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Introduction — Quark confinement

Confinement : colored state cannot be observed (quark, gluon, ==*=)
only color-singlet states can be observed (meson, baryon, == *)

Polyakov loop : order parameter for quark deconfinement phase transition

imaginary time
A T

: B
Lp(ag) — tr'Te*Y Jo drAs(z,7) in continuum theory

Ny
— tr H U4(8, 84) in lattice theory

s4=1 Finite temperature :
(anti) periodic boundary condition for time direction

1
) — V Z <LP (a:)) :Polyakov loop F, :free energy of the system
@

with a single static quark

_gF, ) = 0 (F, = o0, confinement phase)
_ o—BF,

\_ # 0 (Fy : finite, deconfinement phase)




Introduction — Chiral Symmetry Breaking

*Chiral symmetry breaking : chiral symmetry is spontaneously broken

[SU(N)L x SUN)r 2 SU(N)VJ

for example SU(2)

* u, d quarks get dynamical mass(constituent mass)

 Pions appear as NG bosons

= Chiral condensate : order parameter for chiral phase transition

| #0 (chiral broken phase)

(qq) |
=0 (chiral restored phase)
-Banks-Casher relation lj :Dirac operator
[<QQ> = - wl%lgo JE}%@W(()(O))} D|n) = i\, |n) :Dirac eigenvalue equation

1
p(A) = v ; d(A — A,,) :Dirac eigenvalue density
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QCD phase transition at finite temperature

(L), X L : Polyakov loop and its susceptibility

<¢¢>; X'm : chiral condensate and its susceptibility

deconfinement transition chiral transition
0.3—r—T—Tr—TTTTT7 T g.&e—r—T—TTTTTT7 T T T T T T T T T
d ‘L 0.5 _
ﬁ T L "E; “m
0.2} 0.4 T, |t‘+r ]
T _|l . i .,n'— J'i _
% - L4
b E-g i}!i g ] -
| E 3
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a m /T = 0.08
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F. Karsch, Lect. Notes Phys. 583, 209 (2002)

=0
* two flavor QCD

with light quarks



QCD phase transition at finite temperature

F. Karsch, Lect. Notes Phys. 583, 209 (2002)

(L), X L : Polyakov loop and its susceptibility

<¢¢>; X'm : chiral condensate and its susceptibility

deconfinement transition

chiral transition

0.3r—T—Tr—T—TT7 L L L L L L L LA g.er—r—mr——T—T—T—T—TTTT T T T T T T T
] IL p— 0
‘L 0.5F ]
! vy j'k | - two flavor QCD
0.2 0.4r o ] 1 with light quarks
§ ] |
¢ | B 0.3F g,
/ }3 i .
' ¥ | k ‘\
0.1F f;} 0.2 d ;i i
g’&i z’*\ j “"-'n%% {| We define critical temperature
L 5‘!5”’ m /T = 0.08 T - 1| as the peak of susceptibility
m/T = 0.08
ol . P S S S T SR pl—m— v s b
5.2 5.3 .4 5.2 3 5.4
B B
Low T High T Low T High T
——> | These two phenomena are strongly correlated(?)
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S. Gongyo, T. Iritani, H. Suganuma, PRD86 (2012) 034510
T. Iritani and H. Suganuma, PTEP, 2014 3, 033B03 (2014).

Dirac-mode expansion and projection

—

A

1.5

Dirac eigenvalue equation:fD\n) = iAp|n)

Dirac eigenmode: |?’L>

Dirac eigenvalue: 7\,

1
Dirac eigenvalue density: p(\) = v D 6= An)

Banks-Casher relation: (gq) = — lim lim 7{p(0))

m—0V =00

removing low-lying Dirac modes(Dirac IR cut) <= | removing the essence of CSB

0.3

Afa™)

(qq)

<

qq)1r

(qq)

1 2m
=y 2 e

)\n >AIR

~0.02 (Ajr ~0.4 GeV, m ~5 MeV)

2 This formalism is manifestly gauge invariant.




Dirac-mode expansion and projection

S. Gongyo, T. Iritani, H. Suganuma, PRD86 (2012) 034510
T. Iritani and H. Suganuma, PTEP, 2014 3, 033B03 (2014).

original Polyakov loop Agr = 0.5a”!
0.2 | 0.2 |
Lp :Polyakov loop

0.1 “ 0.1
s 0 o: 3 0 & i =0 (F,; =00, confinement phase)
o ’ P
= 01 } E a1t # 0 (F,:finite, deconfinement phase)

).2 -0.

0. — — — 0.3 . — — '

-0.3 -0.2 -0.1 0 01 0.2 03 -03 -02-01 0 0.1 02 03
Re 1[.1) ) Re “I.[) IR

— >

removing low-lying Dirac modes

After removing the essence of CSB, the confinement property is kept

3 one-to-one correspondence does not hold
for confinement and chiral symmetry breaking in QCD.

This is numerical results.



Analytical relation between Polyakov loop and Dirac modes
with twisted boundary condition

C. Gattringer, Phys. Rev. Lett. 97 (2006) 032003.

1 . \ . \
Lp =25 QEA:)\N4—(1+Z)§)\1 —(1—1);/\5

twisted boundary condition:

U4(X, N4) — :I:Z'UZJ:(Xj N4), Vx A : Eigenvalue of D(CL“Q)
D(z,y) = D4 (x,y) A : Eigenvalue of D4 (z|y)
+4
1
D(z|ly) = (44+m)d, ., — 3 Z 1 Fv,]U,(2)034,.4  :Wilson Dirac operator
p==1

The twisted boundary condition is not the periodic boundary condition.

However,
the temporal periodic boundary condition is physically important
for the imaginary-time formalism at finite temperature.

(The b.c. for link-variables is p.b.c., but the b.c. for Dirac operator is twisted b.c.)
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An analytical relation between Polyakov loop and Dirac mode

on temporally odd-number lattice

H. Suganuma, TMD, T. Iritani, arXiv: 1404.6494 [hep-lat].
H. Suganuma, TMD, T. Iritani, PoS (QCD-TNT-III) (2014) 042.

B (2i)N4_1

Z )\54_1 (n|Us|n)  on temporally odd number lattice: N, is odd

R DYV2

(in lattice unit: ¢ = 1)

notation:

properties :

next page~

derivation

- Polyakov loop : L p
- link variable operator : <8‘ﬁ”|8,> = UM(S)CSSJFILS,

- Dirac eigenmode : D|n) = i\, |n)

. A 1 A A
Dirac operator : ) — 5 ZW(UM ~U_,) > [n)(nl =1

e "

= valid on only temporally odd-number lattice

- valid for arbitrary lattice fermion (Kernel K[U])

Z = / DgDgDUe~ SclUltaKUla
:/DUe_SG[U]detK[U]

We consider gauge configurations {U} generated in MC simulation.



An analytical relation between Polyakov loop and Dirac mode
on temporally odd-number lattice

4 (2 N, = 3 case
(time)
1,2,3
(spatial) 5

In this study, we use
standard square lattice
“with ordinary periodic boundary condition for gluons,
*with the odd temporal length N,
( temporally odd-number lattice )




An analytical relation between Polyakov loop and Dirac mode
on temporally odd-number lattice

A 9 N, = 3 case
(time)
1,2,3
(spatial) 5

In this study, we use

standard square lattice
“with ordinary periodic boundary condition for gluons,

*with the odd temporal length N,
( temporally odd-number lattice )

Note: in the continuum limitofa > 0, N, > oo,
any number of large N, gives the same result.
Then, it is no problem to use the odd-number lattice.



An analytical relation between Polyakov loop and Dirac mode
on temporally odd-number lattice

A 9 N, = 3 case
(time)
1,2,3
(spatial) 5

In this study, we use
standard square lattice
“with ordinary periodic boundary condition for gluons,
*with the odd temporal length N,
( temporally odd-number lattice )

For the simple notation,
we take the lattice unit a=1 hereafter.



An analytical relation between Polyakov loop and Dirac mode

on temporally odd-number lattice
Polyakov loop

X
In general, only gauge-invariant quantities 4
such as Closed Loops and the Polyakov loop
survive in QCD. (Elitzur’s Theorem)
N4 = 3 case
O Closed Loops
O
All the non-closed lines are gauge-variant 4
and their expectation values are zero.
N, = 3 case é \

e.g.
T, 0,0 = S te{Us(s)Us (s + HUL (s + )35, 45 =0 (Tr |_‘1, —g) Nonclosed Lines

gauge-variant s

(s|UL|S"Y = Up(8)0syp.s



An analytical relation between Polyakov loop and Dirac mode

on temporally odd-number lattice
Polyakov loop

X
In general, only gauge-invariant quantities 4
such as Closed Loops and the Polyakov loop
survive in QCD. (Elitzur’s Theorem)
Ny = 3 case
O Closed Loops
O
All the non-closed lines are gauge-variant 4
and their expectation values are zero.
N, = 3 case é \

e.g.
T, 0,0 = S te{Us(s)Us (s + HUL (s + )35, 45 =0 (Tr |_‘1, —g) Nonclosed Lines

gauge-variant s

Note: any closed loop needs even-number link-variables
on the square lattice.




An analytical relation between Polyakov loop and Dirac mode
on temporally odd-number lattice

We consider the functional trace / on the temporally odd-number lattice:

I =Tre~(Uy PN | (Ny 2 odd) definition:
1 (5|U,u|5,> = U,u(s)‘fss—t-ﬁ,s’
1 Dirac operator : P = — ZM(UM —U_,) Trey = Xstretry
2 site & color & spinor

U, PN+~ is expressed as a sum of products of N4 link-variable operators
because the Dirac operatorlD includes one link-variable operator in each direction .

¥

I = TrC,,Y(U4 DN4_1) includes many trajectories on the square lattice.

N, = 3 case ¢

3 4
length of trajectories: N, = 3 l

odd !! ®




An analytical relation between Polyakov loop and Dirac mode
on temporally odd-number lattice

We consider the functional trace / on the temporally odd-number lattice:

I =Tre~(Uy PN | (Ny 2 odd) definition:
1 (5|U,u|5,> = U,u(s)‘fss—t-ﬁ,s’
1 Dirac operator : P = — ZM(UM —U_,) Trey = Xstretry
2 site & color & spinor

U, PN+~ is expressed as a sum of products of /V4 link-variable operators
because the Dirac operatorlD includes one link-variable operator in each direction .

¥

I = TrC,,Y(U4 DN4_1) includes many trajectories on the square lattice.

N, = 3 case T
3 4
length of trajectories: N, = 3 l I ‘I,
odd !! ®

@ Note: any closed loop needs even-number
link-variables on the square lattice.




An analytical relation between Polyakov loop and Dirac mode
on temporally odd-number lattice

A oA ) ~ 1 A
I = Tl’c,»y(UzL DN4_1) (N4 : odd) Dirac operator: ) = 3 %:’YM(U;L - U_,)

In this functional trace I = Tr. (U, PY+71),
it is impossible to form a closed loop on the square lattice,
because the length of the trajectories, V4, is odd.

[ Almost all trajectories are gauge-variant & give no contribution. ]
Ny =3 case ¢ T

gauge variant
4 T h (no contribution)
! |

[Only the exception is the Polyakov loop. ]

Ny =3 case
I is proportional to the Polyakov loop.

4 T gauge invariant !! [ I Lp ]

L p : Polyakov loop



An analytical relation between Polyakov loop and Dirac mode
on temporally odd-number lattice

] = Trc,’y(ﬁél ﬁNAL—l) (Tre o = Xstretry)
— Trcn/{ﬁél (74154)N4_1} (." only gauge-invariant quantities survive)
= 4Trc(ﬁ4f)iv4_1) (" Ny —1:even, v =1 and tryl=4)

4 A A A
— 2N4_1T1“C{U4(U4 — U_4)N4_1}
4

— SNi—1 Trc{f]iv‘*} (*." only gauge-invariant quantities survive)
12V .. 1 ~
— 2N4_1Lp ("." Lp = WTrC{UiV‘*} : Polyakov loop)

(V = N1N3N3Ny : lattice volume)

Thus, I = Trc,,y(f]gl @N‘l_l) is proportional to the Polyakov loop.

e 12V
I=Tre (U3 PY1) = s L




An analytical relation between Polyakov loop and Dirac mode
on temporally odd-number lattice

On the one hand,

12V
| = 2N4—1LP "'@

On the other hand, take the Dirac modes as the basis for functional trace

I =Tre(Uy PN~

Dirac eigenmode

= S "(n|0y PN ) Dly = 7
= NS AN Ty @ S Iny(n| = 1

from D, @ (24)N4—1 - .
| b |Lr="T5p > AV Hn|Ualn)

n

Note 1: this relation holds gauge-independently. (No gauge-fixing)
Note 2: this relation does not depend on lattice fermion for sea quarks.



An analytical relation between Polyakov loop and Dirac mode
on temporally odd-number lattice

H. Suganuma, TMD, T. Iritani, arXiv: 1404.6494 [hep-lat].
H. Suganuma, TMD, T. Iritani, PoS (QCD-TNT-IIl) (2014) 042.

24)Na—1
Lp = ( 1)2V Z )\N4_ <n|U4|?’L> on temporally odd number lattice: N, is odd

(in lattice unit: ¢ = 1)

Polyakov loop : I p
notation: < Dirac eigenmode : ﬁ\n) = i\ |n)

link variable operator : <S|[AJM‘S,> = Uu(5)53+ﬁ,s’




An analytical relation between Polyakov loop and Dirac mode
on temporally odd-number lattice

H. Suganuma, TMD, T. Iritani, arXiv: 1404.6494 [hep-lat].
H. Suganuma, TMD, T. Iritani, PoS (QCD-TNT-IIl) (2014) 042.

Lp = (221)2]\; : Z /\ff‘*_l (n|U4|n) on temporally odd number lattice: N, is odd
n (in lattice unit: ¢ = 1)
Polyakov loop: L p
notation: < Dirac eigenmode : ﬁ\m = iAp|n) >
link variable operator : <8|[AJM‘S,) = U, (8)0s+4,s

*Low-lying Dirac-modes are important for CSB (Banks-Casher relation)
()‘n ~ 0)
- Low-lying Dirac-modes have little contribution to Polyakov loop

The relation between Confinement and CSB is not one-to-one correspondence in QCD.

This conclusion agrees with the previous work by Gongyo, Iritani, Suganuma.

S. Gongyo, T. Iritani, H. Suganuma, PRD86 (2012) 034510
T. Iritani and H. Suganuma, PTEP, 2014 3, 033B03 (2014).



An analytical relation between Polyakov loop and Dirac mode
on temporally odd-number lattice

H. Suganuma, TMD, T. Iritani, arXiv: 1404.6494 [hep-lat].
H. Suganuma, TMD, T. Iritani, PoS (QCD-TNT-IIl) (2014) 042.

27)NVa—1 _
Lp = ( 1)2V Z /\N4 (’n|U4|?’L) on temporally odd number lattice: N, is odd
(in lattice unit: ¢ = 1)

Polyakov loop: L p
notation: < Dirac eigenmode : ﬁ\n) = i\ |n)

link variable operator : <8|[AJM‘S,) = Uﬂ(5)53+ﬁ,s'

*Low-lying Dirac-modes are important for CSB (Banks-Casher relation)
()‘n ~ 0)
- Low-lying Dirac-modes have little contribution to Polyakov loop

The relation between Confinement and CSB is not one-to-one correspondence in QCD.

In fact, from similar analysis,
we can derive the similar relation between Wilson loop and Dirac mode.

Therefore, low-lying Dirac-modes have little contribution
to the string tension o, or the confining force.
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Numerical analysis for each Dirac-mode contribution

to the Polyakov loop

Numerical a(n;.lsliiigflthis relation is important. notation and
? A : :
_ ANV4=Linl U4 In c (A coordinate representation
YN " (s|Ua|s") = Us(5)0,43 o
1) -
Lo = S AN Y UL Ua(e)tns +1) () = ()
n s (n]s) = i (s)
Lp. U4(8) . easily obtained *This formalism is gauge invariant. f)# _ %((L B [A]_“)
Ay 98 (5), (s + 1) :are determined from Pjn) = i
V), (8), ¥n(s+4):are determined from P|n) = i\, |n) 1 Z|S>(S| 5) site
- explicit form of the Dirac eigenvalue equation - R
B : : s, 8 :site
Z Q” o )3”8 — i)\nqwbn(s)z’a i,j . COlOI‘
s’,3,B a, [ : spinor
where Z Vi )7 st ist — U—pu(8)7 05 jisr ]

U_y(s) = Uuls — o)1




New Modified Kogut-Susskind Formalism
on Temporally Odd Number Lattice

Nl,NQ,Ng . even
N4 : odd

M(s) =752 3 721“‘2“3'

:> MT(S)%U,M(S + ﬂ) — 77,(1,(3)74

& “temporally odd-number lattice”

We use Dirac representation(74 is diagonalized)

4 D) is spin diagonalized N\
(n-D 0 0 0
= Mt DM = ZM poMs+py=| © PO !
D g 0O 0 -—p-D 0
\ 0 0 0 —n-D
\where (n- D)2, = (n.D,) 2aZmL $)76s s — U p(s)”ésa,sf}/

TMD, H. Suganuma, T. Iritani, Phys. Rev. D 90, 094505 (2014).
TMD, H. Suganuma, T. Iritani, PoS (Lattice 2013) (2013) 375.

case of even lattice

N1, Na, N3, Ny
T(s)

= T pT =

.even

52 ., 53

—71 Y2 Y3 74

TTS’YT
/

S + }!jt) = ﬁ,;,(s)lspinor
n-D 0 0 0

0 n-D 0
0 0 0 n-D
/ staggered phase 1,(s) ﬁ

(1 (n=1)

()" (u=2)

M(S) = 1

T ey =y

k ( 1)5‘1+92+53 (‘u — @




Numerical analysis for each Dirac-mode contribution
to the Polyakov loop

(2?:)N4_1 Ns—1 . . .
Lp = 191 Z )\n <n|U4|n> === (A) Dirac eigenmode |n>
n lD|’I’L> - Z.)\n|n>
2¢)Na—1 1
Lp = ( ;V Z )\54 1(n\U4\n) === (A) KS Dirac eigenmode |n)
" - Din) = iA,|n)

(A)=(A) relation (A)’ is equivalent to (A)

lattice setup

=quenched SU(3) lattice QCD

standard plaquette action

. 2N,
"gauge coupling: 3 — 5~ = 9.6, 6.0 © lattice spacing: @ >~ 0.25 , 0.10 fm
g
-lattice size: N3 x Ny =10° x5

space

dd
\ - periodic boundary condition for link-variables

~

/




ImL

Lo =
P 3V

(24)N+—1

An V.S. (n|[74|n) , )\54_1(71\(74%)

S AN (n[ D)

n

B=5.6

lattice size : 103 X b

N
Polyakov loop L =
olyakov loop —
—
03 " B=560, 10°x5 - <Q
02} g
oY
o1}
N e
: &z
0.1
0.2
0303 02 01 0 01 o0z 03 —
' . . ReL . . . E
-
(Lp) =0 =
(confined phase) E
i
. |
n) = i\,|n -
Pl =idale) L
Dirac eigenvalue: ;. jé
aad

0.1

005 +

-005 +

-01

04 |

02t

-02

04 L

datafile u 1:2

+

0.06

datafileu 13+

datafile u 1:($2{$1)* (Nt 1))

L
s

-0.06

06

04 |

02 ¢

02 L

04 L

-08

r

0 1 2

datafile u T($3 TS (NET)) "+




ImL

r (2i)N4—1
P— —Q5
3V
n
B=5.6
lattice size : 10° x 5
Polyakov loop L
03 —
B=560, 10°x5
02 |
01|
of £
0.1 |
02 |
-03 T
03 02 01 0 01 02 03
ReL
(Lp) =0
(confined phase)
Din) = irn|n)

Dirac eigenvalue: 5 )\,

confined phase

An V.S. (n|[74|n) , )\54_1(71\(74%)
> AT (nl|Ualn)

~

Re(n|Uy|n)

(n|Us|n)

RelV4—1

0.1

datafile u 1:2

+

datafile u 1:($2{$ 1) (NE1))

0.06

06

datafileu 13+

0

(L) = 0 is due to the symmetric distribution of positive/negative value of (n|Us|n),

Low-lying Dirac modes have little contribution to Polyakov loop.




ImL

An V.S. (n\ﬁ4|n) , )\54_1(71\(74%)

Lp = w E :)\N4—1(n|(“]4|n)
3V "
n 06 . . T - : 0.06
ﬁ : 6'0 3 05 T & | 004 |
lattice size : 10° % 5§ P j? Py
Polyakov loop L % 03 | f% % 002 |
2': B=600, 10°x5 7 <E 02 | 1 <_b_ 0
02 1 E o1y + E 5 002
01 | 8 e =
. e o =
0 F or | 004
0.1 f 1
L | 02 . . . . . -008 . . . . . )\
0.2 - 1 a ] 3 )\’I’L 2 -1 0 1 2 n
03 ¢ 08
04—
-04-03-02-01 0 0.1 02 03 0.4 >
ReL &
<
(Lp)#0 NSRS
(deconfined phase) S o
i
. I
DIn) =i, |n) S
Dirac eigenvalue: ;)\ S - . g Wl
Cd a4 | * )\ e
. . . ‘ ‘ n 06

We mainly investigate the real Polyakov-loop vacuum, where the Polyakov loop is real,
so only real part is different from it in confined phase.



ImL

An V.S. (n\U4|n) , )\54_1(71\(74\71)

(2i)N4—1

Lp="—%— > AN (n|Uyln)

B =6.0

lattice size : 103 X 5

n

Polyakov loop L
0.4

03 |
02 |
01 |

0t F
0.1 |
02 |
03 |

_0'4 L L L L L L L
-04-03-02-01 0 0.1 0.2 0.3 0.4

ReL

(Lp)#0

(deconfined phase)

Pln) = idaln) v 2=

Dirac eigenvalue: 5 )\,

B=6.00, 10°x5

+h+ +
.
.
2 - 0 1 2 )\n

In low-lying Dirac modes region, Re(n|U4|n) has a large value,
but contribution of low-lying (IR) Dirac modes to Polyakov loop is very small
because of dumping factor \¥+~!




summary

H. Suganuma, TMD, T. Iritani, arXiv: 1404.6494 [hep-lat].

Ana Iytlcal pa rt H. Suganuma, TMD, T. Iritani, PoS (QCD-TNT-IIl) (2014) 042.

We have derived the analytical relation between Polyakov loop and Dirac eigenmodes

on temporally odd-lattice lattice:
Polyakov loop : Lp

(2i)N4_1 Ni—1 ~ Dirac eigenmode : P|n) = i\, |n)
LP — )\n <n|U4|n> (N4 18 Odd) Link variable operator :
12V ($10,18") = Up()3es
n
We use only

standard square lattice
“with ordinary periodic boundary condition for link-variables,
*with the odd temporal length N, (temporally odd-number lattice )

(conclusion: )
* Low-lying Dirac modes have little contribution to the Polyakov loop
“Therefore, The relation between confinement and chiral symmetry breaking
is not direct one-to-one correspondence in QCD. Y

Moreover, in our paper, we derived the relation between Wilson loop and Dirac modes.
From this relation, low-lying Dirac-modes have little contribution
to the string tension o, or the confining force.



summary

. TMD, H. Suganuma, T. Iritani, Phys. Rev. D 90, 094505 (2014).
N umerlcal pa rt TMD, H. Suganuma, T. Iritani, PoS (Lattice 2013) (2013) 375.
1. | We numerically confirmed the relation at the quenched level.

(2 ) Ny-1 Polyakov loop : Lp
7 _ A Dirac eigenmode : )|n) = i\, |n)
L = AN4 1 n U n Ny 1s odd Link variable operator :
P n 4 4 p
12V ($10, ) = U (83

n

As the method for the numerical calculation,
we developed new Modified KS formalism applicable on temporally odd-number lattice

as well as on even lattice: n-D 0 0 0
M(s) = ypyptystyg 7T PN 0 9D 0
0 0 0 —n-D

In confined phase, (Lp) = 0 is due to the positive/negative symmetry in the distribution

of (n|Usn), \¥+=*(n|Us|n). In deconfined phase, there is no such symmetry.
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