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In spite of decades of effort, the spin structure of the 3NF is NOT 
properly described by 3NF models…

Phenomenological 3NF models
Fujita-Miyazawa, Brasil, Tucson-Melbourne, Urbana, Illinois,…

In Nd scattering, large discrepancies between theory and data 
are observed at higher energies especially for spin observables

4

FIG. 2: (Color online) The deuteron analyzing powers iT11, T20, T21, and T22 for dp elastic scattering at 70, 100, 135, 200, and
250 MeV/N. The light shaded (blue) bands contain predictions of modern NN potentials: AV18, CD Bonn, Nijmegen I and
II. The dark shaded (red) bands result when those potentials are combined with TM99 3NF, properly adjusted to reproduce
the 3H binding energy. The solid line is the result obtained with the combination AV18+Urbana IX. The pd data are: at 70
MeV/N (open circles) from Ref. [25], at 100 MeV/N (open circles) from Ref. [17], at 135 MeV/N (open circles) from Ref. [17]
and (solid circles) from Ref. [24], at 200 MeV/N (solid circles) from Ref. [24], and at 250 MeV/N (open circles) from the present
study.

description for that observable.
For the tensor analyzing power T22, the discrepancies

between the data and the predictions based on 2NFs only
become larger in magnitude and expand to the backward
angles with increasing incident energy. For that observ-
able the predicted 3NF effects are especially large and
similar in magnitude for the 2NFs plus TM99 and Ur-
bana IX models. At 200 MeV/N and less the predictions
taking into account 3NFs have good agreement to the
data at the backward angles, however the data in the
angular region 40◦ ! θc.m. ! 120◦ are not described by
any theoretical predictions. At 250 MeV/N the overall
agreement is improved by taking into account these 3NFs
except for the very backward angles.
All the deuteron analyzing powers, with exception of

T21, reveal at the highest energy 250 MeV/N and around
c.m. angles θc.m. " 120◦ large discrepancies to theory
based on NN forces alone, which are not resolved com-
pletely by the inclusion of the 3NFs. Such behavior of
the deuteron analyzing powers is quite similar to that of
the cross section and proton/neutron analyzing powers
at 250 MeV/N found in Refs. [18, 21].
The energy dependence of the predicted 3NF effects

and the difference between the theory and the data for
the deuteron analyzing powers is not always similar to
that of the cross section and nucleon analyzing power.

The vector analyzing power iT11 and the tensor analyz-
ing power T20 have features similar to those of the cross
section and the proton analyzing power Ap

y. However the
tensor analyzing power T21 and T22 reveal different en-
ergy dependence from that of other observables. Starting
from ∼ 100 MeV/N large 3NF effects are predicted. For
T21 they are of different magnitude for TM99 and Urbana
IX and the T21 data seem to prefer the smaller effects of
Urbana IX. For T22 the large effects of TM99 and Urbana
IX are practically the same. At 200 MeV/N and below
adding 3NFs worsens the description of data in a large
angular region. It is contrary to what happens at the
highest energy 250 MeV/N, where large 3NF effects are
supported by the T22 data in a large angular range.
The results obtained for the highest energy of 250

MeV/N indicate that some significant components are
missing in the calculations, especially in the regions of
higher momentum transfer. One possible candidate is
relativistic effects. We estimated their magnitude for the
deuteron tensor analyzing powers by comparing nonrela-
tivistic and relativistic predictions based on the CD Bonn
potential [34, 35]. They turned out to be small and only
slightly alter the deuteron analyzing powers.
Due to the smallness of the considered relativistic ef-

fects, it appears that important parts of the 3NFs are
missing. In the meson exchange picture used here, con-

NN

NN+NNN

Kalantar-Nayestanaki et al., Rept. Prog. Phys. 75 (2012) 016301
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two 1+0 states is exchanged depending on cD. Using ex-
trapolation, we can see that the best overall description
is obtained around the cD ≈ −1. This observation is also
supported by excitation energy calculations as well as
by calculations of other transitions. We therefore select
cD = −1 and, from Fig. 1, cE = −0.346 for our further
investigation.

We present in Fig. 3 the excitation spectra of 11B as
a function of Nmax for both the chiral NN+NNN, (top
panel) as well as with the chiral NN interaction alone
(bottom panel). In both cases, the convergence with in-
creasing Nmax is quite good especially for the lowest-lying
states. Similar convergence rates are obtained for our
other p−shell nuclei.
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FIG. 4: States dominated by p-shell configurations for 10B,
11B, 12C, and 13C calculated at Nmax = 6 using !Ω = 15 MeV
(14 MeV for 10B). Most of the eigenstates are isospin T=0 or
1/2, the isospin label is explicitly shown only for states with
T=1 or 3/2. The excitation energy scales are in MeV.

We display in Fig. 4 the natural parity excitation spec-
tra of four nuclei in the middle of the p−shell with both
the NN and the NN+NNN effective interactions from
ChPT. The results shown are obtained in the largest
basis spaces achieved to date for these nuclei with the
NNN interactions, Nmax = 6 (6!Ω). Overall, the NNN
interaction contributes significantly to improve theory
in comparison with experiment. This is especially well-
demonstrated in the odd mass nuclei for the lowest few
excited states. The celebrated case of the ground state
spin of 10B and its sensitivity to the presence of the NNN
interaction is clearly evident. There is an initial indica-
tion in these spectra that the chiral NNN interaction is
“over-correcting” the inadequacies of the NN interaction
since, e.g. 1+0 and the 4+0 states in 12C are not only in-
terchanged but they are also spread apart more than the
experimentally observed separation. While these results
display a favorable trend with the addition of NNN in-
teraction, there is room for additional improvement and
we discuss the possibilities below.

These results required substantial computer resources.
A typical Nmax = 6 spectrum shown in Fig. 4 and a

set of additional experimental observables, takes 4 hours
on 3500 processors of the LLNL’s Thunder machine. We
present only an illustrative subset of our results here.

Table I contains selected experimental and theoretical
results for 6Li and A = 10 − 13. A total of 71 experi-
mental data are summarized in this table including the
excitation energies of 28 states encapsulated in the rms
energy deviations. Note that the only case of an increase
in the rms energy deviation with inclusion of NNN inter-
action is 13C and it arises due to the upward shift of the
7
2

−

state seen in Fig. 4, an indication of an overly strong
correction arising from the chiral NNN interaction. How-
ever, the experimental 7

2

−

may have significant intruder
components and is not well-matched with our state.

We demonstrated here that the chiral NNN interaction
makes substantial contributions to improving the spectra
and other observables. However, there is room for further
improvement in comparison with experiment. We stress
that we used a strength of the 2π-exchange piece of the
NNN interaction, which is consistent with the NN inter-
action that we employed. Since this strength is some-

NCSM calculation based on chiral 2NF@N3LO + 3NF@N2LO
Navratil et al. ’07
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We display in Fig. 4 the natural parity excitation spec-
tra of four nuclei in the middle of the p−shell with both
the NN and the NN+NNN effective interactions from
ChPT. The results shown are obtained in the largest
basis spaces achieved to date for these nuclei with the
NNN interactions, Nmax = 6 (6!Ω). Overall, the NNN
interaction contributes significantly to improve theory
in comparison with experiment. This is especially well-
demonstrated in the odd mass nuclei for the lowest few
excited states. The celebrated case of the ground state
spin of 10B and its sensitivity to the presence of the NNN
interaction is clearly evident. There is an initial indica-
tion in these spectra that the chiral NNN interaction is
“over-correcting” the inadequacies of the NN interaction
since, e.g. 1+0 and the 4+0 states in 12C are not only in-
terchanged but they are also spread apart more than the
experimentally observed separation. While these results
display a favorable trend with the addition of NNN in-
teraction, there is room for additional improvement and
we discuss the possibilities below.

These results required substantial computer resources.
A typical Nmax = 6 spectrum shown in Fig. 4 and a

set of additional experimental observables, takes 4 hours
on 3500 processors of the LLNL’s Thunder machine. We
present only an illustrative subset of our results here.

Table I contains selected experimental and theoretical
results for 6Li and A = 10 − 13. A total of 71 experi-
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improvement in comparison with experiment. We stress
that we used a strength of the 2π-exchange piece of the
NNN interaction, which is consistent with the NN inter-
action that we employed. Since this strength is some-
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two 1+0 states is exchanged depending on cD. Using ex-
trapolation, we can see that the best overall description
is obtained around the cD ≈ −1. This observation is also
supported by excitation energy calculations as well as
by calculations of other transitions. We therefore select
cD = −1 and, from Fig. 1, cE = −0.346 for our further
investigation.

We present in Fig. 3 the excitation spectra of 11B as
a function of Nmax for both the chiral NN+NNN, (top
panel) as well as with the chiral NN interaction alone
(bottom panel). In both cases, the convergence with in-
creasing Nmax is quite good especially for the lowest-lying
states. Similar convergence rates are obtained for our
other p−shell nuclei.
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FIG. 4: States dominated by p-shell configurations for 10B,
11B, 12C, and 13C calculated at Nmax = 6 using !Ω = 15 MeV
(14 MeV for 10B). Most of the eigenstates are isospin T=0 or
1/2, the isospin label is explicitly shown only for states with
T=1 or 3/2. The excitation energy scales are in MeV.

We display in Fig. 4 the natural parity excitation spec-
tra of four nuclei in the middle of the p−shell with both
the NN and the NN+NNN effective interactions from
ChPT. The results shown are obtained in the largest
basis spaces achieved to date for these nuclei with the
NNN interactions, Nmax = 6 (6!Ω). Overall, the NNN
interaction contributes significantly to improve theory
in comparison with experiment. This is especially well-
demonstrated in the odd mass nuclei for the lowest few
excited states. The celebrated case of the ground state
spin of 10B and its sensitivity to the presence of the NNN
interaction is clearly evident. There is an initial indica-
tion in these spectra that the chiral NNN interaction is
“over-correcting” the inadequacies of the NN interaction
since, e.g. 1+0 and the 4+0 states in 12C are not only in-
terchanged but they are also spread apart more than the
experimentally observed separation. While these results
display a favorable trend with the addition of NNN in-
teraction, there is room for additional improvement and
we discuss the possibilities below.

These results required substantial computer resources.
A typical Nmax = 6 spectrum shown in Fig. 4 and a

set of additional experimental observables, takes 4 hours
on 3500 processors of the LLNL’s Thunder machine. We
present only an illustrative subset of our results here.

Table I contains selected experimental and theoretical
results for 6Li and A = 10 − 13. A total of 71 experi-
mental data are summarized in this table including the
excitation energies of 28 states encapsulated in the rms
energy deviations. Note that the only case of an increase
in the rms energy deviation with inclusion of NNN inter-
action is 13C and it arises due to the upward shift of the
7
2
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state seen in Fig. 4, an indication of an overly strong
correction arising from the chiral NNN interaction. How-
ever, the experimental 7

2

−

may have significant intruder
components and is not well-matched with our state.

We demonstrated here that the chiral NNN interaction
makes substantial contributions to improving the spectra
and other observables. However, there is room for further
improvement in comparison with experiment. We stress
that we used a strength of the 2π-exchange piece of the
NNN interaction, which is consistent with the NN inter-
action that we employed. Since this strength is some-

NCSM calculation based on chiral 2NF@N3LO + 3NF@N2LO
Navratil et al. ’07

Success  or failure?



 

Chiral perturbation theory

Ideal world [                       ], zero-energy limit: non-interacting massless GBs !
(+ strongly interacting massive hadrons) 

Real world [                            ], low energy: weakly interacting light GBs !
(+ strongly interacting massive hadrons) 

expand about the ideal world (ChPT)

mu = md = 0

1

mu, md ⌧ �QCD
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 Chiral Perturbation Theory
Chiral Perturbation Theory: expansion of the scattering amplitude in powers of

Q = 
momenta of pions and nucleons or Mπ  ~ 140 MeV

hard scales [at best Λχ = 4πFπ ~ 1 GeV] Manohar, Georgi ’84

Tool: Feynman calculus using the effective chiral Lagrangian 

Weinberg, Gasser, Leutwyler, Meißner, ... 
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N̄Ô(2)[⌅]N

⇥

c3 = �3.88868749 GeV�1

(�c3)
N3LO, loops = 0.85 GeV�1

T (s ) = U(s ) +
⌃ ⌅

4m2
N

ds⇤

⌅

s� µ2
M

s⇤ � µ2
M

T (s) ⇧(s⇤)T ⇥(s⇤)

s⇤ � s� i⇤
. (1)

⇥mq/mq = 0.02± 0.04 (2)

Kq
⇥ (3)

�Eb ⇥ E8 � 2E4 , (4)

�Eh ⇥ E⇤
12 � E8 � E4 (5)

2



 Chiral Perturbation Theory
Chiral Perturbation Theory: expansion of the scattering amplitude in powers of

Q = 
momenta of pions and nucleons or Mπ  ~ 140 MeV

hard scales [at best Λχ = 4πFπ ~ 1 GeV] Manohar, Georgi ’84

Tool: Feynman calculus using the effective chiral Lagrangian 

Weinberg, Gasser, Leutwyler, Meißner, ... 

Le� = L⇥ + L⇥N

LEC N2LO fits ⇧ + ⌅+ ⌃

C̃res
1S0 �(0.12 . . . 0.16) �0.12

Cres
1S0 (1.16 . . . 1.37) 1.28

C̃res
3S1 �(0.13 . . . 0.16) �0.10

Cres
3S1 (0.42 . . . 0.72) 0.66

Cres
�1 �(0.36 . . . 0.47) �0.41

Le� = L⇥ + L⇥N

L⇥ = L(2)
⇥ + L(4)

⇥ + . . .

L⇥N = L(1)
⇥N + L(2)

⇥N + L(3)
⇥N + . . .

L⇥ = L(2)
⇥ + L(4)

⇥ + . . .

L⇥N = N̄
⇤
i�µDµ[⇤]�m+

gA
2
�µ�5uµ[⇤]

⌅
N +

⇧

i
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i [⌅]N +

⇧

i

di N̄Ô(3)
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FIG. 3. (Color online) Results of the fit for πN s-, p-, and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid
curves correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2 calculation.

parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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Pion-nucleon scattering up to Q4 in heavy-baryon ChPT
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FIG. 3. (Color online) Results of the fit for πN s-, p-, and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid
curves correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2 calculation.

parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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reported in Ref. [45].
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very sensitive to the energy dependence of the s- and p-wave
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a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
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respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
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triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
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scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)
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while the GW partial wave analysis yields
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(4.8)
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Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower
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reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
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respectively, because of a different power counting schemes in
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scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
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ci are well known to change significantly when performing
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in 1S0 (3S1)

4He 8Be 12C 16O

LO [Q0], in MeV �28.0(3) �57(2) �96(2) �144(4)
NLO [Q2], in MeV �24.9(5) �47(2) �77(3) �116(6)
NNLO [Q3], in MeV �28.3(6) �55(2) �92(3) �135(6)
Experiment, in MeV �28.30 �56.5 �92.2 �127.6
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Pionless EFT (valid for                              )
⌦
mNEB ⇥ Q ⇥ M� (1)

In the KSW approach the scattering amplitude is calculated as an expan-
sion in small parameter

A = A�1 +A0 +A1 + · · · . (2)

Below we give the expressions of the perturbative amplitudes up to NLO.
They coincide with the corresponding results of the KSW approach up to
(small) higher order corrections.

The leading order amplitude has the form
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with n - the number of space-time dimensions and µ the scale parameter.
In Eq. (??) renormalization is performed by subtracting the loop integral at
p2 = �⇤2 with the result

IR(p, ⇤) = I(p)� I(i ⇤) = �m(⇤ + i p)

4⌅
+O(p2, ⇤2). (5)

The NLO correction to the amplitude consists of five contributions. First
we give the result of the two diagrams with NLO contact interaction vertex
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- zero-range forces between nucleons
- for 2N equivalent to Effective Range Theory 
- universality, Efimov physics, cold gases, halos,...
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Chiral EFT for nuclei
4He 8Be 12C 16O

LO [Q0], in MeV �28.0(3) �57(2) �96(2) �144(4)
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NNLO [Q3], in MeV �28.3(6) �55(2) �92(3) �135(6)
Experiment, in MeV �28.30 �56.5 �92.2 �127.6
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A new, soft scale associated with nuclear binding !
!
to be generated dynamically (need resummations...) 

in 1S0 (3S1)

4He 8Be 12C 16O
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Experiment, in MeV �28.30 �56.5 �92.2 �127.6
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Pionless EFT (valid for                              )
⌦
mNEB ⇥ Q ⇥ M� (1)

In the KSW approach the scattering amplitude is calculated as an expan-
sion in small parameter

A = A�1 +A0 +A1 + · · · . (2)

Below we give the expressions of the perturbative amplitudes up to NLO.
They coincide with the corresponding results of the KSW approach up to
(small) higher order corrections.

The leading order amplitude has the form
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with n - the number of space-time dimensions and µ the scale parameter.
In Eq. (??) renormalization is performed by subtracting the loop integral at
p2 = �⇤2 with the result

IR(p, ⇤) = I(p)� I(i ⇤) = �m(⇤ + i p)
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we give the result of the two diagrams with NLO contact interaction vertex

A(I)
0 = �A2

�1

⌥
2C2p2

C2
+

2C2 I3
C

�

,

I3 = �m2
N

2

µ3�n

(2 ⌅)n

 dnk
⇤
p0 +

⌦
k2 +m2

N

⌅

k2 +m2
N

=
m3

N

⇤
⇥̄mN + 2mN ln µ

mN
+ 2⌅

⌦
m2

N + p2 +mN

⌅

16⌅2
,

A(V )
0 = �D2M2

C2

⌦
m2

N + p2 A2
�1

mN
. (6)

1

- zero-range forces between nucleons
- for 2N equivalent to Effective Range Theory 
- universality, Efimov physics, cold gases, halos,...

Chiral EFT (valid for               )

4He 8Be 12C 16O

LO [Q0], in MeV �28.0(3) �57(2) �96(2) �144(4)
NLO [Q2], in MeV �24.9(5) �47(2) �77(3) �116(6)
NNLO [Q3], in MeV �28.3(6) �55(2) �92(3) �135(6)
Experiment, in MeV �28.30 �56.5 �92.2 �127.6
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Weinberg, van Kolck, EE, Glöckle, Meißner, Machleidt, Entem...

- Schrödinger equation for nucleons!
  interacting via contact forces and !
  long-range potentials (pion exchanges)
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derived in ChPT

- access to heavier nuclei (ab initio few-/many-body methods) 
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Chiral dynamics and nuclear forces

In
te

rn
uc

le
on

  p
ot

en
tia

l (
M

eV
) 

Separation (fm)

contact interactions

multiple GB !
exchange (ChPT)

conventional picture chiral EFT



 Chiral expansion of nuclear forces
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Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)
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N4LO (Q5)

— have been worked out and employed
— have been worked out but not employed yet 
— have not been completely worked out yet 



 Nucleon-nucleon force up to N4LO
Ordonez et al.;  Kaiser;  EE, Krebs, Meißner, …The long-range part 

(Leading) 3π-exchange potential is weak 
and probably can be well described !

by contacts (can be neglected)

order-Q2 πN 
amplitude

πN amplitude up to!
 order Q4

πN amplitude up 
to order-Q3

EE, Krebs, Meißner, arXiv:1412.0142 [nucl-th], arXiv:1412.4623 [nucl-th]
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and probably can be well described !

by contacts (can be neglected)

order-Q2 πN 
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πN amplitude up 
to order-Q3(ci,di,ei) (ci,di) (ci)

The determined values of LECs
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Q4 fit to KH �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26

Q4 + �3 fit to KH �0.91 1.58 �2.03 1.28 2.35 �3.88 1.23 �5.26 �0.14 �6.52 2.45 �0.37 2.96
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Krebs, Gasparyan, EE ’12

EE, Krebs, Meißner, arXiv:1412.0142 [nucl-th], arXiv:1412.4623 [nucl-th]
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 Regularization, renormalization and all that...

Lippmann-Schwinger eq. is linearly divergent, need infini-!
tely many CTs to absorb UV divergences from iterations!
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Possible approaches:
Use a manifestly Lorentz-invariant approach (3D-eqs. fulfilling relativistic unitarity) 

— integral eq. is renormalizable at LO (only log-divergences), Λ can be removed! 
— Caveat: calculations are complicated, hard to go beyond the NN system…

EE, Gegelia’12,’13; EE, Gasparyan, Gegelia, Krebs, Schindler ’14,’15  
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Use a finite UV cutoff (standard)
— simple, well suited for few- and many-body calculations 
— Caveat: finite-cutoff artifacts…
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— we use a local regulator for long-range terms !
    (maintains analytic structure of the amplitude)!
     and choose R = 0.8…1.2 fm



 Regularization, renormalization and all that...

Lippmann-Schwinger eq. is linearly divergent, need infini-!
tely many CTs to absorb UV divergences from iterations!
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Possible approaches:
Use a manifestly Lorentz-invariant approach (3D-eqs. fulfilling relativistic unitarity) 

— integral eq. is renormalizable at LO (only log-divergences), Λ can be removed! 
— Caveat: calculations are complicated, hard to go beyond the NN system…

EE, Gegelia’12,’13; EE, Gasparyan, Gegelia, Krebs, Schindler ’14,’15  

Use a finite UV cutoff (standard)
— simple, well suited for few- and many-body calculations 
— Caveat: finite-cutoff artifacts…
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1

— we use a local regulator for long-range terms !
    (maintains analytic structure of the amplitude)!
     and choose R = 0.8…1.2 fm

(Implicit) renormalization: express bare LECs in terms of observables (phase shifts)
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TABLE III: �2/datum for the description of the Nijmegen neutron-proton and proton-proton phase shifts [25] as described in
the text at di↵erent orders in the chiral expansion for the cuto↵ R = 0.9 fm. Only those channels are included which have been
used in the N3LO/N4LO fits, namely the S-, P- and D-waves and the mixing angles ✏1 and ✏2.

Elab bin LO NLO N2LO N3LO N4LO

neutron-proton phase shifts

0–100 360 31 4.5 0.7 0.3

0–200 480 63 21 0.7 0.3

proton-proton phase shifts

0–100 5750 102 15 0.8 0.3

0–200 9150 560 130 0.7 0.6
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FIG. 1: Chiral expansion of the NN phase shifts in comparison with the NPWA [25] (solid dots) and the GWU single-energy
np partial wave analysis [58] (open triangles). Dotted, dashed, dashed-dotted, dashed-double-dotted and solid lines show the
results at LO, NLO, N2LO, N3LO and N4LO, respectively, calculated using the cuto↵ R = 0.9 fm. Only those partial wave are
shown which have been used in the fits at N3LO/N4LO.

 NN phase shifts order by order
Convergence of the chiral expansion for neutron-proton phase shifts [using R = 0.9 fm]
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[Q0] [Q2] [Q3] [Q4] [Q5]



3

TABLE III: �2/datum for the description of the Nijmegen neutron-proton and proton-proton phase shifts [25] as described in
the text at di↵erent orders in the chiral expansion for the cuto↵ R = 0.9 fm. Only those channels are included which have been
used in the N3LO/N4LO fits, namely the S-, P- and D-waves and the mixing angles ✏1 and ✏2.

Elab bin LO NLO N2LO N3LO N4LO

neutron-proton phase shifts

0–100 360 31 4.5 0.7 0.3

0–200 480 63 21 0.7 0.3

proton-proton phase shifts

0–100 5750 102 15 0.8 0.3

0–200 9150 560 130 0.7 0.6

 0

 20

 40

 60
� 

[d
eg

] 1S0

-10

 0

 10

 20 3P0

-30

-20

-10

 0

 10
1P1

-30

-20

-10

 0 3P1

 0

 60

 120

 180

� 
[d

eg
] 3S1

LO
NLO
N2LO
N3LO
N4LO

-5

 0

 5

 10
�1

-30

-20

-10

 0
3D1

 0

 5

 10

 15
1D2

 0

 10

 20

 30

0 100 200 300

� 
[d

eg
]

Elab [MeV]

3D2

 0

 5

 10

 15

 20

0 100 200 300

Elab [MeV]

3P2

-4

-3

-2

-1

 0

0 100 200 300

Elab [MeV]

�2

-5

 0

 5

 10

0 100 200 300

Elab [MeV]

3D3

FIG. 1: Chiral expansion of the NN phase shifts in comparison with the NPWA [25] (solid dots) and the GWU single-energy
np partial wave analysis [58] (open triangles). Dotted, dashed, dashed-dotted, dashed-double-dotted and solid lines show the
results at LO, NLO, N2LO, N3LO and N4LO, respectively, calculated using the cuto↵ R = 0.9 fm. Only those partial wave are
shown which have been used in the fits at N3LO/N4LO.

2 LECs + 7 LECs + 2 IB LECs + 15 LECs + 1 IB LEC

 NN phase shifts order by order
Convergence of the chiral expansion for neutron-proton phase shifts [using R = 0.9 fm]

3

TABLE III: �2/datum for the description of the Nijmegen neutron-proton and proton-proton phase shifts [25] as described in
the text at di↵erent orders in the chiral expansion for the cuto↵ R = 0.9 fm. Only those channels are included which have been
used in the N3LO/N4LO fits, namely the S-, P- and D-waves and the mixing angles ✏1 and ✏2.

Elab bin LO NLO N2LO N3LO N4LO

neutron-proton phase shifts

0–100 360 31 4.5 0.7 0.3

0–200 480 63 21 0.7 0.3

proton-proton phase shifts

0–100 5750 102 15 0.8 0.3

0–200 9150 560 130 0.7 0.6

 0

 20

 40

 60

� 
[d

eg
] 1S0

-10

 0

 10

 20 3P0

-30

-20

-10

 0

 10
1P1

-30

-20

-10

 0 3P1

 0

 60

 120

 180

� 
[d

eg
] 3S1

LO
NLO
N2LO
N3LO
N4LO

-5

 0

 5

 10
�1

-30

-20

-10

 0
3D1

 0

 5

 10

 15
1D2

 0

 10

 20

 30

0 100 200 300

� 
[d

eg
]

Elab [MeV]

3D2

 0

 5

 10

 15

 20

0 100 200 300

Elab [MeV]

3P2

-4

-3

-2

-1

 0

0 100 200 300

Elab [MeV]

�2

-5

 0

 5

 10

0 100 200 300

Elab [MeV]

3D3

FIG. 1: Chiral expansion of the NN phase shifts in comparison with the NPWA [25] (solid dots) and the GWU single-energy
np partial wave analysis [58] (open triangles). Dotted, dashed, dashed-dotted, dashed-double-dotted and solid lines show the
results at LO, NLO, N2LO, N3LO and N4LO, respectively, calculated using the cuto↵ R = 0.9 fm. Only those partial wave are
shown which have been used in the fits at N3LO/N4LO.

χ2datum for the reproduction of the Nijmegen phase shifts [using R = 0.9 fm]

[Q0] [Q2] [Q3] [Q4] [Q5]



3

TABLE III: �2/datum for the description of the Nijmegen neutron-proton and proton-proton phase shifts [25] as described in
the text at di↵erent orders in the chiral expansion for the cuto↵ R = 0.9 fm. Only those channels are included which have been
used in the N3LO/N4LO fits, namely the S-, P- and D-waves and the mixing angles ✏1 and ✏2.

Elab bin LO NLO N2LO N3LO N4LO

neutron-proton phase shifts

0–100 360 31 4.5 0.7 0.3

0–200 480 63 21 0.7 0.3

proton-proton phase shifts

0–100 5750 102 15 0.8 0.3

0–200 9150 560 130 0.7 0.6

 0

 20

 40

 60
� 

[d
eg

] 1S0

-10

 0

 10

 20 3P0

-30

-20

-10

 0

 10
1P1

-30

-20

-10

 0 3P1

 0

 60

 120

 180

� 
[d

eg
] 3S1

LO
NLO
N2LO
N3LO
N4LO

-5

 0

 5

 10
�1

-30

-20

-10

 0
3D1

 0

 5

 10

 15
1D2

 0

 10

 20

 30

0 100 200 300

� 
[d

eg
]

Elab [MeV]

3D2

 0

 5

 10

 15

 20

0 100 200 300

Elab [MeV]

3P2

-4

-3

-2

-1

 0

0 100 200 300

Elab [MeV]

�2

-5

 0

 5

 10

0 100 200 300

Elab [MeV]

3D3

FIG. 1: Chiral expansion of the NN phase shifts in comparison with the NPWA [25] (solid dots) and the GWU single-energy
np partial wave analysis [58] (open triangles). Dotted, dashed, dashed-dotted, dashed-double-dotted and solid lines show the
results at LO, NLO, N2LO, N3LO and N4LO, respectively, calculated using the cuto↵ R = 0.9 fm. Only those partial wave are
shown which have been used in the fits at N3LO/N4LO.

2 LECs + 7 LECs + 2 IB LECs + 15 LECs + 1 IB LEC

no new LECs

no new LECs

1 LEC (1S0)

 NN phase shifts order by order
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3

TABLE III: �2/datum for the description of the Nijmegen neutron-proton and proton-proton phase shifts [25] as described in
the text at di↵erent orders in the chiral expansion for the cuto↵ R = 0.9 fm. Only those channels are included which have been
used in the N3LO/N4LO fits, namely the S-, P- and D-waves and the mixing angles ✏1 and ✏2.

Elab bin LO NLO N2LO N3LO N4LO

neutron-proton phase shifts

0–100 360 31 4.5 0.7 0.3

0–200 480 63 21 0.7 0.3

proton-proton phase shifts

0–100 5750 102 15 0.8 0.3

0–200 9150 560 130 0.7 0.6

 0

 20

 40

 60

� 
[d

eg
] 1S0

-10

 0

 10

 20 3P0

-30

-20

-10

 0

 10
1P1

-30

-20

-10

 0 3P1

 0

 60

 120

 180

� 
[d

eg
] 3S1

LO
NLO
N2LO
N3LO
N4LO

-5

 0

 5

 10
�1

-30

-20

-10

 0
3D1

 0

 5

 10

 15
1D2

 0

 10

 20

 30

0 100 200 300

� 
[d

eg
]

Elab [MeV]

3D2

 0

 5

 10

 15

 20

0 100 200 300

Elab [MeV]

3P2

-4

-3

-2

-1

 0

0 100 200 300

Elab [MeV]

�2

-5

 0

 5

 10

0 100 200 300

Elab [MeV]

3D3

FIG. 1: Chiral expansion of the NN phase shifts in comparison with the NPWA [25] (solid dots) and the GWU single-energy
np partial wave analysis [58] (open triangles). Dotted, dashed, dashed-dotted, dashed-double-dotted and solid lines show the
results at LO, NLO, N2LO, N3LO and N4LO, respectively, calculated using the cuto↵ R = 0.9 fm. Only those partial wave are
shown which have been used in the fits at N3LO/N4LO.

χ2datum for the reproduction of the Nijmegen phase shifts [using R = 0.9 fm]

[Q0] [Q2] [Q3] [Q4] [Q5]



 Convergence of the chiral expansion

Expansion parameter:

T = V + V G0T = V + V G0V + V G0V G0V + . . .

m ! 1

�X = max

⇣
�

NPWA
X , |�NijmI

X � �NPWA
X |, |�NijmII

X � �NPWA
X |, |�Reid93

X � �NPWA
X |

⌘
, (1)

Q = max

 
p

⇤b

,
M⇡

⇤b

!

(2)

Z 1

0
dr

h
u2

(r) + w2
(r)

i
= 1 (3)

u(r)
r!1�! ASe

��r
; (4)

w(r)
r!1�! ADe��r


1 +

3

�r
+

3

(�r)2

�
; ⌘ =

AD

AS

(5)

Qd =

1

20

Z 1

0
drr2w(r)

hp
8u(r) � w(r)

i
(6)

rd =

1

2

✓ Z 1

0
drr2

h
u2

(r) + w2
(r)

i◆1/2

(7)

PD =

Z 1

0
drw2

(r) (8)

����1 �
cot �Ri(k)

cot �Rj(k)

���� (9)

1

the breakdown scale is estimated to be !
Λb ~ 600 MeV  (for R = 0.8…1.0 fm)

EE, Krebs, Meißner, arXiv:1412.0142 [nucl-th], arXiv:1412.4623 [nucl-th]



 Convergence of the chiral expansion

Expansion parameter:

T = V + V G0T = V + V G0V + V G0V G0V + . . .

m ! 1

�X = max

⇣
�

NPWA
X , |�NijmI

X � �NPWA
X |, |�NijmII

X � �NPWA
X |, |�Reid93

X � �NPWA
X |

⌘
, (1)

Q = max

 
p

⇤b

,
M⇡

⇤b

!

(2)

Z 1

0
dr

h
u2

(r) + w2
(r)

i
= 1 (3)

u(r)
r!1�! ASe

��r
; (4)

w(r)
r!1�! ADe��r


1 +

3

�r
+

3

(�r)2

�
; ⌘ =

AD

AS

(5)

Qd =

1

20

Z 1

0
drr2w(r)

hp
8u(r) � w(r)

i
(6)

rd =

1

2

✓ Z 1

0
drr2

h
u2

(r) + w2
(r)

i◆1/2

(7)

PD =

Z 1

0
drw2

(r) (8)

����1 �
cot �Ri(k)

cot �Rj(k)

���� (9)

1

the breakdown scale is estimated to be !
Λb ~ 600 MeV  (for R = 0.8…1.0 fm)

EE, Krebs, Meißner, arXiv:1412.0142 [nucl-th], arXiv:1412.4623 [nucl-th]
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 Uncertainty quantification
EE, Krebs, Meißner, arXiv:1412.0142 [nucl-th], arXiv:1412.4623 [nucl-th]

Let            be some observable with    denoting the corresponding momentum scale and

T = V + V G0T = V + V G0V + V G0V G0V + . . .

m ! 1

VC(q) =

2

⇡

Z
⇤SFR

2M⇡

dµµ
⇢C(µ)

µ2
+ q2

(1)

f
✓ r

R

◆
=

"

1 � exp

 

�
r2

R2

!#n
(2)

Qn (3)

X(p) (4)

X(n)
(p) (5)

X(n)
= X(0)

+ �X(2)
+ . . . + �X(n) . (6)

V (r) �! V (r)

"

1 � exp

 

�
r2

R2

!#6
, R = 0.8 . . . 1.2 fm (7)

�XN3LO
(p) = max

⇣
Q5 ⇥ |XLO

(p)|, (8)

Q3 ⇥ |XLO
(p) � XNLO

(p)|, (9)

Q2 ⇥ |XNLO
(p) � XN2LO

(p)|, (10)

Q1 ⇥ |XN2LO
(p) � XN3LO

(p)|
⌘

(11)

�X = max

⇣
�

NPWA
X , |�NijmI

X � �NPWA
X |, |�NijmII

X � �NPWA
X |, |�Reid93

X � �NPWA
X |

⌘
, (12)

Q = max

 
p

⇤b

,
M⇡

⇤b

!

(13)

Z 1

0
dr

h
u2

(r) + w2
(r)

i
= 1 (14)

u(r)
r!1�! ASe

��r
; (15)

1

T = V + V G0T = V + V G0V + V G0V G0V + . . .

m ! 1

VC(q) =

2

⇡

Z
⇤SFR

2M⇡

dµµ
⇢C(µ)

µ2
+ q2

(1)

f
✓ r

R

◆
=

"

1 � exp

 

�
r2

R2

!#n
(2)

Qn (3)

X(p) (4)

X(n)
(p) (5)

X(n)
= X(0)

+ �X(2)
+ . . . + �X(n) . (6)

V (r) �! V (r)

"

1 � exp

 

�
r2

R2

!#6
, R = 0.8 . . . 1.2 fm (7)

�XN3LO
(p) = max

⇣
Q5 ⇥ |XLO

(p)|, (8)

Q3 ⇥ |XLO
(p) � XNLO

(p)|, (9)

Q2 ⇥ |XNLO
(p) � XN2LO

(p)|, (10)

Q1 ⇥ |XN2LO
(p) � XN3LO

(p)|
⌘

(11)

�X = max

⇣
�

NPWA
X , |�NijmI

X � �NPWA
X |, |�NijmII

X � �NPWA
X |, |�Reid93

X � �NPWA
X |

⌘
, (12)

Q = max

 
p

⇤b

,
M⇡

⇤b

!

(13)

Z 1

0
dr

h
u2

(r) + w2
(r)

i
= 1 (14)

u(r)
r!1�! ASe

��r
; (15)

1

T = V + V G0T = V + V G0V + V G0V G0V + . . .

m ! 1

VC(q) =

2

⇡

Z
⇤SFR

2M⇡

dµµ
⇢C(µ)

µ2
+ q2

(1)

f
✓ r

R

◆
=

"

1 � exp

 

�
r2

R2

!#n
(2)

Qn (3)

X(p) (4)

X(n)
(p), n = 0, 2, 3, 4, . . . (5)

X(n)
= X(0)

+ �X(2)
+ . . . + �X(n) . (6)

V (r) �! V (r)

"

1 � exp

 

�
r2

R2

!#6
, R = 0.8 . . . 1.2 fm (7)

�XN3LO
(p) = max

⇣
Q5 ⇥ |XLO

(p)|, (8)

Q3 ⇥ |XLO
(p) � XNLO

(p)|, (9)

Q2 ⇥ |XNLO
(p) � XN2LO

(p)|, (10)

Q1 ⇥ |XN2LO
(p) � XN3LO

(p)|
⌘

(11)

�X = max

⇣
�

NPWA
X , |�NijmI

X � �NPWA
X |, |�NijmII

X � �NPWA
X |, |�Reid93

X � �NPWA
X |

⌘
, (12)

Q = max

 
p

⇤b

,
M⇡

⇤b

!

(13)

Z 1

0
dr

h
u2

(r) + w2
(r)

i
= 1 (14)

u(r)
r!1�! ASe

��r
; (15)

1

                                                a prediction at order       in the chiral expansion:

T = V + V G0T = V + V G0V + V G0V G0V + . . .

m ! 1

VC(q) =

2

⇡

Z
⇤SFR

2M⇡

dµµ
⇢C(µ)

µ2
+ q2

(1)

f
✓ r

R

◆
=

"

1 � exp

 

�
r2

R2

!#n
(2)

Qn (3)

X(p) (4)

X(n)
(p), n = 0, 2, 3, 4, . . . (5)

X(n)
= X(0)

+ �X(2)
+ . . . + �X(n) . (6)

V (r) �! V (r)

"

1 � exp

 

�
r2

R2

!#6
, R = 0.8 . . . 1.2 fm (7)

�XN3LO
(p) = max

⇣
Q5 ⇥ |XLO

(p)|, (8)

Q3 ⇥ |XLO
(p) � XNLO

(p)|, (9)

Q2 ⇥ |XNLO
(p) � XN2LO

(p)|, (10)

Q1 ⇥ |XN2LO
(p) � XN3LO

(p)|
⌘

(11)

�X = max

⇣
�

NPWA
X , |�NijmI

X � �NPWA
X |, |�NijmII

X � �NPWA
X |, |�Reid93

X � �NPWA
X |

⌘
, (12)

Q = max

 
p

⇤b

,
M⇡

⇤b

!

(13)

Z 1

0
dr

h
u2

(r) + w2
(r)

i
= 1 (14)

u(r)
r!1�! ASe

��r
; (15)

1

T = V + V G0T = V + V G0V + V G0V G0V + . . .

m ! 1

VC(q) =

2

⇡

Z
⇤SFR

2M⇡

dµµ
⇢C(µ)

µ2
+ q2

(1)

f
✓ r

R

◆
=

"

1 � exp

 

�
r2

R2

!#n
(2)

Qn (3)

X(p) (4)

X(n)
(p), n = 0, 2, 3, 4, . . . (5)

X(n)
= X(0)

+ �X(2)
+ . . . + �X(n) . (6)

V (r) �! V (r)

"

1 � exp

 

�
r2

R2

!#6
, R = 0.8 . . . 1.2 fm (7)

�XN3LO
(p) = max

⇣
Q5 ⇥ |XLO

(p)|, (8)

Q3 ⇥ |XLO
(p) � XNLO

(p)|, (9)

Q2 ⇥ |XNLO
(p) � XN2LO

(p)|, (10)

Q1 ⇥ |XN2LO
(p) � XN3LO

(p)|
⌘

(11)

�X = max

⇣
�

NPWA
X , |�NijmI

X � �NPWA
X |, |�NijmII

X � �NPWA
X |, |�Reid93

X � �NPWA
X |

⌘
, (12)

Q = max

 
p

⇤b

,
M⇡

⇤b

!

(13)

Z 1

0
dr

h
u2

(r) + w2
(r)

i
= 1 (14)

u(r)
r!1�! ASe

��r
; (15)

1

calculated in the chiral expansion
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 Uncertainty quantification
EE, Krebs, Meißner, arXiv:1412.0142 [nucl-th], arXiv:1412.4623 [nucl-th]
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calculated in the chiral expansion

For the order-n contribution one expects                                        with

T = V + V G0T = V + V G0V + V G0V G0V + . . .

m ! 1

VC(q) =

2

⇡

Z
⇤SFR

2M⇡

dµµ
⇢C(µ)

µ2
+ q2

(1)

f
✓ r

R

◆
=

"

1 � exp

 

� r2

R2

!#n
(2)

Qn (3)

X(p) (4)

X(n)
(p), n = 0, 2, 3, 4, . . . (5)

X(n)
= X(0)

+ �X(2)
+ . . . + �X(n) . (6)

X(n) ⇠ O
⇣
Qn X(0)

⌘
(7)

V (r) �! V (r)

"

1 � exp

 

� r2

R2

!#6
, R = 0.8 . . . 1.2 fm (8)

�XN3LO
(p) = max

⇣
Q5 ⇥ |XLO

(p)|, (9)

Q3 ⇥ |XLO
(p) � XNLO

(p)|, (10)

Q2 ⇥ |XNLO
(p) � XN2LO

(p)|, (11)

Q1 ⇥ |XN2LO
(p) � XN3LO

(p)|
⌘

(12)

�X = max

⇣
�

NPWA
X , |�NijmI

X � �NPWA
X |, |�NijmII

X � �NPWA
X |, |�Reid93

X � �NPWA
X |

⌘
, (13)

Q = max

 
p

⇤b

,
M⇡

⇤b

!

(14)

Z 1

0
dr

h
u2

(r) + w2
(r)

i
= 1 (15)

1

Theoretical uncertainty             estimated via the size of neglected higher-order contributions*:

T = V + V G0T = V + V G0V + V G0V G0V + . . .

m ! 1

VC(q) =

2

⇡

Z
⇤SFR

2M⇡

dµµ
⇢C(µ)

µ2
+ q2

(1)

f
✓ r

R

◆
=

"

1 � exp

 

� r2

R2

!#n
(2)

Qn (3)

X(p) (4)

X(n)
(p), n = 0, 2, 3, 4, . . . (5)

X(n)
= X(0)

+ �X(2)
+ . . . + �X(n) . (6)

�X(n) (7)

X(n) ⇠ O
⇣
Qn X(0)

⌘
(8)

V (r) �! V (r)

"

1 � exp

 

� r2

R2

!#6
, R = 0.8 . . . 1.2 fm (9)

�XN3LO
(p) = max

⇣
Q5 ⇥ |XLO

(p)|, (10)

Q3 ⇥ |XLO
(p) � XNLO

(p)|, (11)

Q2 ⇥ |XNLO
(p) � XN2LO

(p)|, (12)

Q1 ⇥ |XN2LO
(p) � XN3LO

(p)|
⌘

(13)

�X = max

⇣
�

NPWA
X , |�NijmI

X � �NPWA
X |, |�NijmII

X � �NPWA
X |, |�Reid93

X � �NPWA
X |

⌘
, (14)

Q = max

 
p

⇤b

,
M⇡

⇤b

!

(15)

1

T = V + V G0T = V + V G0V + V G0V G0V + . . .

m ! 1

VC(q) =

2

⇡

Z
⇤SFR

2M⇡

dµµ
⇢C(µ)

µ2
+ q2

(1)

f
✓ r

R

◆
=

"

1 � exp

 

� r2

R2

!#n
(2)

Qn
(3)

X(p) (4)

X(n)
(p), n = 0, 2, 3, 4, . . . (5)

X(n)
= X(0)

+ �X(2)
+ . . . + �X(n) . (6)

�X(n)
(7)

�X(0)
= Q2 |X(0)| , (8)

�X(2)
= max

⇣
Q3 |X(0)|, Q |�X(2)|

⌘
, (9)

�X(3)
= max

⇣
Q4 |X(0)|, Q2 |�X(2)|, Q |�X(3)|

⌘
, (10)

. . . (11)

X(n) ⇠ O
⇣
Qn X(0)

⌘
(12)

V (r) �! V (r)

"

1 � exp

 

� r2

R2

!#6
, R = 0.8 . . . 1.2 fm (13)

�XN3LO
(p) = max

⇣
Q5 ⇥ |XLO

(p)|, (14)

Q3 ⇥ |XLO
(p) � XNLO

(p)|, (15)

Q2 ⇥ |XNLO
(p) � XN2LO

(p)|, (16)

Q1 ⇥ |XN2LO
(p) � XN3LO

(p)|
⌘

(17)

1

(*Also demand that             is not smaller than the actual higher-order contributions whenever known)

T = V + V G0T = V + V G0V + V G0V G0V + . . .

m ! 1

VC(q) =

2

⇡

Z
⇤SFR

2M⇡

dµµ
⇢C(µ)

µ2
+ q2

(1)

f
✓ r

R

◆
=

"

1 � exp

 

� r2

R2

!#n
(2)

Qn (3)

X(p) (4)

X(n)
(p), n = 0, 2, 3, 4, . . . (5)

X(n)
= X(0)

+ �X(2)
+ . . . + �X(n) . (6)

�X(n) (7)

X(n) ⇠ O
⇣
Qn X(0)

⌘
(8)

V (r) �! V (r)

"

1 � exp

 

� r2

R2

!#6
, R = 0.8 . . . 1.2 fm (9)

�XN3LO
(p) = max

⇣
Q5 ⇥ |XLO

(p)|, (10)

Q3 ⇥ |XLO
(p) � XNLO

(p)|, (11)

Q2 ⇥ |XNLO
(p) � XN2LO

(p)|, (12)

Q1 ⇥ |XN2LO
(p) � XN3LO

(p)|
⌘

(13)

�X = max

⇣
�

NPWA
X , |�NijmI

X � �NPWA
X |, |�NijmII

X � �NPWA
X |, |�Reid93

X � �NPWA
X |

⌘
, (14)

Q = max

 
p

⇤b

,
M⇡

⇤b

!

(15)

1

T = V + V G0T = V + V G0V + V G0V G0V + . . .

m ! 1

VC(q) =

2

⇡

Z
⇤SFR

2M⇡

dµµ
⇢C(µ)

µ2
+ q2

(1)

f
✓ r

R

◆
=

"

1 � exp

 

� r2

R2

!#n
(2)

Q = max

 
M⇡

⇤b

,
p

⇤b

!

(3)

Qn
(4)

X(p) (5)

X(n)
(p), n = 0, 2, 3, 4, . . . (6)

X(n)
= X(0)

+ �X(2)
+ . . . + �X(n) . (7)

�X(n)
(8)

⇤b = 600 . . . 400 MeV (9)

R = 0.8 . . . 1.2 fm (10)

Q = max

⇣
p/⇤b, M⇡/⇤b

⌘
(11)

|�rd| ' 0.004 fm (12)

�Q ' +0.008 fm

2
(13)

Q ' 0.279 fm

2
(14)

1

T = V + V G0T = V + V G0V + V G0V G0V + . . .

m ! 1

VC(q) =

2

⇡

Z
⇤SFR

2M⇡

dµµ
⇢C(µ)

µ2
+ q2

(1)

f
✓ r

R

◆
=

"

1 � exp

 

�
r2

R2

!#n
(2)

Qn (3)

X(p) (4)

X(n)
(p), n = 0, 2, 3, 4, . . . (5)

X(n)
= X(0)

+ �X(2)
+ . . . + �X(n) . (6)

V (r) �! V (r)

"

1 � exp

 

�
r2

R2

!#6
, R = 0.8 . . . 1.2 fm (7)

�XN3LO
(p) = max

⇣
Q5 ⇥ |XLO

(p)|, (8)

Q3 ⇥ |XLO
(p) � XNLO

(p)|, (9)

Q2 ⇥ |XNLO
(p) � XN2LO

(p)|, (10)

Q1 ⇥ |XN2LO
(p) � XN3LO

(p)|
⌘

(11)

�X = max

⇣
�

NPWA
X , |�NijmI

X � �NPWA
X |, |�NijmII

X � �NPWA
X |, |�Reid93

X � �NPWA
X |

⌘
, (12)

Q = max

 
p

⇤b

,
M⇡

⇤b

!

(13)

Z 1

0
dr

h
u2

(r) + w2
(r)

i
= 1 (14)

u(r)
r!1�! ASe

��r
; (15)

1



 Uncertainty quantification
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FIG. 2: Predictions for the np total cross section based on the
improved chiral NN potentials at NLO (filled squares, color
online: orange), N2LO (solid diamonds, color online: green),
N3LO (filled triangles, color online: blue) and N4LO (filled
circles, color online: red) at the laboratory energies of 50,
96, 143 and 200 MeV for the di↵erent choices of the cuto↵:
R1 = 0.8 fm, R2 = 0.9 fm, R3 = 1.0 fm, R4 = 1.1 fm and
R5 = 1.2 fm. The horizontal band refers to the result of the
NPWA with the uncertainty estimated as explained in the
text. Also shown are experimental data of Ref. [29].

Q3 ⇥
���XNLO(p)�XN2LO(p)

���,

Q2 ⇥
���XN2LO(p)�XN3LO(p)

���,

Q⇥
���XN3LO(p)�XN4LO(p)

���
◆
.

Here, Q is the expansion parameter given by

Q = max

✓
p

⇤b
,
M⇡

⇤b

◆
. (4)

For the breakdown scale, we use the same values as in
Ref. [1], namely ⇤b = 600 MeV, 500 MeV and 400 MeV
for R = 0.8 . . . 1.0 fm, R = 1.1 fm and R = 1.2 fm, re-
spectively. The theoretical uncertainty at lower orders
is estimated in a similar way as described in detail in
[1]. Fig. 2 shows the resulting predictions for the np
total cross section at di↵erent energies and for all cut-
o↵ choices. First, we observe that the predictions based
on di↵erent values of the cuto↵ R are consistent with
each other with results corresponding to larger values
of R being less accurate due to a larger amount of cut-
o↵ artefacts. Secondly, our N4LO predictions provide
strong support for the new approach of error estimation.
In particular, the actual size of the N4LO corrections is
in a good agreement with the estimated uncertainty at
N3LO [1]. The somewhat larger N4LO contributions at
the lowest energy is to be expected and can be traced
back to the adopted fitting strategy in the 1S0 channel,
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FIG. 3: Results for the np S-, P- and D- waves and the
mixing angles ✏1, ✏2 up to N4LO based on the cuto↵ of
R = 0.9 fm in comparison with the NPWA [21] (solid dots)
and the GWU single-energy PWA [30] (open triangles). The
bands of increasing width show estimated theoretical uncer-
tainty at N4LO (color online: red), N3LO (color online: blue),
N2LO (color online: green) and NLO (color online: yellow).

see Ref. [1] for more details. Finally, our N4LO results
are in a very good agreement both with the NPWA and
with the experimental data.
The above error analysis can be carried out for any

observable of interest. Fig. 3 shows the estimated un-
certainty of the S-, P- and D-wave phase shifts and the
mixing angles ✏1 and ✏2 at NLO and higher orders in
the chiral expansion based on R = 0.9 fm. The various
bands result by adding/subtracting the estimated theo-
retical uncertainty, ±��(Elab) and ±�✏(Elab), to/from
the calculated results. Similarly, we show in Fig. 4 our
predictions for the various NN scattering observables at

NLO!
N2LO!
N3LO!
N4LO

np total cross section for R1,…,5 = {0.8, 0.9, 1.0, 1.1, 1.2} fm
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Selected neutron-proton scattering observables at 50 MeV R=1.2fm

Neutron-proton scattering
EE, Krebs, Meißner, arXiv:1412.0142 [nucl-th], arXiv:1412.4623 [nucl-th]
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The theoretical predictions for different cutoff choices are consistent with each other!
Softer cutoffs lead to larger theoretical uncertainties 



 Neutron-proton scattering
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Accurate results even at the energy of Elab = 200 MeV (for R = 0.9 fm)!



 Deuteron properties R=0.9 fm
EE, Krebs, Meißner, arXiv:1412.0142 [nucl-th], arXiv:1412.4623 [nucl-th]

LO NLO N N N empirical
B 2.0235 2.1987 2.2311 2.2246* 2.2246* 2.224575(9)
A 0.8333 0.8772 0.8865 0.8845 0.8844 0.8846(9)
η 0.0212 0.0256 0.0256 0.0255 0.0255 0.0256(4)
rd 1.990 1.968 1.966 1.972 1.972 1.97535(85)
Q [fm
PD 2.54 4.73 4.50 4.19 4.29

0.230 0.273 0.270 0.271 0.271 0.2859(3)

— fast convergence of the chiral expansion (PD is not observable)

— error estimation (assuming Q=Mπ/Λb)
AS:  LO: 0.83(5) → NLO: 0.878(13) → N2LO: 0.887(3) → N3LO: 0.8845(8) → N4LO: 0.8844(2)
η:  LO: 0.021(5) → NLO: 0.026(1) → N2LO: 0.0256(3) → N3LO: 0.0255(1) → N4LO: 0.0255
→ theoretical results for AS,η at N4LO are more accurate than empirical numbers

— results for rd and Q do not take into account MECs and relativistic corrections:
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[Kohno ’83] predictions in agreement with the datard: →
rel. corrections + 1π-exchange MEC: 
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Q: →[Phillips ’07]
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the remaining deviation of 0.007 fm2 agrees with the expected size of [Phillips ’07]



 
Intermediate summary
A new generation of chiral NN potentials up to N4LO is developed 

— chiral expansion for NN scattering shows good convergence
— excellent description of NN scattering observables & deuteron properties at N3LO, N4LO 

A simple approach for uncertainty quantification is introduced
— applicable to any observable and for any choice of the regulator
— results in the NN system at all orders and for all cutoffs are consistent with each !
     other and with experimental data (within uncertainties) → seems to work reliably

With these developments, we are ready to take up the 3NF challenge
(work in progress by the LENPIC collaboration)



 Evidence for missing 3N forces
While no complete calculations based on the new 2N+3N forces are available yet, we preformed 
incomplete calculations based on 2N forces only in order to:

— identify observables/kinematics best suitable for searches of 3NF effects
— estimate the achievable accuracy of of chiral EFT

LENPIC, in preparation



  Chiral expansion of the 3N force
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  Chiral expansion of the 3N force

Notice: 3N force at large distance is !
completely determined by the chiral !
symmetry of QCD + experimental 
information on the πN system 
(parameter-free!)
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Generators G in momentum space Generators G̃ in coordinate space

G1 = 1 G̃1 = 1

G2 = ⌧ 1 · ⌧ 3 G̃2 = ⌧ 1 · ⌧ 3

G3 = ~�1 · ~�3 G̃3 = ~�1 · ~�3

G4 = ⌧ 1 · ⌧ 3~�1 · ~�3 G̃4 = ⌧ 1 · ⌧ 3 ~�1 · ~�3

G5 = ⌧ 2 · ⌧ 3~�1 · ~�2 G̃5 = ⌧ 2 · ⌧ 3 ~�1 · ~�2

G6 = ⌧ 1 · (⌧ 2 ⇥ ⌧ 3)~�1 · (~�2 ⇥ ~�3) G̃6 = ⌧ 1 · (⌧ 2 ⇥ ⌧ 3)~�1 · (~�2 ⇥ ~�3)

G7 = ⌧ 1 · (⌧ 2 ⇥ ⌧ 3)~�2 · (~q1 ⇥ ~q3) G̃7 = ⌧ 1 · (⌧ 2 ⇥ ⌧ 3)~�2 · (r̂12 ⇥ r̂23)

G8 = ~q1 · ~�1~q1 · ~�3 G̃8 = r̂23 · ~�1 r̂23 · ~�3

G9 = ~q1 · ~�3~q3 · ~�1 G̃9 = r̂23 · ~�3 r̂12 · ~�1

G10 = ~q1 · ~�1~q3 · ~�3 G̃10 = r̂23 · ~�1 r̂12 · ~�3

G11 = ⌧ 2 · ⌧ 3~q1 · ~�1~q1 · ~�2 G̃11 = ⌧ 2 · ⌧ 3 r̂23 · ~�1 r̂23 · ~�2

G12 = ⌧ 2 · ⌧ 3~q1 · ~�1~q3 · ~�2 G̃12 = ⌧ 2 · ⌧ 3 r̂23 · ~�1 r̂12 · ~�2

G13 = ⌧ 2 · ⌧ 3~q3 · ~�1~q1 · ~�2 G̃13 = ⌧ 2 · ⌧ 3 r̂12 · ~�1 r̂23 · ~�2

G14 = ⌧ 2 · ⌧ 3~q3 · ~�1~q3 · ~�2 G̃14 = ⌧ 2 · ⌧ 3 r̂12 · ~�1 r̂12 · ~�2

G15 = ⌧ 1 · ⌧ 3~q2 · ~�1~q2 · ~�3 G̃15 = ⌧ 1 · ⌧ 3 r̂13 · ~�1 r̂13 · ~�3

G16 = ⌧ 2 · ⌧ 3~q3 · ~�2~q3 · ~�3 G̃16 = ⌧ 2 · ⌧ 3 r̂12 · ~�2 r̂12 · ~�3

G17 = ⌧ 1 · ⌧ 3~q1 · ~�1~q3 · ~�3 G̃17 = ⌧ 1 · ⌧ 3 r̂23 · ~�1 r̂12 · ~�3

G18 = ⌧ 1 · (⌧ 2 ⇥ ⌧ 3)~�1 · ~�3~�2 · (~q1 ⇥ ~q3) G̃18 = ⌧ 1 · (⌧ 2 ⇥ ⌧ 3)~�1 · ~�3 ~�2 · (r̂12 ⇥ r̂23)

G19 = ⌧ 1 · (⌧ 2 ⇥ ⌧ 3)~�3 · ~q1~q1 · (~�1 ⇥ ~�2) G̃19 = ⌧ 1 · (⌧ 2 ⇥ ⌧ 3)~�3 · r̂23 r̂23 · (~�1 ⇥ ~�2)

G20 = ⌧ 1 · (⌧ 2 ⇥ ⌧ 3)~�1 · ~q1~�3 · ~q3~�2 · (~q1 ⇥ ~q3) G̃20 = ⌧ 1 · (⌧ 2 ⇥ ⌧ 3)~�1 · r̂23 ~�3 · r̂12 ~�2 · (r̂12 ⇥ r̂23)

TABLE II: The set of 20 generating operators Gi which generate 80 independent operators Oi of a local three-nucleon force.
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Examples of the operators:
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FIG. 4: Individual contributions of the two-pion exchange (dotted lines), two-pion-one-pion exchange (long-dashed lines)
and ring (dashed-double-dotted lines) topologies to the profile functions Fi(r) in MeV at N4LO in the equilateral triangle
configuration.
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FIG. 4: Individual contributions of the two-pion exchange (dotted lines), two-pion-one-pion exchange (long-dashed lines)
and ring (dashed-double-dotted lines) topologies to the profile functions Fi(r) in MeV at N4LO in the equilateral triangle
configuration.

2π

2π-1π

ring

F 4
(r,

 r,
 r)

,  
[M

eV
]

10

 0

 0.5

 1
F1

 0

 0.0005

 0.001

 0.0015

 0.002

-10
-8
-6
-4
-2
 0

F2

-0.03

-0.02

-0.01

 0

 0

 0.5

 1

 1.5

 2 F3

 0
 0.005
 0.01
 0.015
 0.02
 0.025

 0
 2
 4
 6
 8

 10 F4

-0.04
-0.03
-0.02
-0.01
 0
 0.01

-5
-4
-3
-2
-1
 0

F5

-0.004

-0.003

-0.002

-0.001

 0

-8
-6
-4
-2
 0
 2
 4

F6

 0

 0.002

 0.004

 0.006

 0

 0.5

 1

 1.5
F7

 0

 0.001

 0.002

 0.003

 0.004

 0
 1
 2
 3
 4
 5
 6

F8

-0.06

-0.04

-0.02

 0

-5
-4
-3
-2
-1
 0

F9

-0.02

-0.015

-0.01

-0.005

 0

-10
-8
-6
-4
-2
 0

F10

-0.04

-0.03

-0.02

-0.01

 0

-10
-5
 0
 5

 10
 15 F11

 0

 0.01

 0.02

-5

 0

 5

 10 F12

-0.01
-0.005
 0
 0.005
 0.01
 0.015

 0
 2
 4
 6
 8 F13

 0

 0.005

 0.01

 0.015

 0.02

 0
 2
 4
 6
 8

 10
 12

F14

 0

 0.01

 0.02

 0.03

-30

-20

-10

 0
F15

-0.05

 0

 0.05

 0.1

 0.15

 0
 10
 20
 30
 40
 50 F16

-0.02

-0.01

 0

 0.01

 0
 10
 20
 30
 40
 50 F17

-0.08

-0.06

-0.04

-0.02

 0

 0

 0.5

 1

 1.5

 2

1 1.5 2
r [fm]

F18

2 2.5 3  0

 0.002

 0.004

 0.006

r [fm]

-5
 0
 5

 10
 15
 20

1 1.5 2
r [fm]

F19

2 2.5 3
-0.01
 0
 0.01
 0.02
 0.03

r [fm]

-5
 0
 5

 10
 15

1 1.5 2
r [fm]

F20

2 2.5 3
-0.025
-0.02
-0.015
-0.01
-0.005
 0

r [fm]

FIG. 4: Individual contributions of the two-pion exchange (dotted lines), two-pion-one-pion exchange (long-dashed lines)
and ring (dashed-double-dotted lines) topologies to the profile functions Fi(r) in MeV at N4LO in the equilateral triangle
configuration.

10

 0

 0.5

 1
F1

 0

 0.0005

 0.001

 0.0015

 0.002

-10
-8
-6
-4
-2
 0

F2

-0.03

-0.02

-0.01

 0

 0

 0.5

 1

 1.5

 2 F3

 0
 0.005
 0.01
 0.015
 0.02
 0.025

 0
 2
 4
 6
 8

 10 F4

-0.04
-0.03
-0.02
-0.01
 0
 0.01

-5
-4
-3
-2
-1
 0

F5

-0.004

-0.003

-0.002

-0.001

 0

-8
-6
-4
-2
 0
 2
 4

F6

 0

 0.002

 0.004

 0.006

 0

 0.5

 1

 1.5
F7

 0

 0.001

 0.002

 0.003

 0.004

 0
 1
 2
 3
 4
 5
 6

F8

-0.06

-0.04

-0.02

 0

-5
-4
-3
-2
-1
 0

F9

-0.02

-0.015

-0.01

-0.005

 0

-10
-8
-6
-4
-2
 0

F10

-0.04

-0.03

-0.02

-0.01

 0

-10
-5
 0
 5

 10
 15 F11

 0

 0.01

 0.02

-5

 0

 5

 10 F12

-0.01
-0.005
 0
 0.005
 0.01
 0.015

 0
 2
 4
 6
 8 F13

 0

 0.005

 0.01

 0.015

 0.02

 0
 2
 4
 6
 8

 10
 12

F14

 0

 0.01

 0.02

 0.03

-30

-20

-10

 0
F15

-0.05

 0

 0.05

 0.1

 0.15

 0
 10
 20
 30
 40
 50 F16

-0.02

-0.01

 0

 0.01

 0
 10
 20
 30
 40
 50 F17

-0.08

-0.06

-0.04

-0.02

 0

 0

 0.5

 1

 1.5

 2

1 1.5 2
r [fm]

F18

2 2.5 3  0

 0.002

 0.004

 0.006

r [fm]

-5
 0
 5

 10
 15
 20

1 1.5 2
r [fm]

F19

2 2.5 3
-0.01
 0
 0.01
 0.02
 0.03

r [fm]

-5
 0
 5

 10
 15

1 1.5 2
r [fm]

F20

2 2.5 3
-0.025
-0.02
-0.015
-0.01
-0.005
 0

r [fm]

FIG. 4: Individual contributions of the two-pion exchange (dotted lines), two-pion-one-pion exchange (long-dashed lines)
and ring (dashed-double-dotted lines) topologies to the profile functions Fi(r) in MeV at N4LO in the equilateral triangle
configuration.

F 1
6(r

, r
, r

), 
 [M

eV
]

EE, Gasparyan, Krebs, Schat, Eur. Phys. J. A51 (2015) 3, 26



 Summary
A new generation of chiral NN potentials up to N4LO is being developed

— excellent description of NN data

A simple approach to estimate theoretical uncertainty at a given order

Application to the 3N system: 

Goal: reliable ab initio few- and many-body calculations based on chiral !
          EFT with quantified theoretical uncertainties!

Next step: explicit inclusion of the 3NF

— good convergence of the chiral expansion

— applicable to any observable and for a particular choice of the regulator
— results in the NN system at all orders and for all cutoffs are consistent with!
     each other and with experimental data (within uncertainties)

— clear evidence for missing 3NF effects
— expect accurate results for Nd scattering up to Elab ~ 200 MeV (at N4LO)
— Nd scattering at intermediate (Elab ~ 50…200 MeV): a golden window to !
     test/probe the 3NF in chiral EFT


