations of
the thermal noise resemble the imaginary part of the HTL potential �(r, r) = �Im[V HTL

](r). In
both cases state mixing occurs since the vacuum initial state �0(r) is not an Eigenstate of the in-
medium Hamiltonian. Note that state mixing only changes the abundances of states with the same
parity, i.e. no P,D or F states appears (left). Thermal noise contributes additional excitations and
deexcitations to the time evolution which (albeit weakly) also excited states with different angular
momentum.

excited states ⌥

0 and ⌥” become populated. At t ⇠ 2fm almost equal amounts can be
found. Note that there is a distinct time-lag between the increase in the numbers of ⌥

0

and ⌥

00 reflecting their different masses. Summing up the admixtures of the bound states
we find that this value deviates slightly from one, the continuum states are only weakly
populated. As the Hamiltonian respects parity, we only find mixing between states that
have the same angular momentum L, i.e. none of the possible P, D, F or higher L states
appear during the evolution.

In the case where we take the effects of thermal decoherence, i.e. of the imaginary
part of the EFT potential into account, we still find that state mixing is an important
part of the dynamics. As shown on the right of Fig. 4 the stochastic noise however leads
to a much faster depopulation of the ⌥ ground state. Since the ⇥(r, t) in our approach
does not discriminate between states of different angular momentum, it thermally excites
all of the different P, D and F states albeit with a small magnitude. The finite angular
momentum states of mass below m⌥00 with their respective multiplicities 3(P ), 5(D) and
7(F ) are depicted in the figures as individual gray lines with a common shading3. Since
we do not yet have a baseline for the overall production of b¯b in heavy-ion collisions we
concentrate here only on the relative abundances between the three S-states plotted in the
lower part of the figure.

3
The roughness but not the overall magnitude of the gray curves is owed to the relatively small number

of 10 individual runs used to generate the noise average due to the involved numerical cost.
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Rothkopf	  (14)	VRe(r) = − g
2CF

4π
mD +

exp(−mDr)
r

"

#$
%

&'

Γ(r, r) = g
2TCF

4π
φ(mDr),  Γ(r, r ') = Γ(r, r)Γ(r ', r ') exp −

r − r ' 2

2λ 2

"

#
$
$

%

&
'
'

n  Setup	

λ:	  Correla@on	  length	  (1/T)	  
mD:	  Debye	  mass	  (1GeV)	  
Coupling	  g	  =	  2.14	

Projec@on	  to	  eigenstates	  in	  the	  
vacuum	  poten@al	
•  Bound	  states	  decreases	  
•  Similar	  in	  the	  1S,	  2S,	  3S	  states	
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Heavy	  quarks	  as	  an	  open	  quantum	  system	

HQ	 QGP	Gauge	  interac@on	

system	 environment	

Open	  quantum	  system	  descrip@on	  is	  
obtained	  by	  tracing	  out	  environment	

Key	  words:	  screening,	  fluctua@on,	  and	  dissipa@on	  
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Young,	  Shuryak	  (09)	

Classical	  picture	  

n  Interac@ng	  Brownian	  par@cles	

•  Screened	  force 	  à	  Screening	  poten@al	  
•  Random	  force 	  à	  Random	  poten@al	  
•  Drag	  force 	   	  à	  Dissipa@on	  (non-‐poten@al	  force)	

Stochas@c	  poten@al	

Effec@ve	  Lagrangian	  cannot	  describe	  dissipa@on	
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Open	  quantum	  system	  

n  System	  (HQs)	  +	  Environment	  (QGP)	  

n  Examples	  

Photon	  emission	  
&	  absorp@on	

•  Quantum	  op@cs	

Scajering	  with	  
medium	  par@cles	

•  Quantum	  Brownian	  mo@on	

ρQ (t) ≡ TrqA ρtot (t)[ ]
ρQ (t) = L ρQ (t)!" #$ Markov	  limit	

•  Reduced	  density	  matrix	  and	  master	  equa@on	  •  Total	  Hilbert	  space	  

H = qA ⊗ Q
QGP	  	  	  	  	  HQ	

A	  good	  textbook	  on	  this	  subject:	  
“The	  Theory	  of	  Open	  Quantum	  Systems”	  
by	  Breuer	  and	  Petruccione	
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PosiEvity	  of	  reduced	  density	  matrix	  

ρQ (t) = ωn (t) ψn (t) ψn (t)
n=1

N

∑ ,   0 <ωn (t) ≤1,    ωn (t)
n=1

N

∑ =1

n  Proper@es	  of	  reduced	  density	  matrix	

ρQ (t) = −i H,ρQ"# $%+ γ i LiρQLi
† −

1
2
Li

†LiρQ −
1
2
ρQLi

†Li
&

'
(

)

*
+

i
∑      γ i > 0( )

•  Hermi@city	  
•  Trace	  =	  1	  
•  Posi@ve	  (semi-‐)definite	  

n  Lindblad	  form	

•  General	  form	  of	  Markovian	  master	  equa@on	  that	  sa@sfies	  the	  above	  proper@es.	  
	  	  	  	  	  	  	  	  	  c.f.	  Caldeira-‐Leggej	  master	  equa@on	  is	  not	  of	  this	  form	

Lindblad	  (76)	
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Time	  scale	  hierarchies	  

n  Three	  important	  @me	  scales	  

Want	  to	  describe	  physics	  of	  
the	  open	  system	  at	  this	  scale	

τ E,τ R,τ S

n  Typical	  regimes	  of	  the	  open	  quantum	  systems	  

•  Quantum	  op@cal	  limit	

τ E << τ R,    τ S << τ R
•  Quantum	  Brownian	  mo@on	

τ E << τ R,    τ E << τ S

•  Medium	  correla@on	  @me	  (E)	  
•  System	  relaxa@on	  @me	  (R)	  
•  System	  intrinsic	  @me	  scale	  (S)	

These	  hierarchies	  make	  things	  simpler!	

τ E << τ S << τ RTwo	  regimes	  overlap	  when	  	
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Quantum	  opEcal	  limit	  

τ E << τ R à	  Markovian	  approxima@on	

τ S ≡ (ΔE)
−1 << τ R à	  Rota@ng	  wave	  approxima@on	

Phase	  gets	  randomized	  during	  τR	  :	  
Quantum	  superposi@on	  à	  Sta@s@cal	  ensemble	

n When	  there	  is	  an	  energy	  gap	  ΔE	  in	  the	  system	

e.g.	  Par@cle	  mo@on	  in	  a	  poten@al	  
•  Orbital	  mo@on	  is	  observed	  in	  a	  @me	  scale	  of	  

interest	  
•  System	  Hilbert	  space	  based	  on	  bound	  state	  

levels	  (1S,	  2S,	  etc)	  gives	  a	  good	  descrip@on	

Photon	  emission	  
&	  absorp@on	

τ S << τ R



15/03/11	 24	

Quantum	  Brownian	  moEon	  

τ E << τ R à	  Markovian	  approxima@on	

τ E << τ S à	  Accelera@on	  neglected	

n Wave	  func@on	  descrip@on	

Scajering	  with	  
medium	  par@cles	

e.g.	  Par@cle	  mo@on	  in	  a	  poten@al	  
•  Only	  a	  frac@on	  of	  orbital	  mo@on	  is	  observed	  in	  the	  

medium	  @me	  scale	  
•  System	  Hilbert	  space	  based	  on	  posi@on	  representa@on	  

(wave	  func@on)	  gives	  a	  good	  descrip@on	

τ E << τ S
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When	  is	  the	  potenEal	  approach	  applicable?	  

n Wave	  func@on	  descrip@on	  for	  QBM	

τE	 τR	 τS	
Color	  electric	 Color	  diffusion,	  

Kine@c	  equilibra@on	
Orbital	  period	  in	  
Coulomb	  poten@al	

1/gT	 1/g2T,	  M/g4T2	  	 (4π)2/Mg4	

τ E << τ R → g <<1

τ E << τ S
→1 gT << (4π )2 Mg4 → g3 100 << T M <<1

When	  g	  ~	  1,	  heavy	  quark	  color	  should	  be	  
averaged	  out	  and	  ignored.	



4.	  Influence	  func@onal	  approach	
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Open	  quantum	  systems	  by	  path	  integral	

S[x,R]= dτL(x,R) =
0

t

∫ SA[x]+ SI[x,R]+ SB[R]
A:	  system,	  B:	  environment	

Feynman	  and	  Vernon	  (63)	

•  Express	  total	  wave	  func@on	  Ψ(x,R)	  and	  Ψ*(y,Q)	  by	  path	  integral	  
•  Path	  integrate	  for	  R	  and	  Q	  under	  each	  x	  and	  y	  trajectory	  (=	  trace	  over	  the	  

environment)	  
•  Take	  ensemble	  average	  with	  proper	  weight	  for	  ini@al	  wave	  func@ons	  
•  Remaining	  path	  integral	  for	  x	  and	  y	
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J(t, x, y;0, x ', y ') = DxDyexp i

SA[ x]− SA[ y]( )

"

#$
%

&'
F[ x, y]

x ',y '

x,y

∫

Influence	  funcEonal	  

n  Density	  matrix	

n  Propagator	

n  Influence	  func@onal	

ρred (t, x, y) = dx 'dy 'J(t, x, y;0, x ', y ')ρsys (0, x ', y ')∫
System	  ini@al	  condi@on	

F[x, y]= dR 'dQ 'dR∫ ρB(0,R ',Q ')

               × D[ R, Q]exp i

SB[x]+ SI[x, R]− SB[y]− SI[y, Q]( )$

%&
'

()R ',Q '

R,R

∫

Environment	  ini@al	  condi@on	

Assump@on:	  no	  entanglement	  in	  the	  
ini@al	  system	  and	  environment	



15/03/11	 28	

Caldeira	  and	  Leggej	  (83)	

F[x, y]= exp
−
i


dτ ds x(τ )− y(τ )[ ]αI (τ − s) x(s)+ y(s)[ ]
0

τ

∫
0

t

∫

−
1


dτ ds x(τ )− y(τ )[ ]αR (τ − s) x(s)− y(s)[ ]
0

τ

∫
0

t

∫

#

$

%
%
%
%

&

'

(
(
(
(

          ≅ exp −
iη
2

dτ (xx − yy+ xy− yx)
0

t

∫ −
ηkBT
2 dτ (x − y)2

0

t

∫
#

$
%

&

'
(

Coarse	  
graining	

α：two-‐point	  func@ons	  of	  environment	  d.o.f	  (R)	

SA[x]= Mx
2

2
− v(x),   SB[


R]= m

R2

2
−

mωk
2Rk

2

2k=1

N

∑ ,   SI[x,

R]= −x CkRk

k=1

N

∑

NOT	  Lindblad	  form!	

Caldeira-‐LeggeH	  model	  

n  Lagrangian	

n  Influence	  func@onal	

Linear	  coupling	

x	

y	
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Diosi	  (93)	

!ρred =
i
!
[HR,ρred ]−

ηkBT
!2

[x,[x,ρred ]]−
iη
2M!

[x,{p,ρred}]−
η

12M 2kBT
[p,[p,ρred ]]

Fluctua@on	 Dissipa@on	

F[x, y]= exp
−
i
!

dτ ds x(τ )− y(τ )[ ]αI (τ − s) x(s)+ y(s)[ ]
0

τ

∫
0

t

∫

−
1
!

dτ ds x(τ )− y(τ )[ ]αR (τ − s) x(s)− y(s)[ ]
0

τ

∫
0

t

∫

#

$

%
%
%
%

&

'

(
(
(
(

          ≅ exp −
iη
2!

dτ (x!x − y!y+ x!y− y!x)
0

t

∫ −
ηkBT
!2 dτ (x − y)2

0

t

∫ +
!2 ( "x − "y)2

12(kBT )2

#

$
%

&

'
(

Lindblad!	

Diosi’s	  prescripEon	  

n  Up	  to	  2nd	  order	  deriva@ve	  in	  @me	  

n Master	  equa@on	  in	  the	  Lindblad	  form	
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Sint = g d 4x∫ ρa (x)Aa
0 (x)

F[ρ1,ρ2 ]≡ exp iSIF[ρ1,ρ2 ][ ]
= exp −g2 2 ρ1G

Fρ1 + ρ2G
!Fρ2 − ρ1G

>ρ2 − ρ2G
<ρ1∫∫ +!$

%
&
'

G:	  Gluon	  2-‐point	  func@ons	

−g2G00,ab
R (ω = 0, !r ) ≡V (!r )δab,   − g2G00,ab

> (ω = 0, !r ) ≡ D(!r )δab

Gs	  can	  be	  expressed	  in	  terms	  of	  two	  real	  func@ons	

Heavy	  quarks	  in	  QGP	  

n  Approxima@ons	
•  1/c	  expansion	  for	  HQ	  ac@on	

•  Perturba@ve	  expansion	  for	  influence	  func@onal	

•  Coarse	  graining	  up	  to	  2nd	  order	  deriva@ve	  in	  @me	

1	

2	

(Manohar’s	  textbook)	

Akamatsu	  (13,15)	
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S IF[ρ1,ρ2 ]≅ − 1
2

ρ a
1,ρ

a
2( )(t, !x )

V + iD −iD
−iD −V + iD

#

$
%

&

'
(

( !x−!y )

ρ a
1

ρ a
2

)

*
++

,

-
..

(t, !y )
t, !x, !y∫

                  − 1
4T

ρ a
1,ρ

a
2( )(t, !x )

−D −D
D D

#

$
%

&

'
(

( !x−!y )

"ρ a
1

!ρ a
2

)

*
++

,

-
..

(t, !y )
t, !x, !y∫

                  + i
24T 2

"ρ a
1, !ρ

a
2( )(t, !x )

−D D
D −D

#

$
%

&

'
(

( !x−!y )

"ρ a
1

!ρ a
2

)

*
++

,

-
..

(t, !y )
t, !x, !y∫

Complex	  poten@al	  
=	  Screened	  poten@al	  +	  fluctua@on	  (à	  Stochas@c	  poten@al)	  

Momentum	  dissipa@on	

Lindblad	  form	

Lindblad	  form	

•  Func@onal	  master	  equa@ons	  à	  Par@cle	  master	  equa@ons	

Influence	  funcEonal	  for	  HQs	  

n  x	  in	  CL	  model	  ⇔	  Color	  density	  ρa	

n  How	  to	  obtain	  master	  equa@ons?	

(Use	  the	  proper@es	  of	  fermionic	  coherent	  states)	

Akamatsu	  (15)	
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Physical	  processes	  

n  Color	  density	  interac@ons	

HQ	

Some@mes	  interact	  with	  the	  
other	  heavy	  (an@-‐)quark	

HQ	
light	  quarks,	  gluons	

HTL	 HTL	 HTL	

gγ0ta	



5.	  Applica@ons	
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(1)	  Stochas@c	  poten@al	  with	  color	  
•  Color	  singlet	  and	  octet	  
•  Decoherence	

(2)	  Color	  in	  heavy	  quark	  diffusion	  
•  How	  color	  is	  averaged	  out?	  
•  Quantum	  fluctua@on	  in	  color	  space	

Color	  degrees	  of	  freedom	  of	  heavy	  quark	  systems	

Scajering	  changes	  heavy	  quark	  color	Singlet-‐octet	

Akamatsu	  (15)	 Akamatsu,	  in	  prepara@on	
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Screened	  potenEal	  and	  fluctuaEon	  

S IF[ρ1,ρ2 ]≅ −
1
2

ρ a
1,ρ

a
2( )(t, !x )

V + iD −iD
−iD −V + iD

#

$
%

&

'
(
( !x−!y )

ρ a
1

ρ a
2

)

*
++

,

-
..
(t, !y )

t, !x, !y∫

n  Influence	  func@onal	  using	  noise	  

Rewrite	  using	  Gaussian	  noise	  with	  nonlocal	  correla@on	

eiSIF = exp −
i
2

V (!x − !y)ρ1
a (t, !x)ρ2

a (t, !y)
t, !x, !y∫

#

$%
&

'(

           × exp −i ξ a (t, !x) ρ a
1(t,
!x)− ρ a

2 (t, !x)( )t, !x∫
#
$

&
' ξ

ξ a (t, !x)ξ b(s, !y) = −D(!x − !y)δ abδ(t − s)

Stochas@c	  poten@al	

(D:	  Nega@ve	  definite)	

•  Neglec@ng	  dissipa@ve	  terms	  is	  allowed	  only	  far	  before	  heavy	  quark	  thermaliza@on	

(1)	
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Quantum	  mechanics	  in	  stochasEc	  potenEal	  

i ∂
∂t
Ψ(t, !r ) =

−
∇r

2

M
+ iCFD(0)+ V (r)+ iD(r) 2( ) ta⊗ (−t *a )&' ()

+ξ a (t, !r 2) ta⊗1&' ()+ξ
a (t,− !r 2) 1⊗ (−t *a )&' ()

&

'

*
*
*

(

)

+
+
+
Ψ(t, !r )

(Ψ : 3⊗ 3*,   !r = !x − !y)

n  Quarkonium	  wave	  func@on	

•  3×3*	  representa@on	  
•  Rela@ve	  coordinate	

A	  noise	  “field”	  ξ(t,r)	  rotates	  color	  of	  
heavy	  quark	  and	  heavy	  an@-‐quark	  
(interfered	  scajering)	r	

exp −iΔt ξ a (t, !r 2) ta ⊗1$% &'−ξ
a (t,−!r 2) 1⊗ ta*$% &'{ }$

%
&
'

•  Equivalent	  to	  stochas@c	  unitary	  evolu@on	  with	  colors	

(1)	
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(Projected)	  Reduced	  density	  matrix	  
n  Reduced	  density	  matrix	

ρij,kl (t,
!r, !s ) ≡ Ψ ij (t,

!r )Ψ kl
*(t, !s )

ξ
,    ∂

∂t
ρij,kl (t,

!r, !s ) ="

n  Projected	  reduced	  density	  matrix	

ρ1,8(t,
!r, !s ) ≡ Trcolor Psinglet,

octet
Ψ(t, !r )Ψ*(t, !s )

ξ

#

$
%

&

'
(

∂
∂t

ρ1
ρ8

*

+

,
,

-

.

/
/
(t,!r ,!s )

= i∇r
2 −∇s

2

M
ρ1
ρ8

*

+

,
,

-

.

/
/+ i V (

!r )−V (!s )( )
CF 0
0 −1 2Nc

#

$
%
%

&

'
(
(

ρ1
ρ8

*

+

,
,

-

.

/
/+D(

!r, !s )
ρ1
ρ8

*

+

,
,

-

.

/
/

Decoherence	

•  At	  r=s,	  ρ	  gives	  probability	  density	  to	  find	  heavy	  quark	  pair	  
at	  distance	  r	  in	  singlet	  or	  octet	  states	  

(1)	
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Decoherence	  Eme	  scale	  

D(!r, !s ) = 2CFD(
!
0)− D(!r )+D(!s )( )

CF 0
0 −1 2Nc

"

#
$
$

%

&
'
'

             − 2D(!r − !s )
0 1 2Nc

CF CF −1 2Nc

"

#
$
$

%

&
'
'
+ 2D(!r + !s )

0 1 2Nc

CF −1 Nc

"

#
$
$

%

&
'
'

n  Decoherence	  
•  Wave	  func@on	  becomes	  diagonal	  in	  posi@on	  representa@on	

ξ a (t, !x)ξ b(s, !y) = −D(!x − !y)δ abδ(t − s)

Correla@on	  length:	  lfluct	

•  Decoherence	  @me	  scale	  is	  es@mated	  by	  comparing	  wave	  func@on	  size	  lcoh	  
and	  medium	  correla@on	  length	  lfluct	

D(!r,−!r ) ≅ −

!
∇2D(0)r2

3
 (r << lfluct )

−2D(0)      (r > lfluct )

$

%
&

'
&

(

)
&

*
&
×

CF 1 2Nc

CF CF −1 Nc

,

-
.
.

/

0
1
1

→ tD (lcoh,T ) ~ 1
g2T

#  +  #
g2 ln(1 / g)T 2lcoh

2  
"

#
$

%

&
' Smaller	  (deeper)	  bound	  

states	  are	  more	  stable	

(1)	
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Langevin	  equaEon	  with	  color	  

n  Localized	  wave	  packet	 Δx << lfluct
•  Momentum	  updated	  à	  a	  Schrödinger's	  cat	  state	  à	  Decoherence	  
•  Due	  to	  decoherence,	  color	  state	  is	  treated	  as	  if	  measured	  

Δ
!x =
!p
M
Δt,    Δ!p = − CFγ

2MT
!pΔt +

!
f (t)Δt na (t)t̂ a#$ %&meas

ρ̂color (t +Δt) = exp −iΔtζ a (t)t̂ a#$ %&ρ̂color (t)exp iΔtζ a (t)t̂ a#$ %&

ζ a (t)ζ b(t) =αδ ab Δt,    fi (t) f j (t) = Nc
2 −1( )γ Δt,    nana =1

Momentum	  kicks	Random	  color	  rota@on	

(2)	



6.	  Summary	

•  Open	  quantum	  system	  approach	  is	  reviewed	  
– Two	  regimes:	  quantum	  op@cs	  /	  Brownian	  mo@on	  
– We	  have	  derived	  wave	  func@on	  descrip@on	  
– Applica@ons	  

•  Stochas@c	  poten@al	  with	  color	  
•  Color	  in	  heavy	  quark	  diffusion	  

•  Future	  direc@ons	  
– Phenomenology	  in	  heavy-‐ion	  collisions	  
– Quantum	  op@cal	  regime	  for	  deepest	  bound	  states	  
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Akamatsu,	  Nonaka,	  
Rothkopf,	  in	  progress	


