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¢  New numerical approaches =%«
in Lattice gauge theory

. Conventional Lattice QCD simulation

* pbased on Monte Carlo

* giving a lot hints of non-perturbative properties of
QCD

- Alternative numerical approaches for
* QCD at finite density

* real time dynamics

- Hamiltonian approach with Tensor network method
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DESYTensor network (TN)

oY
- An efficient approximation of quantum many-body
state from gquantum information

- Matrix product states (MPS) - Td TN
|¢>z. > T (M) M[1]* - MIN — 1]"%=1] [igiy - -+ in—1)

0,4 ,iJV—l

iv. physical indices at site k, Mnn: tensor,
m, n (=1,..., D) : indices from this approximation, D : bond dimension

- W/ TN, Investigating sub-space growing linearly
(polynomially in general) & Hilbert space growing
exponentially d¥ with system size
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/Schwmger model for N;=1

J. Schwinger Phys.Rev. 128 (1962)
1+1 dimensional QED model  §§;Faca ™ Serienore, Bvstet 87t 2 (1970,
not QCD, but similar to QCD :

confinement, chiral symmetry breaking

Exactly solvable in massless case = a good test case
Hamiltonian for TN approach in spin language
N 1 Mass term T. Banks, L. Susskind and
=T Z on Opi1t 0, Un+1 Z 1+ ) "oz ] J. Kogut, PRD13, 4 (1973)
n=>0 n=>0
NZ Z _1)k4+07)| 9auge part
— Ilhop + fl:nass + Ilg =0 LS Gauss law

where inverse coupling x=1/a2g?, dimensionless mass u=2m/ag? and I = L(0)
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& Hamiltonian of
Schwinger model in continuum

T. Byrnes, et al Phys. Rev. D66 (2002), 013002

Lagrangian of Schwinger model;
1

—aly (4 v
L=v (D, —m)yY(z)— ZFWF“ (z)
W, ="y 2-component fermion field
D, =0, +1gA,: covariant derivative, = ( (1) _01 ) m= ( _?1 (1) ) : gamma matrix

F,, =0,A,—0,A, :Field strength

amiltonian via Legendre transformation:
oL oL
"= 8000) P T (004,

- . — 1
= ity (0" +igA") Y(x) + miy(z) + 5 E*(x)
where temporal gauge A; =0, E = —0yA;

(00A,) — L

. (3auss law: 8.E(z) = géyor(z)
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&> Hamiltonian of
Schwinger model on lattice

T. Byrnes, et al Phys. Rev. D66 (2002), 013002

For fermion, Kogut-Susskind type discretization: s 1/

2-component fermion field: 1-component fermion field: 6(n)/va l
Y(z) . Y for n : even b
; wu cr(:’: — upper . .
v = (i) —2 CCOCR i S o
For gauge field, discretization: E(z) = —9pA1 () gL(n)

Hamiltonian on Lattice (still fields theory)

?

H = ~ 50 Z [(pf(n)c"’(p(n +1) — h.s.| + mZ( 1)"¢t(n)d(n) + ga Z L4(n)

n=1 n=1 n=1

Jordan-Wigner transformation:

_ + 2] o 1 - 2] ot for keeping
o H [zal ] On ¢ (n) o H [ ud ] In anti-commutative relation
I<n I<n
Gauss law on Lattice: L(n+1)—-L(n) = ; (~1)" +02]  &E =gyt in continuum
N—2 N1 mass term N2 gauge part 5
Hamiltonian: =X leiowatonmial +5 3 i+ ol + 3 1+ Z V")

zero back ground field
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¥ 1-flavor Schwinger model
at finite T

Chiral symmetry breaking at 7=0 (via anomaly)
& At finite T, the symmetry restoration

Order parameter : chiral condensate

- - . - tr ,7, 3 :
Chiral condensate at finite T: (¢¢), = r (¥ p(B)] thermal density operator
f tr [p(3)] p(B) =e™

. Thermal density operator p(f)

_ o—0H  ,—6H

;\Vr — {j/(g
Ex. ) For fixed o, larger N corresponds to lower T

starting high T limit using Identity operator

J 0
)_6HN — )_‘SHOP —
« Each e = (1-5m) e (1-3m)

[} . [}
ﬁH(:e_bH() _EH('.

* As an imaginary time evolution: p(8) =e™""

——

~e
* systematic error from step size 6
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Global optimization

. MPS approximation for p(p)
p(B)~ D Tr[M[o]o* .- MIN — 1]"¥-N=1] |ig---in_1) (jo - - jn—1]

20, yIN —1
JOsy " yIN -1

systematic error from bond dimension D
. How to obtain elements of tensors M[0], -+, M[N-1]

* Global optimization: Updating each elements w/ fixing
the others so that the distance between approximated/
unapproximated operators €= |Oupprox — O] IS MINIMUM

¥ In thermal state calculation, ex. »(8) = p'(8) ~ p(B)e~ 2
so that the distance e=|/'(8)-p@e 4| is minimum
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Analytic Tormula
. Chiral condensate at finite T | sachsanda Wipf, arXiv:1005.1822
0.2 T T T T T
<QZ¢> _ mfy 67921(’6"17) zero T limit --------
2T
0.15 | -
TrL,Y
_ 2—67 for T'— 0 o
_ v
2T e~ 7T/ my for T — o0 01 | -
smooth curve
0% | _
where [(z) =/(; ‘l _({Icosh(t)dt
0 | | | |
Fuler constant v = 0.57721.. 0 0.2 0.4 0.6 0.8 1 1.2
1/T
M, =e/\n
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“Four systematic errors

From chain length A,

From bond dimension D, Inverse coupling x
step size § continuum limit with fixed
.l | | | | ] physical length N/y/z = 20
0.25 | ' | | | -
0.15 — -
= 0.2 ]

-

0.15 |

0.05

Sachs and Wipf i 01 k

D=20, 6=0.001 SE—
e D=20, 6=0.0001 N= 20, x=1

OpF——— e D=40;6=0.001 — 0.05 N= 50, x=6.25 -

D=40, 6=0.0001 N=80, x=16 --------

| | | N=100, x=25

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, N=120, x=36 -]

0 1 2 3 4 o 0 N=160, x=64 —

ap |  Sachs and Wipf =~ ——
0 1 2 3 4 5

ap
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Extrapolations
at ¢g=04

preliminary results
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D — ith L
, % Wit o — 0 with fixed N, x o
fixed 0, N, x | linear convergence in ¢ | N — o with fixed x

from a mathematical theoretically predicted
proof, convergence in D

1.508795e-02

T ' ' ' 0.0152 01
X=6.25, N=40,5=0.0005 N=40 ' ' ' 00188 = — 7

N=50 I x=25
1.508790e-02 | e — 0.015
N=60 —%— I
0.0151 | . )
1.508785e-02 - - 0.0145
0.015 |- ] 0.014
1.508780e-02 |- g
0.0149 | - 0.0135
1.508775e-02 |- g
0.013
0.0148 | i -
15087709'02 _,, 1 0.0125 — B )
1.508765e-02 - - 0.0147 _ 0.012 )
0.0115
1.508760e-02 :7 - 0.0146 | ] /’/,/’
0.011
1.508755€-02 - .
0.0145 - ] 0.0105 F -
1.508750e-02 |- g 0.01 ! ! ! !
- 0.0144 ; ; ; : 0 0.005 0.01 0.015 0.02 0.025
0 0.0002 0.0004 0.0006 0.0008 0.001
1.508745e-02 . ' ' ' 5 1N
0 0.005 001 0.015 0.02
1/D

March 9, 2015 @ Yukawa Institute H. Saito  (NIC, DESY Zeuthen) 12



Ty _NE)

' DESY
\<f¢f3/

- Continuum extrapolation

continuum limit extrapolation 1/y/z — 0
preliminary results

0.016 . . . . . 0.035 . . . . .
0.014 0.03

0.012 0.025

0.01 0.02

0.008 0.015

0.006 0.01

gp=0.4 ° gp=0.8 =
0.004 linear + log i 0.005 r linear + log l
quadratic + log quadratic + log
0.002 I I I I I O 1 1 1 ] ]
0 0.1 0.2 0.3 0.4 0.5 0.6 0 0.1 0.2 0.3 0.4 0.5 0.6
1/Vx 1/Vx
linear + log:

ay +bylog(y) +¢ where y=1/Va
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Chiral condensate at high T
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After eliminating those systematic errors -

0.2

.. .
.. .'.! ,,,,

- -
-
—”
-

-
-
-
-

analytical --—-—-—---
MPS linear+log + o

preliminary results

analytical ---------
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- Computing chiral condensate at fin
formalism with tensor network met
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Summary

Ite 7 In Hamiltonian

Nods

- Evaluating dependence of bond dimension/step size

- As a preliminary result, by taking continuum limit, we
obtain results consistent with the analytic formula.

- Future plan: Schwi

chemica
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nger model for Ny=2 at finite
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Towards to QCD

dense tasks left:--
* Hamiltonian formulation of non-Abelian case

* Technical developments of TN for higher
dimensional system
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Technical development |

o ]p(5) 9y p(5)
(V) 5 = t[f[ 3 i]]

0.015062 T T T T
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0.01506 - .

0.015059 [ .

W 0.015058 |- .
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0.015056 - .

0.015055 |- .

0.015054 ' ' ' '
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1/D
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~ o—3SH 0 §H 0 SH
-9 e _ o ] e
p(8) e~ 2 (1— " Hy ) e 1— S Hg e
0.01516 . . . . 0.015094 . . . .
Tr[pZ], time_ckpnt=0.0001 A
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Lattice gauge theory (LGT)
with TN approach

Earlier Study: critical behavior of Schwinger model
with Density Matrix Renormalization Group

T. Bymes, et al. PRD.66.013002 (2002)
Nowadays: various branches

* Qur previous studies M. C. Banuls et al JHEP 1311, 158, LAT2013, 332 (2013)
* Strong coupling exp. K. Cichy, et al. Comput.Phys.Commun. 184 1666 (2013)
* TN rep. of LGT with continuous group

] ] ] ] L. Tagliacozzo, et al. arXiv:1405.4811
* LGT with TN on higher dimension

¥ Qeal tlme eVOlu‘tIOn B. Buyens, et al. arXiv:1312.6654
. D. Banerjee, et al. PRL 109 175302 (2012)
* Quan‘tum link mode| D. Baneriee, et al. PRL 110 125303 (2013)

Rico, et al. PRL112, 201601 (2014)

* Tensor Renormalization Group

Y. Shimizu, Y. Kuramashi arXiv:1403.0642 (With Lagrangian)
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