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1.Comparison with the Redfield equation

i
∂

∂t
|ρtot(t)〉〉 = (LS + LB + LSB)|ρtot(t)〉〉

L0

(1.1)

|ρtot(t)〉〉 = e−iL0t|ρ(0)〉〉

+(−i)
∫ t

0
dt1e

−iL0(t−t1)LSBe−iL0t1 |ρ(0)〉〉

+(−i)2
∫ t

0
dt1

∫ t1

0
dt2e

−iL0(t−t1)LSBe−iL0(t1−t2)LSBe−iL0t2 |ρ(0)〉〉+ O(λ3)

(1.2)

Initial state |ρtot(t)〉〉 = |ρS(0)〉〉 ⊗ |ρeq
ph〉〉

|ρeq
ph〉〉 =

∑

N

|0, N〉〉ρeq
ph(N)

Reduced Density Matrix

|ρS(t)〉〉 = TrB [ρtot(t)] =
∑

N

〈〈0, N |ρtot(t)〉〉

Wigner basis

(1.3)

(1.4)



Taking trace of (1.2) for Bath

|ρS(t)〉〉 = e−iLSt|ρS(0)〉〉

+(−i)
∫ t

0
dt1e

−iLS(t−t1)
∑

N

〈〈0, N |e−iLB(t−t1)LSBe−iLBt1 |ρeq
ph〉〉|ρS(0)〉〉

+(−i)2
∫ t

0
dt1

∫ t1

0
dt2e

−iLS

×
∑

N

〈〈0, N |e−iLB(t−t1)LSBe−iL0(t1−t2)LSBe−iLBt2 |ρeq
ph〉〉|ρS(0)〉〉

= 0

|ρS(t)〉〉 = e−iLSt|ρS(0)〉〉+ (−i)2
∫ t

0
dt1

∫ t1

0
dτe−iLS(t−t1)

×
∑

N

〈〈0, N |LSBe−iL0τLSBe−iL0τ |ρeq
ph〉〉e

−iLSt1 |ρS(0)〉〉

(1.5)

(1.6)

≡ C(τ)



Differentiating (1.6)

i
∂

∂t
|ρS(t)〉〉 = LSe−iLSt|ρS(0)〉〉

+LSe−iLSt

∫ t

0
dt1

∫ t1

0
dτeiLSt1C(τ)e−iLSt1 |ρS(0)〉〉

−
∫ t

0
dτC(τ)e−iLSt|ρS(0)〉〉

! |ρS(t)〉〉 Assumption

∴ i
∂

∂t
|ρS(t)〉〉 =

[
LS −

∫ t

0
dτC(τ)

]
|ρS(t)〉〉

i
∂

∂t
|ρS(t)〉〉 = LS |ρS(t)〉〉 −

∫ t

0
dτΨ̂(τ)|ρS(t− τ)〉〉+D

c.f., Generalized master equation

Non-Markov effect

(1.7)

(1.8)

(1.9)



i
∂

∂t
|ρS(t)〉〉 =

[
LS −

∫ ∞

0
dτC(τ)

]
|ρS(t)〉〉

Kinetic equation

≡ LRed
S

(1.10)



2. Application to 1D polaron model 
with non-spatial correlation assumption

H = HS + HB + HSB

HS = −J
∑

l

(a†l+1al + a†l al+1) =
∑

p

εpa
†
pap

HB =
∑

q

ωqb
†
qbq

HSB =
1√
N

∑

k,q

gqa
†
k+qak(bq + b†−q)

gq =
1√

2Mωq
∆|q|

Deformation potential interaction

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)



Site representation

a†k =
1√
N

∑

k

eiklã†l , ak =
1√
N

∑

k

e−iklãl (2.6)

HSB =
1

N
√

N

∑

k,q

∑

l,l′

gqe
i(k+l)ã†l e

−ikl′ ãl′(bq + b†−q)

=
∑

l

ã†l ãl
1√
N

∑

q

gqe
iql(bq + b†−q) (2.7)

≡ Γ̂l

∴

Note

(2.8)

(2.9)

(2.10)

HSB =
∑

l

ŜlΓ̂l

Ŝl = ã†l ãl

Γ̂l ≡
1√
N

∑

q

gqe
iql(bq + b†−q)

Ŝ†
l = Ŝl , Γ̂†

l = Γ̂l (2.11)



(2.12)

C(τ)|ρS(t)〉〉
=

∑

N

∑

l,l′

〈〈0, N |(ŜlΓ̂l)×e−iL0τ (Ŝ†
l′ Γ̂

†
l′)
×eiL0τ |ρeq

ph〉〉|ρS(t)〉〉

=
∑

N

∑

l,l′

{
〈〈0, N |ŜlΓ̂le

−iH0τ Ŝ†
l′ Γ̂

†
l′e

iH0τρeq
phρS〉〉 − 〈〈0, N |e−iH0τ Ŝ†

l′ Γ̂
†
l′e

iH0τρeq
phρSŜlΓ̂l〉〉

−〈〈0, N |ŜlΓ̂lρ
eq
phρSe−iH0τ Ŝ†

l′ Γ̂
†
l′e

iH0τ 〉〉 + 〈〈0, N |ρeq
phρSe−iH0τ Ŝ†

l′ Γ̂
†
l′e

iH0τ ŜlΓ̂l〉〉
}

=
∑

l,l′

{
|Ŝle

−iHSτ Ŝ†
l′e

iHSτρS〉〉
∑

N

〈〈0, N |Γ̂le
−iHBτ Γ̂†l′e

iHBτρeq
ph〉〉

−|e−iHSτ Ŝ†
l′e

iHSτρSŜl〉〉
∑

N

〈〈0, N |e−iHBτ Γ̂†l′e
iHBτρeq

phΓ̂l〉〉

−|ŜlρSe−iHSτ Ŝ†
l′e

iHSτ 〉〉
∑

N

〈〈0, N |Γ̂lρ
eq
phe−iHBτ Γ̂†l′e

iHBτ 〉〉

+|ρSe−iHSτ Ŝ†
l′e

iHSτ Ŝl〉〉
∑

N

〈〈0, N |ρeq
phe−iHBτ Γ̂†l′e

iHBτ Γ̂l〉〉
}



Cl,l′(τ) ≡ Tr
[
eiHBτ Γ̂le

−iHBτ Γ̂†
l′
]

= 〈Γ̂l(τ)Γ̂†
l′〉B

Two point and two time correlation functions for bath modes

∴
(2.13)

(2.14)

∫ ∞

0
dτC(τ)|ρS(t)〉〉

=
∑

l,l′

∫ ∞

0
dτ

{
|Ŝle

−iHSτ Ŝ†
l′e

iHSτρS〉〉Cl,l′(τ)− |e−iHSτ Ŝ†
l′e

iHSτρSŜl〉〉Cl,l′(τ)

−|ŜlρSe−iHSτ Ŝ†
l′e

iHSτ 〉〉C∗l,l′(τ) + |ρSe−iHSτ Ŝ†
l′e

iHSτ Ŝl〉〉C∗l,l′(τ)
}

i
∂

∂t
|ρS(t)〉〉 = LS |ρS(t)〉〉

−
∑

l

{
|ŜlT̂lρS〉〉 − |T̂lρSŜl〉〉 − |Ŝ†

l ρS T̂ †
l 〉〉+ |ρS T̂ †

l Ŝ†
l 〉〉

}

T̂l ≡
∑

l′

∫ ∞

0
dτe−iHSτ Ŝ†

l′e
iHSτCl,l′(τ)

∴ master equation (Redfield equation)

(2.15)

(2.16)



Explicit form of Cl,l′(τ)

Cl,l′(τ) = 〈Γ̂l(τ)Γ̂l′〉

=
1
N

∑

q,q′

gqe
iqlgq′eiq′l′〈(bq(τ) + b†−q(τ))(bq′ + b†−q′)〉

=
1
N

∑

q

g2
q exp[iq(l − l′)]

{
(nq + 1)e−iωqτ + nqe

iωqτ
}

(2.17)

・Loss term of the collision term: (1st )+(4th) in (2.14)
(Loss term)

=
∑

l,l′

∫ ∞

0
dτ

{
|Ŝle

−iHSτ Ŝ†
l′e

iHSτρS〉〉Cl,l′(τ) + |ρSe−iHSτ Ŝ†
l′e

iHSτ Ŝl〉〉C∗l,l′(τ)
}

Taking <<0,P| component
2π

N
〈〈0, P |ρS〉〉

∑

q

|gq|2
{

(nq + 1)δ(εP − εP+q + ωq) + nqδ(εP − εP−q − ωq)
}



・Gain term of the collision term: (2nd )+(3rd) in (2.14)
(Gain term)

=
∑

l,l′

∫ ∞

0
dτ

{
|e−iHSτ Ŝ†

l′e
iHSτρSŜl〉〉Cl,l′(τ) + |ŜlρSe−iHSτ Ŝ†

l′e
iHSτ 〉〉C∗l,l′(τ)

}

Taking <<0,P| component
2π

N

∑

P ′

∑

q

|gq|2〈〈0, P ′|ρS〉〉δP ′,P+q

{
(nq + 1)δ(εP − εP ′ + ωq) + nqδ(εP − εP ′ − ωq)

}

momentum & energy conservation

  

P0;2

P0;1

P0

P0;-1

P0;-2

P

!P , "q

 disjoint sets of momentum states

Degeneracy of the collision invariant



Assumption: no spatial correlation

Cl,l′(τ) = δl,l′G(τ)

G(τ) =
1
N

∑

q

g2
q

{
(nq + 1)e−iωqτ + nqe

iωqτ
}

(2.20)

(2.21)

(2.22)

(Gain term)

=
∑

l

∫ ∞

0
dτ

{
|e−iHSτ Ŝ†

l e
iHSτρSŜl〉〉 + |ŜlρSe−iHSτ Ŝ†

l e
iHSτ 〉〉

}
G(τ)

· 〈〈0, P | component

=
2π

N2

∑

P ′

∑

q

|gq|2〈〈0, P ′|ρS〉〉
{

(nq + 1)δ(εP − εP ′ + ωq) + nqδ(εP − εP ′ − ωq)
}

(Loss term)

= −
∑

l

∫ ∞

0
dτ

{
|Ŝle

−iHSτ Ŝ†
l e

iHSτρS〉〉 + |ρSe−iHSτ Ŝ†
l e

iHSτ Ŝl〉〉
}
G(τ)

· 〈〈0, P | component

= −〈〈0, P |ρS〉〉
2π

N2

∑

k,q

|gq|2
{

(nq + 1)δ(εk − εP + ωq) + nqδ(εk − εP − ωq)
}

energy conservation ONLY



All the states are coupled=> there is no degeneracy.

 

P

P ′

P ′
P ′



Evaluation of
Cl,l′(τ) = Cl−l′(τ)

= Cm(τ) =
∫ π

−π
g2

q exp[iqm]
{

(nq + 1)e−iωqτ + nqe
iωqτ

}

Cl,l′(τ)

g2
q =

∆2|q|2

2Mωq

m

Cm(τ)
ωq =

∣∣∣ sin(q/2)
∣∣∣

nq =
1

exp[βωq]− 1

(2.23)



Spatial correlation between the 
bath mode is critical to cause the 
quantum kinetic sound wave.

Q u a n t u m s o u n d w a v e 
propagates upon a propagation 
of a thermal phonon.



3.Band structure of the spectrum of the collision operator

N
Cα

C

O

peptide unit, mass M

H

O

!

C

O

!

C

O

!

C

O

!

C

J

"0

(a)

(b)

u
n

w

Hvib =
∑

n

Ω0B
†
nBn − J

∑

n

(B†
n+1Bn + B†

nBn+1) =
∑

p

εpB
†
pBp

Hph =
1
2

∑

n

[
w(un+1 − un)2 +

p2
n

M

]
=

∑

q

!ωqa
†
qaq ,

H ′ = χ
∑

n

B†
nBn(un+1 − un−1)

=
√

2π

L

∑

p,q

gqB
†
p+!qBp(aq + a†−q) ,

εp = !Ω0 − 2J cos(pd/!)

ωq =
2c

d

∣∣∣sin(qd/2)
∣∣∣ ; c ≡ d

√
w

M



H̄ ≡ H/2J =
∑

p̄

ε̄p̄|p̄〉〈p̄| +
∑

q̄

ω̄q̄a
†
q̄aq̄ +

√
2π

N

∑

p̄,q̄

ḡq̄|p̄ + q̄〉〈p̄|(aq̄ + a†−q̄) ,

ε̄p̄ ≡
εp

2J
=

!Ω0

2J
− cos(p̄) , ω̄q̄ ≡

ωq

1/tu
= 2B

∣∣∣sin
( q̄

2
)∣∣∣

Model Hamiltonian

∂

∂t
f0(P, t) = K̂f0(P, t)

f(t) ≡ Trph[ρ(t)] fk(P, t) ≡ 〈〈k, P |f(t)〉〉 = 〈P + k/2|f(t)|P − k/2〉

Reduced density operator

Kinetic equation for the momentum distribution

K̂(P,
∂

∂P
)

= −2π

!2

∫
dq|gq|2

{
δ(

εP − εP+!q

! + ωq)nq + δ(
εP−!q − εP

! + ωq)(nq + 1)
}

−2π

!2

∫
dq|gq|2

{
δ(

εP−!q − εP

! + ωq)nq exp[−!q
∂

∂P
] + δ(

εP − εP+!q

! + ωq)(nq + 1) exp[!q
∂

∂P
]
}



Resonance condition εP+q − εP = ωq ⇐⇒ εP − εP0 = ωP−P0

⇐⇒ (1− cos(P ))− (1− cos(P0)) = 2B
∣∣∣ sin

(P − P0

2
)∣∣∣

⇐⇒ sin
(P + P0

2
)

= ±B

  

 

 

 

 

I

II

III

IV

P
0

P

P
0

P

P
0

P

P
0

P

P

cos(
P

2
)

sin(P )

ππ

2

P

B



Multiple resonance

P0,n = (−1)n(P0 − 2n arcsin(B))

• For each P0 within |P0|< arcsin (B), we have a disjoint momentum set.
• Collision operator is diagonalized for each set of  momentum states.
• The number of the resonance points depend on P0 and B.

  

P0;2

P0;1

P0

P0;-1

P0;-2

P

!P , "qB=0.65

P
0
=0.1



A matrix of Collision operator 

|P0;-2>> |P0;-1>> |P0;0>> |P0;1>> |P0;2>>

<<P0;-2| loss gain

<<P0;-1| gain loss gain

<<P0| gain loss gain

<<P0;1| gain loss gain

<<P0;2| gain loss

0

0

〈〈P0;n|K̂|P0;n′〉〉 Non-symmetric tridiagonal matrix

(for a particular P0 and B)



Symmetrization
〈〈P0;n|K̄|P0;n′〉〉 ≡ exp[βεP0;n/2]〈〈P0;n|K̂|P0;n′〉〉 exp[−βεP0;n′/2]

K̄|φj〉〉 = λj |φj〉〉
Eigenvalue problem

Spectrum of 

B=0.65

K̂

P0=0.1



• For each P0 within |P0|< arcsin (B), we have a disjoint momentum set.
• Collision operator is diagonalized for each set of  momentum states.
• The number of the resonance points depend on P0 and B.

 

P0

B

⑤
④

③

⑥
⑦
⑧



λj(P0)

Band structure of the eigenvalues of the collision operator

λj(P0)



What is the relaxation dynamics when 
the spectrum of the collision operator 
possesses a band structure?

Early stage of the relaxation reflects the 
band structure?
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