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One-dimensional Protein Chain

S.V.E.Philips, J. Mol. Bio.142,531(1980)

3D structure of Myoglobyn
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Davydov’s Hamiltonian

H = Hvib + Hph + Hvib−ph

E0 [cm-1] J [cm-1] l [Å] w [N/m] M[kg] χ [pN]

1650 8 4.5 13 1.9 10-25 62

A.S. Davydov, Sov. Phys. JETP 51, 397(1980)
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Bioenergy transport

Davydov’s soliton

Trial wave function 

|ψ(t)〉 =
∑
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Time dependent variational method

δ

∫ t

0
〈ψ(τ)|H|ψ(τ)〉dτ = 0

Non-linear Schrodinger equation => Soliton solution

Problem: At physiological temperature (T=310K)
  Soliton is decayed by the thermal fluctuation

A.S. Davydov (1976)

P. S. Lomdahl (1985)



1D Polaron Hamiltonian
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Normal mode representation

Momentum representation of 
a single vibron
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Quantum Liouville eq.
i ∂
∂tρ(t) = Lρ(t) L· ≡ 1

! [H, ·]

f(t) ≡ Trph[ρ(t)]

ρph = 1
Zph

exp[−Hph/kBT ] Zph ≡ Πq
1

1−exp[−!ωq/kBT ]

Reduced distribution

Initial condition: Phonon = thermal equilibrium



fW (X, P ; t) ≡ 1
2π

∫∞
−∞ fk(P ; t)eikXdk

fk(P ; t) ≡ 〈P + !k
2 |f(t)|P − !k

2 〉
Wigner function representation

k=0: Momentum distribution function

k≠0: Inhomogeneous distribution in space
   => diffusion mode, sound mode

f0(P ; t) =< P |f(t)|P >=
∫∞
−∞ fW (X, P ; t)dX



Kinetic equation ( k=0 momentum distribution)
∂
∂tf0(P ; t) = −K̂f0(P ; t)

 Collision operator
K̂ = iP (0)LepQ(0) 1

i0+−L0
Q(0)LepP (0)

(weak coupling)

[ P(0) projector onto k=0 space ]
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}

→ 0 (!→ 0) No dissipation in Classical limit

Difference operator:
 Quantum effect



Resonance relation
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|P0;n−1〉 , |P0;n〉 , |P0;n+1〉
P0;n ≡ (−1)n(P0 − 2nmc) (n = 0,±1,±2, · · · )

εP±!q − εP = ±!ωq

Infinite numbers of disjoint sets of states

Sequence of the coupled states

In 2D, 3D case ⇒All states are connected



Eigenfunctions of K
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j φ(0)
j (P )

f0(P ; t) =
∑

j exp[−λ(0)
j t]φ(0)

j (P )c(0)
j

⇒ H-theorem

λ(0)
j =

2π

!2

∫
dP

∫
dq|gq|2ϕ−1

eq (P )nqδ(
εP − εP+!q

! + ωq)

×
∣∣∣φ(0)

j (P )− eβ!ωqφ(0)
j (P + !q)

∣∣∣
2
≥ 0

Collision invariant: λ(0)
0 = 0
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Collisional invariants
exp[βεP0;n ]φ(0)

0 (P0;n) = exp[βεP0;n±1 ]φ
(0)
0 (P0;n±1)

φ(0)
0 (P ) = N−1
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Infinite numbers of collisional invariants



kBT/mc2=1 10 100

λgap ∝
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Spectrum of K 

Relaxation time τrel~1/λgap:
relaxation of momentum distribution 



Quantum Sound wave

Kinetic equation for spatially inhomogeneous component
∂

∂t
fk(P, t) = −(K̂ + ikP/m)fk(P, t)

Hydrodynamic condition: 
mean free path  << inhomogeneity :
(~lattice constant for 310K)

|k|c! λ(0)
1

Collision invariant
infinite degeneracy

λgap

Hydrodynamic modes:
sound mode, diffusion



Sound velocity : 1st order perturbation

σ(P0, T ) = 〈〈ψP0 |(P/m)|ψP0〉〉
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Quantum Sound Wave

Macroscopic linear wave equation

∂2

∂t2 fW (X, P ; t) = σ2(P, T ) ∂2

∂X2 fW (X, P ; t)

Initial minimum uncertainty wave packet
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P

Polaron

X

P

  

Local equilibrium

X

P

Free particle
X

PT increases
Wave packet more stable

Probability



T= 310K=37℃(Physiological temperature)
tr = 42fsrelaxation time:

maximum quantum sound velocity: σmax = 2400m/s

⇒ Time for traveling 100 amino acids: 20 ps

4. Values of Sound Velocity in α-helix

m =
!2

2l2J
= 1.77× 10−28kg

c = l

√
K

M
= 3722m/s

α = χl = 0.174eV

effective mass:

sound velocity of phonon:

coupling strength:

Tunit = 178K⇒ Temperature unit:

Quantum effect is important even at Physiological temperature

Tunit  ≡  mc2/kB

310K / Tunit  ∼ 2



effective mass:
sound velocity of phonon:

coupling strength:

⇒ Temperature unit:

Quantum effect is prominent  at very low temperature

GaAs quantumwire

m = 0.07me = 6.37× 10−32kg
c = 3400m/s
α = 7.2eV

Tunit = 0.053K



9. Summary

 Thermal equilibrium 
  Infinite degeneracy of collision invariant

 Hydrodynamic Quantum Sound mode
 Macroscopic linear wave equation (probability)

 Dissipation due to purely quantum effect

Optical phonon: 
・Collision invariants => even function for P 
・No first order perturbation by flow term (kP)
・ No sound mode




