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Phase structure of QCD at high temperature and density

Lattice QCD Simulations

e Phase transition lines T
e Equation of state

e Direct simulation:
Impossible at u=0.
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QCD phase transition at finite T and u

Expansion of the parameter space and Extrapolation

e Large chemical potential u (at physical mass)
— Different quark mass at low density
— Large number of flavor

e Chiral limit of 2-flavor QCD
— (2+1)-flavor or (2+many)-flavor at finite mass

e Large volume limit
— Complex parameter: Lee-Yang zero



Quark Mass dependence of QCD phase trantion
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P. de Forcrand & O.Philipsen, 03, 07
Bielefeld-Swansea Collab., 02, 03

On the line of physical mass, the crossover at low density =$ 15t order
transition at high density.

However, the 15t order region is very small, and simulations with very
small quark mass are required. = Difficult to study.
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Critical surface in the heavy quark region

Polyakov loop distribution
k=0: first order (z(3) symmetric)
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WHOT-QCD Collab., Phys.Rev.D89, 034507(2014)
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Finite T and u phase transition in (2+many)-flavor QCD

Many-flavor QCD to construct Technicolor models
Chiral phase transition of QCD
— Electroweak phase transition at finite temperature

Nambu-Goldstone bosons

— 3 bosons are absorbed into gauge bosons. (3 massless bosons)

— The other bosons have not observed yet. (The other bosons: heavy)
— 2 techni-felmions are massless, and the others are heavy.

Electro-weak baryogenesis
— Strong first order transition: required. (SM: Not strong 1% order.)

— From the analogy of 2+1-flavor QCD, 1st order at small mass;
2nd order or crossover at large mass.

It is important to determine the endpoint of the first order region
in (2+many)-flavor QCD. 6




Nature of phase transition of 2+N-flavor QCD

S. E. & N. Yamada, Phys. Rev. Lett. 110, 172001 (2013)

2-flavor Quenched
2"dorder 1storder
tricritifal P )
polnt @M= Nf—large Nf—large
Mh
EEZYE | Crossover
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At finite density?

//QGD ciitical point

e Assumption: N¢-flavors are heavy.
— Hopping parameter k expansion

Nt
e Parameter: N k" = 1/m, . ~ oc I/ N

« As increasing Ng, critical mass becomes
larger. ==  Easy to investigate.

 Tricritical scaling: the same as (2+1)-flavor
QCD

T _ 5/2
Tricritical point mﬁd = (mE - mh)/
m 5
- My ~ 1
? Good test ground

* 2-flavor limit is the same as 2+1-flavor.



Nature of 2-flavor QCD in the chiral limit

2"d order or 15t order?

Long standing problem

Light quark mass (m,) dependence of the critical line

e Trictitical scaling behavior?
e |sthere a first order transition region in 2-flavor QCD?
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Similar study in QCD with an imaginary chemical potential:
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Bonati, D’ Elia, de Forcrand, Philipsen, Sanfilippo, arXiv:1311.0473; 1408.5086



Singularities of QCD in the complex uq plane
Lee-Yang zero/ Fisher zero: partition function Z=0

Prediction near the chiral limit, assuming O(4) universality
e M. Stephanov Phys. Rev. D73, 094508 (2006)

m=0 m=#0 crossover o o
ué plane Z=0: distribute on this line.

s
71" y=——=48
) N4 2685

Low density £,(0) Re(Mé)

 The distribution of Z=0 ™= Nature of phase transition
by Mote-Carlo simulations (order & universality class)



Phase transitions in many-flavor QCD

We investigate the critical surface

in 2-flavor QCD and QCD with 2-light flavors + N-
massive flavors.

e (2+Nf)-flavor QCD

— Electro-weak baryogenesis - Technicolor model
— Good testing ground for (2+1)-flavor QCD

Plan of this talk

— Histogram method to study nature of phase transitions
— N-dependence of the critical heavy quark mass.
— Light quark mass-dependence of the critical curve
 The chiral limit of 2-flavor QCD: 2"9 order or 1%t order?
— u-dependence of the critical curve.
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— Singularities in the complex u plane, Lee-Yang zeros



Probability distribution function

e Distribution function (Histogram)
X: order parameters, total quark number, average plaquette etc.

Z(m,T,p)=[dX W(X,m,T,p)

histogram

e Inthe Matsubara formalism,
Z(m,T,p)= [ DU(detM (m,p))* ™
W(X',m, T, )= [ DUS(X-X")(detM (m, )" e
 where detM: quark determinant, Sg: gauge action.

o Useful to identify the nature of phase transitions
« e.g. At a first order transition, two peaks are expected in W(X).



u-dependence of the effective potential
Z(T’H):IdXW(X’T’H)’ Ve (X) ==InW (X)

X: order parameters, total quark number, average plaguette, quark determinant etc.

Crossover

Ve (X, T, 1) Correlation length: short Critical point

V(X): Quadratic function
Correlation length: long
Curvature: Zero

_| 1t order phase transition

hadron Two phases coexist
CSC? Double well potential

QGP




Plaguette and Polyakov loop

Dynamical variables
e Gauge field: U. € SU(3), on alink site oo |1
e Quark field: vy, @y, Grassmann, on a site

link
Standard gauge action ([3=6/92)

sg:_BZ%tr[uu(n)uv(nJrﬁ)UJ(n+\A/)Uj(n)] f_T

n,u#v

=P: plaquette

\
\
]
-

Polyakov loop

Q= %Z%tr[uﬂﬁ’l)uﬂﬁ’z)'"U4(ﬁ’ Nt)]

S n

Complex: Q=Q_ +iQ,

T perioc?ic_: boundary

~
/
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Reweighting method for plaquette distribution function

Sg - _6NsiteBP

(p=6/g?)

W(P,B,m,u)szus(F?— P)ﬁdetl\/l (m, 0, )estns?
f=1

plaquette P (1x1 Wilson loop for the standard action)

R(P,B, Bom, Mg, 1) =W (P, B, m, )W (P, By, m,0)  (Reweight factor)

detM (mf,uf)

8('5 _ P)eBNsite(B_BO )F’SH >
R(P) _ < f detM (m010) (Bo.n=0) _ < eGNsite(B_Bo)ﬁH detM (mf ,l.,lf )>
P:fixed

(s(P-P)) 1 detM (m,,0)

Effective potential:
Ver (P1 B,m, H): ~ In[W(P’ B, m, H)] =V (P’ Bo» mo’o)_ In R(P’ B, Bm, my, H)

lnR(P):GNsm<ﬁ—so>P+nn< P L (”‘f’“f)>

(Bo,n=0)




First order transition point: two phases coexist
Plaquette distribution function

e Performing simulations of 2-flavor QCD,

* Dynamical effect of Ni-flavors are included by the reweighting.
* We assume N-flavors are heavy.

* Hopping parameter (k) expansion (Wilson quark)

N, |n(det M (. “)j = N, (288N, 1P +12- 2" NZxc™ (cosh(u/T )2, +isinh(u/T )2, )+-+-)

det M (0,0) e |
plaquette: P Polyakov loop: €2, +1Q,
* Effective potential 9—flavor 2+Nfflavor
crossover 1st order transition

V.. (P,B,%) =—In[R(P,x)W(P,B,0)|= \/+\?\: ?

Ver (P’B'O) B In[R(P, K) ] Double-well

15



Rewighting of the effective potential

5+ detM (K L ) A .
InR(P)= | 6Ngie (B—Bo )P frf ~ | 6hN 30O +(linear term of P)
" ( ) n< i H detM (KO ’O) >P:fixed n< exp( ° R )>P:fixed

,}degenerate mass case at u=0)

V... (P,B,h,n)=V.(P,B,,0,0)—~InR(P,h,u)+ (linear term of P)

ﬁ(P)=< exp(6N§’hQR)>

Wilson quark Staggered quark
h=2N, (2« )" h=N,/(4m, ")

B-fixed (for the case of p=0)

e [-dependence is only in the linear term.

16



Phase structure of (2+many)-flavor QCD

P4-imprived staggered Simulations

Ni=2 p4-staggered, m=/mp~0.7
data: Beilefeld-Swansea Collab., PRD71,054508(2005)
163x4 lattice.

Improved-Wilson Simulations
Ilwasaki gauge action + N.=2 clover -Wilson fermion action,
k=0.145, 0.475, 0.150, 0.1505,

mn/mp =0.6647, 0.5761, 0.4677, 0.4575,
163x4 lattice.

Dynamical heavy quark effect is added by the reweighting
method.

detM: Hopping parameter expansion
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Curvature of the effective potential
V.. (P,B,h,n)=V.(P,B,,0,0)~InR(P,h,u)+ (linear term of P)

R(P)= < eXp(6N:hQR )>P:ﬁxed (for the case of p=0)

Wilson quark Staggered quark
h=2N, (2« )" h=N,/(4(m, ")

Linear term of P is irrelevant to the curvature

B-dependence is only in the linear term. (Xe pz'\?q”e“e susceptibility)
The curvature is independent of [3. d effZ(O) ~ ON.i,
_ dP Le )
Vg d*V d’InR
e P,h, i eff P,0,0 . P’h’
sz ( M) dP2 2( . ) dPZ ( M)
-flavor

If there exists the negative curvature region,
mmm) First order transition (double-well potential) 18



Effective potential at

h=-0

Veff (P’IB’ h):Veff (P’/B’O)_ In ﬁ(I:)’ h)

_ B=3.52 360 3.6 3.80 4,00
p4 Staggered T/T =076 090  1.00 1.36 1.93
AL\ IR | | | M
Nf=2 p4-staggered, Ver (0) L ) !
mn/mp=~0.7 NIRVARVARVAVARNAVIRVAVAVEAYS oV
data: Beilefeld-Swansea Collab., ., 0'78| lo's 7'82 0|'84| Oi% 0'|88 | Of O'Tz .
PRD71,054508(2005) nNR . InR |
0.07
400 — — 0.06 T
. 0.05
* detM: hopping - 004
parameter expansion. 0l 002 =

* InRincreases as 200
increasing h.

* The slope increases 100
with h.

0.01




Curvature of the effective potential
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ot 007 | 2 InW In R
— 006 |_ ”
005 1 (P2 e
— 004 — o — 008
003 | ath=0
0.02
001 —

5%10°

Ax10° [

3x10°

2x10°

1x10°

0
1x10

,'I:.:f | mor L , =
ll!ll 2:?7 70’97 0.82 0.84 ‘ OLE‘\ 0.88 I 00 0.02 ‘ 0.94
.rilil!l,i;::Tlf!:"': i “I“h' I'.'.!,li':.]:l' .I..'u i .......I.I.I .I.'.!illll'l- I gl I; !I!!!!l!I!IILiI.';I: '-.Il'I !Il;;"f-
B i III : IF I""' |'I':I|." ""'|.I,:" | "I'I|||IIIII|I!_."I .'.'-I'II. . ]
| | III - _ \/ \
5 | | | | | | | | | | | | | | |
2x1Gy 08 082 084 086 088 09 092 094

P

|
e o]

d*V, (P,p,h) _d*V,,(P,3,0) d’InR(P,h)

First order transition:
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<0

h=92N (ZK )Nt ‘ e First order transition for h > 0.6
R AGLYY
(Wilson quarks ) Critical value: hc — 00614(69)
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Slope of the effective potential

V... (P,B,h,n)=V.(P,B,,0,0)~InR(P,h,u)+ (linear term of P)

av,, av., dInR

P,0,0)- P,h,
dP dp( ) dpP (P,h, 1)+ (constant term)

=) —(P,h,u)=

e The shape of dV../dP is independent of 3.
e If dV /dP is an S-shaped function,
=) First order phase transition (double-well potential).

Veff (P) dc\j/;ﬁ
\A/  _ /\/

S-shaped function at large h

30000

20000

10000

-10000 P P

_20000_. T N T R |'| | h:ZNf(ZKh)Nt for Wilson quark

0.78 08 082 084 086 088 0.9 092 054

P




N¢—dependence of the critical mass
hc — 00614(69) (p4-staggared, m,/m ~0.7)

Critical mass increases as N; increases.

1(h Y
h=2N,(2k, )" == Kﬁ=2(2|\jj
f

— When N; is large, k is small. Then, the hopping
parameter (k) expansion is good.

— On the hand, when N; is small, the k-expansion is bad.

In a quenched simulation with N,=4, the first and second terms
becomes comparable around k=0.18.

For Ni=10, N=4, h, =0.0614(69) == K ~(0.118
— It may be applicable for N;~10. 2



Phase structure of (2+many)-flavor
QCD using Wilson quark action

2-flavor QCD simulations + reweighting

Light quark mass dependence of the critical line

e |sthere a first order transition region in 2-flavor QCD?

A

Ym,

Tricritical point
7

Critical points

>

M2/

Tricritical scaling |

mMh=o0, 2-flavor

or

Im,

No tricriticl point

Critical points

2-f|avor’7,\;

>

m|2/5

First order transition region 23



Light quark mass dependence

dV 16'x4, K=0.145, ¢, =1.650 M, /M ~0.458 164, K=0.1475, c. ~1.677 MM ~0.468
eff m T T T T T ﬁmﬂ T T T T T
R=0.05-050, n=5 —— h=0.05--0.50 ——
dP HINK) b n=h Jo00 b h=0.05--01 50
] . om| 9
S 3 =
x & of ©
= 0 L —_
5 s 2000 | =
= 22000 | N
| S 4000 |
6000 } 6000 |
_m - L 1 i L 1 _Hmﬂ i L 1 i L
145 15 155 16 165 L7 175 14 145 15 155 16 165 L7
P P
16'x4, K=0.150, c,,=1.707 M, /M ~0.576 1654, K=0.1505, ¢, =1.712 M, /M ~0.665
h=0.05-0.50 —— h=0.05--0.50 ——
woo | h=005-050 —— 6000 | h=0.05-0.50 ——
a 2000 } a i,
E 3 774 Color:
e i = )
% 200 | % - [?lﬁerent
—_— —_— T
Sl S | fit function
6000 }
_m = 1 1 i 1 1 _Hmﬂ i 1 1 i L
14 145 L5 155 16 165 L7 14 145 15 155 16 165 L7
P P

* The derivative of V « becomes an S-shaped function at large h.
e Critical point: light quark mass dependence is small in this regiofi.



h.

Light quark mass dependence
h= 2Nf (2Kh )Nt for Wilson quarks

m /m, ratio dependence PCAC quark mass dependence

0.5 - - . - - 0.5 : ;

04 | ﬁ L 04} q;t

0.3 » $ 0.3 ® ii‘

0.2 1 ® 1 o2} »

0.1t 1 07l

0 l - : l - 0 - - : L - .
0 o1 02 03 04 05 0  0.01 002 003 0.04 0.05 0.06
i mt,r’}np J‘? A

Critical point: light quark mass dependence is small in the region we
investigated.

The red & green lines are the critical point at m; = c (N=0+16).

The first order transition in the massless 2-flavor QCD is not
suggested. 25



The effective potential at finite u

Reweighting factor

e s b))

light quarks heavy quarks

Light quark determinant: Taylor expansion up to O(u°) for staggered
O(u?) for Wilson

N, IndetM (u) = N Z ( j d” Indet M 0: complex phase
T) d(T) 0 =ImIndet M

Heavy quark determinant: Hopping parameter expansion

N, In detl\/l(K,,Uh) = N, 288Nk P+6N3hCOSh(’uhj QR+itanh(ﬂ)Q, T
det M (0,0) T T

h=2N, (ZKh) t 2 control parameters 26



Avoiding the sign problem at finite u

o Cumulant expansion method (se pPro77,014508(2008), WHOT-QCD,PRDS2,014508(2010))

<eie> :exp[mg\_%<92>c _é 3 +%<e4>c +ﬂ\
cumulants —0 —0
(6), =(6), (07) =(0%)-(0), (6%) =(6%)-3(6?)(6)+2(6)", (6°) =--

— Odd terms vanish from a symmetry under p <> —u (6 <> —0)
Source of the complex phase

— If the distribution of 6 is Gaussian, <92>C term dominates.
— Assuming the Gaussian distribution, we approximate

(&) ~exp - 2(07), |

27



Critical line at finite density (staggered)

S. E. & N. Yamada, Phys. Rev. Lett. 110, 172001 (2013)

h=2N,(2x, )" I L R B
= eNi ek, 0.07 | i o o,=0 —
for Wilson quarks =N —eo M =0 7
0.06 |2 ‘ —
N o |

=N, /(a2m, ) ! --
0.05— - Firstorder
for staggered quarks i B
0.04 — —
* (Calculations of detM: Taylor h B L _
expansion up to O(u6) 0.03 — ]
* Distribution function of the u L i
complex phase of detM: 002 - -
approximated by a Gaussian i crossover ]
function 001 — H

0

f,«.‘” A o O 0 0.5 1 1.5 2

m The first order region becomes wider as increasing p. 23



u-dependence of critical h

04 T — . T | |
045 8
035+, . 090 : A
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03 | l l l
mn
ax...'l.l L
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0af . T%%es ta,
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TV 4es Ve
01 | MY’,QQ;ggn—
vie
0.05 | '*;
O | 1 |
0 0.5 1 1.5 2

w /T (light quark)

Taylor expansion up to O(p?)

h=2N,(2k, )"

critical surface in (u;, u,)

0.3

0.25
0.2
0.15 |
0.1
0.05 |

N
Khc 4/ N )
/

0.35

The effect from the phase of heavy-flavor is small ( < 30%).
The Critical k,, decreases exponentially as p,.

Hopping parameter expansion is good for large L.
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Singularities of QCD in the complex uq plane
M. Stephanov Phys. Rev. D73, 094508 (2006)

e Lee-Yang zero/ Fisher zero: partition function Z=0

— Prediction near the chiral limit, assuming O(4) universality

m=0 m#0 crossover

) I .

ond grde ih plane Z=0: distribute on this line.
Im{u) \,mm .
Low density ,(0) Re(Mé) B

e Singularities exist at large Im(uq) even for crossover.

1
— Application range of Taylor expansion of T%:sz
e The distribution of Z=0 ™= Nature of phase transition
by Mote-Carlo simulations (order & universality class)



Singularities of pure SU(3) gauge theory in the
complex B plane (sg, phys.Rev.D73,054502(2006))

Relation between distribution of Z=0 and plaquette distribution function

Z(Bre Bim)
Z (Bge.0)

Contour plot of Z,,,, =

242x3 6x4 lattice
0.01 ] T T T T T T ‘

%9t Lee-Yang zero \

0008 = - 00
: ‘\::\:\\ R ‘,-:::E:::‘_:y Z:O
0.006 =~ e : et 200 |
an
0.004 :
100 £
o3n/12N_ A

0.002

n/lstiteA ’:

0.545 0.55

Plaquette data by QCDPAX,
Phys.Rev.D46, 4657,(1992)
#conf.~O(1M) N

site

= 247 x 36x 4

Plaguette distribution

(histogram)
@ - 5 2;2;36;4' 3

2A binsize=1

First order transition: Blm N 1/\/

0.555



Lee-Yang zeros in the complex 3 for pure SU(3)
« Normalized partition function (reweighting for Imaginary 3)
Z(B)= [ DU exp[6(Bge +iBm) Ny P] (Nge = NN, =VN, )

Z(BgeBin)| _
Z(Bge:0)

‘<exp(l 6Blm NSIte )>( re+0) = ‘<eXp(l 6Blm NSiteAP»(BRe,O)

- lexp(i6B,, N, (P)) =1, (AP =P~(P))
» Plaquette distribution function (histogram)

norm

N

(AP _J- DUS(P’ — P)edhreNse? W(AP)
Znorm (B): UeXp(I6BImNSiteAP)W(AP)dP‘ \\
—) Fourier transformation (AP — Bim Niite) AP>




Fourier transformation (AP — [Bim Nisite)

W(AP) I Gauss

-

norm

N

Normal

W( APK\ Double peak

/k_}
“A A

First order transmon

/

(Ngie =VN,)
Gauss _
Non-singular:
No Lee-Yang zero
(Blm |\lsite )

Lee-Yang zero

% Blm :n(2n+1)/12NsiteA
AN (n:integer)

Imm
v ) B ~1/V

Distribution function of the complex phase

0=6B, N_. AP| =

site

Z o =| [ W(aP(6)) 00 | /8B, N...




Singularities of full QCD with complex n

Hy: complex Z(g, 4, )= [R(P, i W (P, f)dP  5i=-oMur?

(Reweight factor) (Weight factor at pg=0)

(detM (u,)] =detM (—z;) [ > R*(P,yq):R(P,,u;);t R(P,,uq)

Reweight factor: complex

R(P )= R (P,

e Partition function written by a distribution function of P.
: Z#0
z(ﬂ,ﬂq):jeqé(P)‘R(P,yq]W(P,,B)dP \/
= exp(_veff (P’ b, 1, » ﬂ
When V4 is a double-well potential
And ¢(P.)—¢(P.) =~ 7+ 22, Lee-Yang zeros appear. \/\/
ig(P, ib(P. P- P+
2(8,11,) = Cle"™ 1) 707




Numerical calculation of the reweighting factor
2 approximations (SE, Phys.Rev.D77,014508(2008))

- - - 6
o Estimation of detM by a Taylor expansion up to O(uq)

N IndetM(u) NZ d Indet M 600 - | ll‘”lm/ﬁd - I;;Re/f=1_
T (H/T) it 025 |

° S bl : ' - \ 200F ¢ " i | 0.'5\
ign problem: If " changes its sign n’f“‘ thﬂmmm

400 -

: 1|l‘tb4ﬂ|’ ‘

N y X
det M f - - 05 0 S0
<( (”)j > z<e'9F>P << (statistical error) so 7
P fixed " )

det M (0)

i MMMHWMM»\

« (Gaussian approximation I
— Distribution function of 0: Gaussian. 0 il
-20 0 20 40 60 80 100 120 140 160

| i
(€“F), <FeXp[ P C_%T&C %\@ \\:D histogram of 6 at $=3.65

cumulant expansion

<e>c :<6>F,P’ <92>c :<92>F,P _<6>F P’ <63> <e3>F,P _3<92>F,P<6>F,P +2<e>i,P’ <e4>c -

<..>FP: expectation values fixed F and P.

i




Derivative of the effective potential )

e Assumption: Gaussian distribution of the phase. /I
e dV/dP becomes an s-shaped function. / Rel(u, /TF)

10000 . | . ]

[ ' | [ I ' I ' I

AV (/D /D10 ISOOOT AV (/T (1, /1) =4.0

10000

5000

-5000

-10000

-15000 F

0.88

dV
dP

dVeff

(P B) (P’BO)_GNsite(B_BO)

Nf=2 p4-staggared, mz/mp=~0.7
data: Beilefeld-Swansea Collab., _
PRD71,054508(2005) double-well potential




Singularities in the complex uq plane

(SE & Yoneyama, in progress)

Position of Lee-Yang zeros for each 3.

14 7 N P R
. %, | double-well
- COQ pA R
- 7 3|
1 R e
~ osl Lee-Yang zeros
T (
E,‘ =
E 06
e
i single-well " -
al J [\ | Critical line
0.2 \/ Non singular -
N I S NI SR RRUY RS A
02 14 16 13 2 22 240 26
Re[u, /7]

e Probability distribution function becomes a double-peaked function at
large wim as well as large pire.



Summary
e We studied the phase structure of (2+Nf)-flavor QCD.

— This model is interesting for the feasibility study of the electroweak
baryogenesis in the technicolor scenario.

* Applying the reweighting method, we determine the critical mass of
heavy flavors terminating the first order region.

— The critical mass becomes larger with N..
— The first order region becomes wider as increasing L.

— The light quark mass dependence of the critical heavy quark
mass is small in the region we investigated.

— The first order transition in 2-flavor QCD is not suggested.

 This may be a good approach for the determination of boundary of
the first order region in (2+1)-flavor QCD at finite density.

e |nthe complex u plane, the probability distribution function
becomes a double-peaked function at large pim

38



	First order transitions in �finite temperature and density QCD �with two and many flavors
	Phase structure of QCD at high temperature and density 
	QCD phase transition at finite T and m 
	Quark Mass dependence of QCD phase trantion
	Critical surface in the heavy quark region �of (2+1)-flavor QCD
	Finite T and m phase transition in (2+many)-flavor QCD
	Nature of phase transition of 2+Nf-flavor QCD
	Nature of 2-flavor QCD in the chiral limit�2nd order or 1st order?
	Singularities of QCD in the complex mq plane� Lee-Yang zero/ Fisher zero: partition function Z=0 
	Phase transitions in many-flavor QCD
	Probability distribution function
	m-dependence of the effective potential
	Plaquette and Polyakov loop
	Reweighting method for plaquette distribution function
	First order transition point: two phases coexist�Plaquette distribution function
	Rewighting of the effective potential 
	Phase structure of (2+many)-flavor QCD
	Curvature of the effective potential 
	Effective potential at h0
	Curvature of the effective potential 
	Slope of the effective potential
	Nf –dependence of the critical mass 
	Phase structure of (2+many)-flavor QCD using Wilson quark action
	Light quark mass dependence
	Light quark mass dependence
	The effective potential at finite m
	Avoiding the sign problem at finite m
	Critical line at finite density (staggered)
	m-dependence of critical h
	Singularities of QCD in the complex mq plane� M. Stephanov Phys. Rev. D73, 094508 (2006) 
	Singularities of pure SU(3) gauge theory in the complex b plane (SE, Phys.Rev.D73,054502(2006))
	Lee-Yang zeros in the complex b for pure SU(3)
	Fourier transformation   (DP  bIm Nsite) 
	Singularities of full QCD with complex m  
	Numerical calculation of the reweighting factor�2 approximations (SE, Phys.Rev.D77,014508(2008))
	Derivative of the effective potential
	Singularities in the complex mq plane�(SE & Yoneyama, in progress)
	Summary

