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§1.1
B & ER

1.1.1 #EEOBR
o EATHE) (=#ifi) OBEE [Levi-Civita 1917

o FEMEDRMF L U TD Rimenn S5 FERR/INMEHT I IED 00 By + X
PRI H 2 B < F. Klein ® (1% [Weyl H, Cartan E]

o ./ I—MFDORLE [Cartan E

= I R D KIGHIANSE, Calabi-Yau £k 7% EDRkFA o /) I —ff%
B DL & G - MBIGRD N = 1R FME2 5 >a 87 MED
ESPE

o HEiDOMZD T 7 4 N —HIT & B BRIYE AL [Ehresmann 1950]
o JERMH —VHIERD T 4 7 7 [C.N. Yang & R. Mills 1954]

KFELLNS, W. Pauli PHILFEMS A UH, HEOT A 77 2F T\ &
ITH5.

B+ ey — Ut = fBEEHE, 7/ —~ Y —#5%, Donaldson iR
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BLE AN D ZE 2 [HIRA

1.1.2 FMREEHBATELER

o HffFRIE

MEEDOIFERIZB W TE Y R R ER (FBIER) Z2ERNEZOAIZBWTE
HZEWERRNCEETE S

o WINRIE

[ENDPHEZ N BURIENR (EBREFES 2) (IZBRE 3 R R
PEBRGRAYRAL S B |

— iR BEIR R

[RER ) ENGPFAET S &, BROIEAY 23 D FArENRIFEE
T, WEER 2 — AR ERLR 2 W CRLR § 8 Z LB ERI NG,

FrZEEtE

IO REBERATIINGHIIEIIP TR RS, TI T, ZOEHPHM
WZE DR EEZFTRT 2EPBEL S, Einstein $Z D X5 EF L L
T, WUSFTENMER D Minkowski 5H 8125 H U7z, ERHMERERIC W T
D72 2 B2 Z OFFEIE, Lorentz BH¥ATCAZTH 57280, [6—HFse
M P TOMBAMEMERER Xe(a =0,1,2,3,4) DELD FIZEKFELRW. 20
G ds? = nedX6dXE & — R EER TR T &,

o

y 0X% 0X"
ds® = Gudxtdz”; g, (P) = nabﬁf &L’f

(1.1.1)

&0, RELTO—MRNZEIENERI NS, TOMKIEL,S, K2
RCOIEDIRMT A (dt, de’) 1Zds* =012 K DI/REDZDT, FHEIZLST
JERLHR L da' /dt = vn' DIGZERP EARMRTT 1A n' OB E U T — BT HE
.

o ENG=HH

HAOGWEET 256 OYHIEA %2, BRSO A 0 &bt
EUTHZDLLEDE Z /1%, Riemann 2{a[22 % A 72 Euclide /%D
B &HLHELUTHZ S Riemann DEBEFEUEDOTH 5.

Christoffel i2 &

1
Fllj/\ = égua (al/g)\a + &Agua - aagu)\) (112)

UIERR/NDEI TR D LD Z 2 2T RN IERZ 2125 5.
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1 M R DR 3 EXEA

F1T%E
§'VH = —TH dz"V* (1.1.3)

HEWSD
VxV = X¥(0,V* +TH V). (1.1.4)

Riemann i

FMERE & Riemann ##G :  EAMEERICEVWTT = 0%28Ekd5 L,
i 1 Riemann B4t & 70 5.

HMEFVVIL: 555 A, REWEIEGVELEL R\ Minkowski 22 T3,
— M DIERER TIE A2 T EIEEAGEEVEHNS. Zhid (—MRIZIE—RER)
IEEENZ & 2 HD A ERTH, ENGE2ZORLETDITBHICIE, Z
DORREEN IR R Z I R HIEDRRBRE L 5. FO—D00, fiERT> Y
VERWEZLETHS.

Rfypo = 06", — 0,T% £ TH T — ¥ T (1.1.5)

Ao~ ov

§1.2

BEHEDAEN

Einstein AT8xX 1EHED

S = Sg + Swu; (121)
=—|d” —2A). 1.2.2
Sa 52 d”z\/g(R ) (1.2.2)
X0
G+ Mgy = KT, (1.2.3)
Z Z T,
1 167
Guu = R,ul/ - §RQMV7 Rul/ =R o s (124)
Ra,@;u/ = a,ul_‘gﬁ - ayrzﬁ + Fi,\/rz/g - FS’YFZﬂ’ (125)
1
Fzy = §gaﬂ (a,uglfﬂ + al/guﬂ - aﬂg,u,u) . (126)
EAN
o~ 2 95 (1.2.7)
V9 OGuw
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LEZE

o —HRHZM (T FIAHAZM:, MR A M)

o #E# Bianchi lBZ%R

VG =0 = VT, =0 (1.2.8)

EFARN EAPEBORMEIZIN LT

T = pu,u,. (1.2.9)
ZDRITH S 5 RAFANE
vV, T" = u'V,(pu”) + pu”V,u* (1.2.10)
)
V., (pu") =0, u'V,u"=0. (1.2.11)

0% 2 Rk, Kk 7R IZIn > THEEIT 5 2 8 2R L TWS

i+ T vt = 0. (1.2.12)



B1E MR D 5 [EHIRA
§1.3
=]
#RR{E R
1.3.1 FEEAREX
(d+ 1) 2f#
ds® = —N?dt* + q;;(dz’ + B'dt)(da? + 7 dt) (1.3.1)
b, .
=—T; T=0-03 1.3.2
n =T 0; — B30 (1.3.2)
W2 LT,
£1qi; = 6:qi; — DiBj — D;f3;, (1.3.3a)
£7K) = 0K, — DgK} — K/D;8' + K:D,3". (1.3.3b)
FEEAENX
1
NéTqij = —QKZ']', (134&)
1 1
(1.3.4b)
ZZ T, .
Sij = Ej — Eqlequij. (135)
Kij %
i i K i
&Y PL—RA K, ¥ KHZHRs 2 &,
1 A K,
NETG = 20 (Kf + 75;“) : (1.3.7a)
1 1 d A d—2 AN
oK. = — K2 K2 dp Im,
ol =Kot o Togmn By g T
(1.3.7b)
1 % g dpi dR; i 1 i AN % 2 ik
NETKJ = KKJ + R] 7(% N D DJN 76J K-q Sk]
(1.3.7¢)
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1.3.2 HEREH
(qij, Kij) DFTASAT TR L T,

R(q) — K;; KV + K? = 167Gp, (1.3.8a)
D,;K] — D;K, = —87GS; (1.3.8b)
K, ¥ KT&7L,
d d —1 2 -2 2
R + TKS — K =2k%p (p="Tuwm), (1.3.9a)
od—1
#6%9 Bianchi HRER & b,
E. =G, — T, (1.3.10)

W2 LT,

atEnn = E;wu ai-Ep,l/ O)ﬁ7
atEm' = E,uln az’E',uz/ @itjj

&0, B =0EICHZIN, HENLTHERMNEE,, =0,E, =0 2mzI i
X, FEEORZTHREZMENZEINE. ULizh> T, BRZMEZVIIME IS
LR E I nb.

(A= 1.3.1] EEDORZ VG VHIZHR LT,

V.Vt =DVi+ KV -n)—n-V,V. (1.3.11)

f7, ERONAMT VYT, ITRHLUT,

(VT )" = 0, Tpn — KTon + ¢” DiTiy — KT, (1.3.12a)
1 , D;N
(VI,T:)héL = —NETTM' + KTm + Djﬂj - jTTnn + (Vnn“)m312b)
ZZT,
h/u/ = Guv + nyny. (1313)
L]
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§2.1
HRBEE

References
e Hawking SW, Ellis GFR (1973): “Large Scale Structures of Spacetime”

(& 2.1.1 (FATREMEE)] Gt ds® = 012K DIRFZE/P DIEHHIZ
BWT, P OEXY MLV IZRHEK (V -V < 0), ZEK V-V >0), XK
(V- V=0)D3DZ0EIN, TSITHBKARZ MILESERNT bV, RKEm
SLBEMETIIHEING. IThSDRFITRIE LT, FREOHRIIK R TORE
N7 MVOEEIZE D, FHEE, ey, RER (=RHEZRWUSER) , 227

LIS, O

(B 2.1.2 (KRR L #E)] 2e 4 12BN,

o BESOREMSAKMNE GBEME) ORMIHHIRIZ KV EETE 2104
K% S ORRIMASR (REKEE) & v, I7(S)(1(S)) T

o A S DM AKAE GBEAE) OREWHEIC L VIETE S H0OL
e S DB (FEMHEE) L0 T (S)(J(S)) £ &

o KT, SH—fHphoBBLE, JH(p)—It(p) & J-(p)—I-(p) 1&, ThZE
n, p @%%@ﬁﬂ%ﬁtﬁ%@ﬁmfﬁc MY%d 5
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F2E I ORFNE & a2 5t

x>

NV %Fﬁﬁﬂl\]
—e 2

BE

4 2.1: Ry 75 K R G

(658 2.1.3 (FRAIHEAEHHIER)) S AT A LR C 7 1 AU KRR T Y R 2

T TE5. ]
(6pRE 2.1.4 (RIRESDE)) JE(S) B X O [E(S) OBEFILS LB & 75
D, NHEIMIRTHER I N S. ]
(B 2.1.5 (K de Sitter RZ2IZ B 1 5 REFDMEI)]
o n+ 1IXJTLX de Sitter FfZ2: B OFH T
A= -—n(n—1)/(20 (2.1.1)
% % D Einstein /12 D & 22 i
adS™*! . cm2=-—@2+£%dﬂ-+r2+zz+wﬂd9§4 (2.1.2)
o # Euclide ZEH AN DDA A :
(T,S) = (r® + £*)"2(cost,sint), X* = 1)’
Q-Q=11ic&b, &
ds® = —dT? — dS* + dX7 + -+ + dX? (2.1.3)
%5 D (n + 2) oL Euclide 22 E™? Oz, 2 Rk
Yo -T? S+ XP 4+ X2 = 0P (2.1.4)

EUTHOIADZ N TES.

o RREADIEN : ZORETIT X =~ sHMENES & Z AR
B, Tbb, KR EIZH AR A R Tl £ S ST DIFZE AL
IR > TK 5. Z Ok ibffIERe AR & [EIX N 2 DY, BH S DR

o TWA.

H XA
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T
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C=MNWHOON®O g
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2.2: T—=LFBR—WIZ&D XA L~ —2 [Morris M, Thorne KS, Yurtsever U
(1988)PRL61, 1446]

L]

[ 2.1.6 (X1 LY =) ZofNE, TEpgEEREEZ S I LIZL DR
RAEDOHWN 27 TBHILNTE LD, —BANMEEGRTIX, 0K D 2AHEL
HUTIZEL D BRI 2 WIS UIX U IREIN S, ZofMIcEHL, Y0k
PRI TR AR BN S DDy, FZKNRBEOWN L (X1 Lv>—V)
2R B IR W e & O FE 2 BRI IZIE T 2 0 S H 5 [41, 18, 22).
BRI & U Tid, Thorne S DIELZT7 I v 7R —IVEEZH WX A L
XY=V H DB [24]. TOHITIE, TIVIHR—IUBNETT —LFE—IZE DD
BB Z eI LD, REFBHARZ EAT L TWED, ZOMEZ ZEITMRDIT
FHEDZ RN —2fo -WEPBREL 5. ]

(EFE 2.1.7 (KEHBUHME)]

o 25 ./ NI X IZR L, ZORZEET 5T R TOLEEATEELRE K
) & RRAEIARDY Y & X0 B & 5 DR DH(S) % KK DMKIFHIE & \»
5. FHRRIZ, WEREZOMRDIZERMEZOMIREEZEZSZ LI1I2&D, #WE
DIRAFHEI D~ (X)) BEHZ I ND.

o M =D(X)=D"(S)uD(3) ¥7ABLE, % .4 O Canchy i & I,

H XA
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e Cauchy HDFE(ET 5 & &, WZEIIRIHAYICIED (globally hyperbolic) T&
HEED.

[]

(I 2.1.8 (KRIKMIZ B IRFZE DFEE) ] 2% M 5 Y % Cauchy i & LT
HborE, MIERxI EEMIZAY, RERMIIFIFFICHEMAMEEZRD. O
Proof. M LEDIEED Borel JIETERFZEDOREN 1 2225 D% 23 5.

o DY) LBt %, Kipe DY) WIZHLT, J (p)n DY) D p BT
DRBEEMNINS LML TS,

o IR T, KRR E ORREHIFRIZI > THHFICHERNT 5.
o ¢ = const M, ZEMWLRHEE(H) Z2EET D, (2(0) =)

o DH(X) Rz 5 kIR MV E XS IZENS &, F ORI
TRTON() E—ELIRDE. £oT, 2 f M >R x X PEHI
ns.

o fIFAMBE/L AL ZEINRING.

Q.E.D.
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§2.2
B 22 D i

RFZ2 D RIS K RS 12 B B2 D K 2Rl R 1E, TREZE DU | 12 B h ki
MHLZLE2HALEZIETHE. bbAA, FRZED ] 25 DIXELEL
WD, BETRINICI R 2 EER T H I LN TE S.

(B 2.2.1 (BEES L ALRES)]

LI-(W) c WIT(W) ¢ W) &E>&Mzi-ITHESITAEES (past
set)(REES (future set)) LIEIEN 5.

Bl W =I1-(S)(I(9)) IT@BEES CRKRES) TH5.,

2. 2DDRELZ\BEREEDOH L ULTRT Z N TERVEAZBNBEES (in-
decomposable past set) & IFEI. [FARRIZEEFIREERE (indecomposable future
set) MEHRIND.

Bl T (p) A RS,
(]

[E 2.2.2 (Mm@ E CGRR) £H)] BER A AL, RN Z2EED
KERAMEETREO I 23D TH 2D, —RIZ, #EYREEp ZHNTW < I (p)
ERINBZVED (BimBEHIBESRS (terminal indecomposable past set)) DMFAE
T5. 2O 2B EAESITENZ TTHR] 25 0T, #hvaiFEo R
KD) Ui ERRE D WD DRERNRT AT 7 THS. —MIT, T XTI
R E B EG WL, YRR R A AT RE R R I AR+ Z FHWT W = 1 (v)
ERINDZEWRINDG [19]. AR, KKRES, BHRRESGZHVS L, K
ZEDBEDUTRDBER I ND. []

(15 2.2.3 (Minkowski FRF22 0D [K 54 ERR %) ]

1. 4 X5t Minkowski [RfZ% .4 "C D si & R 72 72 WIR R IEARR v (I LT, W =
I= () WXEICRERRE —3T 5 O THRIGER B REA L 2D, RO RHH
IR DNG R iT ZEHRT S.

2. B A IS B RS B R 72 Ry IR LT, W = () B
B2 BT 3 I L RO T BT E D 30T, ST 24Kk
Ui R DR FT X 3IROTH R x S2 L FMIZR 5.
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RFEDER =

BEDER=

— gn

¥ 2.3: Minkowski F522 D R & ##4 Einstein T A~ O HL & A A

3. INSIEFREKRE LT, KROERZERZEHET L. FAKIZ, B RRES LD,
REFI A R DY i —, WmEORHWERE 7/~ BNEEI NS (X234).

L]

§2.3
HF R =

Z D& D PR EDRE AL EIE, Minkowski RiZ2 TR AB B IZFEITTE 50,
K D EM AR CIEERRTRWY. EiE, & EANREEREDOEEIED, 3T
12 1964 412 Penrose IZ & D IEFE X T W7z [30].

(B 2.3.1 (FLIAYMEER )] 22 0K (A, g) % BIDWEZE (A, §) DA T4
ST B f M — M M ED C? B QHMFAEL T, IRDEAEDNE 72 X

NBLE, M DG f(M)D M TDER oM = [(M) — f( M) % ETERE
(conformal infinity) &\ :

Cl: g,uu = Q2f*g,uu (Q > O)

C2: o T, Q=0D2dQ +#0.
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(5] 2.3.2 (Minkowski Rf22 D IR fEFR )] MEFEFR R TO (n + 1) KT
Minkowski F &
ds® = —dt* + dr* + r2dQ?_, (2.3.1)
X,
P27 o X T X (2.3.2)
2 2 2 2
IR % &
ds? = O2ds : ds = —dn® + dx* + sin® xdQ2_,,
Q = cos (15¥) cos (LX) (2.3.3)

LRINBH., ZIZT, ds’ 13B £ 5 Y, ¥ Binstein T # =~ R x S" QEt& &
—HTHDOTL, ZOEMIZLD, Minkowski RF2E 2K A E Y Einstein FH O 2 &~
N HEIS

x—rm<n<m—x(x=0) (2.3.4)

ICHDIAEN, TOEHATO=0L%5 (K23DE4). 72720, d)#£0&725D
&, x # 0,7 DIARDT, AFBEBELERT DL, o4 1F, THLENR x 71
AR 2 DOEAER A 6725, IhbiE, bk S Y, KRBEIRREESIZ X
DRANIZE SR U7 7+ (X2.3) CHIEd 5. £72, (n,x) = (£7,0)
IR S PR A it 2 2B S 5. O

(% 2.3.3 (EMWMERE)]  ZOHDARTE, f(4)DERELT, (n,y) =
(0,7) (CHIET B % 5 RAE O BEND. T, KENEHNS (BT
BRI T UARETE R VDT, ETEHLAREERIEEThRVDT,
Ze R RYHERRIE SR (spatially infinity) £ IEIEN S, 72720, ZOfUIELBHDAART
X dQ =0 RBFRRNZRDOT, TORIIMDIAARIMKTT 5. =

(3F 2.3.4 (Penrose X))

1. Minkowski RFZE D HILHLDIAAIZBENT, AEEIEN—EIZ BT 5 21Kt
M EKRUZEDIXUIEL X Penrose MR & XN S, [X2.4 DD
7%, Minkowski [RfZ2 D Penrose I TH 5. £ & D (n+1) oukzElE, ZD
2IRTTX 2 JEZER & UT, ZDEMUTGATIHRIZ U 72 0KE S 27 7
AN= UTHELEZT7 7AN—2ElE BRI hsb.

2. ERIEIEFZETH B de Sitter 22 AS" ! Minkowski FFZe & /I £ D T,
Al U < #Y Einstein T O #R fEISI HIENZHD AL Z N TE 5

g(dS™h) = —dt® + (% cosh?(t/0)g(S™)
2

= L @ tg(sM) sinh(t/0) = tann,  (2.3.5)

cos?n

'Einstein 1&, FHWPEZIEOD7-OICFHEREZBEAL, ZOREE7-. 4 RTCRKRZEDLE,
A =4rGp = —EDBEBRD KL T 5.

H XA



EH&

2.4: EHZEFFZ2 D Penrose KA. £D SJEIZ, Minkowski lRf22, de Sitter lRf22,
< de Sitter RF22,

de Sitter 22 dS" ™ OBIL |n| < 7/2 1IZKIET B DT, Penrose K IF[X 2.4
DEAFLRS. Zh&D, dS" ~ R x S" T, ZOHERIE S IZFMH 2
DL ST 5735,

3. 2D K de Sitter 42 adS" ™ &, # Y Einstein FH O 35/ fEI 12
JWHNZHDAG Z N TES

9(adS™™!) = —cosh®&dt? + 2 (d” + sinh® Eg(S™ )
62 2 n § X
= =3 X[—dn +g(S™]; n=t/t, tanh 5= tan 5(.2.3.6)

)< de Sitter F§Z2 adS™™ OB, 0 < x < 7/227%5. TNk D adS" ~
R x D" 72 DT, ZOEFIIR x SV IZEMARHWE .#2 245,

]
(A= 2.3.5 (HIET VYV ILOEHR)] Weyl 2 {1
Guv — g;u/ = 62q>g;w (237)
W2 U C, Christofell ¥ ' RIVE LK OHERT >V IVIZIRD & 5 1Z£8#19 5:
T =T% + V, 08 + V) 05F — Vidg,,, (2.3.8)
Rfyrg = R o + 261, V3V, @ — 29,1,V VH®
=2V, 0V 0oL, + 2VH OV Dgyy, — 2(VP)*0f olu (2.3.9)
Ry = Ry — g V20 — (n —2)V,V,®
+(n—2)V, 0V, ® — (n —2)(V®)?g,., (2.3.10)
e2®R=R—2(n—1)V*®— (n—1)(n —2)(VD)>. (2.3.11)
]
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(7B 2.3.6 (HLJPMEI I DMHEIE & FHEBDNIG)] WE (%) O ¥—

HEhET Y VB ERE T Y mITEDOK & &, PRI HERE DG ERE X FHE

DA TIROBRIZIRES LD -
D) A = 0: .7 1E A .
i) A > 0: & (FZEHIRE .
i) A < 0: 7 (XRFFETAYEE Hh

FHZ, A< 0D &, KZ4IZ Cauchy HAMEIERET, ARRORMFEEZRET 512
&, YIE COBIWMNT, BRI H 75 ERE 7 TORERSMEDPBEL LS.

[]
Proof. (n + 1) IRITTRZEDIEIDIAAR § = Q2 fg IR L T,
feRs = Q*R, 4 2nQV?Q — n(n + 1)(VQ)2 (2.3.12)
Z 2T, Einstein SR
1
Rm—ﬁRg+Ag=mﬁ‘ (2.3.13)
X0, ,
2(n + 1 2 2n + 1
poo Aoty 2 2nt D), (2.3.14)
n—1 n—1 n—1
£oT, # LT
. 2
) = — A 3.
(VO = s (2.3.15)
Q.E.D.
(EF 2.3.7 (W) T D ERRERESE O — RS HE DO WT, PR

PRz DFEIEAS, Minkowski 22, de Sitter 42, X de Sitter Rf%2 o R & & [F]—
DG % FFDORFZE 1L, ZNZENEHERIICTE, #ENERYIC de Sitter Y, BRARIICK

de Sitter W TH B L\ D,

L]
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§2.4
Weyl -2V )b

(£ 2.4.1 (Weyl 7> V)] nikot (#) Riemann ZHRIK (M, g) DIEME
REEKEE ¢q = (ef), 0° = Onda T B &, HiRPA

1
%ab = §Rabwjd$udl'y (241)
"o
1
C = R — — (8" A 0" — S° A 67, (2.4.2a)
/”L —
R
“ = RO — @ 2.4.2
S = R 2(n_1>9 (2.4.2b)

RO EHRINDE T VY ILCOH,,,
1
€y = EQZeZC“MgdxA A dz° (2.4.3)

* Weyl =V ILE 5. ]

(AR 2.4.2 (Weyl Z )] Weyl 2 g = g 12X LT, €% & SeIFRD &
INIEHT 5

CP — G, (2.4.4a)
SN =8 A6+ (n— 1) [(VIOVD — VOV, 0)0° — L(VD)?0"] (204.4D)

[]




_17-
72w J5KR—I
53.1
W< DH DA
3.1.1 Schwarzschild(-Tanghelini) BH
E
ds® = —f(r)dt* + d—TQ + r2dQ?; (3.1.1)
f(r) v
2M
) =1- 25 (3.1.2)
Y FRIE
1. FFfEYE R: € = 0,
2. ZE[EEEE SO(n +1): n; (i = 1,2,3)
3. WFINKEE Zy: t — —t
4. ERIKEE Zy: Q,, — —Q,
Kretchmann 7Z & Y ,
wbed AnF(n*—=1)M
RabcdR bed = 7”2n+2 (313)
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Future Finkelstein B4Z : (v, 7).

dr

s = | 77> 3.1.4
) 1
v=1t+T7, (3.1.5)

LB,
ds® = 2dvdr — f(r)dv® + r2dQ? (3.1.6)

0, BRI r > rg(rt =2M) 226 r > 0 TN IERNCIRIEI 5. € = 0,
LB,

£=0y (3.1.7)

X0, .
k=0 1=0,+5/(r)0, (3.1.8)

X, r>ry KBWTERKAED null R b
§-k=—4ﬁ§-b=—%fwy (3.1.9)
k-k=11=0,k-1=—1. (3.1.10)

£oTC, r=rylildr>ry OMHEIEIZE > T future null [ (future horizon).

4

t oy p.
v x/ ///
;/g / t=const
/ P J

3.1: Future Finkelstein Ji&f&
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Past Finkelstein BE£R : (u,r).
u=1t-—r, (3.1.11)

LB,
ds* = —2dudr — f(r)du® + r*dQ? (3.1.12)

k0, W > (= 2M) B S ¢ > 0 I ARITINC BRI IR S h B

§=0u (3.1.13)

L0, ,
k=0, |=0,— if(r)(?r (3.1.14)

1Z, r>rg IZBEWTHREHED null X7 bL .
€h——1 1= —%f(r), (3.1.15)
kok=11=0,k-1=—1. (3.1.16)

XoT, r=ryWilEr>ry OWHEEKIZ & 5 T past null [l (past horizon).

Szekeres EEIE : (U,V). 4{RJclK%E (n = 2) IZHWT, Null FEEE (u,v) Z W5
LEHEI

ds® = —f(r)dudv + r*d;. (3.1.17)
/74\, r>rg = IMIZBEWT

U= —2Me V™M = 2)Me/*M (3.1.18)
Lblg,
UV = —2M(r — 2M)e"*M, (3.1.19)
V/U| = e?M, (3.1.20)
Z DMERETIFEIEIX
M
d§::—§——é”ﬂMdUdV¥+ﬂdQ; (3.1.21)
r
Lin,
‘KZWU = —re?M <0 (3.1.22)
.

X0, HEEOHEBU <0,V >0051r > 0IZ/ST 2B UV < AM? (2R
IZHRREI N5,



Sngularity: r=0

black hole

Sngularity: r=0

3.2: Szekeres FEFE

\|
/
&
e
b

T—-R T+ R
U = 2M tan V= 2M tan —
T —R| <m, |T+R|<m.
B,
M? 2 2
dUdV = o %% o2 %% (dT* — dR?).
Z Z T,
1 Uuv _ cosT
aAM?2 cos%cos%%

k0, UV <AM? & |T| < 7/2 (2555,

20 [HIXA

: (3.1.23)
(3.1.24)

(3.1.25)

(3.1.26)

Killing 554 XV &ERFE SR Schwarzschild RFZE 2B \WT, r = 2M [ IR HE
HED TR NHEIE & > TW5b., ZOMARHIZ Killing RS54 X v &
WO, ZOMEIE, ¢ r BEEIIZLEZERRTIIHRTHEH, ZNTEROREETH
5. —H, r=0IZHRAN I VHIT 5D T, HRREL LS. Schwarzschild

22 DHITI, dhRR R AU 2RO RRER £ 7220,
ZREh 5.

LRIV
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3.1.2 Reissner-Nordstrom BH

Einstein-Maxwell &

dF =0, #d+F = —], (3.1.27a)
1
G+ Ag=rT; T =Fy F, = F Fgu. (3.1.27b)
RN &
o it
= —f(r)dt* + ar” +1r2g(S™); (3.1.28)
gRN - f(?”) g Y b
2M Q* 20,
f(?") =1- prn—1 + r2(n—1) B n(n + 1)T ) (3129)
StGE n  8tGq?
M=——0=-— @ = : 3.1.30
nvol(Sm)’ @ n — 1 vol(S™)? ( )
o kY
/ q
F=¢dt ndr, A=—¢(r)dt; ¢=——>—— 1.31
¢'dt A dr, o(r)dt; ¢ vol( ST (3.1.31)
PO iYc

1. HRFfENGE & RFFATSCER: R x Zg
2. ZEfH][alE & 22 RCER: O(n + 1)

FSAZY A= 0(HHEFIE) D& &

L. Q*>M*DLE, fir)>0THRIAAVIFFELRY. DD, r=00D
RREEIRE 5.

2. Q? < M?D & ¥,
fr)=0 = "' = M++/M?— Q2 (3.1.32)
&0, 22D Killing 574 XAVHBNS.
3. Q*=M>DrE, m7A4 XX
=M (3.1.33)

DALY, ZOMEUINT 0, X2 BFrREIN L 72 5.
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(a) mz>e2 (h) mP=e? (c) m2< el

3.3: RN BH O Penrose X =
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RKEEN ST AIHEL, I THAE RS Killing X7 bV EIZRL,

Vik = kk (3.1.34)
Killing /i
Vuk, +V,k, =0 (3.1.35)
o, ZoRix
d(k?) = —2kk, (3.1.36)
LERIND.
RN D54,
K= —f = d(k*) = —fdr, (3.1.37a)
ke =—fdt = —f(dt +dr/f) +dr = dr — fdv (3.1.37Db)
X0, X
k=3l (3.1.38)

HOSMMZ, Q< M2DEEf £072D, Q*=M2DL X,
Vik=0 < k=0 (3.1.39)

Thbb, K74 XVHHET 5.

3.1.3 Kerr-Newman BH

Kerr-Newman £#

2 AY? P ['sin’ 0
S —

2 2 dr? 2
(dp — Qdt)* + X K+d9

r 32
A — a?sin? 6 2a(2Mr — Q?) |
= —TdtQ - ( 2 ) 51n2 9d¢dt
r dr?
+sin’ O5dg” + T (% + d@z) (3.1.40)

yEIN3[40,47. TIT,

A =7r*—2Mr +a® + Q% (3.1.41a)

¥ =1r? 4+ a’cos? 0, (3.1.41b)

[ = (r*+a)* — a®Asin’ 6, (3.1.41c)
2Mr — Q?

Q0= w (3.1.41d)
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FS54 XY :Killing B 51 21

E-&n-n—(E-n)?=—-Asin®0 =0 (3.1.42)

ThHEzZzoNnD., ZOHBERNE, >+ Q? < M2DLZE200ffr =1 = M +
M2 —a2—Q2BED. ITNSDIRIE, o+ Q* = M? ORF—8HT 5. (MEEA R
TARXY) . IS a®+ Q> M? DRHTIZMEDPFE L R\, DIERIAR S 1 XU )
FHETBHLE, FI7A4 X VEHETEIEIIER & 72 5 R I

2Mr — Q? dr
COREEREHWS &, FHEIE
ds® = ———[Ad F22Mr — Q*)duydr + (X° + 2Mr — Q*)dr?]
r ¥2 4+ 2M 2 ?
—%?f(wm—ﬁmu * FT QdMQQ + 2d63.1.44)

IT)LI%EE  Killing &7 1 X%, SRR GRS
g = A —a’sin®0 =0 (3.1.45)

—HLRW., 207, ZF7A4 XD, gy >0 2 RBEBILE NS, Z
DA T TV TR & WX 5.

BESE K714 AT 5 ArToRES 2R &, ﬁf% 122 = r2+a%cos? 0 =
0, ie. r=0,0=m/2ITHBERELZED. 0 =r/2FHIZIH>TI OREKITE
oL &

a*(2Mr — Q?)

2

Jop — a° + (3.1.46)

.
LRBDT, TORBRSIIY VIRT, TOROESIIERAL LS. 7, Q2 =0
DEEITIX, 2OV Y IFHU RN E 25, 2+ Q> M2TIE, 2DV
v REEESTII RO R RN 7 5.

Penrose iBf2 TIOVIHHIETIL, MRZEICHT IR TFDOIRILF—FE=—p- N
BERBILNAREL D, 2D, NS5 ZOMHEBIZ AR UK T2 E >0
BLUOE<0D2HFIZHHAL, E<0DRFDT Ty 7 R—IVIZIRRINE L,
WRIIZT IV I R—=NADPO X NF 2RO T EeNTES,. WE, Kerr BH
WX LT, BH O [alfiz f s %

Qg =Q(ry) = oNr,



H3E TIwrk—) 25 EZRA

X 3.4: AT 5y 7F—ILDEITA RV

IZEDEFEL,
k:=&+Qpun (3.1.48)

LB, B3R T A Xy ETHNE Killing R ML kb, BHIZIERNE NS
Ky 4HEEEZp LT L

p-k<0 = E>QyL (3.1.49)

MDD, ZOR%ERE Ty h— ILOBEEL LOMEEIEIZNTAIRE L
TEL L,

K ‘ M? —a? 9 9
0<dM — QHdJ = %dA, K = W, A= 47T(7"+ + CL) (3150)

b, Thbb, 77V I FR—IVOREBIINHTHEKRT S, Lz > T, Penrose
BRI XD Kerr BH 22 #EEIE 205 &, RIZFERINS BHDHEEIL,
1

_MR:E%MwM>a+¢M+@ (3.1.51)

TEHRINHHWHEHE L 25,

BH#/7% Kerr-Newman BH O[HifE A, EH& M, MEHE J, B Q DM

Kc?

8ﬂGdA;:dAﬁ?——QHdJ——®HdQ (3.1.52)
DR HBH. ZTZT, kIEBHOXKEEN
/M2 — a2 — (2
K=c 5 a2 Q, (3.1.53)
ry +a
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3.5: Penrose 7 H t &

Oy 1l ZBHDEBLRT VY ¥ L & OWTOfHE
1 Qry

¢H:M@ﬁ+ﬂ (3.1.54)
TH5. HE L LT Hawking BE4F D17
hx
kpTy = G (3.1.55)
2\, BHTY hovr¥—%
S_ < (3.1.56)
ks AGh o
TEFHETHE, FHOARIFAERRIZNT 2B NZDOE 21 —HT 5.
§3.2
S = : =/ 2
729 0FR—ILD—EHNES
[E% 3.2.1 (77 v 7kK—, 574X, DOC)] 2 DDNHEREZ B

DWGE N AR IGZE 4 T, FARD S+l -8 B RAME D 2 284
SIZ T (I, M) & =BT BDT, FOIMIBIEITIE R X R VR 2B,

1. ZOFD 5B 7~ D 5HED MSET

B=(M—T (I M)A T (I, M) (3.2.1)
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X 3.6: WHEENZSEIHZR 75w 7 R — V220 2 YRt W
72w PR—IVEE, TOER
A = (I M) TH(I ™, M) (3.2.2)

ZREDEBERDHFAR (future event horizon) (A FHET A X)) LEHT S
(12 3.6).

2. ¥z, ST DOSBRTRETHD I~ 55 DERIMED B HHI
J (I, M) AT (I, M) (3.2.3)
& DOC(domain of outer communication) & ’-X# 5.

[]

(¥ 3.2.2] 75w 7 R—IVHPENRETESNDGEITE, INTICRR LD
KRIFNUEDOC= J (I, 4) &2 50, BTN HAEE & 17z Schwarzschild
fROFXTWGZETIE, FT7A NKR—IVEBBFEEL A — JH(I M) #+ & LTsD
DT, DOCIE J (I, 4) D—#E 75 (H3.2) . EBORKDESHETII,
ZORDOBEDOEHANEOWIE NN L, ZOLAMOMEHIIFELZW. [
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i
1t
i

§3.3
A HRRER A FE T

3.3.1 Jacobi ATEXX

HHARIE T @ ot = 2#(7, 2) DRNLEN T MV Z ut = o, HHEREIOMHNALE R 2
MVE ZH = 621021 )02 £ T B &,

V.Z = Vu (3.3.1)
MDD, T kD
V2Z =V,Vzu = R(u,Z)u+V;V,u. (3.3.2)
L7zhis T,
Vou=A (3.3.3)
LB,
V2Z = R(u, Z)u + VzA (3.3.4)

B85, Bz, DHHIHSRE, bbb A=00c %, Z0HERIZ Jacobi ik
AL XN 5.
(£ 3.3.1) I S HIR R D & &,

Vo(U-2)=U-VyZ=U-V,U=0 (3.3.5)

LB DT, UIZHERT 3B WK 2 G 02 AOHR 5 W IXHB &
5. ULlWoT, AR, UDET 3 RNEEHGHOBMDOARIZBET S, [

(E% 3.3.2 (F& )

1 JiAR Y BLXTZD ED281p,q TR LT, Z(p)=Z(q) =0&%% vy ED
Jacobi HMMFIET B L &, p & qldv I > THIE (conjugate) TH D &\,

2. MHBRE T L pERT B A £ D LK g IHLT, Z(g) =
0,Z(p))T £72% v ED Jacobi MW FAET 5L &, T & qld v ITih-> THE
ThrHE V.

[
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3.3.2 ilRD2RED
HEARIE T = {v(2)} : a# = 2#(7, 2) DIE

1
S(z) = J ds = f \ 2 garavdr (3.3.6)
v(2) 0
D 1IRZE 531X, ] ]
zH oxH
Ut = — 7! = : 3.3.7
ds’ ' 0 ( )

LB L E, (WHATIE Z Hpeace-wise C2 74025 Z L EHT L)
@5=§jﬂwzg¢fz~mﬂws (3.3.8)
L DR CU - Z; &7 5 PIHERD & &, 2 IRE 531
0048 = Y[V, (U-Z)]F fdsvzj(zi . VyU)

= Y[£Vz (U Z)]

- }]ivng-zg]¢Jﬂkzr<vUvZ;f+fathﬂn.(aam

+

Jr' dsZ; -V 7,VyU

Lo T,
040,48 = ZHV4W*zH¢f@&%V%Z+M%JWD

— fds (VuZ; Vo, — R(Z;,U, Z,,U)]. (3.3.10)
GE)  JERYHIHLER C D 2 IRZE 4 & i&in 9 51213,
! 1
S = f drL; L= égw,i”x"’ (3.3.11)
0

ERVB LI, INERAWD Y, 1RESICHET 2SI e 20, -
FEBIIZT 7 1 YR A—R LB (UF = ib):

0L =Vy(U-Z)— Z; - VyU. (3.3.12)
QIREDEHEIZIFEALH UL T
0.:05L = VNV (U - Z) - Zi - (V3Z; + R(Z;, U)U) (3.3.13)

(605 3.3.3 (JU /5% 48 A 5 RERIAII b))
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1. K22 M EDp & g DARFRFIHIHIER v (2> THE R E &, p=7(b), ¢ = v(a)
(a<b)&dBL, a<b<clZHUT, p&r=nq(c) ZHiSRHMHIFRT
FOEVWIEZH DL DOMVFEET 5.

2. RfZ8 M NI ZRkE 7 L1ER T 5 R RIFHIHIARIZ G > THAR R g B3
LT3, ZDLE, v LD qzBADINE T LD %SRRI Hh#k
T, Y EOEVWHDOVFHET 5.

[]

Proof. W ZX[H [p,q] TIEZW(p) = W(q) = 0725 v E®D Jacobi &, X[ [q,7]
TEW=0¢%5~y LOXRI MNVGETH., WK, K%

K -VygW =-1 atgq (3.3.14)
E3BE, Z=eK+e'WIZHLT,

D?*S(Z,7) = €D*L(K, K)+2D*L(K,W)+e *D*L(W,W) = ¢€D*L(K, K)+2 > 0
(3.3.15)
Q.E.D.
(6mi8 3.3.4 (A% iz X 2 R IHbR) )
1. R2ZE M LD p & g PHHTRIHER 121 o TR E E, p=4(0), ¢ = (1)
E3BHL, 1<clZHUT, p&r=rq(c) 2SRRI INFEPZET 5.
2. 7% M WD L1k T LIER S 2SRRI IZ 0 > THAR 2 5 g DEAE
L7zed5. ZOLE, vy EDqRBR5NE T LD %I EREhER DS
T 5.

[]

Proof. 1. W& W(p)=W(q) =0&7%3 Jacobi¥& L, W = fW(W-W = 1)
EEL & &, Jacobi HFEALD

FHhf=0 h=W- VW +RW,UW,U). (3.3.16)

2. WX, [¢,r] NDOR 2z % (¢,2) TW £0&25&5I128d. ZDLE, a>
0,b>0%#E4izE D,
Zy = {b(e" = 1)+ fIW (3.3.17)
XL T, Zo(p) =0, Zo(z) = 0 2D
Zo -V Zo+ R(Z0,U, Zy,U) = ba*e"b(e”™ — 1)+ f >0 in (p,z) (3.3.18)
LRBEIIITES.
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3. B Z = Z(1,2) &% Z(1,0) = Zy(1) T, VzZ M 2=0T

—et for0 < 7 < 7,/4,
Vz2(U-Z)=<% et —1,/2) forr,/4 <7 <371,/4, (3.3.19)
e(rp, —7) for3r,/A<7T<T7,

72T LIRS, ZDEE, e> 0%/ E<EXRNE, 0<7<7, T

d?L
2= VuVz(U-2)—Z-(V3Z+ R(Z,U)U) <0 (3.3.20)

LB,
Q.E.D.

3.3.3 BFREIRYRAIHEARR
Fermi &K " 2ARHKRZ MV Chi 7D E )
w=0p; u-u=—1. (3.3.21)
DIGEIT, IROEMZ 2T RG> - ERHERRE E, 252 5.
Ey=u, u-Er =0, BE; =V,E; = Aqu. (3.3.22)

ZDEE, ArlE
W72 3 DT, M EDOHBRNCTE, 25X 25LMOETD E, 13—HMIZIRE 5.
AR O ALE R 2 MV Z % Fermi ZEIZEH L T

7 =2%+Z"E; (3.3.24)
EWFRRT DL,
Z! = FE,-Z+E;-VyZ=—a;Z°+ E;-Vzu
= —a;Z° + Z°E; i+ Er - Vg,uZ’. (3.3.25)
Lo T,
7' = M 27, My =FE;-Vg,u. (3.3.26)
X7,
Z° = —i-Z—u-VyZ=—t-EZ' —u-Vyu
= —a; 7% (3.3.27)
s &
Z = 7% + M;;Z7E". (3.3.28)
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Expansion, shear, rotation

1

01 ZO']J-leé[J@ = M([J); orr =0, (3329)
Wwrg = M[[J]. (3330)

LBl &,

My ELE] = (ELE})(E]ES)Veux = (8, + uuu) (67 + uu”)Vouy
= Vyu, + uyty, (3.3.31)
J: b )

Vo, = 0, + Wy — Uptty; 0y, = E[LEVJQU, Wy 1= E{LE;]wU. (3.3.32)

3.3.4 JtHYAIHbARER
FermiEE Lt ISR MO & &, SRR v 12105 72 Y6 Fermi 5K %

Eo Zk’, E1 =l, En(nz 2, ,d—l), (3333&)
k-l=—-1, k-E,=1-E,=0, E, Ep,="6m, (3.3.33b)
ViE, =0 (3.3.33c)

WXk OEHT S, I, B, 1Zmodk THZE 3.

ZOEEZHNT,
7 =2%+71+27Z"E, (3.3.34)
ERRERT DL,

Z' =0, (3.3.35)
Z" = My Z™; My = En -V k (3.3.36)

YD, My, 3 OED Iz kS5 ThE S,

Expansion, shear, rotation

N 1 A N

Comn 2= M) (3.3.38)
EHLlL,
V,ky = O + ©rn) Emy By (modk) (3.3.39)
Kz,
V" = 0. (3.3.40)
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3.3.5 Raychaudhuri A2z
BERABOERASE] [u,Z] — 0 £ D

Z = V.,Vyu=R(u,Z)u+ V. (3.3.41)
—Ji, ZOERREDY,
7 —Vgi= —a;Zlu— 2"V g+ aMp; 27w
+(M + M?) 1,2’ E;. (3.3.42)
£oT,
(M + MQ)[J = _R[MJVU,MU;V +aray; + Er - VEJU (3343)
Ny g
0+ 292 = —207 + 2w? — Ric(u, u) + V0", (3.3.44a)
2 2
O"[J + —00‘1J = —O'[de + —0'25[J + WIKWJK — —w251J
d d d
1 1
—Rruju + ERuu(sjj + aray + E([ . VEJ){L - EV ~udyy, (3344b)
: 2 :
wry + EQWIJ + UfWKJ - U‘IfwKI = E[I ) VEJ]U- (3'3'44C)
ZZT
20’2 =071J071J, 2w2 = WrgWwryg. (3345)
Kz, u=00r %, § DHFRRIT Raychaudhuri FFER X IEEN 3.
(68 3.3.5 GEEGHRIHER)] (44 1) JOEHEZR T BT, — Ak mlT
% d RFTHFIMAR R IZIE MR (0 = 0) TH D, F 7z, ZERAEEERHNIC EE R dIX
T HEAR R B FERIHR T H 5. ]

Proof. 1. (t,2) PWERIKHIE X (e Bl 5. f4 % ETEKER3IRE
7RIB, V& Y DBERS MU ET 2L %, BBk AFAELT

Vi=kdf = dV,=dkndf = VindVi=0 < w=0 (3.3.46)
S ECw=02%53%, 0OABRALD, BEHw=0.

2. MEICHNT2HE1IEDARNLD, RRMHMTEERL —Sp 28R T 5 & &,
HIHAR R p DS FEE R —E & 72 5 i 12 FEE.
Q.E.D.

(£ 3.3.6 (IRFFIPAIPURSAE:)] RO R Z ML VIzx LT, Rie(V,V) =
075 & %, BFEBINERSEM (timelike convergence condtion), & % \WMEFRI X
JLF —ZA4 (strong energy condition) 23K D LD & WS, |

H XA
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(6ni8 3.3.7 (FE[Eldx R ] I HRg R ) ] FEMFR A 2R R R HI AR R IZ & E D
HIHiAR Y ED 18 pTO< 0 L2595, HU, KHPEREMAENE LS, Z
DRHFRDTEN 7R S, + 1T > T AR AR T 5. O

JEHPRMARER R LT

6+ d—62 —262 + 20* — Ric(k, k), (3.3.47a)
. ~ 2
A 06 — —g. .5l 525 T 25
Umn+d_1 Omn n d—la mn+wmlwn d—1 mn
1

—Riem(k,m,k,n) + y 1Ric(k, k)Omns (3.3.47b)
: 2
Omn + = ewmn + 6L G — 6L = 0. (3.3.47c)

(E%F 3.3.8 (EHIDURSAF)] EREDNKRZ MV kIR LT, Ric(k, k) =0
L5 L E, HBIPERSEH (null convergence condtion) 23K D LD & WS, []

(678 3.3.9 (FEEHERAEHIHLERE)] —Rp&EEd S RiRot 2 D2
TITHERT %) FEEEAZERMRRICE EN MRy LD 1HTI<0 &%
5895, bLU, BNKRFEDRKD LS, T ORHERDB AR S IR S, I

Mol p(T) OHEBEPIFIET 5. o

Proof. Raychaudhuri 5 & 0,

d (1) 1 ; —\0( 0)|
—— (=) +-—=<0 = 0(r) < & 3.3.48
EoT, -7 < (d—1)/|0(r)] TH — —c0. Q.E.D.
§3.4
— kB 7 EE B IR
(& 3.4.1 (FAFH#EM (Hawking-Ellis 1978B))] IR 22 N DRI 2 D ZE[H]

a7 MR ZRRIK 7 12 U, T DRER E DIHTENR 7 M IVIGOR %
(k,O)(-k=-1)95. Z0rE, 00 <000 <0L2d%s, 7 2HBIRE
(closed trapped surface) & \5. O]
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(I 3.4.2 (FHm & & 71 X2 OB (Hawking-Ellis1973B))] S
TR RIS 7 = D(S) 2B WT, SERPCREMED K Y 325, DOC
ZRR AR NE T L, FHHREEA I A X ORIzEENS. O

Proof. (GERHOHEED)

1. 2YRoclH T REZEHTHMERRBIPUORE, $7hbbi<0&2oT0Wd e
&, Raychaudhuri AKX D, & F N DR v 2 5EMR S, AR 0 T
0=—0ld. ZORBRIE, T ONIZEI LR LS.

2. FERIX, v OIEFR/NEGEOHMARD —RIZEEDLRTHDID, yODIDK
X ORDEHIEIT(T)IZEENS.

3. WE, THRIAZVICEENENETEE, AJH(T)) BAERT 20
HIC 7 1T B 5 OMEIEL, Z ORMEGIE R SR RO - L T ER
Wit Zhizl. ITRT 5.

Q.E.D.

(£ 3.4.3 (A S imE, Ao R7 1 XY, MOTS (Hawking-Ellis 1978B))]

K28 M 5 Cauchy i X 2 £ 5, ZOHOMENH 7 23 0% AU & AT 7 i
THLTEH. ZDLE, SANOEEFNEOMESIZE DRI MLIZEARE L
WNHRIZDOXAPEZIND. ZOMEDEHRDEL LT, T ODAMEDIHERT b
Wik, NHEDHERI MVELET 5.

1L oW <0oDeE, AMEMHIRE (outer trapped surface) &\ 5.

2. LORD D5, TDREEOIHNE S FHREAFET 5 D DRIk % HR
(trapped region) &\ 5.

3. flf B D BEF D & i K DIMU D BL S 2 B INF DR S A X (apparent
horizon) &\ 5.

4. 0% =0 D& &, BRHRAEEZEHIEE (MOTS)(marginally outer trapped sur-
face) £\ 5.

O
(€3RE 3.4.4 (MOTS & R DK T4 X ORfE (Hawking-Ellis 1978B))]
AR SEIR D B 5 D F G B A 1 MOTS & 72 5. O
(X2 3.4.5 (BH OHEH AEH (Hawking-Ellis1973B))] R4 XV EB &
UM R A 0 <, HPCREMED R DNLD4 S, 7Ty 7R — IV OmBIEHR
U CTHA L2, ]

H XA
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Proof. 54 X2 &0 72 3EMBEIHERDYHC J—(7+, M) OBz & &£ b it
BEERTHRWZE LD Q.E.D.

(5¥ 3.4.6) ZOEMIL, TIvIER—NVANFIIBEWTT Ty 7R —)VEE
WZZY MV =2 LTCOREEZABUO—Dm>sT WA, [

(EH 3.4.7 (77 v 7 R —NVANLER (Hawking-Ellis1973B))) iR
EB XU DOCIZRE MRS, 7Ty 7 R—IVIEEERIETE 200RIL L%
. O

Proof. =74 X % ERT 2 IR DL %2 K72 WD T Q.E.D.

§3.5
BT oy I R—ILO—EK

3.5.1 Israel D—EMEE (4.k7T)

R = F#H

(£ 3.5.1 (Birkhoff ®EH! [Birkhoff 1923])] Einstein /#& 200D §5if HidiA
DERFR7R 4 R EZE ML RN T, (dS/adS-)Schwarzscild fRIZER S5 5. [

[ 3.5.2 (—M{b X 717z Birkhoff DEH)) 2 B UDMEE L 7R\ (n+2)
RIERITH U T, Einstein FFRAD SO(n+1), SO(n,1) 7\ U ISO(n)(= Isom(E™))
SRR IT B TEIN T, ROWTNd L FBAETH S :

o AHME : M = dS? x S, adS? x H™.
o 7T v i—IE
ds® = —f(r)dt* + f(r)""dr® + r*doy, (3.5.1)
m q?

fry=k— ——+ —— —\r? (3.5.2)

Tn—l 7”2”_2
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2y = BRWFR

(EIE 3.5.3 (Israel DMIMEEHE [Israel W 1967])) I S TR 7 S AT HE
IR EHN 72 Einstein GREROEZE#IX, DOC~ S? x R2 2 6 IR TH S, [0

Proof. ## (n + 2) IRtz

ds* = —N%dt* + do*(2) (3.5.3)
IZX LT, Einstein X
1
Ry(E) = £ViV;N, AN =0 (3.5.4)
ZEHGEHE %
do? = p*dN? + vupd2"dz’ (3.5.5)
LRI L, N=—7H (nk%)S(N) DI
1 - 1
Koy = 2—5N%b = Kap + —K7ap (3.5.6)
p n
IZH LT, Einstein AFEAX D
K .- n—1(Dp)* -
0 f —1/"1:—J ( — LK%, 3.5.7
o S(N) N’ sy \ no p? (3:5.7)
= 2nQ, {(n— M} p " < f R, (3.5.8)
H
KN 2n. 1\ N (Dp)2
oNJ < +n—1p) 3 S(N)<R+(n 1) +nl&(?>
N dNN R ekl N VS N (3.5.10)
2185, FIZT, n=20DL &, S( ) = S? 7% &5 Gauss-Bonnet DEH X D
f R=8r = 47r<412H=167TM<47T = Dp=K=0 (3.5.11)
S(N) P PH
&b, S(N) W 2WILERANCEFERET, RZENSOB) Mtz D Z LB ErN
%. Q.E.D.

3.5.2 —fRTICEITEZ—=HEE

(% 3.5.4 (FEfHIRK T 1 X )] k%R 74X THMK L35 Killing X7
MVIBETEEE, Vik=02R2LERTAAVIEMELTWE WS, Fz,
Vik = kk(k #0) D& &, K71 XA VIFIEMR EFIEN, kIZHKT A XV OERE
BEhewd. O

H XA
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X 3.7: #1875 v 27k — UIHZe D SL A o2

(EE 3.5.5 (—f&MIMEEH [Bunting, Masood-ul-Alam 1987; Hwang S 1998; Gib-

bons, Ida, Shiromizu 2002])] 3 ST TR 3 S AT BB 7R Y 72 Einstein-
Maxwell GRERDEZEMIL, HT 1 XV HBIEMHRZ S IR TH b, (—Mkot
D) RNfETRIN5. []

Proof. 75y 7 K —VIRIZIRD HRAZRDOMTH 5 -
ds* = =V2dt* + g;;da'da?

oM 1
AV =0, V=1-- +O<7)Jn:D—®
T r

-1

1 4M 1
1. (Conformal flatness)

_ 1+ 1V \¥07Y
SF g5 = Qs Q+=< 5 )

= Y =%*UY" Up: Regular,

AF, zero mass and R=0

= (%, §;) : flat ( Positive Energy Theorem)

= gij = v (”’1)5@ with v = and the horizon is connected

2. (Spherical symmetry)

BT A XVOIEAME = H: totally umbilical in Eucliean space = H: an

Euclidean sphere

NAogv =0, v =2o0n H,v =1+ O(1/r"1) at infinity = v: spherically

symimetric

Q.E.D.
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§3.6
ARTTOEET Z v IV R—ILO—EH

3.6.1 [EE7Zv I R—ILOAIEE

(£ 3.6.1 (Hawking ® BH {iHEH)) 4 IRFEIREZEIZ B W T DOE A3 D r
DrTBH. ZDEE, APITORTA X IZEENS MOTS 7 1& S2 5 T2 12
MTHh5. ]

Proof.
2nx(T) = J R, > JSWGT(E,E +k)=0 (3.6.1)

T

Q.E.D.
(£ 3.6.2 ([Hlix 7 7 v 27k —)LOMIMEEH (Hawking 1973))] Einstein-
Maxwell RIZHEWT, EHIEFNCEREREELZT Z v 7R — VR, w7314 XY
AVEEE TR R D SRR 72 &, iR TH 5. O

3.6.2 ErnstFZx

(% 3.6.3 (Ernst 7 ¥ v L))

1. —f%IZ, 4RGTHRFZED Killing X7 M a =0, R0 &, W2 ZDRY
FMVIGOHEDEE D, $7405 31RiG Riemann LK (3, ¢) % K220 LU
T7AN=PIRTD T 7 A N—2Blje AT L, 32X LED1EAE LT,
4 RtEME g 1

g="V(du+B)*+|V|'q (3.6.2)
ERIND.
2. ZOMETOERLBUMGOERT VY IVE X, ¥ EOEERB O 2SS
W,
VGF =Re[V (1 +i%)(d® A €)] (3.6.3)

ERINDZEDNRINS.

3. ThozHWT,
d& = —dV + i +,(V?dB) — 20d® (3.6.4)

B L, Einstein FREA K D HUPHEATH S Z LARINEDT, Z0D
RZE D Ernst RT U v)b (&) XN 2 EREBB S PWE&I b (12, 13).

H XA
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i
1t
i

(£ 3.6.4 (Ernst JEA)] Killing X2 bV ZFDRIZH L, 41RIGD Einstein
FFERE Maxwell AR, 3IRTGEHRE LD Y EDEE ¢, Emst K72 vb
EBIOVEEBERT V¥V OIS S EHESD

) D)2 |dE + 20dD)?
S—J;q(R@) 21 e (3.6.5)

FVRBONLEN IR ET 5. O

3.6.3 —REMEHE
(X 3.6.5 (HHE 7 T v 7 h— ) —ZIEEH O FES)]

1. RPZEPEFE S FRORIZIE, o & U TRREHEAED Killing X2 ML g, ZHLD
u=t2BL L, q¢=e¥(d? +dp?) + pPde* LRI N, HOARERNE, ki
X BHEMS RERE, 2IRTTD (p, 2) Sl ED 2 DD &, & IZx3 % IR
oMM ARARLRSE. 20 2RILEANDIEITIE B. Carter 12X > TR
Sz [4].

2. WiFZ 5z, EHGOADRTIE, BERFZMEDE DG NT A —2DHHE
X, BE M, AEEBEJOATHLILE2RLUTE.

3. D.C. Robinson & Z O&ER %2 EEGDFAET DG AR L, /N T A —
R—DHMHEEX, M,JEBMQDOATHDI%EmRUT[36]. 7=7ZL, Z
o DFERTIE, Kerr-Newman i AMZ Bl D i D IR PFAE S 5 Al ReME: % HE
BRTE A,

4. BHOADRIZK LTI, ZOMEIL, FEFEICEMDEERZHNS Z 21T
X D, Robinson IZ X ORI N, Kerr 77 v 7 Hh—ILM—DETH 5 Z
EMEEHHE v 7.

5. LU, ZoMEEFXZ2EWEGVFLET D5 ICHTHRRIC I VIR 2 &
MBI T H o 72, T & DRV IS D IEEFEXOEHAYE S Nz [B].
CDHEERFIINTZAT=DH, P.O. Mazur[23] TH 5. %%, Ernst FAT
DHEAY, (BIRICED LFEE UT) FERE o BELDOMEEZ L T\W\WD Z L ITH
HLU, 206/ 5605 Mazur [HER & IF XN 5 EIRBAN 2 H WS Z &
&0, —EMEE 2L .
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[ 3.6.6 (Carter 1972; Robinson; Mazur 1982;Chrusciel 1996;Weinstein 1996)]

EECHIM:EE & H UARED R T, 4Rt Einstein-Maxwell 52 (253 2 T iz
SEHT PRI R R T T v 7 R — VR, Weinstein fRO N1 EETH
5. KRz, "4 XU RS S Kerr-Newman fRIZBE 540, B&E, AEFHES &
OEMT—EMIZIRE 5. O

Proof. (474 XV G546 O Mazur 12 & 5 FEH)

1. o ZZ2MEHEED Killing N2 bV pIZHl5 &, V > 07207T, EHRED (3.6.5)
I SU2, 1) REMZFES, (&, ) 3Rz 7 = SU(2,1)/S(U(2) x U(1))
LA—HTE5.

2. EBE, (£,0) % SU2,1) IZEENDEMETIVI— MTH X e SU2,1) n H(3)
iz

1

Xop = Nap + 2€0,0p (367)
X OHEDIAD Y, s OGOERREMN L, 175IE 1 X
7 =X'dX (3.6.8)

i ARG
5= [ wm(sr ) (3.6.9
LRING, kb, HoAREXIT

Vf =0 (3.6.10)
ey, %@20@%@)((1), X(g) c:ﬂb’C,

AT =TV Y)Y = X S — S0) Xy (3.6.11)

285, 22T,

U= X Xa) — I (3.6.12)
FILIEIFAT, O TOMMIERSZAELI VYRS, 2L, B
LIZ2DDMRE—HTLHILER5.

Q.E.D.



References

e Geroch, R.: What is a singularity in general relativity?, Ann. Phys. 48,
526-540 (1968).

e Schmidt, B.: A new definition of singular points in general relativity, Gen.
Rel. Grav. 1, 269-280 (1971).

e Hawking, S. and Ellis, G.: The Large Scale Structure of Space-time (Cam-
bridge Univ. Press, 1973).

e (Clarke, C.: Local extensions in singular space-times, Comm. Math. Phys.
32, 205-214 (1973).

e Ellis, G. and Schmidt, B.: Singular space-times, Gen. Rel. Grav. 8, 915-954
(1977).

e Tipler, F.: Energy conditions and spacetime singularities, Phys. Rev. D 17,
2521-2528 (1978).

e Tipler, F., Clarke, C. and Ellis, G.: Singularities and Horizons — A Review
Article, in Held, A. ed., General Relativity and Gravitation, vol.2, 97-206,
Plenum Press (1980).

e Borde, A.: Geodesic focusing, energy conditions and singularities, Class.
Quantum Grav. 4, 343-356 (1987).

e Clarke, C.: The Analysis of Space-Time Singularities (Cambridge Univ.
Press, 1993).



4R B R 43 EHIxA

(& 4.1.1 (LI NZT 7 1 VT A=K & b-5E)]
1. CU iRl v (8) 120> T RIERER K Z B, X7 MLVEV &95L

E, YONTA—RX
. 1/2
u:f<2@mw> (4.1.1)
to

a

ZATRIE B, ITBT 5 —MbSNT=T T 14 /NT A —% (generalized affine
parameter) £\ 5. LI NI T T 4 28T A= X OABIER, TATHE
DFEPHFIZ L S%0.
2. FZ21E, —fbINZT 7 4 v RXITA=RIZB U THRED C* fhihii A H
ZhinR 2 B D & &, b-FEfE (b-complete) TH D &\ 5.
]
(EFE 4.1.2 (K GBE) OFFENE RN MmERIE RS 22 1R
K EIIEE AR RER NSRRI HHAR y 2T T =1 (7) ¢ RIND., ZDOLE,
1. yO—ffbINiT 7 « VEDERKON, P %2 RKOERES (future in-
finity point) &\ 9.
2. yO—ffbIN=T 7 4 VEVEROK, 2 %2 KRKOFER (future singu-
larity) &\ 9.
FRRIZ, EimBEAREGZHWT, BEROERES, BEORREANERI N
5. ]
[EHE 4.1.3 (O(M) N> RV & b 52D BIFR (Schmidt))) K22 (M, g) Dt

ERERIEERIRDMED NV RV O(M)IZIE, g h 5 BRRIEESE Riemann 3 &
NEHREIND :

(V,w) € Tt (O(M)) = g(O(M)) = E] +wa (4.1.2)
IDEE, ZOFENSE %éhé%%c%be()#mﬁamébtt,mmm
Mb-5EfH & 75 Z L IXEMETH 5. ]
(E& 4.1.4 (b-FFH )] K22 (M, g) (X3 2 O(M) /N> RIVIS5ENE T
W E, Z05EMi{tE O(M) L LT, OM))=0(M)—O(M) D% b-H5R A
EWnS, []




IROEH I, BEHRBIZLD TSy 7 R—ANTELL, BRIRKREALERIN
5ZLaEHRLULTWS. 2720, RELADGH] IZD2WTIIDOFERD 5272\,
[ 4.2.1 (Penrose 1965)] IRDSMPED D &, K22 IR HIR 1 B
U CHETRW ¢

(1) SERIUHR ZA
(2) FEa 7 b7k Cauchy H DIFAE.
(3) PAHHFEH DIFLE.

Proof. (GERHDMLE)

1. Cauchy M % X, Ffifem %z 7 £ §5. M = D(X) AR 2B U T 5
L3$Br, E=0J7(7)) #EKT 2 TRTCONAMBIIIERET 5L T D
&N Z2H 20T, EIZHEENSGHIIERT, TEar 7  NaeDT, %
DEIF—HERELS. £-T, FlZayv 37 MHAREHE L 5.

2. D(X) LR R VGO ESHIRIE, T eEmcx1lERITIZEDY, T
"o Y ORADOHMSFRIEERS f 25T 5.

3. f(E)RE ERURItD a v 8o MNHE G Zhkik & 72503, SI3FEa vy
NRDT, ZHFFFI NN, Lza-> T, HHEIZ XD, M IErlg
B U THEfii TR,

Q.E.D.
[(E& 4.2.2 (—MMSM)) HiEF VY VBREEORZ ML VIZH LT,
ViaRavvp Ve # 0 &7z 32 &, —fRMERM (generic condition) A3 7z X415 &\
3. O

(£ 4.2.3 (HEM EHFEN)) MP 2B ER E DOFIRA (past trapped point)
THhdeld, Phro@EmE 7oK OEBRI ARG GEMIZIET 7«

YINTGRA—=R) TELFREAMICHAS TS I L 2EKT 5. T7005, PEIEK
& UTHBER S IZIAD - 7 MM H R THOM AR 2 LW 5 &M TH
5. ]
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E7-, MOEHNS, HUFHAMWTEWEDO T RV X —EER L MIEAT
L35e, TADOFHIZERRENAPFAT S I ePEIPNDS. KL, ZOEH
EIRSIE, ENHRRRKIZH D DOPEEIZH D DN IEEHRTE 2.

(£ 4.2.4 (Hawking, Penrose 1970)] IRDGMEME O LD &, RZE 1K IREH
72 U SGHITHERRIZ B U TS84 -

(1) WU & R T > ) S B — b4 f
(2) WERERIE R D AL

(3) LI E QML FIHE, R DY 80 RS SRAD
FRDPDIELE.

(]

IhoDEBIE, D%, PURSM 2 HIEIZIR S R, VAV OIS 55
PR B 70 EDIRIRD e S 72 42, 1).

54.3
YFE R E

(E# 4.3.1 (RKRADDH)] R 2 T 0IZHNE S 2y (DRMERD) 12
FOEHET DL E, ZOWTIH > THRPED LS ITIRDEED 2 THRE R DR
EanHd 5.

1. Riemann iR 7 > VIV SES N B #4702 A K T L TR OME L —EEIZPUR
LW GEER®D) &%, [v] 2 COM(CO- k) RATEHMERGER L IFS.

2. YIZZ o THRIEREREE E 2 B EIs 5L &, TOREEIZET 5 Hh®
T YUY NDET DI —EEIZPUR L 2 (BRTRW) 300 H57%5,
CORl (CO~ #I) pp HIERFE R L\ S (pp=parallelly propagating).

3. M T >V VD pp ADTRT COME (CO FR) THBIZb b5 TER
AHREZR AR IZ N I T D R A 2 BIEARFE R (quasiregular singularity) &
.31,

(¥ 4.3.2])

1. A7 MERREAE pp HERTH LD, FIEFEZRV. Tx, WEE
BPAEIETHD I LITERNT 5.
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2. AN THITR pp FFE AU L TIX, difk~y 12> T (BT LEFEITTR
W) D FEFWBRIEHEREEKEZ L5, TOHEKICEHTLIHET VYV ILDTAN
TDBID CO M (CO Fh) L7222 LRI NS (Siklos DEH [S. Silkos
1976, PhD thesis]). U7zd3> T, REMEIHIERELBEEASEATHENZ LD
HEFR D Lorentz 7 — A M 2% 5 Z LIZKEKAT 5.

3. AN D pp MR R LA OHN, FHIEDEMECHEE S - HRFHERT
fEcHoNTWS[9, 7. 272U, TNoN—MIAREE)INY L TARLET
HDHIEMS, TOFKEFT BN TRVEFEHINTWS.

4. MHEDRED 5 THMRZ ROz 2 RGCHNIZ BTN SEH T H 5 5%, MEEDTHAR
ZH-5RIFEENZVOT, BIEARER RS, ZO/RZENT 5 &M
DARERTHI TR B DT, W5 ZEMOIEE CREMIXME I Nn. U
ML, ZOMHZEY O EEEREED RV 2T EmmICIESI NS, EiX, Z
DRI E IR R IE T 25 0T, BIERRR A Y] ISR L TIE, &
DY 22 B U IZR 22 RET 5 L, v DIEREAGEE 225 U DILRBFEE
THIEAWREND [6].

5. MEIFHIRF R N2 5 DOFZEDOIEAMLRAI & UTIE, Taub-NUT KZERH 5. Z
D2 L IEDOFHIE % £ D Einstein HRENOEZEMET, 22fiHY S (Z[FEM %
U(1) MFtE %z & DIEFEHRTFTHZRL, MKRMTIILEETIX, X7
VVIE—ERERTH 20, SLHHIMARICE U CToEfiiCaun [19, 47]). #EIEH]
FRR R B HRT VY VR RBEEGE 2 R > T WD & ZITHAEL, HED
FTHTHRETAZLERWVWEEZEZSNT WS DR LGEHIZ V.

[]

54.4
FHRETFIE
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FERSDSFBEL T, TNPHERORKBE L -TVWE L LTEH, TOMENHE LI
FEPRIT L, BRENRMEEZ SR IRV, ZOHGE2 R L 72078, Penrose
DIRIE L 7= FHREHTH B, ZORBIZIZ2ODONN=Varhidsb. —DiF, 1969
FEIZHERSINZBOVFEREIREE (WCCH) T [31], KE»ARARI, MEIBE
7 REE AFERITHE D & &, 70D & D fIAS A7 & Einstein AFERDfEE LT
R FEDWOLAN R R DR R SIE—RIC T Ty 7R =Rk T74 AV TRIN
5] WO EDTHB. BEMIZIZIRD IS IZREI NS -

[(F18 4.4.1 (39\WVFHEMBIK)] AR (3, q) D 5P F B RL I S 2
22 fi#t (A, g) 13— MIZIRD A2 72T

It DY), JH(E) AT (I, M) = D (Y).

L]

2 DHDN—T 3 UF 10 FRICHER I NZEBWFERERE (SCCH) T [32], X
DHNREZHD:

H XA
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(F 4.4.2 (FRVFHRBRE)] WE DB ZRELGRERICRS b &, 7
D & IR ISRAFIZ % Einstein A DR INRIZ, —HRIZ KIS
M2 & 70 %, ]

(¥ 4.4.3 (WCCH DJf5))

L BAFRICOWT WCCH 23 FEL NS0, RHIZHENDEGTE 2 RIAOH
TR U T, RIA X VITREINDVRRELTH 5 BEDRER (naked
singularity) 2V NI —fRICER I ND Z e RI Nz, £z, BRBREN
RO OHBETE, BT UBREMIIRI NV, 72720, ThoI3ER
SFRE &0 D @ W PRI R U TV S AJEEME G RE T E 72200,

2. LU, FEERHFRRRDOIIEIIHREE T, RZICHBELFRIZES N TOZARn
[44]. MIEWEIROME LT A ROEIRETIE, FHEADPRELTHZEN
Z D PO E DR L R WHIDZEBMER R IC L D 5 A 6NV [39], T
BAEFHE CIIRE DR — MDD /iz L TW\WaA 720, HitemDOIEFEDN
KT XY OIFHEE BT UEREEET [45], WCCH OB OHIREZfF] & 1%
S A\,

[]

(% 4.4.4 (Cauchy?h'?/ff‘/)] KIBZIZ IHH T2 W22 TlE, F DRk
RRIENZNHNERZ AV = D(X) & BLE, A/ WE A ITENTER A =08
2HD. ZOHERIE Cauchy K54 XAV EIFENS. FZ, H#+ = ~oDH (D)
AR D Cauchy F7 A4 X&), ]

[E445(K@H® (1)) SCCH Dffedvid, RISEIZ AUHH A T 72 WK IR

78 M PFAET HZ e E2ERL, TS DRFZETIE Cauchy K7 A XU DGFIET 5.
FAAFT IR L2 MK L Z FIRER & 172 Reissner-Nordstrom i X Kerr fi# 72 &% < OFARK 727
Z v 7 iK=)W Cauchy K71 X% HD. UL7zh->7T, SCCHIZZNS DFED
Cauchy ZI7 A AVIPIARLETHD I L2 THT 5. O]

[’ 4.4.6 (Mass inflation)] Cauchy & 7 A X D25 MO R II R 4 7o {1
NHITEE N, BRI AVF—OEENIC L O REDORHTEED Cauchy 7 1 XV
THRIMTHLVWOIEEA VT L—> 3V [33, 28] 7 ¥ Cauchy KT A XY DRLE
MERET EEEPREOND, ZOROBUEFHTH, Cauchy F 71 X D—H

MZEMRA D T REREGESITEDLS Z B ERI N, LA L, Cauchy F 7
AR D—IFHR e KD, T 2@E L CTOUERPERZLER L2521 7%
WIEREOFWRFEEL 226 727002 ARSI Nz [3). ]
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5.1.1 HETEH

(E% 5.1.1 (FHERE)) n X7t Riemann ZHK (3, q) £ 2D LD T V)L
Kij, p, S; DAL (2, qij, Kij, Si) 12X LT,

R(q) — Ki; KV + K? = 167Gp, (5.1.1a)
O

(B 5.1.2 (2T x )V ¥—, 2#E, ADMEE)]

1. HU M DWRE IS PR (g, K) PSR BN L%, HBa> 12108

LT,
Vi = Gij — 0 = O(r™®), (5.1.2a)
iy =0(r ) (1<s<4), (5.1.2b)
Ky =0(r ) (5.1.2¢)
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m<s<$ﬁmbﬁoa%, EROER L HEHEN
E = 167TG Tlm J 0;Gij — 0iqj;)n'd<Q, (5.1.3a)
P, = 87rG Tlm J K, — Kqi,)n*dQ (5.1.3b)

R DBRRI RS ERINDS [26). 22T, S(r) l&WEH Descartes FEFRIZ
BIL TR r OB, n' (EZDOBAIENT M, dQIXHHERTH 5.

2. ETORY MV (B, P) BREHRZ MV THB L ZF,
M = (E* - P*)'? (5.1.4)
IZ& O ADMEENE&HINDS.

O
(B 5.1.3 (I H IV F -5 (DEC))] IANF—EBET VLT
D, EROBERIKRZ MLV IZRUTT(V,V) = 0 &7 TH, ZEMIRILF—
&M ()DEC) Wiz X a2\ 5. ]

5.1.2 EIRIF—FIE

[E 5.1.4 (ADM T )V F—IZFT 2 IET 32 )L¥ —EH)] (%, qij, Kij, p, S7)
% 4 YRt Einstein AR 2 B M EIH Coefii gl e 5. 72720, ©
IE 3RS AN S 2R3 — B (B =Y, B;, B I¥k{K) TOBIZ7 I v k-
BEHRETE, ZorE, T LVF—EHERT VYV ILIH U TERKNT AL F -5
DO TIE, RBROTXINVF—F L EHE P = (P) IXROEM %2727 ¢

E>|P| (5.1.5)

X517, BN LoD, #WHHED Minkowski 2212 363 355 DA TH
5. O

(F 5.1.5 (GEAHDHER)]

o FTRXNF—TEMOEHMDIFHHIEX, R. Schoen & S-T. YaulZ k0, Kigf#
MZEOFEEZHNTITON 37, 38]. o1k, TRXALVF—DPHADEEICTIE
Gauss ROV IECYHONMNMZFFOH F BEET I 2 RLZ L
T, ZHABHEEIZAN TS R. Finn 3 £ O A. Huber 12 & 458 Riemann M2
X9 5 Gauss-Bonnet DEHE FETAHI 2R, BHIETE>08LT
E =075 Minkowski J& 5 Z & Z/RLTWA. ZOFIRIE, RO &
DALV HDTHS.

H XA
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WSITHNT, 1981 EIZIE E. Witten 28 A Y — )L 2 IRAUT T B 1HE X
WS UWAETIEMNE 257 U7 [46). AEIZELTHSH, KO
FiklE, J. Nester i2k b, RBUDEL 52D ADM TR LT —DA TR N
AR & EIC IS 2 & DEMNEIZE £ 5 T 32V F—% K9 Bondi T3
F—IZH U THEHHATE 2 RICHR I N7 [25).

o Witten @ iKIFHH L RIZIEWIZMANTH S, BIZIE, LD IZFHE

WRBRIGITKE L L2 T L, BRE2RHOT I v 7 R—VIFEET
LG DREEMNM (M = |Q|) X, ADFHELRD ® 556 ~DILE (Jo, = 0,
Jap(A, B =0,---,4) 1FX de Sitter £ SO(3,2) DAEBICIIHIR) BRonbd
[16]. KTV ¥ VT RXNF =D RICEERL LD — VSN IkRiEE
NIRRT HWNLMNIZ I de Sitter 22 & 72 5354 L FRKDIE T 3 )L ¥ — @ H
DO NLD [17]. F£72, BoLTIE, i FRaRgissicd L, AEEEE25
LZHEEL (M=) 5850 TV [8]

1999 4E1Z1& J. Lohkamp 23 A 7 T B D ZRIZE D <FEHZ, 2009 F121&
M. Peiris 23 A D EH & Thurston D 2L B 2 W7 GEBH % 8 72 1256
FLTW5,

[]

Proof. (Witten 512 &% AY /) — )L &> 72FEH)

1. £9, 4IRICAE ) =V D2RANTERINDIRD & 5 74 2 BERAFRT >

NEBEZDH:
1 _ _
& = QEde” A dz” =25 [ (V157 Vet — Vathysyat)da® A d:cﬁ] . (5.1.6)
ZZT
1
Vb =090+ éwabua“bip, (5.1.7)
o™® = (1/2)y ap. (5.1.8)
WInd 5 2 R D MR 2 RItEKIH 52 = 0¥ TORDIE, Stokes DEHL & b
J & :J d+& :J V., E, tdY. (5.1.9)
X P by

ZIZT, XY DORRKAEDHELIERT NV, o) BEPERTERALY /) —)
o ITHNES B Z L B L, V) = Yoy £ BL &, Kl -161GP,V
rRINDZI LD, (P,)=(—E P)DEHLVRIND:

—167GP - Vo) = f V., E, tdy. (5.1.10)
P
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2. —H, Fil%EEHETS L,

Vo EF = 2GHpy ") + AV oh (Vo™ + 0Py )V gy (5.1.11)

B&LO

Vot (770 + 0Py )Vetp = =2V 41 0/* V1)

= qﬂ’“vjw*vkw — VT Vi (5.1.12)

£0,
t,.V,E" = 2t,GEVY, mod (D) (5.1.13)

WESNDG. 22T, (1=1,2,3)% S DY FUEOERBELEE,
D =~'efv, (5.1.14)

Thb. £, V = oy IZFEITRKHE OB v ks, Lk
NoT, ZOADALIFIEALRD.

3. BAE&Y, AKX
Dy =0 (5.1.15)

% i 7z U SRR E TREBUTIED K 4 HDO— KM A/ —)b (Witten R E

J =) DBEIET L, FEZRVF—EHIARINZILITRD. ZOFE
1%, O.Reula 512X DFEHINT WS [34,35,29]. £72, 7T v 7 HR—ILn
FET 225G, FIAXUDoDOFLGRER LR EREME2HT N
TE5Z Zﬁ‘G.W. Gibbons 512 & D /REINTWS [16].

Q.E.D.

55.2
Penrose &1
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5.2.1 Penrose 7=

(F78 5.2.1 (Penrose A5F )] AIRTTRFEIZBNWTCT Ty I R—RITA X
VIZEENLHREOEEE A, Ty IR VOERE M LT DL,

A
GM >\ 1 (5.2.1)

MDD, T OARERX L Penrose &R & IEIXN 5. ]

[’ 5.2.2 (Penrose D)) Penrose 1% 1969 412 WCCH @ &% /£ % HHY
T, HKHTOINBIYEHRIZ L DT T v IR —NV%2EZ7[31]. WInd DRFZE,
Z DWYEB DT & 2 S 0 TAREREE 22D, o D EMNE Minkowski
K22, N OARKIF—BRIZEN K EZ G > 722 L2325, Z OB A4/
S IRFIBIZ DI NSRRI 2 XS &, 2D A OB LIZPARE T DK
Ins. BL, WCCAW D LD LRI LT T I v 7 R—NVEK T4 A VITE
EN (19 553, A OFIE Minkowski K227 D T, 4 TEHEMFEKE RS I E &
D, T OHBAIZT Iy 7 R—IVKREBU T LIRS, EZTAH, 779 7K
OHEEAKER LD, ZOT Iy 7 R—IVEREBITEAL, TORMKEIZRRD
EIEE M 2T % Schwarzschild 77 v 27 5 — )V O REE 167 (GM)? % {8 X
0. U7zh3o T, Penrose MERDK IO A fiENS,. [

(¥ 5.2.3 (isoperimetric A5FR (Gibbons 1984, 1997))) Minkowski I#2% 4

DZEMIN 2 RIGH T &2 r EITEE T 2 GRE DR RERZ ) LT L &
ij 2004 > 1| 2. (5.2.2)
8T J o 4dr

DD LD. ZOARERNEFBAFER (isoperimetric ineqality) £IEEN 5. [

H XA
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[’ 5.2.4 (Gibbons D)) G.W. Gibbons I, Penrose Di#&amliZ HWT, fifi
M 7 % A %Kit > T Minkowski FFZE &) 7» U 72BRD .7 % @it d 2 L) mH
DHEFEEKROELED, WEHDH ORI XL F—IZHHITEZ L 2HWS L,
Penrose A5 XA Minkowski RFZE N D Bfr] F R D A TR I N D FEFHALE TGS
5 LITKD Wz [14]. %#], Gibbons %, 7 73Xt Euclide ZMIZ& N5
Mh78 2IRTTH & FIZD A, ZORERNZGHLZ. ZOHE, 201%.7 D&
BB EGERE —H L, ZOAREXZ Minkowski AER (1903 ) IZRET 5 Z
EMMTELZDOTHS. LIES L ZOMBEIZKRERER TP >7-H, Gibbons IE
DT 1997 4RI, BERIARARE R LIZZDOARZERZHIAL, & 512 —MRIRoTIZHEE
TBH5Z LTI U7z [15]. £ DH#EIE, N.S. Trudinger %, Minkowski A5 % {T:
EIRIED BEuclide 22t E™ N OAEE O B X 1203 2RO AFRITHRT 5 Z
AL Z 22 kB [43]: 2D & DI FEARBIEENASER L W T 5 2
21X, WCCH 2 X F3 2 HFL AT AL, ]

(EH 5.2.5 (Trudinger £~5% 3K (1994))] Euclide %] E™ NOAERE OB R HE
YAZX U TIROAFAD LD VLD -

J‘Km4>(n—1ﬂﬁwanZ? (5.2.3)
Y

ZZT, KX OV aMhR, Q, lEnkocBAEKRE S” OHEET, F5iEX =571
D& ZITRRAT. []

5.2.2 Riemann-Penrose A&

Penrose A& R ITZ D%, WIHMEREIZE 2 —BROALERBTRUCIE X 7z
[2].
[$78 5.2.6 (WIHMEREIZH 1T 5 Penrose A5 )] 3 A VS EE e ) S TR
(S, q) B ENBEBAMIOHIE .7 OEifEE A, ¥ TOADMEE.2 A &
T 5L &, RO Penrose NEAXDKD LD,

(M4>Hj% (5.2.4)

L]

[EH# 5.2.7 (Riemann-Penrose A% 2\ (Huisken-Ilmanen 2001; Bray 2001))]
S DAA T R(X) AT, U ARMHE), b bR AR Z
L5, Y DORMENIEEO AT L 7425 & &, WHE (3, ¢) 12X U T Penrose 5
W ARVASH

Z DAERXIZ Riemann-Penrose NER & X, 7 135 SMU O RN &
25, ]

H XA
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(¥ 5.2.8]

1. P.S. Jang & R.M. Wald I%. 1977 ££(Z TR (inverse mean curvature
flow) IZ & % Z O/ OER L &2 WGt 2 &R U2 [21]. 2I T,
WP IC K 22 L1, Ml .7 & Z DERY MVAAIS RO
BUZHHlS 2 TEE] TERSELZLE2ERTS. K1V M, R(E) =0
D & &, Hawking E& & XN 2 A%

mp(F) =(1—- J;_z<2/16ﬂ) A(F) /167 (5.2.5)

D, ZOERIZH U CTHEFNTHEIML, Uhrd HRSOMEE 7 128 L Tmy(7) =
A/ A/16m, EELEROIREIEDL L Emy(F) > GM L8352 ThHb. L
72hi o T, WEEHERRIZ L o T 7 BEIRERINICE S NITER TE 5
BIIFAFEADGEHIND Z L1272 5.

2. LU, FEBRIZEK, ZoRRR—RICHEEEZFEOIZ2E0 I 2RI N
5. ZOWHDRMRIZIE 20 LA LD 2 E U hY, DWIT 2001 4T G.
Huisken & T. Ilmanen 23 AE R DB AN I U 72 [20]. BEARR 727 A
TTE, HEREREHE OO, RUODD D AER AR 23T & 5 —ik
THZEIZHoT-.

3. oI, FMUHFIZ, HL. Bray IZ X b &< B o> AR RRI Nz, HO
JiEE, MUNEHE O mAE Z R o T, #HME % I Schwarzschild 7 F v
I R—=IWVIZHIRT BEDIZERTZLVWIEHEDTH 7.

[]
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5.3

*EEER

5.3.1 —RIEFAERN
(A= 5.3.1] (n + 2) IRICHFZEIZ B 1) % Einstein A2
R, — %ng + Agu = KT

DIIEABENIKRD X S IcKI N5 -

(ALh)y — YV Vb + 2V, V)0 + (=V*VPhes + Ah + R hag) gy

+(2A — R)hy = 2K°0T,.
ZZT, ApIFIRATEE IS Lichinerowicz fEFHEZTH 5 -
(ALY = =V - Vhy + 2R By — 2Ryuaush®.

ZOEHAZRIZDWTIROAD K D LD

(Aph)g = —Ah,

VAL ya = =V - V(V¥hya) + ROV has + (2VaRus — VuRag) .
Y & ,

w;w = h/u/ - §hg,uzz

ICEDEHRT DL,

1
h,uzz = w,ul/ - Ewguw

2
h=-Zy
n
LU
T 2A
R;w = /{2 (TM” — ggw,> + Xg,w,
2
p_2nt2), 2%
n n
X0,

4A
ANT - FW + 2V (. V%0 — VOV Uus0,

2K2

T
= 2525T#u - TTw/w — K (Taﬁwaﬁ - Ew) Juv-
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(A 5.3.2 (7 — V&) HEZBITIE, HREGZEERE O RIEZERIZ X
LHBHED QEEI&"F@H:V, T—YHHELMENE REMEVNGFET S
Sh=0(3—g)=4£eg < Ohy =V, + V.. (5.3.1)
Y THRT L, .
5%“/ = Vufu + szf,u - (V : f)guu- (532)
]
(4p'& 5.3.3 (DeDonger 7 — ¥ T DB Einstein HFERX)] g— %A
V4 = 0 (5.3.3)

D & T, HZ Einstein AREADOIREER HREARIE

~ DY — 2Ry ™ =0 (5.3.4)

THEzoNn5. []

5.3.2 T—THREERKFETOER
Background Solution

1. B2

M™™ ~ N x K 3 (M) = (y*, 2%) (5.3.5)

2. Fl &
ds®> = gundz"d2N = go(y)dy*dy® + r(y)*do?, (5.3.6)
ZZIT, do?=yde'da? 1& & LD n ikt Einstein 51 &

A

3. HEW I DI

Var, TNL(2), Runes(2) = Do, "Tio(y), "Rabea(y);  Di, T (@), Rijua().

(5.3.8)

4. HiFR T VIV ORIRIE
Rabcd = mRabcch Rlajb = r ’ 5Z lekl = mR(}Lbcd_ (Dr)2<5llc’7jl _5;7jk)7
(5.3.9)

H XA
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5. Einstein 7 > V)L D/ i1
— 1)K — (Dr)?
Gab = mGab — EDQD()T — n(n ) ( T) — E 07| gap (5310&)
r 2 r2 r
; L,, (n—1)(n-2)K —(Dr)> n-—1 ;
G’j = 3 'R — 5 -2 + . or (5]-. (5.3.10b)

6. Einstein AR L D, TxALF—FEhET > VIVIIIRDOHEEEZE D :
Toy = Tap(y), Tui = 0, T} = P(y)d’. (5.3.11)

Examples

This class of background spacetimes include quite a large variety of important
solutions to the Einstein equations in four and higher dimensions.

1. Robertson-Walker universe: m = 1 and J# is a constant curvature space.
ds* = —dt* + a(t)*do?.

The gauge-invariant formulation was first introduced for perturbations of

this background by Bardeen[?] and applied to realistic cosmological models
by the author[?, 7, ?].

2. Braneworld model: m = 2 (and % is a constant curvature space). For
example, the metric of AdS™™? spacetime can be written
dr?
1—Ar?

The gauge-invariant formulation of this background was first discussed by

ds* = — (1 = \r?)dt* + r2d2. (5.3.12)

Mukohyamal?] and then applied to the braneworld model taking account of
the junction conditions by the author and collaborators|?].

3. Higher-dimensional static Einstein black holes: m = 2 and ¢ is
a compact Einstein space. For example, for the Schwarzschild-Tangherlini
black hole, # = S™. In general, the generalised Birkhoff theorem says[?]
that the electrovac solutions of the form (5.3.6) with m = 2 to the Einstein
equations are exhausted by the Nariai-type solutions such that M is the
direct product of a two-dimensional constant curvature spacetime .4~ and
an Einstein space £ with r = const and the black hole type solution whose
metric is given by

dr?

ds* = o (r)dt* + rido?; (5.3.13)

fry=x- 204 T

,rn—l + T2n—2

— M2 (5.3.14)
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The gauge-invariant formulation for perturbations was applied to this back-
ground to discuss the stability of static black holes by the author and collaborators[?,
?, ?]. This application is explained in the next section.

. Black branes: m = 2 + k and .# = FEinstein space. In this case, the

spacetime factor .4 is the product of a two-dimensional black hole sector
and a k-dimensional brane sector:

d 2
ds® = S f(r)dt? + dz - dz + r¥do?. (5.3.15)

f(r)
One can also generalise this background to introducing a warp factor in front
of the black hole metric part. The stability of this background for the case

in which " is an Euclidean space is discussed in §77.

. Higher-dimensional rotating black hole (a special Myers-Perry solu-

tion): m =4 and & = S".
ds® = grrdr® + geed0® + gudt® + 2g14dtde + geedd® + 1% cos* 0dQ?2, (5.3.16)

where all the metric coefficients are functions only of r and 6. The stability
of this background was studied in [?].

6. Axisymmetric spacetime: m is general and n = 1.

BEgorrvVILE

harv and Ty n can be classified into the following three algebraic types according

to their transformation property as tensors on the n-dimensional space % :

i) Spatial scalar: hgp, Tap

ii) Spatial vector: hg;, 7

iii) Spatial tensor: hg;, 7}

Among these, spatial vectors and tensors can be further decomposed into more

basic quantities. First, we decompose a vector field v; on J# into a scalar field v®

and a transverse vector v

(t)

i

as

v; = Div® + oM. Du®i = . (5.3.17)

(]

Then, from the relation

Av® = D', (5.3.18)
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) can be uniquely determined from v; up to the

the component fields v® and ?JZ-(t
ineffective freedom in v® to add a constant, provided that this Poisson equation
has a unique solution on # up to the same freedom. For example, when % is
compact and closed, this condition is satisfied.

Next, we decompose a symmetric tensor field of rank 2 on JZ as

1 al ~ ]_ ~ A~ A
tij = ﬁtgij + DiDjs — Eﬁsgij + Djt; + Djt; + tg-t); (5.3.19a)

Ditt =0, t"=0, Dt =o. (5.3.19D)

Here, ¢ is uniquely determined as ¢ = t!. Further, from the relations derived from
this definition,

n

AN +nK)s = 1 (DiDjt” - —At) : (5.3.20a)
n— n

[A + (n— DKt = (6; — D'A™'D;)(Dut’™ — n~'Dit), (5.3.20b)
(tt)

1] ?
ineffective zero modes, provided that these Poisson equations have solutions unique

s and t;, hence t can be uniquely determined from ¢;; up to the addition of

up to the same ineffective freedom.

After these decompositions of vectors and tensors to basic components, we can
classify these components into the following three types:

i) Scalar type: v’ = D'0®, t;; = Ltg;; + D;D;s — 1 Asgy;.

ii) Vector type: v; = vz-(t), tij = f)itj + ﬁjti.

4(1)

iii) Tensor type: v* =0, ti; = t;;".

We call these types reduced tensorial types.

5.3.3 Tensor Perturbation

Let us start from the tensor-type perturbation, for which the argument is sim-
plest.

Tensor Harmonics

We utilise tensor harmonics to expand tensor-type perturbations. They are
defined as the basis for 2nd-rank symmetric tensor fields satisfying the following
eigenvalue problem:

Ap—A)T; =0; T:=0, DT =0, 5.3.21
J 1 J =
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where Ay is the Lichnerowicz operator on £ defined by
ALhij = —D : Dh” — 2éikﬂhkl + 2<7L - 1)Kh1] (5322)

When % is a constant curvature space, this operator is related to the Laplace-
Beltrami operator by
Ap =—-A+2nK, (5.3.23)
and, T;; satisfies
(A+E)T; =0; k> =), —2nK. (5.3.24)

We use k? in the meaning of A;, — 2nK from now on when .# is an Einstein space
with non-constant sectional curvature.

The harmonic tensor has the following basic properties:
1. Identities: Let T;; be a symmetric tensor of rank 2 satisfying
T/ =0, DTy =0.
Then, the following identities hold:
2D Ty DVTW = 2D (T, DVTIW) 4+ Ty [~ AT + RIT™ + R* T,
2D Ty DTV = 2D (T DUTV®) + Ty [~ AT — RIT™ — R%T].

On the constant curvature space with sectional curvature K, these identities
read

2D Ti DUT® = 2D (T, DVTI®) + Ty (= A + nK) T,
2D Ty DVTV* = 2D (T DUT*) + Ty (= A — nK)T".

2. Spectrum: When % is a compact and closed space with constant sectional
curvature K, these identities lead to the following condition on the spectrum
of k%
k* = n|K]|. (5.3.25)
In contrast, when % is not a constant curvature space, no general lower
bound on the spectrum £? is known.

3. When ¢ is a two-dimensional surface with a constant curvature K, a sym-
metric 2nd-rank harmonic tensor that is regular everywhere can exist only
for K < 0: for T? (K = 0), the corresponding harmonic tensor 7}; becomes
a constant tensor in the coordinate system such that the metric is written
ds? = dz* + dy?*(k* = 0); for H?/T(K = —1), a harmonic tensor corresponds
to an infinitesimal deformation of the moduli parameters.

4. For ¢ = S™, the spectrum of k? is given by
E=1l+n—-1)—2 1=23,---, (5.3.26)
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Perturbation equations

The metric and energy-momentum perturbations can be expanded in terms of

the tensor harmonics as
hay =0, hei =0, hy = 2r*HyTyj, (5.3.27)

T =0, 70 =0, 7, = 70T} (5.3.28)

Since the coordinate transformations contain no tensor-type component, Hy and

Tr are gauge invariant by themselves:
M=5=0; 6Hr=0, 70 =0. (5.3.29)

Only the (1, j)-component of the Einstein equations has the tensor-type compo-

nent:
kE? + 2K

— o Hp — 2Dr- DHy + "= Hy = sy, (5.3.30)
T r

Here, o = D*D, is the D’Alembertian in the m-dimensional spacetime .4". Thus,
the Einstein equations for tensor-type perturbations can be always reduced to the

single master equation on our background spacetime.

5.3.4 Vector Perturbation
Vector harmonics

We expand transverse vector fields in terms of the complete set of harmonic

vectors defined by the eigenvalue problem
(A+E)V, =0; D;Vi=0. (5.3.31)

Tensor fields of the vector-type can be expanded in terms of the harmonic tensors
derived from these vector harmonics as

1

Vi = —ﬁ([)ivj + D,V,). (5.3.32)

They satisfy
[A R = (n+ 1)K] v, =0, (5.3.332)
Vie0, D,VI-= K- (Zk_ DLEW (5.3.33b)

Here, there is one subtle point; V;; vanishes when V; is a Killing vector. For
this mode, from the above relations, we have k% = (n — 1)K. We will see below

H XA
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that the converse holds when % is compact and closed. We call these modes
exceptional modes.

Now, we list up some basic properties of the vector harmonics relevant to the
subsequent discussions.

1. Spectrum: In an n-dimensional Einstein space J¢ satisfying R;; = (n — 1)K g,;,

we have
2DV DUV = 2D, (V; DUV + Vi [ A + (n — 1) K] V{5.3.34a)
2DV DV = 2D;(V;DVD) + V; [-A — (n — 1) K] Vf5.3.34D)

When % is compact and closed, from the integration of these over ¢, we
obtain the following general restriction on the spectrum of k?:

k= (n—1)|K]|. (5.3.35)

Here, when the equality holds, the corresponding harmonic vector becomes
a Killing vector for K > 0 and a harmonic 1-form for K < 0, respectively.

2. Forz™ = S™, we have
B =0l+n—-1)—1, (£=1,2---). (5.3.36)

Here, the harmonic vector field V; becomes a Killing vector for [ = 1 and is

exceptional.

3. For K = 0, the exceptional mode exists only when " is isometric to T? x
¢" P, where €" P is a Ricci flat space with no Killing vector.

Perturbation equations

Vector perturbations of the metric and the energy-momentum tensor can be
expanded in terms of the vector harmonics as

hab = 07 hm' = TfaVi, hij = 27"2HTVija (5337&)
Tap =0, 70 =17, Vy, 7} = TTV§». (5.3.37Db)
For the vector-type gauge transformation
fa = 0, & = T’LVz (5338)
the perturbation variables transform as
_ I\ Eo _
0fp =—rDy|— |, 0Hr =—L, 01, =0, 07p = 0. (5.3.39)
r r
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Hence, we adopt the following combinations as the fundamental gauge-invariant
variables for the vector perturbation:

generic modes: Ta, Tr, Fy = fo + %DaHT (5.3.40)
exceptional modes: 7, Fé;) =rD, <é> —rD, <&) (5.3.41)
r r
Note that for exceptional modes, F, = f, because Hr is not defined.
The reduced vector part of the Einstein equations come from the components
corresponding to G¢ and G; In terms of the gauge-invariant variables defined

above, these equations can be written as follows.

e Generic modes:

1 k2 —(n—-1)K
Db <Tn+1F(;)> _ (n ) Fa _ _2/{27_(1’
Tn+1 a 7,.2
(5.3.42a)
k
— D, (r" ' FY) = —K*7p. (5.3.42b)
,rn

e Exceptional modes: k* = (n — 1)K > 0. For these modes, the second of

the above equations coming from Gé- does not exist.

Db (TnHFcE;)) = —2K27,. (5.3.43)

rn+1

5.3.5 Scalar Perturbation

Scalar harmonics

Scalar functions on .# can be expanded in terms of the harmonic functions
defined by
(A + kS = 0. (5.3.44)
Correspondingly, scalar-type vector and tensor fields can be expanded in terms of
harmonic vectors S; and harmonic tensors S;; define by

1~
1 . 1
These harmonic tensors satisfy the following relations:
D;S' = kS, (5.3.46a)
[A+E - (n—1K]S; =0, (5.3.46b)
. . n—1k—nK
S: = D,S! = S; 3.4
. =0, S - ’ , (5.3.46¢)
[A + k* — 2nK]S;; = 0. (5.3.46d)



i

HHE NGO ZEMN 66 ExA

ff

Note that as in the case of vector harmonics, there are some exceptional modes:
l) k=0: SZEO, SUEO
ii) k* =nK (K >0): S;; =0.

For scalar harmonics, k? = 0 is obviously always the allowed lowest eigenvalue.
Therefore, the information on the second eigenvalue is important. In general, it is
difficult to find such information. However, when .#™ is a compact Einstein space
with K > 0, we can obtain a useful constraint as follows. Let us define );; by

1
n
Then, we have the identity
. o . 1
Qi;Q7 = D'(D'YD;D;Y =Y D;AY —R; D’Y)+Y [A(A + (n — 1)K)] Y —=(AY)?.
n

For Y = §, integrating this identity, we obtain the constraint on the second eigen-

value

k* > nkK. (5.3.47)
For JZ™ = S™, the equality holds because the full spectrum is given by

E=(l+n-1), ((=0,1,2,--). (5.3.48)

Perturbation equations

The scalar perturbation of the metric and the energy-momentum tensor can be
expanded as

hab = fabS, hai = 7faSi, hij = 2r*(HpvyS + HrSy;),  (5.3.49a)
Tab = TabS, T; = rTaS;, T; = (5P(5;S + TTS§~. (5.3.49b)

For the scalar-type gauge transformation
fa = TGS, gz = TLSi, (5350)

these harmonic expansion coefficients for generic modes k*(k* — nK) > 0 of a
scalar-type perturbation transform as

= . L k

Ofar = —Daly — DyTa, 0fa = —1D4 (—) + =T, (5.3.51a)
T T

_ k De _ k

SH, = ——L-="T7, §Hy=-L, (5.3.51b)

B nr T r

5Tab = *TCDCTab — TaCDbTC — TbCDaTC, (5351C)

_ k -
670 = —(TpT" — PT,), 0(6P) = -T"D,P, & =0. (5.3.51d)
.

H XA



i

RN

HHE NGO ZEMN 67

ff

From these we obtain

5X, =Ty, X, = % <fa + %DGHT> . (5.3.52)

Hence, the fundamental gauge invariants can be given by 7 and the following
combinations:

F=H;+ %HT + %D“rXa, (5.3.53a)

Fop = fap + Do Xy + Dp X, (5.3.53b)

Yap = Tap + TE Do X + TEDW X, + XD, Ty, (5.3.53¢)

Yo =Ta— E(TjX,, — PX,), (5.3.53d)

Y =06P +TX“DaP. (5.3.53e)

The scalar part of the Einstein equations comes from G, G, and G; First,
from 0G4, we obtain

c

D
— 5 Fyy + DyD.F¢ + DyD.F° +n TT(—DcFab + DoFy + DyFly)

/{32
+chCLFcb + ngFca - 2mRacbdFCd + <_2 - R + 2A> Fab - DanFcc
T

1 1
—2n (DanF + —DaTDbF + —DbTDaF)
r r

2 2 —1
- [DCDdFCd + 22D Dy + (DD + 0 =) ey iy
r T

.
2 1 k* —nK
—chd)ch oo = 2D DR o — ——"=F
r T
c n c k2 c 2
—o b, ——=Dr-DF_+ —F_| gap = 2K Xgp. (5.3.54)
T T

Second, from dG¢, we obtain

k 1 1
- [— Dy(r"2F") 4+ rD, (—F,f) +2(n — 1)DaF] = 2Kk%%,. (5.3.55)
r

Tan

Finally, from the trace-free part of 6G§, we obtain

2

—53 [2(n — 2)F + F*] = ’r, (5.3.56)
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and from the trace 6G,

1 -1
—3DuDyF* — S D"rD'F,,
r
1m ab (n B 1)(n _ 2) a b D*D"r
+[§R - 53 D*rDr —(n—1) . Fp
1 n—1 n—1k?

L e Dr-DF°¢ — —F° —1)oF
+2D ¢t o ¢ 2n r2c+(n )e
1 —1(n—-2)k*> —nK
=Dy pp 2 VRZDE R b e (5357

r n r

Note that for the exceptional mode with k? = nK > 0, the third equation does
not exist, and for the mode with k2 = 0, the second and the third equations do
not exist. For these exceptional modes, the other equations hold without change,
but the variables introduced above are not gauge invariant.

Although the energy-momentum conservation equation VyT3) = 0 can be de-
rived from the Einstein equations, it is often useful to know its explicit form. For
scalar-type perturbations, they are given by the following two sets of equations:

k 1k —nK
Da(rm ') — 25, + - n
T

T

. kr
k
+2—(T“”Fab — PF%) =0, (5.3.58a)
T
1 k D,
— Dy [k — TEFD)] + =8, — n—2lyy,
rn r r

+n (T)DyF — PD,F) + % (T2DyF — T"D,Fy.) = 0. (5.3.58D)

5.3.6 BT Sy IER—ILDEE)
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"Master equation for gravitational perturbations of maximally symmetric
black holes in higher dimensions”

e Kodama H, Ishibashi A (2003): PTP110, 903.
”Stability of higher dimensional Schwarzschild black holes”
e Kodama H, Ishibashi A (2004): PTP111, 29.

"Master equations for perturbations of generalized static black holes with
charge in higher dimensions”
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e Kodama H (2009): Lect.Notes Phys. 769, 427.
"Perturbations and Stability of Higher-Dimensional Black Holes”

(EIE 5.3.4 (Master HfEA (Kodama-Ishibashi2003))] Einstein 77 v 7 75—
VOBELRRE, TV, RXZ MV 2 SRoZznEND, B A
LD 2 B o0/ 58 O [ A5 it e

2 )
L@—(—M3+Wﬂ>W—w® (5.3.59)

&IN5, ]

(2 5.3.5 (FMERRFRT T v 7 K —)L D% &M (Kodama-Ishibashi2003))]
Schwarzschild(-Tanhgelini) 7'Z v 7 5 — VIIAEEENZ G U CLETH S, _[]

5.3.7 Gregory-Laflamme A% E

[EE 5.3.6 (Gregory-Laflamme 1994; Kodama H 2009)] TIv I TL—v
(Schwarzschild BHxR™) OBXFRA A 7 BEE) (SE—K) hocexp(—iwt + ik - 2)
DAL, B 2 BEMOMERROEAERECRES N, /MM I
7oy R—VDOER) ODREIDVHIMIMELTZL w? <0725, Tbb,
RIFEIZH U TALETH S. ]

[E 5.3.7) Ty T —=rRIZHUT, FEERTRR R T RIEE O AR
WGEN RO EMAS AL Ry, 3B OBEEMEMEICREE IRV, £z,
N7 MVEHEH O G 2 [H O B E MO EHZEOEAMEMEICRE I N5
A, HOAEEI TR, ]

5.3.8 M7 Sy IR—ILDOEE
(3% 5.3.8) [l 75 v 7 R — Mz LT, EEARERIEE OISR o E A E

I IR S 7. O
[ 5.3.9 (Kerr 77 v 7 Kh— )LD ZEM (Whiting B 1989 ))] 4 YR TG
Kerr BH I3 PEENZ N U TLETH 5. O
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[EIE 6.1.1 (—%R5T T DOMIM:EH [Hollands, Ishibashi, Wald 2007])] fEtr
W7 BRI T T v 7 R — UL, KT A X DS R A 0 kA 72 51,
ST dH 5. O

Proof. o T DIHEENRT MV E kb, B ERRRZ —RIZ DXL TRL N
HHEZERE F 5 p HT - F.

o BH 2[MEEN 72 &, KT A A HT ETHRMEHEED Killing X2 NV € 122214
DT, & =p.LlE.Z DKilling X7 bbb,
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6.1: K7A XV T LZDRZEMF

o {DPEATILT— FITARVKIZIE, Bulld BBl & 720 (€ = Quoy),
WS f(p) ZELD &, n=_¢(— fRiZoT OFEERRED, D T LTOH
EAFARRE 72 5.

o 22 E KO 7t DMENTINR5E121%, Einstein AR ZH WS & n % K2
EARD AR Killing X2 R VT [€,1] = 0 27295 QIR IR T &
5ZENREINDG.

e LDWEMN TN T— NIAIIZE, F XD EVEEER>Z L kb,
Killing X7 MV EBESGIZI D BFEX 222D LD, FARDERNEITELZ N
REND.

Q.E.D.

6.1.1 J@iE
1. ENEREERELZRNE E  Z 13 UQ) ERIZB L T Seifert Zkkik & 725,

a8 NB Seifert 281K .7 1X, a7 NHZRA B L ST NV KL
F &AW, F~F/0 (DEAYRLVHCEED»SRERE) EH5bX
ns.

2. LK O EEFR DL E : 2L E, (OESESIE, RRT2DIVNRY K
EER 4> ZhkIR N; DIERI & 722D, £ N; 13 U(1) REZRERER U; =~ D? x N,

H XA



Yo

%6

B ONEIRGLT T v IR 73 EZRA
RO, BLU, N, =0M,; L2500 5 2L EDFHET 256 (e N,
REBIRVE YN, —BEINZZFH (F — 0U) U (LS x M) 12X D
Bohdarv Ry NSRRI, F — U © U(1) i % 2 BRI HRER
TE, Seifert ZHkIKE 70 5.

— n=3DkEE, N ~St&b, FrlE(2,2) BMOKMHE LIRS,



BOYEIRIGGT T v ORI

RN

74

§6.2

”n

RoA X VHEEE

References

(% 6.2.1 (Yamabe Constant))

Hawking SW: CMP 25, 152 (1972).

“Black holes in general relativity”

Gibbons GW: CQG 16, 1677 (1999).

“Some comments on gravitational entropy and the inverse mean curvature

fow.”

Cai M, Galloway GJ: CQG 18, 2707 (2001).

“On the topology and area of higher-dimensional black holes”

Galloway GJ, Schoen R: CMP 266, 571 (2006).

“ A generalization of Hawking ~ s black hole topology theorem to higher

dimensions”

Galloway GJ: gr-qc/0608118 (2006).
“Rigidity of outer horizons and the topology of black holes.”

Galloway GJ, O > Murchadha N: CQG 25, 105009 (2008).
“Some remarks on the size of bodies and black holes.”

Racz I: CQG25, 162001 (2008).

“A simple proof of the recent generalizations of Hawking’ s black hole topol-

ogy theorem”.

D Riemann GHED LI [¢] 1T L T,

WK DERIND Y (M) Z LB EE (Yamabe constant) & M,

YOLIg) = it (SM [f’(nd’i“’/n

Y(M) :=supY(M,]g])

lg]

BRI RINS -

472=1( Dy, qu di,
Y (MM, [g]):iggg o (4225 (Du)? + r QE/E) )
( wnzd “9)

M %ZniRoea N7 NEAZHMAE T8, M

(6.2.1a)

(6.2.1b)

Y (M, [g]) 137k D

(6.2.2)
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(E& 6.2.2 (HMUDRE2FDHE T4 X (Galloway-Schoen 2006))] Cauchy
Y NOEHE 7 RO 2 & %2ii-d & &, HMUDRENMIDEZ A4 X (outer
apparent horizon) &\ 9.

1) 7 RSO A & i i (MOTS).
ii) 7 OIMIHA S FRIGHEM (6 < 0) IFAFEL RV
[]

(B 6.2.3 (& 71 XV EH (Galloway-Schoen 2006))] (M™% g)(n = 2)
% DEC %729 Einstein ffEX G = x*T Off L3 5. M ® Cauchy [ X" AD
MDD EPT DR T A XY o™ 127 U TIRDWT NS D LD -

1. o BEEQUBBRA T (P) IZf@T 5.

2. (o, h) (Wi gD SFEEINEE) X Ricei HIHT, UZ S OERKMEDH
RERZ MV, N % SITFAT7R o ONAEENIERT NV, k=U+ N &
T52E, BICEATAMEET VIV B = 0B XU T(EU) = 0(7 1)
NS ARVASR

[]

Proof. & # X NT, EXZT MGV = 9N (pe CP(H)) IZin> TR UKD
0 DZALI

00

= = Lo; (6.2.3)
t=0

Lo=-Np+2X -Vo+ (Q+ V- X —|X|*)o, (6.2.4)

Q= %Rs(,@%) _T(U,K) — %\XE, (6.2.5)

X = proj(VyU, T()). (6.2.6)

THZ 6N 5 [Cai M, Galloway GJ: CQG18, 2707 (2001); Andersson L, Mars M,
Simon W: PRL 95, 111102 (2005)]. ZZ T, LIXEBOEEMHEN 255, ZTOH
AR G FBBFMETH B Z eAREIND. o WIMUDEPTDFRT A X720
T, M0, £oT, ¢ =" 2B L,

~Au+Q+V-X—|X—Vul*>0. (6.2.7)

Y = X - Vu (6.2.8)
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ZHWT
Q+|YPP<V-Y. (6.2.9)
N g/
P Q+ YUY < WV Y
= V-@?Y) -2V Y
< V- @)+ |[Vo* + ?|Y % (6.2.10)
Madse,
f (|V]? + Qu*) =0, Ve OP(H). (6.2.11)
o
WE,
h = p?"=2p (6.2.12)
reLL,
P nfn—2) n—1|Vy[?
Ry(h) =1 ( 200 + Ry[ Ay + —— =) (6.2.13)
2T, EAEMHEEE
A+ QU = b (6.2.14)

Di/NEEME py 1X, EOBEASALEXRLD 1y =0T, Mind 2EEBEE Y, EES
FriE. &»o T,

5 o — 1|V |?
Ry(h) = om0 (2(u1—Q)w1+Rs[h]w1+Z_2| fg')
o —1|Vi|?
= 0 |+ 2T + e+ + g T
> 0. (6.2.15)

ZZT, Ry(h)=0725, uy =0, T)U,k)=0, x =0, ¢, = const WERINBD
T, Q=0, £>T, RJ[h]=0. QE.D.

[£% 6.2.4 (Stably outermost MOTS)] T & MOTS, k& (ZZDAMEL &
UM E DA EERT bV (k-0 =-1) &5 5. B (0 k) — (I, F) =
(e, e k) IZX LT, T % 0 IZEET SHIHERIZIH > THREI L TR S5 1 5 RIRTT 2
DZEBNE D ZRREDIEZE T (u) LT, & T (u) DIMNA E DFERAKA E TR~ b
VK &K = -1 % TXOMB. ZOLE,

L£,0%) <0 (6.2.16)

N0 728 &, T 1L stably outermost TH B E WD, F7z, £,0F) 0D &,
strictly stably outermost TH D &\ D, ]

H XA
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[ 6.2.5 (&7 1 A ViR EH (Racz 1 2008))] (M, g) % (n+ 2) IXJTREZE

T, FHIEA & DEC 2z T2 V¥ —EB8ET > VLT %% D Einstein HFER
G+ Ag = x*T (6.2.17)

DL T 5. X517, o % outermost stable MOTS, h % g 226 o IZiFEI NS
RIS DL E,

(1) HLAZ 0251, V(&) = 0. T 51T, o Histrictly outermost stable 72 &
Y () > 0.

2) BLA<02DY(T) <0725

Y(9)|>”/2

dpp, > ( . 6.2.18)
J = (55 (

Z 2T, 7 M strictly outermost stable MOTS 725, (1) IZHBWVWT Y () > 0Dk
DALD. []

Proof. .o/ DA E FEDIEHTERZ MVEGE kOF =0, (Zk-(=-127%5
gD (NEAED) KRAZWHHERZ MLET R, ZDOLE, o Z@EL (12
5B 7 BT,

2G(k,0) = "Ry
1
= 2£,0% —ap® 4 %9@9(’“) + Ri[h]+ DB~ B B.(62.19)

Rz, o BTl =04&D,
L£0W| 5 = Gk, ) — % (Rs[q] +D-3— %/@ : @) : (6.2.20)
WE, DECHE DT 5L,
G(k,0) = k*T(k,0) — Ak - £ = A. (6.2.21)
£oT,
RJq)+D-3— %ﬁ B = —2G(n,0) = 2A + 2£,00. (6.2.22)
T,

u*D-3 = D-(u*B)—2uDu-f3
D

N
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WS &,
2(Du)? + R [h]u? + D - (u?B) = 2u®A — 2£,60%). (6.2.24)

2T, A =0T« D outermost stable MOTS D & &, 4(n—1)/(n—2) > 2(n = 3)
O MEEDu>0IZHLT

J duy, (4(n — b (Du)? + uQRs[h]) > f dur, (Q—n(Du)2 + 2(A — £g0(k))u2> > 0.

(6.2.25)
I, V() = Y(,[h]) = 02EKT S, 51T, o B strictly outermost
stable D & 121, 2 2 /N7 MEAZRRK LD Sobolev A3 A

||U||L2n/(n—2) < OHUHQJ (6226)
(ClEulkFZLRWER) &b,

§ 1 =D (Du)? + u?R,[h]
(1, o) 20

>C'>0 (6.2.27)

R0, Y(A) =Y (A, [h]) > 0D EIrNS.
DEZ, Holder D AR

1/a 1/b 1 1
a b . - -
L Pro2d iy, < (L 1] ) (L |92 ) Pt = (6.2.28)

LEB\/\"C ¢1—u,¢2—1a— b:%t33<<\:

3
o 1-2/n

f w’dpy, < (J un?duh) [A(a?)]". (6.2.29)

o o

£-oT, A<Dk ¥,

Sd( —; (Du)* + u*R, [h]) dpip,

e > —2|A|[A(=)]¥". (6.2.30)
(S@/ “mdﬂh>
51T, V() <061,
V()| < |Y(,[h])] = =Y (o, [R]) < 2JA|[A(«2) ", (6.2.31)

(7)) D = 4(n = 2) DHBAE, (62.22) OIS LD, A > 0 £721% o H strictly
outermost stable 78 &, (&) >0&7%5DT, o ~ 5> Q.E.D.
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§6.3
R E

[E& 6.3.1 CEIPURZEAM)) ERDKRZ MV E IR LT, Ric(k, k) =073
B 7=DEE, FYIRFEMH (null convergence condition) WO LD E WS, [

(67E 6.3.2 (EHIHFRD )] S REAE DR D NLDHFZE T, RIXIE 2
DIH T 2 T PR R 36 3 7 &z © . O

Proof. Raychaudhuri A#£=
do 1

aw Lo 52 5e2 b
o n@ 26° + 2w — Ric(k, k), (6.3.1)
ZEWT, JIZEELRLO=04&D,
g 1 d (1 1 n
a0 L L (I R A L 3.2
du ' n 0= du (9) n () n/10(0)] —u (63.2)

Q.E.D.

(4pRE 6.3.3) RIRTE 2 DZEMHTE 7 & EEIZR D S R M & O GEHHER +
EDJHNT) DT T O p B FET B L E, yDOp 2R BHWAIETT(T)
ZEEN5S. ]

[EIE 6.3.4 (AAHMBIERE [Friedman, Schleich, Witt 1993])] SRS
R OALDR 5, WHEIIZSFH TP SRR ZEDO % DOC FREHTH S, O

Proof. e DOC M IZBWT, s+ & 7~ 220 SHENLRE C 2T
5.

o H L, MMHEIETHR VRS, TOWBHREZEM M(£ M) B ET 5. &
S5lZ, MR 7 OEFBISHERAEE TE W C BEET 5.

e COMANDY 7 HCIE, MOERZWEY— D 7 & 77 1Tispe M
é:qEMQ %:E)O

o EBTC LEbLAHEE S THE, SIZ.sfH o B TAMNRRAETE & 7
5. E7z, 0JH(S) DIIEMEHRORIZ, 7 1T E B DR 4 2
£9 5.

H XA
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6.2: BELE T DOC & F DO 7E 22 ]

o ZHE, JEWURSMMR D LD & &, ANERERIHHE I ICE R 3 2 MR I R W]
HARDIE I AR S0 2 Ff D Z & L P JET 5.
Q.E.D.

(X% 6.3.5 (Cauchy [H O HEAEM:)] DAV N A RVASY. Bl R A E RS
Z2IZEWT, DOC AAKIBHNZ 7R 5 % D Cauchy I HEAETH S, [
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6.4.1 5RITIZvIKR—I

(I 6.4.1 (5IXILT T v 27 x—)IVDAIAH (Galloway-Schoen 2006; Helfgott-Oz-Yanay
2006; Hollands-Holland-Ishibashi 2011))] H 7 50 R 2 S 2 C R R 5 3 [
HEEZE TS5y 7R — VRO IMR R T4 X OMEOEER N & T5. Dk F,
DOC A KIEHNZ A 7 &,

H~ ST (#5% x 51" (6.4.1)

[]

(% 6.4.2) MR & b, HIXZEMEECSST 2 U) Stz 2. 20
Killing X2 Mz n & d 5 & &,



Yo

F6E *EIRITLT T I AR—I 82 [HIxZA

o HETyWEUERZRZR\WE E1F, H & Seifert ZRAKE 220, K DGR
[R5 NS : H~ ST, 5% x St

[]

Proof. o —RIZ, MEDIFoN/za N7 M SIRITEEHRRIT

(S°/T1) #- - £(S°/T) 8(S% x SY) -+ £(S% x 1) $K (1, 1) -+ - £ K (0, 1)
(6.4.2)
CRMTHS. 2T, K(m, 1) I 3EmEE w72 522/ Tdh % [Milnor
1962; Hemple 1976]

o KIAXVIEREHMEYD, HIZFADILE A TTHS.

e HL, HMWEDIAXRA T 5L, HP K(r1) ZRFELTHRO>I L
1T & 72\ [Lawson-Michelsohn 1989B; Gromov-Lawson 1983; Schoen-Yau
1979]

e HXE¥HUNAXR A TOWHIZIX, HIXT? = S' x T2 THWEI NS, T5&,
RAHMRBIEH & », Cauchy 2 X I3 HEFELR DT, ST AND D2 DEER
LD, T2 D23 EBL 2D, LIAM, LIFBELELROT, T2
D2HD 1 JIZHRE N —=TIZAEFRTE S, ZNREREBVNGHEILTESL Z
LEEWRL, FET 5.

Q.E.D.
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6.4.2 G6RTULDEZEDT Sy 7HK—IL
(¥ 6.4.3)

1. 6 IRTGIRFZITT LT, iR, BERENDORREK T A XL, S h 52 x 52
WZHEMHT®H 5 Z L WRI N5 [Helfgott, Oz, Yanay 2006]. Lh U, HdE5ME
DEFHEEMNT L, S xS, SYT BRI <Ry, /22N OAMH
LRI NN, Fz, HEEMZTTE, ACVERATHHZ L 2L
ThH, KKI B ELHRTE AR5,

[]

(EXE 6.4.4 (6 RILIRFZED B - 724K T 1 XV (Helfgott-Oz-Yanay 2006))]
K %W B8 72 6 RITHREZ2E 0 3 > %2 N EFE TR 7R T 1 X2 DYl
L35, HL, KHPHEETERS, K~ S FRIEK~S?xS2Ths. [

(£ 6.4.5)
1. K A VERRIATHRER RS, ETRWESIE, K~ th(S? x 5?).

2. K MRHEHKETRWEGEIZIX, SYT, S' x S3T, S% x St 82 x ¥, /T BFrEh

HA[REMED D 5.
[]
Proof. e Hirzeburch OEHEEH L v
1
0%3=§fpy (6.4.3)
H

—%, 0 =K+ S5*X%kb, K& S*iXcobordant 7D T,

pi(K)=pi(SH) =0 = o(K) =0. (6.4.4)

o Firedman @ 4 IR TGAAHZRRIAD FEEHL L 0, K WG 58 &

HQ=0m&E, K=5%

i) Q # 0TQMEIH) FEMRLS Q = £aFs + bH. o(Es) =
8,0(H)=0&D, a=0. £oT, K~ b(S5?x S?).

i) @ # 0TQMar IM) RERXLS Q = +a[l] +b[-1]. £o7T,
o(@Q) =a-bkb, Q=a[l]+a[-1]. $%DB, K = ta(CP*TP").

Q.E.D.

H XA
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(% 6.4.6 (n > 5)] n=D-2=5Tl& AFRVF 4 ALHBZ KT 1 X
MR EF IR D RIS 2720, O

(EE 6.4.7 (Gromov-Lawson 1980)] X % 5RICEA B 3 > o8 | B
WMEMAE TS, ZDLE,

1. X AV U HE 2R 0E, X IE R, > 0® Riemann gt &2 HERT 5.

2. X MAY VLK T R, > 0 DZRIRE AV VEEERS, X TR, > 00D
Riemann et &2 AT 5.

L]

For n, 5, the cobordism theory and the horizon curvature theorem are not
helpful. Theorem (Gromov-Lawson 1980). Let X be a compact simply connected
manifold of dimension , 5. If X is not spin, then X carries a metric with Rs ;0.
If X is spin, and spin cobordant to a manifold with Rs;0, then X carries a metric
with Rs ;0.

(%% 6.4.8 (Lawson-Michelsohn1989)] ILH5, 672VWLTDTRTDIYV
NI NBEEEE R, > DRI EERHTAETS. O
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§6.5

*Black fold

85 [N



F 22 DA

SA.1
Weyl Z#2
(A A.1.1 (iR T >V L DZH)] n X7t Riemann Z KD Weyl £ #4
G — g,u,u = 62(1)9#1/ (A].].)

IZXF LT, Christofell ¥ RV E K THHERT >V IVIKIRD & 5 I2E#T 5.

A

[, =T" + V, 06 + V), @6 — Vidg,,, (A.1.2)
Rt pg = R ypg + 261 V3 V@ — 29,1,V V4O
—2V, V[, 80} + 2VH OV Pyo1, — 2(VP)0) golu (A.1.3)
Ry = Ry — g V*® — (n —2)V,V, 0
+(n —2)V, 8V, ® — (n —2)(V®)?g,,, (A.14)
e?®R=R—2(n—1)V2® — (n—1)(n—2)(VP)2 (A.15)
O
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SA.2
B 22 (D 23 i

A.2.1 EHEODHEE

Riemann ##& : Riemann ZHR{K (7, g) D Riemann #Eifi V 1FIR D Ze % jii 7=
TRNRRRE R TH 5.

1. (FHREMH) Vg =0,

2. (RUNEHEF) VxY - VyX = [X,Y].

Gauss DAR  : B2 (., §) D Riemann ¥tz V, 2 AO#MEHHZ S, nZ X
DRNFENRT MVEGETE. SITHETAHERI MUE X, Y IZX LT,

VxY = VxY — K(X,Y)n; VY% (A.2.1)

CEZNRT DL, (XY RS IETAI LD, Vikg 26 St EI NG
B g 29 % Riemann #ft £ 720, £ K(X, Y)Y EORHT>VIL (2%
AR USNHR) 27225

K(X,Y) = K(Y, X). (A.2.2)

Weingarten DR : X & L ITFETRART MV, n%k X ORMERT MLVE;
LT, T EO Q) HEET VYNV K(X) %

g(K(X),Y) = K(X,Y) (A.2.3)
IZEDEET DL,
Vxn=+K(X) %, g(n,n)=+1 (A.2.4)
DD SLD.
HBICEBRE  (d+ 1) RTHEDFHEIZ T,
ds® = —N?dt* + g;;(da" + B'dt)(dx’ + B dt) (A.2.5)
ERIND., ZORRDEH LT, t=—7EMH2 DEMIERT ML n X

n = %(& — B'0:) (A.2.6)
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K(X,Y) = i%f](VXT, Y) = i%g([x, T+ V7X,Y)
— t o (£rg)(X,Y) (A.2.7)
) .
Ky = iﬁ(@gij — VB = V) (A.2.8)
2155,

A.2.2 HEDODEF
Riemann B : #EHHE V O T VYV VIZIRATER I NS -
R(X,Y)Z = (VxVy — VyVx — Vixy])Z. (A.2.9)
iz, Ft&E g 2B % Riemann B2 X LT
R(X,Y,Z,W) = g(Z,R(X,Y)W) (A.2.10)

LB eE, WADKD LD :

R(X,Y,Z,W) = —R(X,Y,W, Z), (A.2.11a)
R(X,Y,Z,W) = R(Z,W,X,Y), (A.2.11b)
R(X,Y,Z, W)+ R(X,Z,W,Y) + R(X,W,Y,Z) =0, (A.2.11c)

)

5 3 NIEEE 1 Bianchi lHE X, 264 XL 2 Bianchi [HEE X & FEEN 5.

Gauss-Codazzi AR VY OOMARL D, SO MV XY, Z 12X
LT,

R(X,Y)Z =VxVyZ-VyVxZ—VixyZ
= R(X,Y)Z £ (K(X,Z)K(Y) - K(Y, 2)K(X))
+H—(VxK)(Y, Z) + (VyK)(X, Z)]n. (A.2.12)

ZORIFRD 2K EFAETH S :

R(X,Y,Z,W)= R(X,Y,Z W)+ (K(X,W)K(Y,Z)
—K(X,Z)K(Y,W)), (A.2.13)
R(X,Y,Zn)= +(VxK)Y,2))—(VyK)(X,Z)). (A214)
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YOEMEREE e, BEIOX DBEAERTZ Mley=nD 6785 4 OIFFHRESE
EIZET AR RDE LT, ZTNO6DHERFRO LS IZRDLEINS -

Rrjxr = Rijkr + (K1 Ky — KixkKyp), (A.2.15a)
RO[JK = nHR“IJK = i(VKK[J—VJK[K). (A215b)
Eib.
BYDEY T =Nn=20,—B01ZUT, t=—FH% IZEETEIRNT MY

X,V %
£7X =0, £7Y =0 (A.2.16)

rrBE3ICs. IOk E,
gn, R(X,n)Y) = mg(T, VxVrY = ViVxY). (A.2.17)
ZZT, VY =VyT &9

(T, VxVrY) =g(T,VxVyT) = §(T,Vx((éyN)n+ NK(Y)))
= §(T, (0xdy N)n + NVx(K(Y)))
= +NoxoyN - N°K(X, K(Y)). (A.2.18)

if:, ETVXY//Et J: D

G(T,VrVxY) = §(T,Vi(VxY — K(X,Y)n))
G(T, VT — or(K(X,Y))n)
— +Noy, v N T (£7K)(X,Y). (A.2.19)

77.(‘\
— -

OxOy N = Vx(VyN) = Vx(Y'V;N) = (VxY)'V;N + (V2N)(X,Y). (A.2.20)

£oT
g(n, R(X,n)Y) = i%(ETK)(X, V) - K(X,K(Y)) + N(V2 J(X,Y) (A.2.21)
5 R T
N 1 . 1
Roioj = F 57 (Kij — (£5K)i5) + KiuK? F N(VQN)ij. (A.2.22)
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Note :dimY =20& &, fiRFT VY ILIINHT
QR]JKL = k((SIK(SJL - (S]L(SJK) (A223)

D 2RITHIDERE, Rapeg = 0 & Gauss D HFER LD

k= K122 - KHKQQ = det K[J (A224)

7%, ULizioT, SOMFBLEREEZ R, R, 2 T5L, Ky OEAMEIZ1/R,1/R,
B DT, 47 Gauss DAE

1
k= A.2.25
R ( )
2155.
A.2.3 Einstein A2 D0 %
Gauss HFERB LU Codazzi HFEAD ML —A L&D
2Gn = 2R FR=FR+ K’ - KK}, (A.2.26a)
Gni = Rp=+(V,K! —VK). (A.2.26b)
¥7-,
éw = Rw +(Gy — Rg)gij» (A.2.27)
Rij = gklékilj + Roi(]j
= Ry * (KuKF— KKj;) + R (A.2.28)
ZZ7T, T=0—-p0 LT,
R = — 20K+ K Kb — —V,V,N (A.2.29)
107 NT@]— zk:j‘sza e
97 ErK;j = £rK + 2NK} K. (A.2.30)
£-7C,
~ 1 1
Rij = Rij + (2KZkKJk — KKU) — NETKU — NVzV]N, (A231a)
- 1 y 1
0 — ()
_ 2 I i iy 2
= R N£TK F (K + KjKZ-) NAN. (A.2.31c)
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:mi D)

1
Gij = Giji 2KikKkj—KKij+§<K2+Kle]l€)gij

1 1 1
EEU, (£0K)y = 0Ky — (£5K)i; 12BN,
(£5K)i; = (VaK)ij + K V8% + KV~ (A.2.33)
SA.3

#HIERREIC X 9 % O’'Murchandha-
York D 73%

Ki%
K= S+ (LW) (A.3.1)
. . ) 2 )
(LW); = DW* + D'W; = =D - W, (A.3.2)
$7=0, D;SI =0 (A.3.3)

CHRT A, ZDLE, IROFEMMBK D LD,
(EIE A.3.1) (gjk, K%, ¢, 7) ZERBOHBET — 2T &, £
Gk = Qi = g (A.3.4a)
K] — K" = K + (LW)], (A.3.4b)
& (), Wi(z)) &85 A — & —&F 5 AR MIRKGTEREEE 0T, TR T—
R (qjr, K%, ¢,7) 2 1 DR 72 &, ZNIZZOEMAETL TR S NS AHZERT
DOfE LTI, HEREMIEXQ & WIHIZH T 2 IROFEHELGEN S ARATRD X
N :
2(d —1)AQ + (d— 1)(d — 2)(DQ)? = —e* [zf( C(LW) + (LW)?]
1

d— .
+IR + 2 [TK2 — K2] — 2k%%°T (A.3.5a)
(A.3.5b)
d—2 . .
AWi+ ——=D:D - W + R W + dD;Q(LW)!
— —D,;K] — dD;QK7 + d%dlDiK — KT, (A.3.5¢)
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ZTTy,, T & Tun, Toy DERRT g, — ¢y, K] > K LBEEHATZEDOTH

%, L]

ARTEIEZE (d = 3) TR LT, ZOEEL Y, WHHEAOAHEIXEMOZRT
LI, RO T A [qir] = qin/q? DHBEES b ¥u L —Z, YOHiT
VYIS OHBE2, KON —AKOHBHE 1D %5, 2055 41
FEREA RO EHHE (F—YVHBE) ROT, BEONEREBER2 + 2(+ WE
LIOHBE) L7405, D & 5 ER I EIHR 2 TOE RO HHE & —
BLTWS

LR OENEM R ARERIEIBT UEMER D LIRS v, 2, MBFEIEL
THE—RITIEFE—EBHNEERS RV, L2, YT —YU&MF0E & TIHFHEE
—BEMENNZ B [27]. BIZIK, REPEREICA U T K =const (—HRIZERIFEIA 5 1
). ZEMBEREIN LT T, =0 (GEEir —) @f“ffsﬁi fEaiitd &, HE R
Gk (13.90) DK =025, WE, (g4, K, K) & &M (1.3.9) O, 4,

% qij DI IZET 5 —DDEE, qij = e Qij 9: B,
DK} = e~ D (e"KY) (A.3.6)

kb, K&
K= ¢80 §1=0, D; S =0 (A.3.7)

(2 3

ERIND., F72, NIV UHERSEM (1.3.9a) 1

o o o —1
(d—n[2A§L+u—2xDQP]:dR+iE—K%m—f4W*m§ 262X

(A.3.8)
Yh, ZOHERE, EEAYETOF—Z (U, Si, T, K) 1268 U Tl % #5
ZEWEEND, E5I1T, ALT—VDBLT, T =5 = K = 005 %2KR

&, RE—BNTHEIbrRING, ZORIIINEGEITITQ D LA
=DV T B AL TR R A B 720, —MITIZZ SADIRE RO, K

Wﬁ‘{iﬁﬁﬁfj EHAIBAEITIEQ = O(=) (7“ — o) DESEMEDOD & TIE—EM

MEZAD, £z, ZOT—=IFMENSEPIZTNZT — V%M K = const + 6K (x),
Tj = 6Ti(x) TR U CTHMOEFHEL —BEIRI N TV S,
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SA.4

F 22 DR E)

A.4.1 Et=E - & - iR

(AR A.4.1] FHET VYV g, DALY
5guu = h,uz/

XU T, SRR, IR T VY LR OB RED 1 IRESIZIRD & S 12
AR
ogh” = =",
dlgl = lglh; b= g""hy,
1
(5F5)\ = §(Vl,h’; + V)\hﬁ - vﬂhl/)\)7
SR 6y = VAOTH — V0T,
1
= 5 (VaVu iy — VoV, by — VaVFh,, + Ve VP h,»
+R)\Juﬁhf + R)\Uyﬁhg),
1 « e
- 5(_v2h,w — V,.Voh+V,Vohi +V,V.h
+ Rl + RyahS — 2R0,3h7),
6R = —hy R* + V*V"h,, — V°h.

R,

A.4.2 Einstein A2

(AR A.4.2] (n + 2) IRTTIRFZEIZ B 1) % Einstein AF2E
Ry, — %Rg,w + Agu = KT,

DREEERNIIRD L S IzkRI NS

(ALh)y — YV Vb + 2V, V)0 + (=V*VPhes + Oh + R hog) g
+(2A — R)h, = 2626T,,.
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22T, AL XA TEE S NS Lichinerowicz fEHETH % -
(ALh)u = =V - Vi + 2R By — 2Ryuansh®.

ZDEFAZIZDWTIROARDBK D D

(ALh)g = _Ah’)

VY(ALR) pa = =V - V(Vhua) + RoVPhag + (2VaRys — VuRag)h™ .
Y % ,

w;w = h/u/ - §hg,u1/

i EERTDHLE,

1
h,uy = w,ul/ - Ezbg,ul/a

2
h=—2¢
n
B&U
T 2A
R;w = /{2 (TMV — Eglw> + 7_9“”,
2
p_2nt2), 2%
n n
X0,

4\
ALw,uz/ - me/ + zv(uva¢u)a - Vavﬁwaﬁg/u/

2k2 T
= 22T, — Ty — K7 (Taﬁwﬁ - —w) G-
n n
[]
A.4.3 EBEID (m+n) DR
B O &N
ds? = g (z)dzda” = gup(y)dy dy’ + r(y)*vi;(2)dz'd2 (A.4.1)
Thzohbe L, £EWML %
gul/ = vy,, RMV/\U, (A42a)
9gab = Doy R%ea =" R%ca, (A.4.2b)
v = Di, R (A.4.2¢)



£ Gk A Rz D&

EERT. el T, HEF VI L Ricad EDOIEXY o ko1E

R = "R,
a DanT'
R ibj - r Gij,
R ji = Ry — (Dr)* (837951 — 6{7jk)-
&
D,D
Rab = mRab —n bra
r
Rai = Oa
A Cr Dr)?
Rij = RU — (T + (n—l)( 2) )gija
R Dr)?
Rsz—F—Q—n(QQ—F(n—l)( Z) )
r r r
THEZoNh5b.
(855 A48 (h O] ZOBREECONROEDZ

h,u,l/ = 69;1,1/

95 [EZRA

(A.4.3a)
(A.4.3b)
(A.4.3¢)

(A.4.4a)
(A.4.4b)

(A.4.4c)

(A.4.4d)

(A.4.5)
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EBLEEUTORRXDD LD,

Der DerD DyrDer
Ohe = D2h§+n< Dohg — = pg — 2 h“)

Da DbT

1 - ~
+—Aha— b — 2— WD, hs

D TDbT
r2

+2

Db
he = 2—D he

hy, (A.4.6a)

1 A Dbr
+ﬁAh? + D?h¢ + (n — 2)—Dbh“

—{(”—1)(T2) Dr}ha n +2)D“rDb "

r2
Da
—2 D hj (A.4.6b)
(A.4.6¢)
, D,
Okl = 22k pypt
r
‘ Db
+=Ah! + D*R! + ( +2)—Dbhl
27“ (D’[“)2 i D TDb i
+{T+(n—1) ;- }h (n+2)—5—"h
Dyr o~
—2—3 Y% D;hi, (A.4.6d)
(A.4.6¢)
i D,rDr
Oh; = 2 2 hy,
Dqr k1) pa AWK}
+27 <’7 kahj + Djha>
A D%y . (Dr)? .
211 7 ) %
[]
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Ref:

e Gibbons GW, Lii H, Page DN, Pope CN(2004)
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GLPP #® Kerr-Schild #:

2M
d82 = d + Tk ®k*,

2

Fd g
T Z ZQ

ds2 = —(1— \?)Wat +

RN

98

(B.1.1)

N
Zr2+a2 2,042
1 AQ/’I’Z 1

2
A N+e 2 + a?
A=W (Z 1+ AaQ“’dm) ! (B.12)
Fd al
ko= Wt + = - Z (B.1.3)
N
U= H r’ +aj (B.1.4)
N+e N
W = L (B.1.5)
; 1+ \a?
F= 1 L (B.1.6)
“or? ta;
Z Z T,
D=2N+1+4+¢ €=0,1, (B.1.7)
VC“, € = 1@&%, anN4+1 = 0. if:, j2%; @:
N+e
D=1 (B.1.8)
i=1
Zi7-9. (7« F OE#IL, Gibbons-Lu-Page-Pope &AL #725.)
Boyer-Lindquist
Kerr-Schild & D MEFER IR U TA
2Mr?¢
dt' = dt — B.1.9
TSGRl (B.1.92)
2Ma;r’¢
dd) = de — i B.1.9b
¢; = do (r2 +a?) f(r)IT(r? + a3) ( )
ZfET. 22T, I =1IY, T, f(r) ZIXATEZ 5N r DADRE.
2M 2—e¢
fr)==1-= %~ . (B.1.10)

(2 + a?)’
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B >t ¢ —» ¢ bESHZ DL, FFRIZIROIEIZRS

2 2
2 2 2 PTT a9 09
2
2M a;
dt — — _2de,
U (W ;HA?’“‘Z ¢>
r? +a
1+A2MW

n A Z T ~|—a d 2
(1= )W 1+ )\a2ul i)
—RkE 7R —(t,¢1, - ,on) DEIEZ gy dyPdy? B &,

< r? + a?
A:_det(gpq) :f( )WH;1+)\ 2:“12

koT, K1 XvDhER
fr)=0
DL LTIRED. £/, RBERIZ

F N2 a? 1 e
/—gdPx = dtdr (H v 2,uzdgz§1 ul> ( )

99 [ERA

(B.1.11)

(B.1.12)

(B.1.13)

(B.1.17)

HN +e TApN +e
RIZ,
k=¢&+cny,
XL T,
rr? +a : 2M 1ol , \?
kk — Qz2 = 117 1_Q'L
Zz1+A 2”1( ot U <Zi1+>\a§(c )>
W
X
ZZT,
2,2 2MW
X=1+2M / Qg 1y :f+ v_
U “i (r2+a?)(1+Xa?) 1—\r?
UX r24a?

&b, F7 414 XD null geodesic generator &

k= § + Q;l’I]Z,
%, = (1- N

Q;

2 2°
T, T a;

(B.1.18)

(B.1.19)
(B.1.20)



£ #% B AR 100 EIRA
7z, BIRIFROD LS IEEHmZ oN 5 ¢
AY? ¥2
2 _ 2, & 52
ds* = T dt” + Adr
A e+ a; r? + a?
AW (Zl+>\ Pl “’) +Zl+)\a
rr? +a P
+Zzl+/\ 2uz(d¢z Q'dt)
2M roap? ; 2
+ {Z v (d@—th)} . (B.1.21)
ZZT,
A:=r%f(r), X%*:=7r*F, (B.1.22a)
UX 1%
I':.= . B.1.22b
W IL(r? + a?) ( )
CIEHTA X RTIXERE 25
2M ro—e
Lo:=Tl—p, = h : B.1.23
0= e S T T T @) ( )
L7zhio> T,
O = ¢ — it (B.1.24a)
Y2
duy = dt + %dr (B.1.24b)

LB Y, R (uy, b ) 1ERE GBE) OKRT A X TIERIZEER %25
Z5.
FEICHEN D HEBD r — o TOHREEE)IX

2.2
Iy
1)4e ' (1= p)a;
U N1t (1+Zir—2+"' , (B.1.25b)
M v a?u?
. 2Ma; W
O szgﬁ ' (B.1.25d)

Ik —#iz, Killing X2 MV kD /L LD ERRSE T OMEEE) 1

2.2
kok o= 7’2( ;—1/f§\"a2+)\w)

MQ 2 2 1
i1+Aa§ W+O(m)- (B.1.26)
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INKY, BERIGD PHFHTIA= -1/ <0D & ZITE
, 1

IZHLUT (PO ZDRDA) B FERETHER RS, 0L E, ZOHHLEIZ
E* — —1 (B.1.28)
L%, —H, WEIRGT D WMEB ORI E? OWBEZEENC B 5 r? OREHD

Ay S L = N B.1.29
Z 1+ Aa? (B.1.29)

ERAEDT, ZORKEEYOELTAZLIZTERL. LML,
2 = \a? (B.1.30)

CHE, p HRIFEL L 5., ZOLE,

1

B.1.2 £ GLPP f#
Kerr-Schild

—f& GLPP fi# T,
ay =a, ag = -+ = a[(D—l)/Q] =0 (B132>

D&, D=n+42LT,

FES (1 + Xa?cos®0)(1 — Ar2)dt2 N prdr?
1+ Aa? (1= Ar2)(r? + a?)
2 102 2, 2
p~db A L opa0 2 2002
0d 0dS2
1+ Aa2cos28  1tra2 @7 7 cos "
2M (1 + \a?cos? Hdt N p3dr B asin? 6 5 2
rn=lp? 1+ \a? (1=Ar2)(r2+a?) 14 Aa?
(B.1.33)
ZZT,
p* = 1%+ a®cos 0. (B.1.34)
ZOFEI, a,b=t¢,r,0 LT,

ds® = gap(y)dy“dy® + S(y)?d2 (B.1.35)
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S(y) = r cos(0). (B.1.36)
7=,
det(gap)'* = (14 Aa®) " p? sin 6. (B.1.37)
SN EN DA B =45 s =S
2Mo?
gt = —(1—Xr*)o+ p=
o’ a’sin? 6
= A e L) B.1.38
p? 1+)\a200829( r)], ( a)
B 2aMo sin® 0
Jtp = pr=1(1 + Aa?)
o a(l-— Ar2)(r? 4+ a?)o sin? 0 - A
a (1 + )\a2)p2 (1 — )\7‘2)<7‘2 + a2> )
(B.1.38b)
_ 2 a2y 2a2M sin? 6\ sin? 6
oo =\ T T T ) TG
(12 + a?)?sin® 6 s Aa2sin2 0
= 1+ A 0 — ———— B.1.
(14 Aa?)?p? +Aacos (r2+a2)? |’ (B.1.38¢)
_ 2Mo
Gir = 7’”_1(1 _ )\T2)(T2 —|-CL2)
A
= o= B.1.38d
"[ (1)\r2)(7‘2+a2)]’ (B.1.384)
asin? 0
T T T a2 cos2 g7t B.1.
9¢ 1+ Aa?cos2 6% (B.1.38¢)
P 2M
Grr = 3 D) 2 1+ 172 5 5
(r2+a?)(L=X2) | L2 4 a?) (1 = Mr?)
2
p A
- 2- B.1.38f
(1= Ar?2)(r2 + a?) [ (1= r2)(r2 + GZ)] ’ (B.1.38f)
2
P
T 1+ Ma2costf B.1.
900 1+ Aa?cos? 0 (B.1.38g)
ZZT,
1+ A\a?cos? 0
v B.1.
4 1+ a2 (B.1.39a)
2M
- 2 2 2
A= (P Ha)(1 =N - T (B.1.39D)
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7z, g™ liE
A oM
T T T =)o (1= a2y
(24 Xd®) +a® + a®(1+ M + 2)0a?) cos® 9+ A
B (1 = Mr2)p?(1 + Aa?cos? 0) (1 — Ar2)2p?
(B.1.40a)
o 2aM
7= r=1p2(r2 + a?)(1 — Ar?)
a A
= ——|1- B.1.40b
P2l T T W)] ’ (B-1.40D)
66 1+ Ma? B 20> M
7= (r2 +a?)sin®§ 1 (r? + a?)?p?
(14 2Xa?)r? —a? +a(2+/\a — Ar?) cos? €+ a’A
B (12 + a?)p? sin? 0 (r?2 + a?)?p?’
(B.1.40c)
2M r? + a? A
o= = — B.1.40d
g r=1p2(1 — Ar?) p? p2(1 — Ar2)’ ( )
2aM a A
o= =—(1-M"— B.1.4
9 (12 4 a2)p?  p? ( r 2+ ag) ) ( Oe)
o (r? + a®)(1 — Mr?) 2M A
Jro— : s (B.1.40f)
1 + Xa?cos? 0
g = —TALST (B.1.40g)
P
Boyer-Lindquist
Boyer-Lindquist &% %
2M dr
dt’ = dt — B.1.41
r=IA 1 — Ar2’ ( a)
2M d
d¢) = dp — ——_ 447 (B.1.41b)

r"=1Ar2 4+ g2
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WEDEAL, dt —dt,d¢' — dop L EL &, FF&ElE
2
Qo = PZ, (B.1.42a)
0
goo = (B.1.42b)
X 2M o\ 9
2aMX .
Gt¢ = —W S111 9, (B142d)
sin? @ 0 o\ o 20°M
Gsp = 02—/)2{0(7’ +a”)p” + e «9}. (B.1.42e¢)
ZZT,
C=1+X? X =1+Ma’cos’6. (B.1.43)
ERAYEXH
X | 2M 4aM X sin® 6
2 2y 2| 1.2
ds = 02p2 |:7’n_1X — C(l —Ar )p ] dt® — Wdtd¢
sin? 6 2a°M
+C2—p2 lC(TQ + CL2)p2 + 1 Sln2 9] d¢2
PP P 2 .2 2
+Zdr +yd6 + r* cos” 0dS2; . (B.1.44)
X HIT, ¢ EEE
¢+ \at — ¢ (B.1.45)
CEWT B L, FRIFRDISICEEZHZONS.
A a 2 Xsin?6 2 4a? \°
2 .2
i o= 5 (dt ~ Zsin 9d¢> e <adt - dgb)
+p—2dr2 + 2 2 + 7% cos® 0d$2?
A X "
A —a?Xsin?0 ., 2asin®f 9, 9 oy 2M
= — 2 dt® — o {)\p (r*+a°) + Tn—1}dtd¢
sin? @ o o o 20°M 9
+02—,02 [C(T +a”)p” + s 8} do
+p—2dr2 - p—2d62 + 7% cos® 0dS)2. (B.1.46)
A X "
Z DB DFEFERIZENT
=0, nN=20 (B.1.47)
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YL, 1o (A<0T)
9(£,8) = A(r* + a?). (B.1.48)

TR UT, —DHIDERERIZEWT g(0;,0,) D r — oo TOMERIZ O IZHKAFT
5. ZOXIWABKENEDL LB EDIE, 720U €+ 2han D A.

HEBEDOME
Horizon +71 XV,
1 .
9(&,Q)g(mm) = 9(&m)* = =5 AX sin* 0 (B.1.49)
£0,
A = 0. (B.1.50)
KFDKR T A X5 TIIER] 7 A
2 2
m+—ﬁ+r+“mgd@:d¢#§m. (B.151)
ZDEEER WS L, FHEIX
A a . 2 a .
ds* = —; <du+ s, sin? 9d¢+) + 2dr (du+ e sin? 0d¢+>
X sin%6 r? + a? 2
+ 2 <adu+ - d(b+>
2
—%gfdQQ%—TQCos29in. (B.1.52)

kb, x4 X VOmEEX

2 2
nTh T a

Ah - Qn+27“h C (B153>
ZZT, Qppo i n + 2 RITHALERT DA,
ARELKEEN —MIT,
k =&+ An (B.1.54)
X LT,
C — aAsin? 6)? X sin® 6
g(k, k) = _{ 2 ) A+ 02, {aC — A(r* + az)}2 : (B.1.55)
Ih&, 77y 7K=L OMAEEIX
aC
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EQA X
Vik = —§Vg(k:,k:)
J:D, T-’Th"c“ )
peA
k — .
Vi 2(7",21 + a2)2V’r
—4, .
duy (k) = 1, dqum_f";a
J:D, 7’—>T’hVG‘ ) )
Vrerz;ak
- T, ,
A
Vkl{—>

Tiabb, REEIL

A’ =3Xrp + (1 = Xa®)ri — a?

2(r2 + a?) B 2(r2 + a?)

BER E»rJL

o
—g = @sim2 0(r? cos* )"
LEERTH L, R
A=0, p*=0, r=0

106 [EHIEAN

(B.1.57)

(B.1.58)

(B.1.59)

(B.1.60)

(B.1.61)

(B.1.62)

(B.1.63)

(B.1.64)

THRELZD. 22T, A=0FI4 XV, £72, r=0Fn=1(D =50k
E, PP £ 0RO HBERER, n> 1 CEIMERRERLRE (W PTHDO L E, G
BlE 2 OFHBEKRE LD, —g=>0%28KRTBH L, 2> 0DHIEIFSND) .

XoT, BREEEID=5Dk &,

St ={p* =0} u = {r=cosf =0},

sing

D>5D¢ %,

D=6 __ _

‘sﬁsing _{T_O}
AdS 75 v okR—IL
T,
1

AT

HL.

(B.1.65)

(B.1.66)

(B.1.67)
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as / A
/62 */,\ ,x"&‘;’/xX

e

B.1: 4ot AdS-Kerr B’ R 71 XV % H D54t

Horizon radius A ORI n 12Xk h k&< Rb 5.

1

n=0(D=4)DHE:

L%, FELa/l DIELIL, MDD HLHFMEEBA D AT 1 X
VMRS B, ERFUEIR A = 0 DA EMEE RO &M

Alry) =0, A(rp) =0 (B.1.68)
k0, o= /litE B85 A= R —FRT

a>  *(1+32%) M x(l+ 2?)?

—_ = T/ = T/ B.1.

(2 1—22 7/ 1—a2 (B-1.69)
Z OEFFUEIL, MOFERMIIIGL, ZOMD RhDa?/(? <1 THITA AN
FE(A=0D2200FBr=r,,r_ %55, r,=r,). ZOMT, z=r,/(

DS =k X ERRAE
M  z(1+2*) 1+4+2%a®

Ly, ERIZTOEEIRE R oT WS, ZOEME o/l =1L DEDY I
1 8

- M= B.1.71

=7 /t=3 7 ( )

X, FERET 2 ld 1/V3 oY ETHIIZZ L.
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$B.2

TS5y oYV

B.2.1 Emparan-Reall f#

Reference

e Emparan R, Reall HS (2002) PRD65:084025
”Generalized Weyl solutions”

e Emparan R, Reall HS (2002) PRL88:101101
” A rotating black ring in five dimensions”

e Emparan R, Reall HS (2006) CQG23: R169
”Black Rings”

e Emparan R, Reall HS (2008) LLR11: 6

”Black Holes in Higher Dimensions”

it
BB O— R

1+y ?
ds* = — dt — CR——>d
’ (- enion)

R F) [ G(y)

—— T )? — dé? | .
Py ™ e T @

F(§) =1+ X, (B.2.2a)

G(€) = go + 01€ + 9267 + g5€7, (B.2.2b)
—NG(—1/X)

=+
=2 1-A

(B.2.2¢)
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DEE, ZOEIEIFEZ Einstein SRR L 25, 772U, GE) DFEBEDSH
213 & DRPLER, KT X — R DIFIELHE, JEEEDRMIEABIZ & 0 #2472 {1 [
ETE5.

Kretschmann A2 & 1%

R . dRabcd _ 3(([’ _ y)4p<l‘,y)

(B.2.3)

P = (8)\4g§x4 +32X\3g22% + 32)\gaw + 48N\ gia? + 8932)) y?
+ {—4)\4g§x5 + 4N g3(—4gs3 + go\) 2t
—4X%g3(9g3 + g1A* — 6g2A)2” — 4g3A(10g5 + 3goA® — 9g2 )z
—4g3(4gs — 4g2X — 301 0% + 690X )z — 4gsA (390X — 2g1) } y
+3M1 220 + 14N g22° + N2g3(27g3 + 291 \2)2?
+4g5M(295 + 290N° — 1 A* + 4goN)2®
+(8g3 — 16Ag2g3 — 16X%gag1 + 16X%g3 + 3N g7 + 4goA g + 18N2gsgy)a”
+2A(8gog1A? — BAZgT — 120092 A” + 12Agogs + 8Agagr — 4g195)x
+A%(16g5 A% — 16gog1i A + 397 + 4g0ga)- (B.2.4)

7272 L,
P(—1/\,y) = 16A*G(—1/)\)*. (B.2.5)

Kz, 2 = —1/\ T Kretschmann AZEEDEHRTH S720121F, G(§) =cF(§)? &
BBEZEDBEBEFDTHEIEDNRING. £oT, ZOHAZRSE, X207
5, x=—1/\ iR .

72, Killing HusiZiAE S 5 EHE hij := 9(&,85) (o = 0r, &1 = 0y, &a = ) 13,

F(y)
Op 0 = ~Fla)’ (B.2.6a)
1+y
00y = CRF(:U)’ (B.2.6h)
0-0s = 0, (B.2.6¢)
B R*Q(z,y)
%% = TG P (B.2.6d)
6¢'a¢ = 0, (B26e)
050y = (]j; ?;"’;)2 (B.2.6f)
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> >
— —

Q
Q =

110 [EIRA

(>\390 - )\291 + Aga — 93)y3

+ {(2)\293 — X3g5 — \g3)a?

+ (—2)\390 + (291 — 293) A% + (—2g2 + 493)/\) x

+2X%g0 + (=291 — o) A2 + (292 — g3 + g1)A — gg} y?
+{((=g2 + 90)A* + (g5 + 292 — g1)A\* — 2\g3) 2°
(—4)\390 + (—2g2 + 491 + 290)\* + (=291 + 293))\) x

+X3g0 + (=290 — 91N + (291 + go)A — gl} Y

+ ((—91 +290) A + (g2 — go)A* — )\gg) 22

7z, TOITHRIE

+(4X%g0 — 2Mgo — 2X%go)x + 2Mg0 — A g0 — go. (B.2.7)
4
(z—y)

Ik, FZ, CTC BEELRWZODOBELRMEILG() >0. ZDLE, &
DA (EZ) M7 DRI

Flz) Fly) | [t] [v] [¢] [y] [2]]G(y)

+ + |- + + + + ] - |0
- - 4+ = 4+ | + |x

+ - |+ - 4+ + 4+ = |0
+ + + - + | + |O

-+ |+ - 4+ - =] = |x
+ + + 4+ -1 4+ O

- - |- 4+ 4+ = =] = |x
- - 4+ + =] + |x

PAEXD, ol SEHRSEEA D5 45 e, HRETIE

r=y, Gx)=Gy) =0, F(x)=F(y) >0. (B.2.9)

& o T, WHEMIZFEHZ DOC TlE, CTC AN 5L

F(z)>0, G(z)>0, G(y) <0 (B.2.10)

THMEDEFETIE F(y) > 0. £72, F(y) < 0 QI TV I5EET, w571 X

YTWEHGYy) =0
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Black Ring: x-y plane

( O<A<v<l)
O O O O =
I/'
J/
(J:+) T (_+_J)r (—+#+++) ( +}, )
I/'
/l
1 o
(___ N/
(+_++§ (+++_+) _; -- y %) E==== )
A 1A -1 70
J/
o
(+_1)_ (T_)— f;’_’; +++H |+t =)
_ _ -1/A
(_++-; (,47:-; (+___-; +-p+H] GE=+-9)
A — 7
(/gf)r(Jr__; (+_+_) (+J:}—++) ++---)
O O O O O
ERR G(E) DT A—R%

G(§) = (1—&)(1 +vg),

1>v>0) &EZRE,

1+A

C(v,\) = \/)\()\—V)l —.

ZorE, IEEBOWNLREEZMHEEE & O T 2 YR aE

-1<z<1l, —wo<y<-—-1.

INT A =R\ v DAL
O<v<A<l.

ZDE &Iz, EtED Lorentz Bl & 22 B HHEIIXI D L 5 1278 5.

Conical singularity:

R ATANAT JUTE

A¢=A¢=2H1_A.
1—v
X 51T, 2{RJLH x = 1 T conical singularity % £F72 72 WA,
\ = 2v
1+v2

111

e

EH&

(B.2.11)

(B.2.12)

(B.2.13)

(B.2.14)

2k tH 2 = —1 B LV y = —1 T conical singularity %

(B.2.15)
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BRI E -

o BT TV IV VIR N =v.

o FHIEERT T v o) ¥ iRt (ERMR) : N = 2

1+v2°

o ik MP fi# : IRATREHRSI NS m,a % —EIZMHE->T, \,v—1,R— 0D

Rz 5.
2R?

1—v

A—v

2:2 2
, a R—(l—y)2

(B.2.17)

EEERTS Y o) v IR
MRS X — & —: TR M, fEEIR T, &5 XV ER Ay, REED (1]

3nR? )
M = =1 (B.2.18a)
TR /A —v)(1+ ))
J e o) , (B.2.18b)
32 /A(1 = A2
Ap = sepll VAL (B.2.18¢)

(1-v)2(1+v)’

1+4+v 1—X
— 2Ty = N . B.2.18d
" TR A\ wd - (B-2.18d)

M, J, Ay 75 BT
5 27w J? 3V3 Ay

= — = B.2.1
T T 5amy MM 16w (GM)3R (B-2.19)
EEERTD L,
o (1+v)3
ag =2n/v(1 —v), j°= I (B.2.20)
Kretchman A& £
201 + 225 — AP
Rupeg et = (L) =) (B.2.21)

RY(1+v2+ 2vx)6
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P = {32%" + 64 (1 + v°)2® + 487 (1 + v°)°2”

+16v(1 + )’z + 2(1 + v?) }y

+{ = 160'2° — 160° (2% + 1)z — W*(=3 + W' + 2%)2?
—4u(50° + 60 —4 — 150H)2? — 4(1 + ) (V° + 4 — 1002 — 1)z
—4v(v® = 2)(1 + %)}y

+120%2% + 280°%(1 + v)a® + v (4617 + 27v* + 27)a*

+4v (502 + 05 + 5+ 9N + (10 + 205 + 1402 — 1805 + 120%) 22

+4v(3 + 602 — 120" + 1%z — 4 — 300" + 30° + 2712

(B.2.22)
MP &R
JRE AR 2
R?cos? 6
=—-14+20——7——- B.2.23
. * 5r2—m500529’ ( a)
R%sin’6
=—1-207—— B.2.23b
Y 67“2 — mdcos20’ ( 3b)
V2mo
(W, 0) > — 5 (¥, 9), (B.2.23¢)
2R? ) s A=V a?
= —oR? S h=1-— B.2.23d
meETT 2R (1—-v)?’ m ( 3d)
D, m,a% —TIZLT, R— 0DMWRAEE5 &, Hffiniz MP fi#
2 .. 9
2 (.M _masmﬁ Asin“g 9 . 9 )
ds® = (1 E) <dt S dw> +—1—m/2dw + r*sin” 0d¢
2
+E(%i+dﬁ), (B.2.24)
Y = r*+a’cos?, (B.2.25)
A = r’+ad-m (B.2.26)
135,

B.2.2 Pomeransky-Senkov fi#

Ref: Pomeransky AA, Sen’kov RA: "Black ring with two angular momenta”,
hep-th/0612005.
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ETE:
2 _ _H(y,l‘) 2_F($7y) 2 J(l‘,y)
(707 KA /T R T s
Fly,x) o 2KH(x,y) ( dz®  dy? )
d — . (B.2.27
YHy ™ oo \aw o) B
ZZ T,
G(r) = (1-2°)(1+vx+ox?), (B.2.28a)
H(z,y) = 1+v* =0+ 2v0(l — 2%y + 2va(1 — o%y?)
+o(1 —v* — o%)2?y?, (B.2.28Db)
_ 2k vy/o(1 —2*)(1 — y°) 2 2
J(z,y) = (1= 0)(z —y) {1—i—1/ -0
+2vo(z +y) —o(l —v° — 0%y}, (B.2.28¢)
2k?

Flew) = Gone =gl 6@ - (=0 =) (1 +0)
+v(1+20—30" =)yt + G){2v’ +v (1 —0)* + 1)z

+(1+0)((1-0)*=v*)2” +v(1—v* —30% + 20°)2°

+au_axy—ﬁ—a%ﬁﬂ,

Q —2]{”«/(1+0)2_V2[\/5(1—x2)yd¢+ 1+y

H(y,x) l-v+o

x{l+v—0c+o(l—v—o0)r’y+20z(l—y }dgb].

ArEZ i i
2 a,j.b 2 L_L
ds® = @yp(x,y)dz%dz" + k*(x,y) <G($) G(y))
ERILTDHLE ((2%) = (t,9,0)),

4K G(x)G(y)
(1—0)*(y —a)*
_ 16k*H(x,y)?

“ T o)l -

p? = det(®y) = —

B.2.3 MBFRISv IV IR
Ref: Emparan R (2004)[10]

{EMAFES: Einstein-Maxwell-Dilaton 332 & A7z & &,

1 5 = _1—a¢ 2
- da:f(R (Vo)? 5¢ \f!)

(B.2.28d)

(B.2.28e)

(B.2.29)

(B.2.30)

(B.2.31)
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¢ =—¢, Mg =dBp =e " Fpy (B.2.33)
z& D,
N 1(vgfs)? -~ 1e—wﬁm E (B.2.34)
~ 167G g 9 2 s ) 4
UTF, N%
o? = % - g, (0 < N <3) (B.2.35)
ZEXDEHRT S.
SRR
F(y) (H(m))“( 14y )
ds® = — — dt + C(v, )R—2d
; 7o) \ B @) t+ Ol ARy dv
R2
ta @) (H@HE?)™
G(y) , dy*  da? G(x) 2]
- —d)* — d B.2.36
l " " e T ew T Faya@y e | 8230
Z Z T,

F) =1+X, G(&)=1-&)1+vE), H() =1-pE(B.2.37)

1+ A
O@A}z¢MA—m1iX (B.2.37h)
Bz, y DEIFIX
-1<z<l, -—-w<y<-L (B.2.38)
INT A—=B N\ v, u DEIFIX
O<v<A<l 0<p<l (B.2.39)

Conical singularity: 2XJtiiz = —1 3 LUy = —1 T conical singularity %
ESFARANAE S e

HDYAYFED ) (1 )Y VTI=A

= = = B.2.4
Ay = A = dr e T — (B.2.40)
X 51T, 2{XJtH x = 1 T conical singularity % £F72 72 WA,
H(D)N2/F(1) 1—X(1+p\Y  [(1-v)"
= = . B.2.41
Ao=dr——mar < 1eali=y 1+ ( )
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MIB/INS A —4 —
_ BrR(L+p)V N p(1 =)
M o= S <)\+§ 1+u)’ (B.2.42a)
R (L4 )N AN =) (14 N
e 0o : (B.2.42D)
s (L )NV )NEA(L - N2
Ay = 8m°R 1= 0+ 7) : (B.2.42¢)
1T vW=U2140) [ 1-)
n = g (+v)N2 A1+ A) (B.2.42d)
1 A—v
(1+ )N D2 u(p + v) (1 =N
Q = RVN : B.2.42f
(1—v)y/1T—p ( )
(N—1)/2 - -
oy TRVN (1 + p) Vil =)= (B.2.429)
2G v
Z I,
1 o
Q:=— | e H, (B.2.43)
47T S2
s ~ 27
Cn =55 [Byp(z=y=~-1) = Byly=-1/v)], ¢:= A—ww(B-Q-‘M)
BANEEMFZRRN 0 Smarr BIRAX
M—3 1AT+QJ +1Q<I> B.2.45
o AR AU .
AM = —Tyd Ay + QudJ + ®pdQ. (B.2.46)

4G
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3 RITTZ BRiK

§C.1
2 RTTED—=L e

(8 C.1.1 QUGEMEmOR)] B RS g 200 L Buler 8 x THMEE
nD (AEMHITHEEEE, (=2 29)

o y = 2: Bk S2.
¢ x=0 h—FZ T2 =5 x 5.

o Y <0: #PT%4

O
(2 C.1.2 (—E b)) FROMES AR I Y7 ML, Ei%
i 2 M e UCRD « F = MJT.

o N—F X : T?=FE?/7°%

e g=2DM : F, = HYT.

[]
(B2 C.1.3 (Gauss-Bonnet OFEH)]  — BB A D X A TIEAAHO BT
£5:
J d*z+/gRs(g) = 47X (F). (C.1.1)
F
[]
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§C.2
FEHY EEAE

(EZ C.2.1 (Future null coordinates)]

1. s+ 2RTHRFZE M 2B WT, T ZRIRIC 2 OZEMMERD 3 > N2 NEAZ R
R, 12 k% T EDOREREDHITERDT NIVEGORMTEM (- k= —1 %27
Z3HDET 5.

2. T DHEMzEERE L, —k% T ETOHERY ML & 2R HER R D R
Ll E 255, ZDLE, FHHERDENR S ML EFU R TEL,
T EWBRETDEEDT T4 VN TA=REuBLE, Vuin=0,Lu=1
T, u=const Ml J(u)ldu=0EHETT0) =T LWARAMELLRD, uiZ
60 LERTS.

3. (2 2P B T DEEERE LT, TNERML,Z =0128D A BIKIZ
iR d 5. ZDEE, u=0EMET (u,2) & A/ OIERIZRENRE 5 X 5.

4. % T (u) BT, KRAEDHERT SVE; 0 & BUSILSEMEC-n = 1 Z57-
TEIITED (—EH), T (uv) EOBRITENT CITEET DAk E DIHY
AR R DR 2 B % .7 (u) £ RT. S(u)n AN = T(u) TH 5.
S (u) DIHTIHIERDEEN 7 V& ¢ TKRT.

5. N EORERER (u,2) & Lou = 0,£,20 = 012& D, & .7(u) HIZHEERT 5.
INBIZULDT 74 VNTA=Rr ZMA Tz, (2#) = (u,r,2") & T DEE
T M DIERZFAEERE 52 5. ZOMEBERE (7.0) ICET 2 REAEE
DRI EREZR (Past null coordinate system) & L,

6. (u,r) = const IZK D ERIND sIKIGHDZ kA% T (u,r) 2B &, LI1FZ
NO DEREIRAR L FIZEZ T HRDHRT bv s, T (u,0) = T (u).
kZ&RT T (u,r) ITERTDARRAMEDHKMNI MVTL k=-1L745

LDEL T 5.
O
(A= C.2.2 (Future null coordiantes)] ARl & DS BERER (u,r, 2) 128
WTC, M DEIRIFIROFETERI NG
ds? = du (dr + ra(z)du + rB;(z)dz") + yi(z)dz'd . (C.2.1)
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7, n=0/or B L E,

1
le =du, —ky=dr— (ra + §r2ﬁ2> du, (C.2.2a)
ny = dr — 2radu — rf;dz’, (C.2.2b)
1 )
—k=n+ (ow“ + 57"252) {4+ rplo;, (C.2.2¢)
d52 = —£*®k* - k*®€* +q;
q = vij(dz" — rB'du)(dz? — rBdu). (C.2.2d)
51T, N LT,
1
YRy = —2£,09 — 2000 — 2(09)? + R[q] + DB — 55" Ba: (C.2.3)
[Hollands S, Ishibashi A, Wald R: CMP271, 699 (2007)]. ]
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§C.3
HR K Eefn] 2

(% C.3.1 (AL 3232 ki)

1. HERSE LA M & 7 OHERBINZEREE G OM (M, G) 1, M EiZ G ANERGE
BPFAET 5L &, B (geometry) & IFI.

2. WM (M, G) TR LT, M/K W32 NHLKMKE 725 G BB R
KMWFEET 22 &, (M,G) 33y 7 baziFd v,

3. M DT (M, Grax) 13, Guax © G £ 722801 (M, G) BEAEL RV E E, 18
AT (maximal geometry) &\ 9.

O

3 C.3.2] —fIZ, M ZEE L TEMAEMA DL\ S HEEkR . Bilx

X, E"=R",10(n)) & H" = (R*,0(n, 1)) VTNt R* EOMBKKEMTH 5.

O

[ C.3.3 (i A&KMZD 7 ER Thurston W 1982)] I VN MR
T 3RICDIBRRANIIRD 8 I NS -

E* H® S S?2xE', H®>xE' Ni,, Sol, SLR (C.3.1)

X507, USRS 2O EOMASRMiIzLary o "2 5252
e, Rz, B ARMr LB/ NS T VNI NERMAFEMEE RS Z
X7, ]

(% C.3.4] MRARMAFZORE LTROND 3IRIT I VN7 MEHSERIR M 1L,
ZTDOHEARE (M) IZL D ERIIHFHINS. ]
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§C.4
Seifert fibre space

C.4.1 Twisted torus

[E£2 C.4.1 (Fibred torus)] D? x R 2RO D \ERIZ & 0 ARk E 15 K[
HEICEOFE—HTS

A=T,R(—2mq/p) : D* xR - D*xR; (p,q)=1, 0<q<np. (C4.1)

ZDrE, h—3AT(p,q) = (D*xR)/K RARICRD & >R LT 71 N—
Mz ® D

o\ = HLD S B (pq BB ORET 7 A N—.
o (=) < FRET 74 N= L FEHT7 71—

(£ C.4.2 (Orbifold)] K»oFEINE D? 0L EZ K 55 :
K ={p"| neZ,p=R2r/p)} =7, (C.4.2)

ZOLE, MDEIRT7 74 N=2E/1:T(p,q) — D*(p) = D*/K' DF&EDIEE
95 :
p2xRr 5 T(p,q)
l I
pr K D?(p) : orbifold

[]

(6pR8 C.4.3 (Twisted torus DHAEE)] (DERRT DB E L &9 % &R
D exact sequence 3K D LD :

0> L-5K-1 K'—0. (C.4.3)
IolT, Bfipe KIITXInd 5 K DAE#E LT
vy=X"=T_,,R2n/p); ps+qr=1,0<r <p. (C.4.4)

BER IDOLE, KOEREHBANIN =110 LEXNB. ZhED, T(pq)
DHARE T (T(p,q)) = Z I ZRDE ST FKENG :

m(T(p.q)) = K =L,y [[,7] =1,0" =1). (C.4.5)
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C.4.2 Seifert Fibre Space

(E& C.4.4 (slice ZH)) B G 2 Riemann Z (IR (M, g) IZFEREHHE L L
THEHATALT5:G<(M,g). MareMODBETEMWAREG L, T, DERIE
T.M=T,(Gr)® N IZLVFEEINS G, DRIlp: G, <N % G, D slice K
EWV . ]

(£ C.4.5 (U(1) DJEATABE/EM)] U(1) @ Riemann ZBR{K~DEH DX
DM % w7- 9, BATBA (locally free) TH D L\

1) ZRUSBWTEEROEELAREE (e Z,).
2) AT A ARBDE 2RO,

(% C.4.6 (Seifert manifold))

1. 3w A U NI S EREDPRTEEZ UQ) fEHZR D & &, Seifert ki
AR

2. Seifert ZRRIK M IZ U() EFHZ 525 &, MIES' 774 N—I2 &b EF
SREI I, K ST 7 A N=IFE Y 7 twisted torusT (p, q) & [FABLZE5 % ©
D. IO S'EREMEE G A 6Nz Seifert Z kK% Seifert 7 7 4 /N —ZE[F

E\W 9,
O
(% C.4.7 (Seifert bundle)] Seifert 7 7 1 /N—ZEfi]lE, HRIZA—E 74—
VIR X =M/S' EDOT7 7 A N—2EHDOHEEZ S D :
M — X =M/S (C.4.6)

T oI, X DEH (p,q) DRET 74 8—1%, X IZHEE p D conical singularity %
AT ]

[6pRR C.4.8 (Seifert ZHRIKRDFAREE)] Seifert bundle 7 : M — X IZ8WT,
X O g T, kHOREM z; 2FDLT5. £/, MOEHIT7 74 N—% ¢,

L X DA EMiragae &, M OEABIIRO LS IcRINS !
7T1<Z> = <061,51,"' >Oég>ﬁgar)/17"' 77k7£‘ [aaag] = [5(176] = [P)/zag] = 17
WU =1, (e, Bu] - [ag, Byl -+ - = ). (C.4.7)

:@%2&%7&%0 Seifert 7 74/\\#%%1%: S+(g,€; (p17r1)7 Tty (pkark>>’ i
ToITHIZ ST (g, k) ERELT D, k=00 & &, —blFBHED SNV FILD
Euler & —#9 5.

H XA
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2. X WM ETcEhnwe &, M OEKEEIX

() = {an, g7, Y L Ozafa;l =Y [Vi, 0] = 1,774 =1,

ol -04371 oy = 09, (C.4.8)

W d B Seifert 7 7 1 N—22[% S~ (g, e; (p1,71), -+, Pk, %)) 72N L S (g, €5 k)
ERALT B.

L]

Proof. z; 2168 p, 26D X DR, x; ZHub& T 2/N %M % D;, 5 = 0D;
EEL. XDPHEMIARETCHE B g2E DL E, N = X — u,D; DERBIZIRD
BRizRINS:

Wl(N) = <d1a617' T 7@gaﬁ_g?’71a T 7,7]6 | [dlﬂgl] T [dgy/gg]’71 t ,7145 = ]-> (049)
UL7z235T, N EDOS-NYRILM =aY(N) DEAREIX

T (M) = Lag, Br,- - ag, Bg, vy Yk L] [, £] = [Ba, €] = [vi, €] = 1,
[o, B1] -+ [evg, Byl -+ - v = €7, (C.4.10)

ZIZT, biZEH. —F, 7 Y(D;) DEAREX

m(n N D)) = K =L,y | [6,7] = 1,077 = 1). (C.4.11)
&> T, Van Kampfen DEH LD, m(M)DRIXAVPF[OND. Q.E.D.

(¥ C.4.9 (Seifert Fibring ® —71%)] 3N MR BIRGTERRIR M H32 D
DFEFLTH N Seifert N> RV O EEE o728 T58, MIES3 S?2xR, T°D
WINNTHEINSD. O

(& C.4.10 (5 BUFREE) F—¥ 7 x—)V K X ODAMHZERIAKE LT Euler
B ZE vo(X) & TDL, A—E 74—V N U TEHEHE Buler BEH (X)) ZIXAT

EFT D

1

X(X) = xo(X) = )] (1 - ;) . (C.4.12)
7z, Seifert N> )b = (3, X) @ Euler # e(n) % Seifert $54% (p;, ;) & b &2 H
WT

%

e = —b—Zg. (C.4.13)

WZEDEET S, ]
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(438 C.4.11) Seifert /N> Kby = (M, X) DBENY Rz i = (M, X),
M—>MX > XDWBEEZZNEN, |2T5. ZOrE, m=d/1I13%8K

X(X) = Ix(X),  e(n) = —e(n). (C.4.14)

[]

[£IE C.4.12 (Thurston X 1 7 & DRR)] Thurston X 1 7 E3, 83, S? x E*,
H? x E', Nil,SLoR IZJ&9 % a2 > 32 M 3IRITGE IR Seifert ZHAKTH 5. 1
FEORIGIE, (x,e) ITLDRES.

x>0 x=0 x<0

e=0 S?xR E* H?xR
e=0 S3 Nil  SILR
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§C.5

iR KT

References

e Scott P: Bull. London Math. Sco. 15, 401 (1983).
"The geometries of 3-manifilds”

C.5.1 FE3
BAEM : (R%,10(3)).
ds® = dr* + dy* + dz*. (C.5.1)
0 — R?* — Isom(E*) — O(3) — 1. (C.5.2)

AVNRY NE: M = B3/ K932V MRS K AR =73 L7dis T,
M XHEIZ T CHE S N,
o AL 6 D -

T -T2 T°Zy — K?, T°/Zyx 7y — P%(2,2),

T3/Zs — S*(3,3,3), T°/Zy — S*(2,4,4), T°/Zs— S*(2,3,6).

(C.5.4a)
C.5.2 Nil @ Bianchi-IT group
*@k%ﬁ (Rg,GH X 0(2))
2
ds® = da* + dy* + Q3 [dz + %(ydx - :vdy)] : (C.5.5)
Nill B DRE:
(a,b,c)(x,y,2) = (a+x,b+y,c+ z+ ay;bx) )

0 — R — Nil » R* - 0, (C.5.6)
0 — R — Isom(Nil) — Isom(E?) — 1. (C.5.7)
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A7 Mg Isom(Nil) [E NIl DEDHRLR AN Y FIVHEGEZRD. LoT,
AV MEMIZT? EO ST NV RLVERS. KR LT,

x =0, e=0. (C.5.8)
WORMBEIXTEDD, TNTNIFEER Y THEINS :

T3(n) — T2, K3(n) — K?, T%(2n)/Zy x Zy — P*(2,2),
T3(n)/Zy — S*(2,2,2,2), T°(n)/Zs — S*(3,3,3),
T3(n)/Zy — S*(2,4,4), T*(n)/Z¢ — S*(2,3,6). (C.5.9a)

C.5.3 Sol ~ Bianchi VI group
*@k%ﬁ (Rg,GIVO A D4)

ds® = e*dax? + e **dy® + Qzdz>. (C.5.10)

Sol ¥ DHEIE:
(a,b,¢)(z,y,2) = (a+ e “z,b+ €%y, c+ z). (C.5.11)
0 — R* - Sol 2> R — 0, (C.5.12)

0 — K nR?>— K nSol %> p(K n Sol) — 0. (C.5.13)

AV ME: M = Sol/K Rav "7 hfEET2E, KR =ZxZ.
L72H5 T, Sol/K nSolid S* EdD T2 RILT, M = Sol/K 1& ML
BERIZEIOD TP x I o/ oN5 ST EOT2NY RV e 5.

EAREE:
m(Sol(n)) = (o, 8,7 | [, B] = 1,yay ™! = oPB%, 4By~ = a"B%), (C.5.14)

7-7-.@
— -

n=p+s, w,ws =

p—stvn?—4 (p q

r S

) eSL(2,7Z).  (C.5.15)

C.5.4 H? x E' ~ Bianchi III group
BAEM: (R® 0, (2,1) x I0(1)).
dx? + dy?

ds®> = Q "

+d2*. (C.5.16)
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Bianchi III 3 D#EiE:
(a,b,¢) - (z,y,2) = (a + bx,by, z + ¢). (C.5.17)
Isom(H? x E') = Isom(H?) x Isom(E"). (C.5.18)

BT FRAHIT H? x E' DFRB ANV NVEEZRODOT, 02
YXTZ ME M = H? x B'/K 13— 7% Seifert N> FIUEEE M — X =
HYK' %355, HAZHMIZERT 2 K OL#)» 525800 E K" £ 5%
&, Q=K/K"\FEREELRD, MIES- NV RIVM = H*>x EY/j7Y(K")
THEIND. TIT,

0>L—>K-1 K -0,
0> L—j YK") -1 K" —0.

SERBHIOME LD, 2 BHORERAEHAT 20T, (M) =0. 20
NY RIVDEZMIZHUTIEy < 0BRDT, M= M'/Q WZx LT

X <0, e=0. (C.5.19)
BEARE: MIEy<0,e=0%&7%% Seifert 7 7 1 /N—22[l] S*(g,0; k) & [FIH.
C.5.5 SL,R =~ Bianchi VIII group
WA (R, SLLR x O(2)).
2 2 2
ds?— 0, WL o, (2dz + d—x) . (C.5.20)

Bianchi-VIII &%:

(a +1ib,c) - (z +1iy,z) = (a+ bR(c) * (x +iy), 2 + H(c,z +iy)), (C.5.21)

ZZT,
_dC+c _fa b
Vel= o for V= (C d), (C.5.22)
_ ’ d¢
H(z,¢) = ImCJ0 Tcond— Com o (C.5.23)

Seifert /3> RIVIEE: HARGRGI

SLyR — SL,R — Isomg(H?) =~ PSL,R,



£ 8 C  3IRTEHRAR 128 [EZRA

Y0, SR H2 ZHBII/ERT2DT, SLLRERE2 774 N—¢ 33
H?2 FDOT7 74— KL

0—> R — SL,R — H? - 1. (C.5.24)

YRAETZEMNTE, Isom(SLR) EZ DN Y FUEEED. LizhisT,
M T —EW 75 Seifert N> RIUIEE 2 E 5, H? x E' DFGHEFRIRIZ. g =2
DEHEDS* ANV RVIZEOHEEIND., X512, TONY RIVIEEIZHEA
B (e=0)THEIeDHRINE. £oT,

x <0, e=0. (C.5.25)

BEAREEx < 0,e =0 &7%5 Seifert N> KLY = St (g, e; k) DFREAFETE X
Lbihb.
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D 2 BkiA

§D.1
AEVIEE & A E Y SiRE

(% D.1.1 (R MUY RLVDAEEAHF NV RV 7 B — X 2RI
X E®D Riemann gt &% £ D nIRTGERT MUY RV E T 5, ZOEREANV R
W% Po(E)ofEonsd X @2 EEH Or(E) = Po(E)/SO, Z A EfHF NV R
VWS, Kz, OnE) PHME RS ERmMEMNI TR LS. O

(épRE D.1.2] Covy(X) 2 X D2 EMEEMOREHOES LTS, DL
&, ROBERZFEBNSIEPFET S -

Cova(X) = H'(X; Z,) (D.1.1)

[]

(% D.1.3 (% 1Stiefel-Whitney %)) X EORZ MUY RV EIZRL
T, Or(E) Iz dartEn Yy —fw (E) € H(X;Zy) % E D& 1 Stiefel-
Whitney &\ 5. O]

(EHE D.1.4 (X2 bV KL O E )]

1. X EORZ MIUNY RV E BEESHFAITAGETH 5720 DB+ 501
w (BE) =052 Thb.

2. w(E)=00D& &, EQRZDMESMNITIE, HYX;Z) DEFEL 1 112
IR
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L]

[E%& D.1.5 (AY V)] n=>3&95. nikgERZ bV RV EIZHL
T, Spin,-/NY RV Pepin(E) 1RO 2 EHE GG ¢ Ol F EDOZREVHEIE (spin
structure on E) £\ :

é : PSpin<E) - PSO(E>; g(pg) = §<p)£0(g>7 Vp € PSpin(E)7 g€ Spinn' (D12)

]
[£& D.1.6 (££ 2Stiefel-Whitney %)) nARITERZ MLV RV B LT,
eVl

0 —— HYX;Zs) ——— HY(Pso(E);Zs) —— HY(SOy;Zy) 22> H(X;Z)

C:BL\T, Hl(SOmZg) = ZQ O)éEE‘ZJT: gs e WE O:Jié’f% wz(E) = wE(g2 €
H?*(X;Zs) % FE D% 2Stiefel-Whitney & (2nd Stiefel-Whitney class) £\ 5. []

[E&E D.1.7 (A VU ZRRK)] BNV FIVIZAY UREREZ ozm & D
\7 517z Riemann £ 54K % A 'Y Z8RIK (spin manifold) 5. ]

(I D.1.8 (A Vil DFESRM)] X ZAE D) 5172 Riemann Z AR
35,

1. X WA VK& ZE © D720 DB A7 SR 135 2Siefel-Whitney #2310 &
55 (wy(X)=0)Z&TH5.

2. we(X) =00, &, X EOAY UG L HY (X, Zy) DGR —X— 1T I6d 5.

L]
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BAZERFLN

SE.1
Sobolev A~

(Ei E.1.1 (Gagliardo-Nirenberg 255 3)] n,p,q,r,o %

n=1, 1<pgqgr<on, 0<a<l, (E.1.1a)
1 1 1 1-—
Z-a (— - —) +—= (E.1.1b)
P qg n r

- TEBE TS (EL, n=22088, prokWVWlg#n). TOLE,
feCHRMIZNT B I VA |« |, ZBL TIRORERAFL D LD ;

|flp < Cln,p,q, )11V FI5- (E.1.2)

ZZT, Cn,p,q,r) T8, ZOARENT, FiZa=10D%5E% Sobolev DARE
RPN £/, p=¢g=2r=1lLa=1-20,%, NashDFRFHL .
]

(£ E.1.2 (Ledoux 1999)] FE Ricci 1 % £ D n IGT5EMH Riemann £k
K ET,

1 1 1
I<g<n, —=--—-— (E.1.3)
p q n

ZHi729 (p,q) T LT
Iflp < Co|V g VfeCr(M) (E.1.4)
MEOSITIE, MIER 2 EETHD. TIT, Cyld M =R DIGE D HEHE.

[M Ledoux: Comm. Anal. Geom. 7, 347 (1999), “On manifolds with non-negative
77] D

Ricci curvature and Sobolev inequalities

H XA
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[ E.1.3 (Xia CY 2001)] FEE Ricci HiR % ® D n RIL5EMM Riemann £k
& kT,

1<qg<n, L (E.1.5)
p g n
Zii72 Y7 (p,q) I LT
[ £l < CLVflg Vf eGP (M) (E.1.6)

O NETIE, MIER" EAFMETHS. 22T, Cyp%k M =R"DEEDRH
i LT, O >C.

[CY Xia: Illinois J. Math. 45, 1253 (2001), “Complete manifolds with negative
Ricci curvature and almost best Sobolev constant”| ]

(12 E.1.4 (Ruan-Chen 2005)] M % 3EE Ricei B3 %2 £ D n IXIG5eH Riemann
SRR T5. M ETEYBRERC>021<p¢gr<owo, 0<a<liZHLT

r

Iflp < CILIEIVAIG, VfeCy(M), L_, (1 - 1) T ma

DD LTI, MIER I FHET® 5.
[Q Ruan, Z Chen: aXiv:math/0501009/math.DG, “General Sobolev inequality on

Riemannian manifolds”| []

(E% E.1.5 (Sobolev / )L 2\ & Sobolev ZEfH])]
1. feC®(M),1<p<ooBLCEEEL =012 LT, Sobolev /L A%

1/p
£l = [ | an ¥ Djfp] , (EL3)

0<|j|<k
IZEDEERTS.
2. THIT, TD/IVLITEDE C?(M) DFEAH{L% Sobolev 2B/ L7 (M) &\,

3. LP(M) 13, M LOWHBSORMEED > 5, kI E TOMRKA Ly (M) I
BT3500%ke —5T 5.

(1) LEofRbdviz, VIEUIE Hyp, WP EWSEEPHDNS.
[]

[ E.1.6 (2232 b Riemann Z k4K £ D Sobolev AF & 1 & iA AGEHE))
M % niRyt C* 2 32 M Riemann kK & U,

S(p, k) = k —g (E.L.9)
EBEL ZDEE, 0<I<kZMETERELIBIT fe LH(M)IZHLT,

H XA
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(a) p,q A o
0<=-——<-— (E.1.10)
p nooq

Zililzd &, fITERFEUVBRWIEER c BFEEL T

Hf”qJ < CHpr,k‘ (E.1.11)

U7ei3o T, HOIAAR L — LHFERETHS. 612, I<kTlp— (k-
D/n<1l/gDe&, ZOMWMDAAZTI NI MEHZEL LS.

b) (k=) —-1<n/p<k—-1lDEE, a=0pk) -1 0<a<l), f
AT U2 W IEE R e DFAEL T,

[ flcswir = [fliva < el fllps- (E.1.12)

IN&D, HHRE LP(M) — COPHM) IZHESETH D, T5I120 < 4 <
S(p, k) IR LT, bR LP(M) — CV(M) 1332582 N TH 5.

L]

(% E.1.7]
i) felX(M)Tp>n = feCFYM).
ii) fe L{(M)Tpk>n = feC'%M).

iii) fe L2(M) = feL*™™ (M) (n=3)Thb, RIZAEXZ-ITEH
A, B > 0 D MFAE:

[ fll r2n/n—2 < A||Dfllr2 + B fll2- (E.1.13)

[]
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SE.2
L D&
(ERE E.2.1 (LD /’E)) € % nIRITLEZ AR M E® Riemann FF & DL
g5, LB
set 1) = [ Relobd ([ any) (E2.1)
M M
ZBRU/MIS BEIRIED B0 7 (FFETHIE Ry[g] = const) . O
(E& E.2.2 (HHEIAEH)] EEd I(g) © FRRAHE
n—1 2 2
Y(g, M) := inf Sar Fslaldpg S Aa (4531 DYl + Rila]e?) (E.2.2)
4€€[q) (SM duq)T $eC® (M) (SM $2n/(n—2) duq)(”_g)/"
ZUSOREE L VD, O

(EIE E.2.3 (J Lelong-Ferrand (1971), /N&5F4E (1971))] nARTCE IR M D
KBV IET VXD o, M IFEHERILERESE 2 © D BRI S 1T I
WMAFEHETH 5.

[< E s F O

(FI E.2.4 (Augan T 1976)]
i) fERD 32732 b Riemann 2K (M, g) IZXF LT, Y(M,g) < Y(S™, can).

i) LY (M,g) < YV(S" can) 5 1E, g DIPIDO I A A T i id—EfHE
Y (M,g) TR 1 OFHEIFET 5.

iii) n =6 T (M,g) P FHTRITINIE, V(M g) < Y(S™, can) VD 32D,
QW ESLY)

]
(%18 E.2.5 (LGABEOMSE [R Schoen])] € ASERTH O REHER SETE M & —
BT 2EAERVT, [(g) 2R 2HEIEIET 5.
(< EeE ) [

(£ E.2.6 (T Aubin (1998), AL Besse (1987))]
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1. 3L EDZRREA FIZIZEIZAD —E AN T i1#E %+ D Riemann #2103 F
F3 5.

2. M EIZ Ry[g] = 0T Rylg] # 0 &7 551 g WIFAET X, AH T HHENIE
DEBME 25 RB L VELE R LR 5 EVFET S.

[< BERHEEE S, Besse AL 1987B] O
[ E.2.7 (Kozan-Warner 1975)] Sk M ED C* BN H 5 R TAD

EEEARG, WIZFNE A THERE T AEENFET S.
[< AT H

[]
(F E.2.8 (([EQA N FHRZ FF- 70 \WERRK)) IRDZFRIRE, A H T =R
MBEDLEIAIELRIEEERFF-T\N

i) K3 M. [Lichnerowicz 1963]
ii) b—7 A [Gromov-Lawson 1980; Schoen-Yau 1979 |
RDERARE, A0 T HRVIFA LR DEI R R0

i) b—7 Z2DEHEH. [Gromov-Lawson 1980; Schoen-Yau 1979
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SE.3
A% 14 7 & {48

(E% E.3.1 (L&A1 7)) niRTe A 8T NEHERE M IZH LT,

Y (M) =supY (M, qg) (E.3.1)

[9]
ZULEBE WS, ZORFIZLD, KX (P)(Y(M) >0), (Z)(Y(M) =0),
(N)(Y(M) <0) iznEh5. ]

(EIE E.3.2 (J. Kazdan & F. Warner (1975), L. Bérnard Bergery (1981))] R
Jin >3 D387 b Riemann ZHAKIZOED 3 DDA 7T — (ILIEX A7)
WZREIN5

(P) M EOEEDRRD 5 H 7B E AR TR L UTH D5IEVFEHET 5. (Y(M) >
0)

(Z) M EOBEEIE, HENIIYEEZIEH 2B TAEHEDL E, PDOZTDL
EDA, HHAHBRODANTHELRD, Lrb AN THMEIL D LIRD5HE
(Z46F Ricci FHTH 5. (Y(M) = 0)

(N) M FOBIX, H2HECAEMIZZRELE, PDOTORDOAR, HIHHED
AR THMELIRL. (Y(M) <O0).

[]

(6nRE E.3.3 (Dirac fEFZRIZNT % Weitzenbock A=) 9 = iT'*D,, % Riemann
SRR M EDAY ) —)UXy R)VIZHT % DiracfEfllZEEL T3, 20X, 98
F O 22 3 RSB RERZET

1
.@2 ZD*D+ZS

MDD, TIZT, slFAHTHMETH 5. n

[£E E.3.4 (Lichnerowicz DEHE [Lichnerowicz A (1963)])] (M,g) 22V
R NRAY VSRR LS 5.

1. 5 UAA SHiRNIEACcESEN Iz Yo TR hE, YaldMzHfAy ) —
WFFELEL R\, F 72, AHSHRIMEERIZXY RS, TRTOF[FAY
J =TT 5.
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2. Me(P)75 A=0.
]

(£ E.3.5 (Hitchin ®EH [Hitchin N (1974)])] A QP S KO *(pt) %
—f Nz AT 5.

L HUMMBIVRT NRAEVEIIETILEAR A 7 (P) 25, AM) =0T
H5.

2. AR A 7 (P) 2@ X AW EFEIKE D FAET 5.

L]

(] E.3.6)
1. 4T TIRAM) = Lr(M) 725, K3HHIZA Y Y ERET AM) = -1

-
16
LIBDT, AATHENEDEEZT I L.

2. CPPIZAY VY EIRETHRWDT, 7(CP?) =1 THE2MW AN FHRIEDFE

pai(l

25D,
[]
(E# E.3.7 (Schoen-Yau 1979; Gromov-Lawson 1980)] Me(P)ixo, M
IZRIRTE 3 A EDOFA 2 i L 72254k % (P) IZ/E8 9 5. []
(€ E.3.8 (Gromov-Lawson D EE)] [Gromov M, Lawson HB (1980)]]

M DPRIEE A LDV T MRk $ 5.

1. M PR kg ekl 7e\\Wie b, Me (P).

2. M BHHEFEAC VLK TR A T (P) DA VLKL A VFRBER S,
Me (P). &£7=, MW HEHERAY U SHAT AM) = 0725, #4730
KGRI My - gM 1 (P) 2B T 5.

O

[EE E.3.9 (S Stolz 1992)] M % 5 Rt A EOBEFEA Y U Sk L T 5.
IDEE, Me (P) b BBETNERMIE ML Nz ARBE (o(M)) Ao L
BHZETH5. O

(£ E.3.10 (Schoen-Yau, Gromov-Lawson)]
1. Th e (Z).
2. MDWiHhE K <0 055t 82FA 5456, Mé¢ (P).

3. MWK <0 LR35t EEIFAT 5756, Me(N).
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