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Complex Langevin Equation (CLE)

e Lattice simulation —
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Outline

« Complex Langevin equation (CLE); brief review
* Chiral Random Matrix (ChRM) model

 CLE result for ChRM

 Simple N=1/2 model

* Discussions

* Outlook
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Langevin dynamics (Brownian motion)

® Statistical sampling = long time average if ergodicity holds
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« Associated Fokker-Planck egn guarantees equilibration
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« Field theory --> “Stochastic quantization” Parisi-Wu
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« Field theory --> “Stochastic quantization” Parisi-Wu
O¢(x,0)  o0Slo| ol Bintad WV =58t ali510 — !
= ~Far T @0 (Ol #)) = 2(w =20 - #)
« Whatif Siscomplex? config. x » z=x+iy Parisi, Klauder
m'z—ReZ—f—l—n(t)
y=—-Im—
0z
* [Q]
(O(x)) = f dzp(x)O(z) % f dxdyP(z,y)O(z + iy)
e

_ Aarts, James, Seiler, Stamatescu: Eur. Phys. J. C("11) 71;1756
 Formally proven under conditions:

- holomorphic property, well-localized dist in y direction,
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a complex weight from a real distribution?

o If O(x)) = /d:}:p(:}:)O(:}:) — /d:}:rij(:I::y)O(:}‘: + 1Y)

then p(x) = /dyP(-'L‘ — Y, Y)

 Aknown (exact) example — Guassian: S=X4* «eC

2

P(x,y)=Nexp[—ax’-By'—2yxy] €R
e.g., G. Aarts et al, 1412.0847

fdyP(x—iy,y): /% exp[—X x7] ot

2

M N

* N.B. CLE fixes the prefactor
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Application to physical systems

* Revived interests since Aarts-Stamatescu (2008~)

 relativistic Bose gas, U(1), SU(2) link model, Thirring model, ...

e Chiral random matrix (Sano et al., 2011 )

e Chiral random matrix (Mollgaard-Spilittorff, 2013; Splittorff et al. 2014)

e see Sexty's talk
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Chiral Random Matrix Model

e Introduction of finite t & u M. Stephanov

Zy=[1dW]e™* """V det(D+m) = [ [dW ]e™®
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Dim =| 737, iW+C C- (w+it)1,,, |
iW"+C m 0 (w—it)1,,,
W=W,+1 W, ; N-by-N complex matrix
fields t&u suppress small eigenvalues of D N=32. m=0.4
nonzero U breaks anti-Hermiticity of %()2 N
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e CLE S =NZ’tr W' W —log[det(D+m)]
W=W +iW,; W,,eC

Wi(0 + €) = W1(0) + eK1(0) + /en1(0)
Wa (0 + €) = Wa(0) + eKa(0) + Vena2(60)

« Force term K, , have a pole

e Simulation is straightforward
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Chiral Random Matrix Model

« CLE

Wl(g —+ E)
Wg(g -+ E)

« Force term K, , have a pole

Wl’zeC

Exact
CLE

: . . /(2N
e Simulation is straightforward <qq>(1 )
 Phase transition is only g:g I
qualitatively reproduced 0.4
: ... . 0.2
* |Incorrect in transition region at 0
low ¢ ... 0.2
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CLE result of ChRM at t=0
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FIG. 1: Chiral condensate (gg) obtained with CLE Simulation (points) for W = 2, 8, and 32 as a function of the chemical
potential g (m = 0.4 (left) and 1 (right)). The exact solutions are drawn in curves.

e CLE falls in transition region
« Difference is larger for smaller N and smaller m

« Better works for larger N? - not clear yet
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Reweighting from RLE
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FIG. 3: Phase quenched simulation and reweighting. Average phase (left) and reweighted chiral condensate (right) for at
m = 0.4 for N = 2,8 and 32.

e <e’d> becomes smaller for larger N (as expected)
« For N =2 & 8, sign problem is very mild, but CLE falls

« Failure of CLE is not directly related to overlap problem.
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e N=1 mOdel _6(x2+ 2)
Z = | dxdx,e """ (m*+(x,—iu)*+x2)

 N=1/2 model
Zy = Jﬁ dx e " (m*+(x—in)’) = \/%(m2+——uz)
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Simplified model

e N=1/2 model
Z,,=J dx e (mPs(x—in)’) = [F(m*+o o)

 Quark condensate

dln Zy /o B 2m

dm o2+ % — 2

—{(qq) =

* both small and large i Rk

o

e & ---l'-'f--.-...l. i i . H

e Good region at small u 8 Steeen]
becomes wider for larger m ¢ .

+ Zero of Z cannot be B AR A i G s i
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« Classical Langevin flow
as

—

Two attracti

—K(z) =

ve, one repulsive C.P.
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Saddle point approximation

« When S can be approximated as a sum of two Gaussians

- (separated by a zero of e*{-S} in the simple model)

1 9 1 ,
~S(x) —S(x+)+§1<+(x—x+) —S(x_)+§1<_(x_x_)

e ~ e + e

CLE will result approximately (after y-integration)

\/ K, ~ox () K —ox (e’

oSlE)

e + J— e
27 27

CLE seems to miss the “global phase” e’

and adds a relative phase of V(k%)

C.f., a well-known example:
1 1.

Sl = xe 2 CLE simulates ¢ 5

for e
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Integration on “Lefschetz” thimbles

Witten, Aurola coll., Komaba coll., ...
e Z can be evaluated effectively by deforming integration path — the

line (space) of the most descent: “Thimbles” J

« determined by the flow dz =dS/dzd&  froma C.P.

e on which Im(S) = const and Re(S) is increasing away from a C.P.

/rJIf —s(7) — fd?f 5(2) = g=tml Jf dé | —
T , (]E

* Imag part appears as “global’ Im(S) and “resigual” Jacobian phases

o~ Re[S(z(§))]

 When Z=0 at some param (e.g., LY zero, etc.), thimble integrals
give a cancellation thanks to these phases.

 CLE samples cannot give zero result for Z

Complex phase seems very important
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Modified CLE sampling in N=1/2 model

« Let us try the proper phase to be put on CLE samples:
- (2) Phase of exact Z £ (corresponding to each thimble contrib)

- (C) Phase of Im(S(z+)) at the C.P. and arg(ik+t)/2
- (L) Phase of Im(S(z)) and arg(x)/2 locally at each sampling point z

Mar-9-2015, YITP, HHIQCD H. Fujii

20



Modifled CLE sampling in N=1/2 model

« Let us try the proper phase to be put on CLE samples:
- (2) Phase of exact Z £ (corresponding to each thimble contrib)

- (C) Phase of Im(S(z+)) at the C.P. and arg(ik+t)/2
- (L) Phase of Im(S(z)) and arg(x)/2 locally at each sampling point z

’ 301 & 1@ | |
 Not perfect J I e

| | o — A W B T T P
« but still suggesting o b  m=04 15

-<qqbar>
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Thimble flow

H. Fujii
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Outlook

« Complex Langevin simulation applied to Chiral Random Matrix at finite
tand u

« CLE fails in chiral transition region of the model, but works at larger t or
i orm.

Distribution P(X,y) localizes around two attractive CP in the transition
region

With additional phases motivated by Thimble idea, the result of CLE
can be “improved”

Models with N>1 have more complicated saddles — work in progress

Like to understand CLE with Fermion determinant, and how it works
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